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Horizontal Inequalities on Stratified Groups

In this chapter we discuss versions of some of the inequalities from the previous
chapters in the setting of stratified groups. Because of the stratified structure here
we can use the horizontal gradient in the estimates.

As already outlined in the introduction there are three versions of estimates
on stratified groups available in the literature:

(A) Using the homogeneous semi-norm, sometimes called the £-gauge, given by
the appropriate power of the fundamental solution of the sub-Laplacian L.
Thus, if d(z) is the £-gauge, then d(z)?~? is a constant multiple of Folland’s
[Fol75] fundamental solution of the sub-Laplacian £, with @ being the ho-
mogeneous dimension of the stratified group G; these will be discussed in
Chapter 7.

(B) Using the Carnot—Carathéodory distance, i.e., the control distance associated
to the sub-Laplacian.

(C) Using the Euclidean distance on the first stratum of the group.

The constants in the corresponding inequalities may depend on the quasi-
norm that one is using. There is an extensive literature on Hardy type inequalities
of stratified Lie groups, see, e.g., [DGP11], [GL90], [GKO08], [Gri03], [JS11], [KS16],
[KO13], [Lial3], [NZWO01]). For example, in the case (A) the Hardy inequality takes

the form
f p
> 1 Nl
Hd(,r) 7pHva||LP(G)7 Q_37 <p<Q7 (6 )

Lr(G) - Q

where @ is the homogeneous dimension of the stratified group G, Vy is the hor-
izontal gradient, and d(z) is the £-gauge from (A). The analysis in the case (A)
in terms of the fundamental solution of the sub-Laplacian will be the subject of
Chapter 11. The results on Hardy and other inequalities for the case (B) are less
extensive, mostly devoted to the case of the Heisenberg group.

In this chapter we concentrate on the case (C). Thus, here throughout we
adopt the notations from Section 1.4.8 concerning the stratified groups. In this
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case there are several additional properties available assisting the analysis, such as
formulae (1.72) and (1.73), making certain calculations possible. It is also worth
noting that generally, for the same types of inequalities, the optimal constants in
case (C) are different than the optimal constants in case (A).

Some analysis of inequalities of the case (C) is known in the literature, see,
e.g., [BT02a] and [D’A04b]. However, in this chapter we aim at developing an
independent point of view based on the divergence relations (1.72) and (1.73).

Notation. As already mentioned, throughout this chapter we adopt the notations
from Section 1.4.8 concerning the stratified groups. In particular, G will always
be a stratified group of homogeneous dimension @, with N being the dimension
of the first stratum. Also, 2’ will denote the variables in the first stratum of G,
and Vpy will denote the horizontal gradient. To simplify the notation, we denote
simply by

'] = \Ja oot o

the Euclidean norm on the first stratum of G, which can be identified with RY.

6.1 Horizontal LP-Caffarelli-Kohn—Nirenberg

type inequalities
In this section we establish the horizontal version on stratified groups of the L?-
Caffarelli-Kohn—Nirenberg type inequalities from Section 3.3.1. In particular, this

would imply the horizontal version, as in the case (C) above, of the LP-Hardy
inequality with the sharp constant:

f

||

p
< IVufllpr@: 1<p<N. (6.2)
L?(G) N—p ©
We obtain it as a special case of the following more general inequality, see Remark
6.1.2, Part 3.

Theorem 6.1.1 (Horizontal LP-Caffarelli-Kohn—Nirenberg inequalities). For any
a, B € R and every complex-valued function f € C°(G\{z' = 0}), we have

p p—1
N — 1
IV =1 fc SH o Ve f fﬁ ., l<p<oo, (6.3)
P =17 1 o ) =l Lr@) ||| 7= || Lo g
where vy =a + B+ 1. If v # N then the constant IN=vl sharp.

p
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Before proving Theorem 6.1.1, let us point out some of its consequences.

Remark 6.1.2.

1. In the Abelian case G = (R™,+), we have N =n, Vg =V = (0z,,...,0z, ),
so (6.3) gives the LP-Caffarelli-Kohn—Nirenberg type inequality for R™ with
the sharp constant:

p—1

f

:
2|

In — 4

., . (6.4)

Vf /
213

Lp(R™) Le@®m) || |z| 5"

Ly (R™)

for all f € Cg°(R"\{0}), and |z|g = /23 + -+ + 22. In this case it becomes
a special case of Theorem 3.3.3 because a particular (Euclidean) norm is used.

In this case the inequality of this type has been analysed in, e.g., [Cos08] and
[DJSJ13].

2. (Horizontal weighted LP-Hardy inequality) In the case

p

e, with 8 = (a+1)(p — 1) and v = p(a + 1), inequality (6.3) implies the
horizontal weighted LP-Hardy type inequality

N — 1 1
N = pla+1) /];+1 <l .Vuf , l<p<oo, (6.5)
p |’ LP(G) || L?(G)
for any f € C§°(G\{2' = 0}) and all & € R, with sharp constant in (6.5) for
pla+1) # N.

3. (Horizontal LP-Hardy inequality) In particular, in the case of o = 0, the
inequality (6.5) implies the following stratified group version of horizontal
LP-Hardy inequality with the sharp constant:

f

. P
||

< IVefl , l<p<N. (6.6)
Lo (@) N-—p LP(G)

Such a type of inequalities was also considered in [D’A04b], and in [Yenl6)
in the case of the Heisenberg group.

In the case p = 2 this inequality can be in turn sharpened to the fol-
lowing inequality: If N > 3 and « € R, then for all complex-valued functions
f e C§°(G\{2' = 0}) we have

f < 2 x - va (6 7)
|| L2@G) N =2 || LZ(«;,)7
where the constant N272 is sharp. This refinement will be shown in Theorem

6.4.4 by using the factorization method.



274 Chapter 6. Horizontal Inequalities on Stratified Groups

4. Clearly, when G = (R™, +), n > 3, (6.6) implies the classical Hardy inequality
for R™:
f

|z| 5

p
< Vil @ny
e S 19 larer

for all f € Cg°(R™\{0}), and |z|g = /23 + - +22.

Similar to Corollary 3.3.5, Theorem 6.1.1, and even the corresponding Hardy
inequality, immediately implies a version of the Heisenberg—Pauli-Weyl uncer-
tainty principle.

Corollary 6.1.3 (Horizontal Heisenberg—Pauli-Weyl uncertainty principle). For all
[ € Cg(G\{z' =0}) we have

p
1£11720) < _ 1Va Sl Il1F] 1<p<N.  (68)

N Lri1(G)’

Proof of Corollary 6.1.3. Using (6.6) the Holder inequality we immediately obtain

"1 £1 7

1
2
110 < | g/ e

L#(©) (6.9)

p /
< Il 151y ) L<P <N,

giving (6.8). O
Remark 6.1.4.

1. In the Abelian case G = (R", +), taking N = n, we get that (6.8) with p = 2
implies the classical uncertainty principle on R™, namely,

(/ f($)2dx>2 < (n22>2/Rn IVf(ar)de/Rn o3| (2)2dz,  (6.10)

forall f € C3°(R™\{0}). This is the Heisenberg—Pauli-Weyl uncertainty prin-
ciple on R™. We note that we can also obtain (6.10) already as a consequence
of the radial Heisenberg—Pauli-Weyl uncertainty principle on homogeneous
groups, see Remark 3.3.6, Part 1. However, since the proofs of Theorem 3.3.3
and Theorem 6.1.1 are different, they give two different proofs of (6.10).

2. We can point out some inequalities with sharp constants as special cases of
(6.3). For example, for ap = a+ 5+ 1 we get

_ p -1
N=anl] T < ‘ Vi [l e o 6
p || Lr(G) || L (G) Lr(G)
Also, if 0 = a+ f+ 1 and o = —p, then
N fPt
o) < NPV fll ‘ , 6.12
y ey < 1Pl | | (6.12)

with constants in both of these inequalities being sharp.
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Proof of Theorem 6.1.1. We may assume that v # N since for v = N the in-
equality (6.3) is trivial. By using the identity (1.73), the divergence theorem, and
Schwarz’ inequality, one calculates

@) I Pdiv (x/>
e d“"‘Nﬂ/G‘f(m)‘d o )

. 1 o2 -Vuf
=~y Re [pf@lr@p=

p [f@)P=t
/(G s |z" - Vi flde

p ()P~
N—vlJg la/|*tF

1 p—1
P D P
| | ([T ([ e,
N—=v\Jec [|&/|*P G |z'|»-2

Here in the last line we used Holder’s inequality. This gives

1 p—1
N — P \V4 p P P r
V| [V gy o ([ IO ) (1)
P ¢ || O G |z!|p—1
proving (6.3). Let us now show the sharpness of the constant. For this, we look at
the equality condition in Holder’s inequality. Let us consider the function

dx

IN

IN

Vi f(z)| do

7C|x/|)\ L B 5
o) = 61A , )\.ﬁ—oz p71+1;«£07
|z’|C Oé—p71+1:07

where C' = ‘N;"" and v # N. Then it can be checked that

" Vag@) _ lg(@)P

‘Il‘ap - |$/|pﬁf1 .

P
N —~

Finally, approximating this function by functions in C3°(G\{z’ = 0}) completes
the proof. 0

6.1.1 Badiale-Tarantello conjecture

The idea of the proof of Theorem 6.1.1 implies the following similar fact in R"
which we may split into two factors as R” = RY x R"~". The best constant in
the Hardy inequality of the type of inequality (6.13) was conjectured by Badiale
and Tarantello in [BT02a, Remark 2.3]. Although it was subsequently established
in [SSWO03], here we follow [RS17e] to present an independent proof of a more
general result.
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Proposition 6.1.5 (LP-Caffarelli-Kohn—Nirenberg inequality for Euclidean decom-

position). Let z = (2/,2") € RN x R* N 1 < N < n, and o, 3 € R. Then for

any f € C3°(R™"\{z' =0}), and all 1 < p < oo, we have

p—1

IN =]
p

1

Edl

f

)
|| »

f

/] 0%

, (6.13)

L?(R") Ly &™) Lr(R")

where v = a+ B+ 1 and |2'| is the Euclidean norm on RYN. If v # N then the
7

N— .
constant ! is sharp.
P

Proof of Proposition 6.1.5. The proof is a modification of the proof of Theorem
6.1.1. For 4y = N the inequality (6.13) is trivial, so let us assume v # N. Thus, by
using the identity

! N —~

@ T 2

for all ¥ € R and 2’/ € RY with |2’| # 0, where divy is the standard divergence
on RY, and applying the divergence theorem and Schwarz’ inequality one can
calculate

|f(x)|P 1 . x!
/. 2] d””:N—w/n‘f(”f)‘ d””(fv)d“"

_NiyRe/nPf(m)\f(m)\p_2xl VNS g

@'
p—1
N]iv /n |f(l 2|| = Vvl do
- N]iv /n| (I 2|| 70V flde
p )l
WL e v de
p V@) ); swr N
d d
N -~y (/n || P v (/Rn ‘$/|pr1 x) ’

where z), = (2/,0) € R", that is |zj| = |2/|, V is the standard gradient on R¥,
and V is the gradient on R™. Here we have used Holder’s inequality in the last
line. This gives

IN

IN

IN

p—1

N7 V@) dm)i @\
‘ ‘/” ‘xlh </” |2 [P </R” \a?’|p5—p1 7
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which proves (6.13). Again as in the proof of Theorem 6.1.1 let us examine the
equality condition in the above Holder inequality. Thus, we consider

7C|x/|/\ L - 5
o) = 61A , )\.ﬁ—oz p71+1;«£07
|z’|C Oé—p71+1:07

where C' = ‘N ;7‘ and v # N. Then it can be directly checked that

P Vg _ Lol
|x’|0‘P |x/|pﬁf1 ’

"IVe@)I” _| b
|z’ |oP N—vy

P
N —~

which satisfies the equality condition in Holder’s inequality. Approximating this
function by functions in C{°(R™\{z’ = 0}) shows that the constant ‘N .

sharp.

is

Remark 6.1.6. For 5 = («+1)(p—1) and v = p(a+ 1) the inequality (6.13) gives
that

[N —pla+1)]
P

f

‘zl|a+1

\

, 1 <p<oo, (6.14)
Le(R™)

LP(R") Edl

for all f € C§°(R™\{2’ = 0}) and for all & € R, with the sharp constant. For
a=0and 1 <p <N, 2 <N <n, the inequality (6.14) implies that

f

||

P
< IV £l Lo ®ny » (6.15)
Lo (&™) N—p Lr(R™)

again with N’ip being the best constant.

6.1.2 Horizontal higher-order versions

We can iterate the LP-Caffarelli-Kohn—Nirenberg type inequalities from Theorem
6.1.1 to obtain higher-order inequalities. Let us denote inductively

VL =Vu|Vufl and Vif:=VVEfl, meN.

Then as a consequence of Theorem 6.1.1 we obtain

Corollary 6.1.7 (Higher-order horizontal LP-Caffarelli-Kohn—Nirenberg type in-
equalities). For any k,m € N and 1 < p < 0o we have

P p—1

1

‘zl‘afm

< Aa,mA,B,k:
Lr(G)

N =1
p

f

,
|z'|»

1 k

V7;1L+1f va )

Lr(G)
(6.16)

Lr(G)

72 ¢
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for all f € C3°(G\{2’ = 0}), where v = a + B+ 1, and all o € R such that
175" IN = pla—j)| #0, and

—1

—(p—1)

as well as all B € R such that Hf;é ‘N —-p (pfl —j)‘ # 0, and
k—1
Agge=p" V]

B
N — —
i p<p1 j)’

Proof of Corollary 6.1.7. Taking |V f| instead of f and a—1 instead of a in (6.5)
we consequently get

|! | Lr(G) [N —paf [[|z/]*? Lp(([;,)7
for oo # ]z\j' Combining it with (6.5) we obtain
/ p p 1 2
< Vil )
21 | ey = IV = pla+ 1) N = pa || o1 V| o

for each o € R such that o # 11\7] —1and o # JZ . This iteration process gives

f

|x/|0+1

, 1 <p<oo, (6.17)
Lr(G)

for all f € C§°(G\{2’ = 0}) and all § € R such that Hf;é IN —p(0+1—7)] #£0,
and

< Vi f
L (G) a0 +1=k T H

-1

Ag . i=p" H|N p(0+1— )]

Similarly, we have

Vuf

m—+1
|/ |P+1 Vi f , 1<p<oo, (6.18)

LP(G)

<A19mH

Lo (G) | /|19+1 m

for all f € C§°(G\{2" = 0}) and all ¥ € R such that [[]", \N p(P+1—7)#0,

and
-1

Agm =p™ H\N p(¥+1—7)]

Now putting ¥+ 1=aand 6+ 1 = pfl into (6.18) and (6.17), respectively, from
(6.3) we obtain (6.16). O
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6.2 Horizontal Hardy and Rellich inequalities

First of all let us record the horizontal Hardy inequalities discussed in Remark
6.1.2:

Corollary 6.2.1 (Horizontal L? Hardy inequalities). Let G be a stratified group with
N being the dimension of the first stratum. Then for any 1 < p < oo, a € R, and
for all f € C§°(G\{z' = 0}) we have

f

N = plat )
— |x/|a+1

(6.19)
L?(G) p

1
“anHf

LP(G)

If p(a + 1) # N then the constant IN*pz()Oﬁl)l is sharp.
From this we move on to Rellich inequalities.

Theorem 6.2.2 (Horizontal Rellich inequalities). Let G be a stratified group with
N > 3 being the dimension of the first stratum. Let § € R with —N/2 < § < —1.
Then for all functions f € C§°(G\{2’ = 0}) we have

Lf
/|6

f

542 (6.20)

‘(N—26—4)(N+26)’
L2G) 4

j 12()
If N + 26 # 0, then the constant in (6.20) is sharp.

We note that another version of the Rellich inequality will be given in Corol-
lary 6.5.2.

Proof of Theorem 6.2.2. In the case p =2 and aw = § + 1, Corollary 6.2.1 implies
Vuf f

|x/|5+1 |x/|5+2

(6.21)

‘N—25—4’
>
L2(G) 2

L*(G) .

It also follows that the constant ‘Nfg‘;*‘l’ is sharp when N — 2§ — 4 # 0. On the
other hand, Corollary 6.5.2 gives (see also Theorem 6.8.1 with p = 2, v = 28 and
a=p8-1)

Lf >’N+23—2HVHf (6.22)
||f—1 2@ 2 || £2(G)
for2— N <28 <0and N > 3.
Putting ¢ + 1 instead of § this gives
Lf >’N+25‘ Vauf (6.23)
|x’|5 L2(G) — 2 ‘z/‘5+1 L2(@) .

for2— N <25+2 < 0and N > 3. Combining (6.21) and (6.23), we obtain (6.20).
Now, to show the sharpness of the constant in (6.20), we observe first that
in Theorem 6.2.2 the sharpness of the constant is reduced to that in Theorem
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6.1.1 which in turn is obtained by checking the equality condition in Hélder’s
inequality. Namely, the function |2/|€* satisfies this equality condition for any real
number C7 # 0. Similarly, in Theorem 6.8.1, the sharpness of the constant will
be obtained again from the equality condition in Holder’s inequality, so that we
see that the same function |2/|“? satisfies the equality condition. Therefore, the
constant in (6.23) is sharp when N + 2§ # 0, so, the constant in (6.20) is sharp
for N + 26 # 0. O

6.3 Critical horizontal Hardy type inequality

For p = N the inequality (6.2) fails, and in this section we consider its critical
versions.

Theorem 6.3.1 (Critical horizontal Hardy inequality). For a bounded domain € C
G with 0 € Q and for all f € CF°(Q\{z' = 0}) we have

N x’
< .

- N-—-1
LN ()

f

\Y
‘l‘"loglf,l i

, 1< N <o, (6.24)

|| LN (Q)

where R = sup|a’|.
€N

To show Theorem 6.3.1 we will first prove the following more abstract theo-
rem, and then the proof of Theorem 6.3.1 will follows directly from this. Moreover,
it will imply a number of other estimates, for example the critical LV-Poincaré
inequality.

Theorem 6.3.2. Let 0 € @ C G be a bounded domain. Let g : (1,00) — R be a
C?-function such that
g'(t) <0, ¢"(t) >0, (6.25)

for all t > 1, and such that

(~g/ ()P

(g (1)1 <C<oo, forall t>1. (6.26)

Then we have

N-1\" 7 1f@I~ [/ ,/. Re\\"? Re
— 1 711 d
( N ) o lov U9 % T\ %)
2(N-1) (6.27)

i Re .

SACD) N
S Q 7 Re N-t

(o (tos 1))

for all f € C°(Q\{z' = 0}), with R = sup|a’|.
€N

m/

||
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Proof of Theorem 6.3.2. For € > 0 a direct calculation shows

LL‘/ N_2:L‘/
VuGe(@)[N 2V Ge(z) = (—¢' (F(x)V ((|xl|2 |+ 62)1\1—1) '

where

F( R = supy/|2/]? + 2¢2,

) 1 R.e
x):=1lo ,
g\/|x’|2+62 zeQ

and
Ge(z) = g(Fe(z)).

Since ¢'(t) < 0, with Ly as in (1.71), we have
LyGo(z) = divyg ([VaGe(z) [N 2V Ge(z))
_ - o 2 N=2 1 2 ‘l‘

, N1 2€2|II|N72
+ (N - 1) (79 (Fé(x))) (‘l”P + 62)]\]'

/‘N

The divergence theorem gives

\f|N£NGE(x)dx:/ IfINdivy (|VaGe(@)|N 2V yGe(x))dx
@ @ (6.28)
== [ Vals - (VG @)V n Gl

We have

1Y enGotaia
=) [ o E @) ) T e
a f A (e 1 exyo

2]/ |N—2
+ (N — 1)/9\f|N (—g' (Fe(x)))¥ (|2x/|2+€2)1vdx

’ N=2 y |x/|N
>V =1) [N R @) s e (629

Moreover,

\— [Vl @l (VG YT u Gl

_ ‘N/Q|f(x)|N_2f(l‘)(_9/(F6($)))N_1 (Z;er?)zﬂ o
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e et (p N (YR Y
= [1r@ o (e e ) d

N2 o [ @I\
SN(/Q( g (Fe(z))) 9" (Fe( ))(I/2+€2)Nd>

2! N
x ( / (=g (Fe(@))* ™V (¢ (Fe(a))) Y - -VHf\ dm) . (6.30)
Q x

Combining (6.28), (6.29) and (6.30) we obtain

||V

(V-1 A 1Y (=g F)™ 9" F@)) (a4 oy
! N T N NJG]
<N (| o™ g ) ) )

o N ~
( / (—g' (Fe(2))* ™V (¢" (Fu(2))) "V Y ~va\ dx> :
Q

|2/
which means

dx

N -1 N N (_ 1 x N=2 z |x/|N l‘

(Y31 [ @ 7 ) ]

, N

< [ o @) @) | L ~va\ d.
Q X

Now letting € — 0 we obtain (6.27). O

Proof of Theorem 6.3.1. If we take

g(t) = —log(t — 1),

for t > 1, then we see that this function satisfies all assumptions of Theorem 6.3.2.
That is,
J=— " <o =" >0
) (t _ 1)2 )
and

(g”(t))N_l y for all ¢ > 1.

Therefore, putting

Re 1 Re 1
g (logf) =l R and g’ (log|x/ ) = )
8 la/| (10g|5|>

in (6.27) we obtain (6.24). O
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One can obtain a number of inequalities from Theorem 6.3.2 by choosing
different functions g(t). For example, we get the following analogue of the L-
Poincaré inequality for the horizontal gradient.

Corollary 6.3.3 (Horizontal critical Poincaré inequality). Let R := sup|z’|. Then

e

for all f € C§°(Q\{z' = 0}) we have

[fllz~v@) < RIVH S~ ) - (6.31)
Proof. Let us take

gty =N, t>1,
in (6.27). Then we have
/ "L‘/
[fllzv < ||l , -Vaf :
|| LN (Q)

For R = sup|2/|, the Cauchy—Schwarz inequality implies (6.31). O

e

Remark 6.3.4. In the Euclidean case the idea of proving Theorem 6.3.1 using
Theorem 6.3.2 was realized in [Tak15]. In this section our presentation followed
[RS17e].

6.4 Two-parameter Hardy—Rellich inequalities
by factorization

In this section we apply the factorization method, similar to the ideas explained
in Section 2.1.5, but now in the setting of stratified groups. As a result we obtain
two-parameter inequalities analogous to the Gesztesy—Littlejohn type inequalities
described in Example 2.1.13. The presentation of this section follows [RY17].

Theorem 6.4.1 (Two-parameter Hardy—Rellich inequalities). Let G be a stratified
group with N > 2 being the dimension of the first stratum, and let o, 5 € R. Then
for all complex-valued functions f € C§°(G\{z' = 0}) we have

2

Vuf
ILf172e) = (a(N —2) =28) || 7,
|| L2(G)
/ ) ) (6.32)
2 || T -Vuf C f
- |2/|2 +CNa,p |2/ |2 )
. L2(G) Tz )

where

CNoap=0a(N—4)(N —2)—a?(N —2)+28(4—N)—B%+aB(N —2).
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Remark 6.4.2.

1. Using the Cauchy—Schwarz inequality
2" (Vuf)(x | vHf
/ |2/ |4 d = /|2 L,
inequality (6.32) implies the inequality
2

Vufl?

||

I££72) = (@(N-2)-28-a?)

+CN,a.8
L2(G)

. (6.33)

|| L2(G)

2. In the Abelian case G = (R”,+), we have N =n, Vg =V = (0zy,...,0z,)
is the usual (full) gradient, so (6.32) implies for o, 8 € R and for any f €
C§°(R™\{0}) with n > 2 the inequality

vl
I ey 2 0tn =2 =29) | 1|
L2(R")
s ; (6.34)
— Oé2 + Cn,a,ﬁ H 2 .
|| L2(R") || 2(Rn)

This can be also compared with inequality (2.34).

Proof of Theorem 6.4.1. For two parameters «, § € R, let us define

/.
Top:=—L+a" Vi P

2] |2
One can readily check that its formal adjoint is given by

Vg «oN-2)-p§

+
o ZTET N e T

for 2/ # 0. Then, by a direct calculation for any function f € C5°(G\{z' = 0}) we
have

(T 5To 5 (@)
_ (,c g7V _a(N=2) - B) ((ﬁf)(z) L ah) Bf(r)>

|2 2|2 2|2 |2

—@n@+a(-c (T G @+ S e + T en)

>

w0 (£ (o) 0= ")

tap (_w’-VH ( f > (2) + ' (Vuf)(z) (N—2)f($)>

RN
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/ / /
2 -V (2 (Vaf) - (Vi f)(x) 2 f(x)
— — (N -2
et (- () (7 @ - =™ ) et
Now we calculate in the other direction,
( aﬁT+5f)( )
-V
(e )

2’2 far]?

x (_(ﬁf)(m) 7 (Vah)@) (e i)’IQ 5)f(x)>

>

—@n@+ale (TSI )@ - R @+ -2 () @)

Iz
w5~ () 0 - “U87)
+ap (I"VH ( ! >(I) o (Vaf)@) (N2)f(;z;)>

|22\ |2'[? || |4
o2 (- Vg \ (2 (Vuf) ) (N — Vg [ f .
var (- (M) (o) R () @)
Bzf(,|2 (6.35)
Using that
f RITRRYS
() @ o () @
_ X;f 2u0N
=2 (e )@
(X2 (@) 4G (x) 82 f(x)  2f(x
‘E( o 2| |J;/(|4)>
L)z 42" - (V
and
’. ) & - x
EATE
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in (6.35), we can write the sum (T":BTaﬁf)(x) (To, 8T Bf)( x) as

(T 5T p f)(@) + (Ta 5T 5f) ()

:2(£2f)(a:)+2a(N—2)(wf,)(f)—Qx/'(vﬁf)() (4 - N)f(,|2>

ks |z ks

R R

i) ()

S THN@ (g @ >>

|| |='|*
+262f( 7) (6.36)

|2/

In order to simplify this, let us rewrite the following expression:

Q(x“VH) (w'-(vHﬁ)(m)2(N2)z'-<vﬂf>< ) o — 2y @)

|='|? |='|? |='|* |='|*
2 125 X;) (a3, (X
_ Z]k ( |x/)£ k( kf)) 722 3X\ ‘ (Xké)()
J,k=1
—2(N—2)“""(Zf’f)(x>+2(zv z)f(,|2
25 ek (Kef)(@)  2Yn G X (X )@) | 4 e (X f) (@)
|| || ||
- 2(N72)z, ' (v;j)(x) LN — 2)f(,|2
:_2(N—3)x/'(|vxﬁf>(m) 2 JzkiX D )+2(N_2)|J;(,“|2.
Now putting this in (6.36), we obtain
(To T ) (@) + (Ta 6T 5 ) (@)
= 2(£21)(x) + (20N ~ 2) — 48) ST
+(—4a(N_2)—2a2(N—3)+8/3)I,'(ZfIf)(I)
+ (2a(N = 2)(4 — N) + 20*(N — 2) — 2a8(N — 2)
N
AN —16)8 4 267 T &) g2 Zinm HT X oo

|[* |4
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In general, the non-negativity of T plap + T gT 5 and integration by parts
imply

| T p@Pdes [ (T P@) Pl = [ F@)(TETo 4 T ) Pl > 0.

Putting (6.37) into this inequality, one calculates

/|£f Vdr + (2a(N —2) 4B/f $2()dx

f(x)(@" - (Vuaf)(x))

+ (—4a(N —2) — 2a°( 3) +85) / \a? 4 dx
+ (2a(N — 2)(4 — N) + 202 (N 2) — 2a8(N — 2)
+ (4N — 16)6+262)/ |fa ,‘4 d
902 Z / f(@); $k$X4X’“f)($) dx > 0. (6.38)

J,k=1

Using the identities
fla o [ (XH@)X ) (@)
/ |x’|2 dx_fZ/ J ‘37,2]
—Z/f X (6 ) )
fl@) (@ - (Vuf)(z | Vuf)(z
- 2/ /|4 |$/|2

Y[ @) (XX f) (@)
Z /G K y dx

[+

Z/f )z}, ;T;kf e _22/ f(x kuXff )dq:
wlay (X f)(2)(Xi f)(z)
*Z/ uw "

J,k=1

3 [ @A

J,k=1
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v Z/f AN d+4z/f A,

7,k=1
|z’ - (Ve f)(x)]?
/ 2[4 dx
fl@) (@ - (Vuf)(z |2’ - (Vi f)(z)?
d
/ ||+ / |2/ [4 -z

n (6.38), we obtain

2/ |(Lf)(z)[*dr+ (4a(N —2) — 83 —4a(N —2)+ 88 —2a*(N — 3) +2a*(N —3))

/f {(Vaf)(@),

\a: E ’

+ (20(N —2)(4—= N)+202(N —2) —208(N —2) + (4N 16)8426%)

|f(2)[? \ VHf
X e dz— (2« —45) ,‘2
oo [ 1 TuD@P o
G j[*
which implies (6.32). O

The factorization method can be used to give an elementary proof of the
horizontal L?-weighted inequality given in Remark 6.1.2, Part 3.

Proposition 6.4.3 (Horizontal L2-Hardy inequality). Let G be a stratified group
with N > 3 being the dimension of the first stratum. Let o € R. Then for all
complez-valued functions f € C5°(G\{z’ = 0}) we have

f

||

N -2

IVafllLa@) = 5

, (6.39)
L2(G)

where the constant N;2 18 sharp.

Proof of Proposition 6.4.3. Let
/

~ T
T, :=Vg +a‘$,‘2.

One can readily check that its formal adjoint is given by
/

~ . x
T;r = —divy + a|x’|27

where 2/ # 0.
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Using (1.73) we have

/

o (Vuf)@) | o @)

TS Tof =—(Lf)(x) — adivy ( x f) () +a |2/ |2 |27|2

B
— ) — adiv a’ T a2f($)
—(e)a) — adiva (5 ) £+ 2 [
(¢ +2—N)
o

= (L)) + f(x).

By integrating by parts and using the non-negativity of T j T, we have
0< / (T f 2dz
G

—Lf@@?ﬁﬁ@ﬂx
F@)P

|2']?

z/\VHf|2dx+a(a+2—N) dx.
G G

It follows from this that

/ |V f(x)]?de > a(N -2 — ) \f(;z:)\de.
G c |7

By maximizing the constant with respect to o we obtain (6.39). The sharpness of
the constant follows from Remark 6.1.2, Part 3. O

By modifying the differential expression T, in the proof of Proposition 6.4.3
we can also show the following refinement of the L2-Hardy inequality (6.39). The
fact that it is indeed a refinement, that is, that (6.40) implies (6.39) follows by the
Cauchy—Schwarz inequality. Consequently, the sharpness of the constant in (6.40)
also follows from the sharpness of the constant in (6.39).

Theorem 6.4.4 (Refined horizontal L?-Hardy inequality). Let G be a stratified
group with N > 3 being the dimension of the first stratum. Let o € R. Then for
all complex-valued functions f € C§°(G\{z' = 0}) we have

f

||

N -2
2

x - va

||

: (6.40)
L2(€)

12@)
where the constant N2_2 s sharp.
Proof of Theorem 6.4.4. Let us define

~ 2'-Vpg «
T ||
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One can readily check that its formal adjoint is given by

f+_:7m’-VH a—N+1
“ || EAI
where 2’ # 0. Using (1.73) we get
(:v’-VH> (:v'-(VHf)(l’))
/| ||
_ Tk XNEAXNE) | SNy (@)
" 2 /|
_ SL (X f)@) | iha ek (GXN@) S, 4 (Xef) (@)
Iﬂc’l2 o’ |2 |2

e 7 (X Xk ) (@)

- |2'[?
and

N . N
(2 - V) (;;) — D k=1 I};(,T(kf)( ) + Z$2(_1)|$/‘_2Xk‘l’,‘f(l’)
k=1
_ 2 (Vaf)(x) _ f(z)
|| ||
From these identities we get
N
f:faf(x) - = Z]k ' J l’(i( ka)( )
-(V - N

Using (1.73) again we have

f(@)xla) (X; X f) ()
Z/ k/‘zk dx

7,k=1
Z/f l’ki(zkf da _2z/f xk;XQkf(>dm
'z X f)(z
,Z/ K $2(k>()dx

]kl

3 [ @A 2

J,k=1
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v Z/f AN d+2z/f AN,

7,k=1
/|x (Vaf)@P
% \2
(V (V

Taking into account this, integrating by parts, and using the non-negativity of the
operator T*Ta, we get

0< [ Futfde = [ @)ET 1)@
- (z% LTS @ )(Xijf)($)+(Nl)f(r)(x’-(VHf)(fv))>d
G

|2 a2 ’

@R,

[

+ala—N+2)
G

Consequently, using (6.41) we obtain

[(* V@ | N+2)|f(fv)|2> o

|| |2'|2
It now follows that

/‘2 . |22
By maximizing a((N — 2) — «) with respect to o we obtain (6.40). O

Further two-parameter inequalities by factorization method are possible in
the setting of the Heisenberg group, for which we can refer the reader to [RY17].
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6.5 Hardy—Rellich type inequalities
and embedding results

We now discuss several refinements of the Hardy—Rellich inequalities with respect
to the variables in the first stratum. We recall that N stands for the dimension of
the first stratum of a stratified Lie group G here. As a consequence, we formulate
several corollaries for the embeddings of the appearing function spaces.

Theorem 6.5.1 (Horizontal L?-Hardy—Rellich type inequalities). Let o, 8 € R. Let
N > 2 be the dimension of the first stratum of a stratified Lie group G, and let |- |
be the Euclidean norm on RN . Then for all f € C5°(G\{z' = 0}) we have

<N(a+ﬂ+3)/ﬁ Vi f1? dz+(a+f)’+1)/(G(II.VHf)2dz)2 (6.42)

2 |m/‘o¢+5+1 |m’\0‘+5+3
< [ AR [ TPy,
T Je PP Jg fal P

Moreover, if a + 5+ 1 <0 then we have

NrarsoLy VafP /|£f|2dz YO afR N
2 G |2/|e TPt T e [o[?P ¢ |z '
(6.43)

The inequality (6.43) can be considered as a special case (p = 2) of Theo-
rem 6.8.1. In particular, taking o = 8 4 1, we obtain the following Rellich type
inequality:

Corollary 6.5.2 (Horizontal L2-Rellich type inequality). Let N be the dimension
of the first stratum of a stratified Lie group G and let o < 0. Then for all f €
C§°(G\{2' = 0}) we have

N +2a — 2)? Vufl? Lf|?
A oy i
4 c |o']* c |'[>
Furthermore, we have
(N +2a—-2*(N-2a-2)* [ |f(z)] ILfP
da < dx. 4
16 o |a7|2a+2 T o |a7|20—2 v (6.45)

We can compare it with another version given in Theorem 6.2.2.

Proof of Corollary 6.5.2. Inequality (6.44) follows from Theorem 6.5.1 by taking
a = 8+ 1. Inequality (6.45) follows from (6.44) and Corollary 6.2.1 with p = 2
which says that

1

_ IN=2(a+1)]
||

- 2

f

‘ml‘oﬁ»l

Vuf

L2(G) L2(G) .
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Note that the sharpness of the constant follows from the fact that in both inequal-
ities the best constants are attained when there are equalities in the corresponding
Holder inequalities in their proofs, and these are attained on powers of |2/|. O

We note that another version of the horizontal Rellich inequality is given in
Theorem 6.2.2.

Note that when G = (R, +), thatis, N =n, Vg =V = (0sy,. .., 04, ), then
(6.42) implies the following Hardy—Rellich type inequality for all f € C5°(R™\{0}):

2
n—(a+pB+3) IVfI? (x-Vf)?
( 9 /]R ot de + (a+ 5 +1) / atf+s dm) i

" |zl E

Af|? 2
S/ | J;‘ﬁ dm/ |V];|a dx,
R |2| % re |2]3
where |2|p = /22 4 --- + 22. This inequality was also discussed in [Cos08] and

[DJSJ13).

Proof of Theorem 6.5.1. First we note that for all s € R we have
2

Vuf 2/
/G ‘xl‘a +S|x/|,8-|-1‘6f d«'EZOa
that is,
Vi fl? o -Vuf o [ ILfP
/G 2 o dx + 2s : |x/‘a+5+1£fdx+s A |x/‘2ﬁdx > 0. (6.47)
Since

.%‘/-VHf . .%‘/'va
: $,a+5+1£fdx_A;dlvH(VHf) <$,a+5+1 dx

by using the divergence theorem (Theorem 1.4.5) and (1.73) we obtain
. 7z -Vyf 1 z 5
Jmsn @m0 (T30 )= =, [ o S0

f/ Vufl dx+(a+6+1)/ (@ -Vuf)*
G G

|| oA+ |2/ |+ B+3

Again by Theorem 1.4.5 and (1.73) we have the equality

1 z! o, N—(a+B+1) [ |Vuf
2/(;,|x/|a+ﬁ+1 V(| Vi f)de = ) /Gm,wrﬁﬂdx.
Thus,
2 -Vuf
o oot S
(6.48)

_N—(a+p+3) [ |[VufP (@' -Vuf)?
= 9 /G ‘xl‘a+5+1dz+ (@+F+1) s d.
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Therefore, the inequality (6.47) can be rewritten as

2 [IESP N—(a+p+3) [ Vufl*
S/G z+2s< /G x

|LL‘/|25 2 ‘xl‘a—&-ﬁ—&-l

(' - Vi f)? Ve fI?
+(a+5+1)/(} |/ |o+5+3 dz | + o |72 dz 2 0.

_ [P
_/G|x’|25dx’
_N—(a+p+3) [ [Vufl (@' Vi f)?
b= 9 /G|x/|a+ﬁ+1dx+(a+5+l) s dz,

v Hf|2
‘,CE'|20‘

a52+2b3+020,

Denoting

and

we arrive at

which is equivalent to b — ac < 0. Thus, we have

N—(a+8+3) [ |Vuf? @ -Vuf)?, \°
< 2 /Gg:’|(ﬁ-ﬁ+1dx+(a+ﬂ+1)/@ \q;’\a+lg+3 dx)

2 2
S/ ILFI” . Vi fl da.
G

‘zl‘Qﬁ G |x/|204

This shows the inequality (6.42). Now let us show the inequality (6.43). By using
Schwarz’ and Holder’s inequality we obtain

/2 2 1/2
¥ -Vuf Vi fl cf? o\ Vi f
AWW”“”MSAWWW”MS(LWWM o e M)

On the other hand, since a4+ 5+ 1 < 0 by Schwarz’ inequality we have

N —(a+B+3) Vi f? (¢ -V f)?
9 /(G |x/‘a+5+1dm +(a+ B+ 1)/@ | |octB+3 dzx

N—(a+pB+3) Vuf? IV f?
= 9 /G ‘I/‘a+ﬁ+1d$+(a+6+1)/@ |x/|a+ﬁ+1dm

N+a+B—1 [ |Vuf?
9 " [a et BHL

dz.

Combining the above inequalities with (6.48) we obtain (6.42). O
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The special case of Theorem 6.1.1 with p = 2 can be also shown using the
divergence formula techniques in the proof of Theorem 6.5.1:

Corollary 6.5.3 (Horizontal L?-Caffarelli-Kohn-Nirenberg inequalities). Let G be
a homogeneous stratified group with N being the dimension of the first stratum.
Let o, B € R. Then for all f € C3°(G\{z' = 0}) we have

P f

W‘g || L

|V =]
2

Vauf

Edl

: (6.49)
2(@)

L2(G) ‘ L2(G)

where v = a + B+ 1, and the constant IN;'YI is sharp.
Proof. For all f € C°(G\{2’ =0}), o, 8 € R and s € R we have

|
This can be written as
Vufl? 2 |f1? VHf
/G |x’|25 dr + s : |x/‘2adz+2 f /P > 0.

By the divergence theorem (Theorem 1.4.5) we have

/fl" VHf N_W/G|f2dsc.

|z’ 2 |z’

2

/
Vi v dx > 0.

o o]

Denoting
2 2 2
S (PRI ey (P

|l”|20‘ /"y |x/‘2ﬁ
this means that

as®> —bs+c¢ >0,

which is equivalent to b? — 4ac < 0, that is,

2\ 2 2 2
(L) (L ) (L),
G @' G |72 c |7'|*P
which gives (6.49). O

The appearance of the horizontal weights in Theorem 6.5.1 prompts one
to define the following weighted Sobolev type spaces on the stratified Lie group
G (in Chapter 10 we will be discussing analogous spaces but there on general
homogeneous groups).

Definition 6.5.4 (Sobolev types spaces with horizontal weights). Let us define the
following spaces:
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(1) Let L2(G) be the completion of C§°(G\{az' = 0}) with respect to the norm

) 1/2
s = ([ o)

(2) Let D1?(G) be the completion of C§°(G\{z’ = 0}) with respect to the norm

/2
,_ Vufl? '
||f||D3,2(G) = ( - ‘LE"QV dLL‘ .

(3) Let D2?(G) be the completion of C§°(G\ {2z’ = 0}) with respect to the norm
1/2
,_ ILfI?
||f||D:‘;2(G) = ( - ‘LE"QV dxr .

(4) Let Hé”@ (G) be the completion of C§°(G\{z’' = 0}) with respect to the norm

/2
(TR VP Y
Wy = ([ + 0 J02)

(5) Let H; 4(G) be the completion of C5°(G\{z" = 0}) with respect to the norm

1/2
_ Vufl* | [LfP
||f||H§ﬁ(G) = ( o |2 + ‘I/‘zﬁd“" :

Theorem 6.5.5 (Several horizontal embeddings). Let a, 8 € R. We have the fol-
lowing continuous embeddings

(i) H2 4(G) C D%2,,1(G) for a+ B —1#N.

(ii) D2%(G) C D11 (G) for a < § —2.
(iti) H) 4(G) C L3/2(G) and Hj ,(G) C L3/2(G) Jor v = a+ B+ 1, provided
that v # N.

Proof of Theorem 6.5.5. Since N # a+ 8 — 1, from (6.43) we obtain

/ VafP 2 /de YOV Y
o ™5 T IN fak p -1 s o8 o la'fe

2 ILfI? /IVHfI2 )
< d dz |,
T INta+B-1 (/G @28 fo e

for all f € C§°(G\{2' = 0}). This proves Part (i).

Part (ii) follows from the inequality (6.43), namely assuming o+ 5+ 3 < N
and letting S =a+ 1, a # g’

The first inequality in Part (iii) follows from inequality (6.49). Since the

spaces are symmetric with respect to the parameters «, 8 we also have the second
embedding. O
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Using inequality (6.43) and choosing different values of o and 8 we can obtain
a number of Heisenberg—Pauli-Weyl type uncertainty inequalities. Let us list some
interesting cases.

Corollary 6.5.6 (Horizontal Heisenberg—Pauli—-Weyl type uncertainty inequalities).
We have the following inequalities:

(1) Fora <5 —2and any f € HZ ,,(G),

N +20] [ [VafP? dx<< / cfP dz)”“‘( |va|2dx>”“‘
~ \Jg lz ) .

2 G ‘z/‘Q(aJrl) /|2(a+1 G |x/|2o¢

(2) For N >3 and any f € Dy*(G),

N —2 1/2 L2 1/2
| |/ |va‘2d$ < (/ $/|2(a+1)|va2d$> ( | /f2|ad$> )
2 G G G 7]

(3) For any f € D}*(G),

1/2 1/2
G

2 Jo |2 ¢ |72

(4) For N > 2 and any f € Dll’/QQ(G),

-1 2 1/2 2 1/2
2 c |7 G ¢ ||

(5) For N >2 and any f € Dll’/QQ(G),

—1 2 1/2 1/2
N ‘VH,ﬂ do < (/ |VHf2d;z:) </ |£f|2dx> .
2 Jg |7 G G

Moreover, the following inequalities hold true with sharp constants:

(6) For any f € DV2(G), taking o = 1,3 =0,

N—2\* [ |f]? / )
dx < \V4 dzx.
( 2 >/G|x'|2 < J Vel

(7) For any f € Hy,, 4(G), taking o = + 1,

N—-2(8+1)\° |f[? Vi f|?
( 2 ) /G|x'2<ﬁ+l>d””§/@ a2 4
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8) For any f € H} G), taking f =a+1,
a,a+1

2 1/2 1/2
N —2(a+1) R N VA N AV A
2 g |2/t = g |2/ ]2 g |2/ [(etD) .

(9) For any f € Hi(ﬁﬂ),ﬁ(G), taking o = — (B + 1), then f € L*(G) and

N 1/2 2 1/2
< >/ \u|2dx < (/ ;p'2<ﬁ+1)|f2dz) < |v1/ﬁléfﬁ| dx) .
2) Je G c ||

(10) For any f € Hj,(G), taking a = 0,8 = 1, then f € L}(G) and

N —2 2 1/2 9 1/2
L) ()
2 G 17| G ¢ |7l

(11) For any f € Hll’l(G), N > 1, taking o = —1,8 =1, then [ € L%/Q(G) and

N -1 \u|2 121 212 1/2 ‘VHﬂ2 1/2
< .
( 2 >/Gz'2d“'—</@“'f' e /G wp

(12) For any f € HYG) = Hj,(G), N > 1, taking o = 0,8 = 0, then
fe L%/Q(G) and

N_1 luf? ( , >1/2< ) >1/2
( 5 )/(G|x/|2dx§ /(G|f\ dx /G|VHﬂ dx )

6.6 Horizontal Sobolev type inequalities

In this section, first, we are interested in Sobolev inequalities, so let us repeat
them briefly again for the sake of the reader comparing to the full homogeneous
group version discussed in Section 3.2.2. The (Euclidean) Sobolev inequality in its
simplest form has the form

91l ze@n) < COIVYll Lo~ (rn);

for all 1 < p,p* < oo with
1 1 1

popron
Here V is the usual gradient in R™. The following version of a Sobolev type in-
equality with respect to the operator = -V instead of the standard gradient V was
considered in [BEHLO08, OS09]:

lgllzr @) < C'(P)ll2- VgllLog@n)- (6.50)
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By putting g(z) = h(A\z), A > 0, into this inequality, we see that p = ¢ is a
necessary condition to have (6.50).

We can notice that in formula (6.50) the operator x - V can be interpreted
as the homogeneous Euler operator on general homogeneous groups (see Section
1.3.2) as well as an operator on stratified groups by substituting « and V with the
corresponding horizontal operations =’ and V related to the first stratum of the
group.

The homogeneous groups version of such inequalities was discussed in Section
3.2.2. Thus, we will now concentrate on the horizontal interpretation presenting a
range of Caffarelli-Kohn-Nirenberg and weighted LP-Sobolev type inequalities on
stratified Lie groups. All the inequalities can be obtained with sharp constants.

The presentation of the following results follows [RSY17a].

We start with an LP-weighted Sobolev type inequality.

Theorem 6.6.1 (Horizontal weighted LP-Sobolev type inequality). Let G be a
stratified group with N being the dimension of the first stratum. For any f €
C(G\{z' =0}), and all a € R, we have

N — Y
[N = apl fa <||* /ff , l<p<oo, (6.51)
p |2'| L?(G) || LP(G)
where | - | is the Euclidean norm on RY. The constant |N;O‘p| s sharp when
N # ap.
Remark 6.6.2.

1. In the Abelian case G=(R",+), that is, N=n and Vg =V = (04,,...,0x,),
the inequality (6.51) yields the LP-weighted Sobolev type inequality for G =
R™ with the sharp constant:

f

gy

xz-Vf

ka5

In — ap|
p

, (6.52)

Lr(R™)

Lr(R™)

for all f € C°(R™\{0}), and |z|g = /2} +--- +22. This Euclidean in-
equality was shown in [OS09].
2. Using Schwarz’ inequality in the right-hand side of (6.51) we see that (6.51)

is a refinement of the LP-weighted Hardy inequality on stratified groups: For
any f € C5°(G\{2' =0}), and all o € R, we have

IN —ap| || f Vuf

) 2] 2| , 1< p<oo, (6.53)

L7 (G)

L7 (G)

where |- | is the Euclidean norm on RY. If N # ap then the constant IN;O‘Z’I
is sharp. Thus, (6.51) can be regarded as a refinement of (6.53). In the case

of p = 2 they are actually equivalent, see Theorem 6.6.3. These results have
been obtained in [RSY17a].
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3. For a = 0, inequality (6.51) gives the weighted version of the homogeneous
groups inequality in Proposition 3.2.1, Part (i). In particular, in the Eu-
clidean case of R" we have N = n, and this gives the weighted version of the
inequality in Remark 3.2.2, Part 2.

Proof of Theorem 6.6.1. Let us assume ap # N since when ap = N there is
nothing to prove. By using the identity (1.73) and the divergence theorem we

obtain
|f(@)[P 1 / . !
¢ l2'[*r N—ap /g (@)l divie || P !

NV
—— Lo [or@is@r T

p |f ()P ‘1
Z Vyfld
N —ap / | '[P =flde

p (z)|P~ l\l’ “Vufl
N —ap GII’I‘”’ Dol

- P (|f(x)|p dm) (p—1)/p (a?’ . vapdm> 1/p

N —ap| \ [a/|*P |z'|*P

IN

< dxr

which implies (6.51). Here in the last line the Holder inequality has been used.
Now it remains to show the sharpness of the constant. Observe that the function

hi(z) = ! N # ap,

[N — Otpl ’
||

satisfies the equality condition in the Hélder inequality

Vet Vaha ()P b (2)P

|x/|ap |x/|ap :

’N —ap
This means that the constant IN;O"’ " is sharp. O

In the case of L? the horizontal Sobolev type inequality is actually equivalent
to the Hardy inequality:

Theorem 6.6.3 (Equivalence of Sobolev type and Hardy inequalities in L?). Let G
be a stratified group with N being the dimension of the first stratum with N > 3.
Then the following two statements are equivalent:

(a) For any f € C3°(G\{z' = 0}), we have

2
I fllz2) < N 2" Vi fllrze)- (6.54)
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(b) For any g € C§°(G\{z' = 0}), we have

/

g 2 T
< -V 6.55
‘m/‘ 12(@) = N_92 |x’| HY @) ( )
Proof of Theorem 6.6.3. Setting g = |2’|f we obtain that
g ’
| VHfH%Z(((;,) = H 2| + 2| -VHg (6.56)
L3(G)
g | g(x) o’ 2 ’
= , — 2Re/ 0o -Vug(x)dx + . VHY .
|| L2(G) c || |2'] || L2(G)

By (1.73), one calculates

/

/
72Re/ 9(x) ;z:, ~VHg(x)dx:f/ y Vulg(z)|?dx
G x| c |72

2| |
. ! 2
:/deH (mQ) 19(2) 2

_ (g [ 1@F g,

c |v'?
We obtain from the statement (a) and (6.56) that
2 2 2
4 x
g, < 2 (N - 1) g/ + o VHg )
|2’ 2 N |z’ L2(G) || L2(G)

which implies (6.55). This shows that the statement (a) gives (b).
Conversely, assume that (b) holds. Put f = g/|z'|. Then we obtain

x/

V(2’| f) =|If+2" Vaflize

2
|z’ L2(G)

— |22 + 2Re /G 2 F@)Vi fdo + 2 - Vi f|2ag)
Using (1.73), we have
2Re/Gx’f(a:)vada: .

It follows from the statement (b) that

4
1f1Z2c) < (N —2)2 (2" Vaflize — (N = DI flI72c);

which implies (6.54). O
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6.7 Horizontal extended Caffarelli-Kohn—Nirenberg
inequalities

We now present horizontal extended Caffarelli-Kohn—Nirenberg inequalities in the
setting of stratified groups. We recall that another version of such inequalities
on general homogeneous groups involving the radial derivative was discussed in
Section 3.3.

Theorem 6.7.1 (Horizontal Caffarelli-Kohn-Nirenberg type inequalities). Let 1 <
p,qg <00, 0<r<oowithp+qg>r,decl0ln [T;q,f] and a, b, c € R. In
addition, assume that

6T+(175)T:1 and ¢=06(a—1)+b(1l—19).
p q

Let G be a stratified group with N being the dimension of the first stratum with
N # p(1 —a). Then the following inequality holds:

0
1-06

c a é
1e/[°Fll e 11V i ey 1l iy (657)

p
<
) = ‘Ner(al)

for all f € C5°(G\{0}). The constant in the inequality (6.57) is sharp for p = q
with a —b =1 or p # q with p(1 —a) +bg # 0, or for § =0, 1.

Remark 6.7.2.

1. In the Abelian case G=(R",+), we have N=nand Vg =V = (04,,...,04,),
so (6.57) implies the following Caffarelli-Kohn—Nirenberg type inequality for
G=R™Letl<p,g<oo,0<r<oowithp+g>randée0,1]Nn["%7"]
and a, b, ¢ € R. Assume that ‘Z + (1_;)T =land c=d(a—1)+b(l—0).
Then we have

0

¢ a 5 1-6
el fllrany < ] 11V £y 1 | oy (658)

n+pla—1)

for all f € Ce(R™\{0}), |z| = /23 +---+22, and n # p(1 — a). The
constant in the inequality (6.58) is sharp for p = ¢ with a —b =1 or p # ¢
with p(1 —a) +bg # 0, or for 6 =0, 1.

2. The inequalities (6.58) give an extension of the Caffarelli-Kohn—Nirenberg in
equalities Theorem 3.3.3 with respect to the range of indices. For example,
letustake l < p=g=r<oo,a=—"_2, b:fz andc:f";‘sl’. Then
by (6.58), for all f € C§°(R™\{0}) and all 1 < p < 00, 0 < § < 1, we have
the inequality

1-5

f

n—3ap
x| »

vf
)"

f

< .
| »

Lr(R")

, (6.59)
Lr(R™)

LP(R™)
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where V is the standard gradient in R™. Since we have

1 b 1 1 n
+ = + — = 07
g n p N p
we see that (3.99) fails, so that the inequality (6.59) is not covered by Theo-
rem 3.3.1.

Proof of Theorem 6.7.1. Case § = 0. Notice that in this case we have ¢ = r and
b = c by ‘Z + (1;5)T =1and ¢ = d(a — 1) + b(1 — §), respectively. Then, the
inequality (6.57) is reduced to

2" Fllzaey < M2"1°f [ Loy »

which is trivial.

Case § = 1. In this case we have p = r and a—1 = ¢. By (6.53), for N+c¢p # 0
we obtain

N2l ] 12 .

< p
- ’N—Fcp

The constants in (6.53) is sharp, therefore, in this case the constant in (6.57) is
sharp.

Case d € (0,1)N[". %, P]. By using ¢ = 6(a—1)+b(1—0), a direct calculation
gives

v F@)P @) N
I oy = ([ isran) = ([0 D)

Since we have § € (0,1)N["7%, 7] and p+q > r, then by using Hélder’s inequality

r
for 6; + (1715)7" =1, we obtain

p 5/p q (1-8)/q
et < ([ 5 ae) ([ o)
© © (6.60)
f é f 1-6

‘Il|1fa |x/|7b

LP(G) L(G) .

When p = ¢ and a — b = 1, the Holder equality condition is satisfied for all
compactly supported smooth functions. We also note that in the case p # ¢ the
function

ha(z) = |2 | w=o (PA=O+0D) (6.61)

satisfies the Holder equality condition:

ha(2) [P _ [ho(2)|®

|x/|p(1—a) - |x/‘7bq .
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If N # p(1 —a), then by (6.53), we have

0 0 0

/ Vuf

p
< . (6.62)
|2/ [1~e L?(G) ‘NJFP(G -1) Edi L?(G)
Combining this with (6.60), we get
5 5 1-5
12" fll r ey < ’ b V,H,fa ,f,b
N+pla—=D[ |12/~ Lo &7 | Lae)

When we prove (6.62), in the same way as in the proof of Theorem 6.6.1, we note
that

hs(z) = |2'|°, C #0, (6.63)

satisfies the Holder equality condition. Therefore, in the case p = ¢, a — b = 1
the Holder equality condition of the inequalities (6.60) and (6.62) holds true for
hs(z) in (6.63). Moreover, in the case p # ¢ and p(1 — a) + bg # 0 the Holder
equality condition of the inequalities (6.60) and (6.62) holds true for hs(x) in
(6.61). Therefore, the constant in (6.57) is sharp when p=¢, a —b=1or p # ¢,
p(1 —a)+bg #0. O

6.8 Horizontal Hardy—Rellich type inequalities
for p-sub-Laplacians

We prove the following Hardy—Rellich type inequalities for p-sub-Laplacians on
the stratified group G. As usual, N is the dimension of the first stratum and | - |
is the Euclidean norm on it, identified with R™.

Theorem 6.8.1 (Horizontal Hardy—Rellich inequalities for p-sub-Laplacian). Let
1<p<Nwith;+;:1 and a, B € R be such that

- N
p <~v:=a+pg+1<0.
p—1

Then for all f € C5°(G\{z' = 0}) we have

g 1

Vauf
/|a£pf

)
|| 7

Vuf
|2/|°

N+~(p—1)—-p

) . (6.64)

L1(G)

LP(G)

@ Lo(@)

where L, is the p-sub-Laplacian operator defined by

Lof =divg(|VufP2Vuf). (6.65)
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Remark 6.8.2.

1. For f=0,a=—1and g = pfl, the inequality (6.64) gives a stratified group
Rellich type inequality for the p-sub-Laplacian £,:

p
IV ey < 7 10 o) 190 Fl 2, o 1 <p <N, (666

for all f € C§g°(G\{z" = 0}).
2. For « = 0, p = —1, the inequality (6.64) implies the following Heisenberg—

Pauli-Weyl type uncertainty principle for the p-sub-Laplacian £,: for 1 <
p < N and for all f € C§°(G\{2’ = 0}) we have

p 1 1
IV flive < v W1Loflioe 121 Vufllpae, + =1 (6.67)
p p q
Proof of Theorem 6.8.1. As in the proof of Theorem 6.1.1 we have
Vi f(x)P 1 / : !
dx = Pq d
L ae = L [ s@praie () o

N T VL T T

G 2 |27
- D p2® V|V f()]?
= 90— N) /G\VHf(a:)\ 2| dx.

Moreover, we have

/ ol Y f () = / (Vi @2Vl @) g
G | |’Y G |$ |’Y
== [ IV @P Vs @) T (m -Zﬁju)) N
G

! / 2
- [ 1¥usap (va@c)? L@ ValVa @ yla’ Vaf(@) ) o
G

|| 202’ |27 +2
that is,
Vi f(z)P—?
- Hl,(w) 2 V|V f()|Pde
2
_ p2|® - Vuf@)” [V f(z)P
_2’}//|VHf(I)| e dr — 2 : e dz
-2 £nf &' Vg f(x)de

ol
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Putting this in the right-hand side of (6.68) we obtain
Vuf@)P, oy pzlt’ - Vi f ()]
L = T [ st i “

v [V, Ll g
NS e 4 Dy [ e Vet @

Thus,

N—p— \% P
G \13 |V P ¢ ||
) 2
p—2‘m va(.’l?)|
+’7/(;|va($)| |x/‘7+2 de.
Since v < 0, applying the Cauchy—Schwarz inequality to the last integrants we get

Lpf

; |x/|7;1: Vg f(x)dx

_N-p—v [ |Vuf(z) o 2|2’ Vi f(z)

SN [ e [t e P

_ _ P
ZN p 7/ |VH]j( z)[P dx+7/ \VH{( )P
p ¢ | ¢ |

1) — P
p ¢ T

Moreover, again applying the Cauchy—Schwarz inequality and the Holder inequal-
ity we obtain

/ Eol o Yy fa >d:cs/ i L Vi) de

|7
f 1/p q 1/q
L) ()
cllz'|* G| 2]
Combining it with (6.69), the proof of Theorem 6.8.1 is complete. O

6.8.1 Inequalities for weighted p-sub-Laplacians

In this section, for a non-negative function 0 < p € C''(G) we consider the corre-
sponding weighted p-sub-Laplacian

Lyof =divyg (p(@)|VufIP?Vaf), 1<p<o. (6.70)

Depending on the function p, it satisfies the following inequalities.
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Theorem 6.8.3 (Inequalities for weighted p-sub-Laplacian). Let 0 < F € C*(G)
and 0 <n € L} (G) be such that

nFr~t< -, ,F (6.71)

holds almost everywhere in G. Then for each 2 < p < oo there is a positive constant
Cp > 0 such that we have

P

f

In? 12, .

1
P”FVH < ||PPVHf||1£p(G)7 (6~72)

Lr(G)

for all real-valued functions f € C3°(G).

Proof of Theorem 6.8.3. We observe first that for all x,y € R" there exists a
positive number C), such that

2P + CplylP +plz|P 2z -y < |z +y|P, 2<p< oo (6.73)
Therefore, we have the estimate

9PV F|P 4+ CoF? |V ug|P + FINg FIP>V g F - Vgl
<|gVuF + FVugl? = |Vufl’,

with g = 1]; This implies that
[ r@Vat@Pie> [ p@Var@P s
el / )|V ig(@)P|F(x) Pde

- /G divp (p(a) F ()| V 1 F ()P 2V g F(2) g )P e

v

C, [ pV g |F (@) da

+ /G ~divir (p(@)|V i F ()P~ 2V i F () F () g () [P da.
Using the assumption (6.71) it follows that

| @@ ip@Pas+ ¢, [ sl Vag@lPe)ld < [ p@)9n @)

Since g = 7, we obtain

P

1
< ||PPVHf||1£p(<G,)
Lr(G)

1 1 f
||77”f||1£p(<(;,) +Cyp ||pr FV (F

proving (6.72). O
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Remark 6.8.4.

1. For p = 2, the inequality (6.73) becomes an equality with Cy = 1. Therefore,
the proof yields a remainder formula for p = 2 in the form

2. In the case of 1 < p < 2 the inequality (6.73) can be also stated in the form
that for all x,y € R™ there exists a positive constant C, > 0 such that

2

f

p%FvHF

1 1
= lp2Vufllie@c — 172 fl72c) (6.74)
L2(G)

Yl -
o4 Gy M, el ey <okl 1<p<2 6

see, e.g., [Lin90, Lemma 4.2]. Thus, from the proof it then follows that we

have
p—2 2
ot ([pone| o (7)) rwn (7)

L2(G)
1
< HPPVHinp(Gy (6'76)

1
||77”f||1£p(¢;,) +Cp

for all real-valued functions f € C5°(G).

As a special case, we can apply Theorem 6.8.3 to the usual p-sub-Laplacian
by taking the function p = 1. In turn, this gives another proof of the LP-Hardy
inequality (6.6):

Corollary 6.8.5 (Horizontal LP-Hardy inequality). For f € C§°(G\{0}) we have

f

||

< p
Lr pr

IVafllp, 1<p<AN. (6.77)

Proof of Corollary 6.8.5. In Theorem 6.8.3 setting p = 1 and

0—p—2

= (@ + P+ 4 (@, +e)?)

6—p—2
P

Fe=|z(|”
for a given € > 0, using the identity (1.72) we obtain

—Lp1Fe = —divy ([VuF|P*VyF,)

— vy (1ol |~ Pl )
910 ——2P2 e
:0 P 2‘0 p—2 (0 P 20+2+N)|x;|_(9 -1 _y,
P

p p
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O—p—2" 6-—p—2]0—p—2|""2 -1
p p p
(6.78)
Ifl<p<6@—2and <2+ N, then (6.78) gives
0—p—2" 1
—L,1F. > Fr—1
rees ’ po | e
that is, according to the assumption in Theorem 6.8.3, we can set
(2) —p—2|" 1
x) = .
! po | lalp
It follows that (6.72) (and also (6.76)) implies
/ < b IVefll;ps 1<p<—2 60<2+N,0cR.
), = 0 p -2 Vil s
Optimizing with respect to ¢ we obtain (6.77). O
Remark 6.8.6.

1 A version of Theorem 6.8.3 in the Euclidean case was shown in [Yen16]. In
the presentation of this section we followed [RS17e].

2. The Heisenberg group version of (6.77) was shown in [D’A04b]. Here it is
worth to recall that on the Heisenberg group we have Q = N + 2.

3. We have included Corollary 6.8.5 as a consequence of Theorem 6.8.3 to
demonstrate that this method actually also yields best constants in some
inequalities, as this constant in the LP-Hardy inequality (6.6) was sharp.

6.9 Horizontal Rellich inequalities for
sub-Laplacians with drift

In this section, we discuss (weighted) Rellich inequalities for sub-Laplacians with
drift. For this, we assume all the notation of Section 1.4.6 where sub-Laplacians
with drift have been discussed.

In this section we will discuss the horizontal versions, that is, with the weights
being the powers of |2/|. In Section 7.4, we will discuss a version with weights in
terms of the £-gauge but that analysis is currently available only in the setting of
polarizable Carnot groups. In the presentation of this section as well as of Section
7.4 we follow [RY18b].

The following result shows that the drift allows one to improve over the
Rellich inequality without drift, given in Theorem 6.2.2.
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Theorem 6.9.1 (Horizontal Rellich inequalities for sub-Laplacians with drift). Let
G be a stratified group with N > 3 being the dimension of the first stratum. Let
0 € R with —N/2 < < —1. Then for all functions f € C§°(G\{z’ = 0}) we have

2

‘cxf ’ - <(N—25—4)(N+26)>2 f
|x/|§ L2(G,ux) a 4 ‘$,‘6+2 L2(G,ux)
(N-20—-2)(N+26—-2)|| f |
+ v2b3 (6.79)
* 2 2P L2 )
2
aa || S
ik |
L2(G,ux)

where Lx and bx are defined in (1.93) and (1.95), respectively. If (N + 256)(N +
20 — 2) # 0, then the constants in (6.79) are sharp. Moreover, when § = 0 and
N >4, for all functions f € C§°(G\{z' = 0}) we have

2 NN =9\ £ |
[YRES G B I
L2(E i)
N2 f I (6.80)
+72b§( 2 |$/| +74b§(||f||%2(((},ux)a
L2(E i)

with sharp constants. The constants in (6.79) and (6.80) are sharp in the sense
that there is a sequence of functions such that the equalities in (6.79) and (6.80)
are attained in the limit of this sequence of functions, respectively.

Remark 6.9.2.

1. The improvement in Rellich inequalities with drift compared to the standard
ones as in Theorem 6.2.2 can be seen since for (N —2§ —2)(N +26 —2) > 0,
by dropping positive terms in (6.79) we get the following ‘standard’ Rellich
type inequality for all functions f € C§°(G\{2' = 0})

where § € R with —N/2 <6 < —1and N > 3.

Similarly, from (6.80) we obtain for N > 4 and for all functions f €
C5°(G\{z' = 0}) the inequality

2

Lxf

j’|°

f
e SCED

4 L2(G,px)

2 Z((N264)(N+26))2
)

L2(G,px

N(N —4)

/
||£Xf||L2(G,/,LX) Z 4

P , (6.82)

L2(G,px)

which can be compared to the Rellich inequality in Corollary 6.5.2.
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2. In the Euclidean case G = (R",+), wehave N =n, Vg =V = (0zy,...,0z,)
is the usual full gradient, and setting

X = i aiaxi
i=1

fora; e Rfori=1,...,n,and § = —«, v € R, (6.79) implies, for a > 1 and
n > max{3,2a}, n + 2a — 4 > 0, that for all functions f € C§°(R™\{0}) we
have

2

|z|* (AJF’YZaiam) f

i=1 L2(R™,pux)
(n+2a —4)%(n — 2a)? a2 ;12
= 16 H|I|E fHLQ(]R",uX) (683)
9,0 (N4 20 —2)(n —2a— 2 ]
+ bX 2 H|I|E fHL2(]R”,,u.X)

+ 7% 2% F 112 @ e
with the measure px on R™ given by
dpx = eV 2i=1 %%y,
where dz is the Lebesgue measure, and

1/2

n
2
Z @
j=1

If (n —2a)(n — 2a — 2) # 0 with @ > 1 and n > 2a, then the constants in
(6.83) are sharp, in the sense that there is a sequence of functions such that
the equality in (6.83) is attained in the limit of this sequence of functions.

In particular, for a = 0, in the Euclidean setting of R™ with n > 5, for
all a; e Rfori=1,...,n and v € R, and all f € C§°(R™\{0}) we have a
family of inequalities

H(mzal )

2

L2(R™,ux)
(n— 4)2 f ? 4
> + 0% Il g
16 ‘I‘Q L2(R" pux) LA®™ux)
_9)2 2
22 (M= 27| S . (6.84)
2 2] L2(R™ px)
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All the constants in (6.84) are sharp in the sense that there is a sequence
of functions such that the equality in (6.84) is attained in the limit of this
sequence of functions.

Proof of Theorem 6.9.1. We denote by x the positive character on G that appeared
in Proposition 1.4.14. Let g = g(z) € C§°(G\{2’ = 0}) be such that f = x~'/2g.
Since the mapping (1.101) is an isomorphism we have

’ Lxf _ H _ ‘ XM2Lx (x M 2g)
1271 Ml 226 ) 1% 2o, ' |° 12@.p)
By this, (1.100) and integration by parts, we have the equalities
[=7 2 (6o et :
10 | o) ' |° L2(G,p)
EOQQ 272 EOQ()() ap g ’
L2(G,p) G L2(G,p)
Log ’ 272 414 g ’
= || — 27°bxRe Z ‘x ‘25 d +77bx |75
L2(G,p) L2(G,p)
Log ’ 272 ‘VHQ(JE)‘
‘xz‘é L2(Co) X @/\25
2
2,2 w5 Xj9(x)g(x) 4,4 || 9
— 457203 RZ/ ,QM do + % || 7 s (6.85)
|| || L2(G,p)

Since we also have the equality
2 Xjg(x)g(x)
Re z e

lg() wi9(x) X;9(w)
:(25+2—N)/ iz ,‘QM z — Re Z/ \r’P‘”Q da,

we obtain

v X;9(z)g(z) 20 + 2 - N
RGZ/ |x’|25+2 dr = / \;1:’\2‘”2

If we plug this into (6.85) we get

Lxf ? Log 212 || VHY ’
[0 ] o, -2 050
L2(G,px) L2(G,p) L2(G,p)
2
272 414
+20(N — 26— 2)y bX’q;,&H + 'k ’ ||
L2(G,p) G,p)
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Using the Rellich (6.20) and Hardy (6.21) inequalities, we get from (6.86) that

‘EXf 2 - <(N254)(N+26))2 g |?
21 Wl 26 ux) 4 [ 1°*2 ] L6,
414 g g N —25—2\? g 2
+ b ‘ + 2263 ( >
X ‘m/‘g LG X 2 |x’|5+1 L2(G.0
2
272 g
+20(N — 26 — 2)v%b% ‘m,m .
L2(G.p)
It follows then that
‘cxf ? - ((N—25—4)(N+26)>2 Fo?
212 | L2 Gin) 4 2172 | L2 )
f 2
414
+7 bX |x’|5
L2(G,ux)
oy (N=20-2)(N+25-2) || f 2
Y O0x 2 \;1:’\‘”1 :
LZ(G,M)()

As we have discussed in the proof of Theorem 6.2.2, since the same function
satisfies the equality conditions in Holder’s inequalities, the constants in (6.79)
are sharp.

To obtain (6.80), that is the unweighted case § = 0, we use the inequality
(6.21) and (6.43) in Corollary 6.5.2 that gives the inequality

f

[

_ N(N—4)

1L 2@y =2, , N>5, (6.87)

L2(G)

for f € C§°(G\{2’ = 0}). Since it is known from Corollary 6.5.2 that the constant
N(]X_@ is sharp in (6.87), using the same argument as for the constants in (6.79),
we obtain the sharpness of the constants in (6.80). O



314 Chapter 6. Horizontal Inequalities on Stratified Groups

6.10 Horizontal anisotropic Hardy and
Rellich inequalities

In this section we discuss the anisotropic versions of horizontal Hardy and Rel-
lich inequalities. These inequalities appear in the analysis of anisotropic p-sub-
Laplacians. The presentation of this section follows [RSS18a]. To put the notions
in perspective, we start by recalling the Euclidean counterparts of the appearing
objects.

The anisotropic Laplacian (on RY) is defined by

N —2
0 ou |77 Ou

for p; > 1, with i = 1,..., N. Note that choosing p; = 2 or p; = p for all i in (6.88)
we get the Laplacian and the pseudo-p-Laplacian, respectively.

A subelliptic analogue of the operator in (6.88) is the anisotropic p-sub-
Laplacian on stratified groups which is the operator of the form

N
Lyf = ZXi (X fIP 72X f), 1< pi <oo,
i=1
where X;, i = 1,..., N, are the generators of the first stratum of a stratified Lie
group.

Following the classical scheme for the analysis of such operators, first, we
present the horizontal versions of the so-called Picone type identities. As a conse-
quence, Hardy and Rellich type inequalities for anisotropic sub-Laplacians can be
obtained.

6.10.1 Horizontal Picone identities

First, we discuss the horizontal Picone type identity on a stratified group G.

Lemma 6.10.1 (Horizontal Picone identity). Let Q C G be an open set of a strat-
ified group G, and let N be the dimension of the first stratum of G. Let u,v be
differentiable a.e. in Q, v >0 a.e. in Q and uw > 0. Denote

N N ,
- Di uP pi—2
R(u,v) == ; | XiulP — ;X (vm_1> | X;0P % X, (6.89)
and
N N et L
L(u,v) := Zl | X ulP — Epi opi1 | X" XjvXu

N
uPi .
Y i), Xl (6.90)
=1
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where p; > 1,1=1,...,N. Then we have
L(u,v) = R(u,v) > 0. (6.91)

In addition, we have L(u,v) =0 a.e. in Q if and only if u = cv a.e. in Q with a
positive constant c.
Remark 6.10.2.

1. The Euclidean case of Lemma 6.10.1 was obtained by Feng and Cui [FC17].

2. Our proof of Lemma 6.10.1 follows [RSS18a] and is based on the method
of Allegretto and Huang [AH98] for the (Euclidean) p-Laplacian, see also
[NZWO01].

Proof of Lemma 6.10.1. A direct computation gives
N
R(u,v) = Z

3 ZX( >Xv

N P X qoPi— — yPi(p, — 1)oPi 2 X,
:Z|Xiu‘pi _szu UV u (pz )U z'U|Xiv‘pi—2Xiv

pi— XZ"U

(vPimt)?
N N
=Xl - Zpl 1|X P XX+ Y (pi
i=1 i=1
= L(u,v).

This proves the equality in (6.91). Now we rewrite L(u,v) to see that L(u,v) > 0,
that is, we write

sz 1 |Xv

—&—sz pie \X vPi T2 (| X || Xiu| — XivXiu) = Sy + Sa,

pi= 1\Xu\+z

=1

where we denote

Pi
pi —1 U pi—1Y\ pi—1
s _zpz[ T (e
ubi—1
o Zpl q)pi—l ‘XZ,U

i=1

pi71|Xiu|a

and

Sy = sz e \val 2(1X 0| Xou| - XivXiu).
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We can see that Sy > 0 due to |X;v||X;u| > X;vX;u. To check that we also have
S1 >0, we will use Young’s inequality for a > 0 and b > 0:

ab<” o+, (6.92)

ql_ =1, foralli =1,...,N. The equality in (6.92)

holds if and only if a?* = b%, that is, if a = bl’ilfl.
Let us now take a = | X;u| and b = (Z|Xiv|)pi_1 and apply (6.92) to get

Py
i — 1 pi—1Y\ pi—1
i P ((U|Xiv|> ) ] (6.93)
Di v

From this we see that S; > 0 which proves that L(u,v) =S + 52 > 0.

It is easy to see that u = cv implies R(u,v) = 0. Now let us prove that
L(u,v) = 0 implies u = cv. Due to u(x) > 0 and since L(u,v)(zg) =0, xg € Q, we
can consider two cases u(zo) > 0 and u(zg) = 0.

forpi>1,qi>1andp1_+

pi—1 1
pil Xl (V1Xi0l)" < p [ X
v bi

(a) For the case u(zg) > 0 we conclude from L(u,v)(xg) = 0 that S; = 0 and
So = 0. Then S7 = 0 implies

| Xiu| = Z‘XZ'UL i=1,...,N, (6.94)
and Sy = 0 implies
| Xv|| Xju| — XjoXu=0, i=1,...,N. (6.95)
The combination of (6.94) and (6.95) gives
X,u u

= = C

Ny =y =6 With e#0, i=1..N. (6.96)
(b) Let us denote
O ={zeQ: ulx) =0}

If Q* #£ Q, then suppose that xg € 9Q*. Then there exists a sequence xj ¢ Q*
such that x — x¢. In particular, u(xy) # 0, and hence by Case (a) we have
u(zy) = cv(zy). Passing to the limit we get u(zg) = cv(xg). Since u(zxg) =0
and v(zg) # 0, we get that ¢ = 0. But then by Case (a) again, since u = cv
and u # 0 in Q\Q*, it is impossible to have ¢ = 0. This contradiction implies
that Q* = Q.

This completes the proof of Lemma 6.10.1. O

The following consequence of Lemma 6.10.1 will be instrumental in the proof
of the horizontal anisotropic Hardy inequality in Theorem 6.10.5.
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Lemma 6.10.3. Let Q@ C G be an open set of a stratified group G, and let N be
the dimension of the first stratum of G. Let constants K; > 0 and functions H;(x)
withi=1,..., N, be such that for an a.e. differentiable function v, such that v > 0
a.e. in ), we have

— X;(|1XvPi 2 X0) > K Hy(z)vP ™', i=1,...,N. (6.97)
Then, for all non-negative functions u € C*(2) we have

N
;/Q \qu

Proof of Lemma 6.10.3. In view of (6.91) and (6.97) we have

N
Pidy > ZKi/ H;(z)uPidz. (6.98)
i=1 @

0< / L(u,v)dx = | R(u,v)dx
Q Q

N N ubi

= Xu|Pide — X ) IXowP T X vde

1

i=179 i=179 ur
N N ubi

:Z/Q |Xiu p1d$+2/9 Upilei (‘Xﬂ)
i=1 i=1
N N

< Z /Q | X;u|Pide — ZKZ /Q H;(x)uPide,
i=1 i=1

proving the statement. 0

pi*QXiv) dx

We now present the second-order horizontal Picone type identity that will
be instrumental in the proof of Theorem 6.10.6 giving the Rellich type inequality
for the anisotropic sub-Laplacians.

Lemma 6.10.4 (Second-order horizontal Picone identity). Let Q C G be an open
set of a stratified group G, and let N be the dimension of the first stratum of G.
Let u,v be twice differentiable a.e. in Q0 and satisfying the following conditions:
uw>0,v>0, X2v <0 ae inQ forp;>1,i=1,...,N. Then we have

Li(u,v) = Ry(u,v) >0, (6.99)
where
N N ubi
Ri(u,v) = Y |X2ul = Y X7 () | X Pl 2 X P,
i=1 i=1
and

pi—2

N N
pi—1
Ly(u,v) := Z | X 2ulPt — Zpi (Z) XZuX?v| X2
i=1 i=1
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N .
PR (fj)”’ XEop
_sz Pi — |X2

2
PR (X - X))
v

Proof of Lemma 6.10.4. A direct computation gives

) uPi - _umfl _ _ uPi _
Xi (Upi_l) = X; ( i opi—1 Xiu — (pl - 1)1)1” Xv

uPi=2 [(X;u)v — u(X;v) uPi—1
=pi(pi — 1 P2 < )2 Xiu+pi - Xiu
uPi—l ((Xu)v — u(Xv) P
—pi(pi — ppie1 < 2 Xv—(pi — 1)1)1” Xiv

ubi—2 5 uPi—1 uPi 5
== 1) (U e =2 XX ()
pi—1 Pi

L Xiu— (= 1) X

pPi— 1 vPi

upz 2 2
(X w— X,»v) +p;

+ Di

uPi—1 ) uPi
=pi(pi — 1) Xiu—(pi=1) , Xiv,

pPi— vPi -1

which yields (6.99). By Young’s inequality (6.92) we have

uPi

w|Pi 1 uPi
_1X2uX2u\X2 Pim2 < + v
vPi Di q; VP’

where p; > 1, ¢; > 1, ;‘ + ql_ = 1. Since va < 0 we arrive at

X2q|Pi
Ly § XZulP § X2l — | X7l
(w,0) = ) [ X7l + \ vl E p( +q Upll |

i1 bi
2
721% l o vpz—l |X

N ubi
ICEE ) X

7

_sz Di |X2

2

Pim2 X2y X v

> 0.

Pi-2x2, ‘Xu— x|

This completes the proof of Lemma 6.10.4. 0
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6.10.2 Horizontal anisotropic Hardy type inequality

As a consequence of the horizontal Picone type identity in Lemma 6.10.1 we can
obtain the Hardy type inequality for the anisotropic sub-Laplacian on stratified
Lie groups. We recall that for x € G we write customarily

T = (3,1,171,11)7

with coordinates 2’ corresponding to the first stratum of G.

Theorem 6.10.5 (Horizontal anisotropic Hardy type inequality). Let G be a strati-
fied group with N being the dimension of its first stratum, and let Q C G\{z’ = 0}
be an open set. Let 1 < p; < N for alli=1,...,N. Then we have

N

for all u € CH(Q).

pi

N Pi
Pi pi — 1 |u
dx > E < o o 2] dx, (6.100)

i=1

Proof of Theorem 6.10.5. The proof is based on the application of Lemma 6.10.3.
For this, we introduce the auxiliary function

N
vi= [Tl = Jaf*v; (6.101)
j=1
where V; = H;V:L#i |25]% and a; = pgl. Then we have

Xiv = a;Vi|ah| 2]

79

‘Xﬂ)|pi_2 _ afi*QX/iPz‘*Q‘x;‘aim—?ai—m-‘r?’

| XoPi 2 X0 = ol VP

K3

o . i
QiPi— Qg pzzi.
COnsequently, we alSO haVe

; — 1 Pi ,p;i—1
- Xi(|[ X0 T2 X0) = (p ) I (6.102)

i | |Pi

Pi
To complete the proof of Theorem 6.10.5, we choose K; = (pg_l) and H;(z) =
, and use Lemma 6.10.3. g

1
P

6.10.3 Horizontal anisotropic Rellich type inequality

Now we present the horizontal anisotropic Rellich type inequality on stratified Lie
groups.
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Theorem 6.10.6 (Horizontal anisotropic Rellich type inequality). Let G be a strati-
fied group with N being the dimension of its first stratum, and let Q C G\{z' = 0}
be an open set. Then for a function u > 0, u € C*(), and 2 < a; < N — 2 we
have the following inequality

N N Ju|P:
Z/ | XPulPide > ZC’i(ai,pi) dx, (6.103)
=17 i=1

o 2
where 1 <p; < N fori=1,...,N, and
Cii, pi) = (ai(; — 1))P N aupi — 2pi — i + 2)(ipi — 2pi — o + 1).

Proof of Theorem 6.10.6. We introduce the auxiliary function
N
ve= [Tl = laflvi,
j=1

we choose o later, and where V; := Hé\;ljj# ‘IS‘O&] Then we have
Xiv = Xi(a;Vilo}|*22]) = (i — 1)V;]arg 2,
| X20[P 72 = (g — 1))Pi 2V 2 || ipi—2pi =204

|Xi21’ pi*QXin _ (ai(ai _ 1))Pi*1‘/ipi71|l,; ipi—2pi—ai+2

)

Consequently, we obtain
X (| X0 2 X )

= (aiai = )PV TIXP (I

= (i = V)P Haups — 2ps — iy + 2V X (|2

= (OLZ'(OQ' — 1))1”_1(0[1'])1' — 2pz — oy + 2)(04sz - 2p1 — o+ 1)
% Vpi_1|l,; @i(pi—1)=2pi_

Qipi—2pi—a; +2)

0 pi —2pi— o Ll?/»)
(]

Thus, for a twice differentiable function v > 0 a.e. in Q with X?v < 0, we have

pi—1
X2(|x? !

pi*QXiQU) = Ci(av, pi) (6.104)

o

a.e. in €. Using (6.104) we compute

OS/Ll(u,v)dm:/Rl(u,v)dﬂc
Q Q
N N ubi
— 2 i 2 2
_;/QXiupdx;/ﬂXi (va) | X2v

Pi=2 X 2ud
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N N uPi

= Z/ﬂ\xfu\mdx—Z/ﬂ 1 X (X072 X ) do
i=1 i=1
N N |u Pi

= XiuPide — )  Cylai, p; / dz.
;g;jé ;g; ( ) o |z

The proof of Theorem 6.10.6 is complete. 0

6.11 Horizontal Hardy inequalities with
multiple singularities

In this section we obtain the analogue of the Hardy inequality with multiple singu-
larities on stratified Lie groups. The singularities will be represented by a family of
points {a }7-, € G. We will be using the usual notation ai = (aj,, a}), with aj, cor-
responding to the first stratum of G. In turn, we can also write a}, = (ajy, ..., a,y)-
From (1.17) it follows that

(zay') =2’ — aj,.

We denote by (xalzl); = a; — a;; the jth component of za, .

Theorem 6.11.1 (Horizontal Hardy inequality with multiple singularities). Let G
be a stratified group with N being the dimension of its first stratum, and let Q@ C G
be an open set. Let N > 3, x = (2/,2") € G with o’ = (2),...,2) being in the
first stratum of G, and let ax, € G,k =1,...,m, be the singularities. Then we have

N o |§gmo (el
Zj:l Zk:l |($a;1)/|1\r

N —2\°
/|VHu2da:2< 5 > / 5 |ul*dz, (6.105)
Q Q m 1
(Zk:l |(m;1)’|N’2>

for all u € C3°(Q).

Remark 6.11.2. The Euclidean case of the inequality (6.105) was obtained by
Kapitanski and Laptev [KL16]. Theorem 6.11.1 was obtained in [RSS18a] and our
presentation here follows the arguments there.

Proof of Theorem 6.11.1. Let us fix a vector-valued function
Az) = (Au(2), ..., An(2))
to be specified later. Also let A be a real parameter. We start with the inequality

N
0< / > (X ju = AAjul?)da
Q55

N N
:/ |VHu\2—ZAReZAquju+)\2Z\Aj\2|u\2 dx.
Q

Jj=1 Jj=1
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By using the integration by parts we get

N
- / 22 Z |A; 2+ Mivg A | |ul®de < | |Vgul*dz. (6.106)
Q Q

j=1

We differentiate the integral on the left-hand side with respect to A to optimize
it, yielding
2\ A2 + divg A =0,

for all 2 € Q. This is the condition that we impose on A(x), that is, the quotient
divg A(z)

|A(x)[2 must be constant. For \ = ; we get

divir A(z) = —|A(x)2. (6.107)

Then putting (6.107) in (6.106) we have the following Hardy inequality

N

1

oL @ < [ Vi (6.108)
j=1

Now if we assume that A = V¢ for some function ¢, then (6.107) becomes
Lo+ |Vuo|* =0.

It follows that the function
w=e® >0

is harmonic with respect to the sub-Laplacian £. Thus, w is a constant > 0 or it
has a singularity. Let us now take

- 1
e
and then also

Therefore
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and

_ XJ_V; A (2)]? = <Nw 2>2 -i

The inequality (6.105) now follows from (6.108), completing the proof of Theorem
6.11.1. O

3~ ot |
& I(wag Y

xak

We then also obtain the corresponding uncertainty principle.

Corollary 6.11.3 (Uncertainty principle with multiple singularities). Let G be a
stratified group with N being the dimension of its first stratum, and let Q C G be
an open set. Let N > 3, x = (2/,2") € G with 2’ = (z},...,2) corresponding
to the first stratum of G. Let ap, € G, k = 1,...,m, be the singularities, and let
1<p; <N fori=1,...,N. Then we have

1/2

2
N -2 1/2 (Zk 1 |(2ar )
lu|?dx < |V rrul*de A lN ’ lu|?dx ,
2 Ja Q ?

(za 1).
Z]le 1 |(x k TN

for all u € C§°(Q).

Proof of Corollary 6.11.3. By (6.105) and the Cauchy—Schwarz inequality we get

2
(T g yv—)
/|VHU|2dl‘/ [(za, ") |V -2 2‘u|2dl‘
Q

S b T
§=1 | 4k=1 |(gar Y|V

2
(za;h);
Z] 1 Zk 1 [(za k)|N

> (V2 jufda
>( ) ) /ﬂ (2211 |<za§11)/|N> d
X/ (Zk i >|N )

(wa Y
Z] 1Zk 1 (za k )N

(1) ()

The proof is complete. O

, [ul*dx




324 Chapter 6. Horizontal Inequalities on Stratified Groups

6.12 Horizontal many-particle Hardy inequality

In this section we discuss Hardy inequalities for n > 1 particles on stratified Lie
groups. We denote by G™ the product

/‘_/n-\
G"=Gx---xG.

We consider the points = (z1,...,2,) € G", with z; € G. The horizontal

component of z € G" will be denoted by «’ = (z1,...,2}), with &} = (2f;,...,2}y)

) n

being the coordinates corresponding to the first stratum of G fori =1,...,n. The
(horizontal) distance between particles z;,x; € G can be defined by

rij = |y )| = laf = 2 = | D (ag — 22

We will also use the notation

VH, = (Xi17~-~7XiN)

i

for the horizontal gradient associated to the ith particle. We denote
N
VHn = (VH17~-~7an)7 and £1 = ZX?]C’
k=1

the sub-Laplacian associated to the ith particle. We note that

N
L= Zci.
=1

We now recall a simple but crucial inequality on R™.

Lemma 6.12.1. Let m > 1, and let
A= (A1($)7 s 7Am($))

be a mapping A : R™ — R™ whose components and their first derivatives are
uniformly bounded on R™. Then for every non-trivial u € C§(R™) we have

1 (fam div.A|u\2d;1:)2
2 > VR . 6.109
/m Vulde 2 AR de (6:109)

Proof of Lemma 6.12.1. We have

/ divAlul*dz

=2 ’Re/ (A, Vu)udx

1/2 1/2
<2 (/ A|2|u2dz) </ |Vu|2d;v> ,
Rm, R’Wl

using the Cauchy—Schwarz inequality in the last line. This implies (6.109). 0
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Theorem 6.12.2 (Horizontal many-particle Hardy inequality). Let G be a stratified
group with N being the dimension of its ﬁrst stratum, and let Q@ C G™ be an open
set. Let N > 2 and n > 3. Let rij = |(zix; YW = o) — o %|. Then we have

(N — 2)2/ \u|2
V gnul?de > g dx, 6.110

r2
1<i<j<n W

for all u € C1(Q).

Remark 6.12.3. The Euclidean case of the inequality (6.110) was obtained by
M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, A. Laptev, and J. Tidblom in
[HOHOLTO08]. The Euclidean case of the subsequent Theorem 6.12.4 was obtained
by D. Lundholm [Lun15]. Theorem 6.12.2 and Theorem 6.12.4 were obtained in
[RSS18a] and our presentation here follows the arguments there.

Proof of Theorem 6.12.2. Let us define a mapping B; by the formula

(i ) o
Bl(zz,xj):: 5, o, 1<i<j<n
3

In the subsequent arguments we denote by divg, the horizontal divergence on G;,.

Applying inequality (6.109) to the mapping B; we have

. . 9
|(VH — VH)U‘Qd,x > 1 (fQ ((leHi - leHj)Bl) ‘U|2d$)

Q ' ’ 4 Jo |B1[?|uf?dx
2
2(N 2
1 (Iﬂ I z(gfl) |2“|2dx>
4 fsz l(z
2 \u|2
=(N-2) / , dz. (6.111)
Q T

We can calculate

/
sz Jj=1 jk
Z (zj e
NI gl - on (S )+ (i) N
‘Z],1Ij‘4 |Z?:1~"33|2
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Applying inequality (6.109) to the mapping By we obtain

2
1 ([, divy, Bo)|ul*dx)
VHu dx > = ‘
/Q ; 4 Jo |Bal?[uf?da
2
1 (fQ i=1 &T 2n|2|u‘2d$>
4 w2 g
fﬂ ‘ZJ 1 ] ’
N 2 2 4 2
/ ful ,d. (6.112)
Q
’ZJ 1 J

Adding inequalities (6.111) and (6.112) and using the identity

nz |V, ul? = Z ’VHiu - VHju‘2 +
i=1

1<i<j<n

we arrive at

n _9)\2 2 —9)2p,3 2

Z/ Vi, ul?de > (N -2) /Z |U2\ dx + 2 / |ul
Q n Qi T Q

i=1 ) ‘Z

2
1<J ]1]

Because the last term on right-hand side is positive, we get
n
N —2 2 2
Z/ Viulde > ) / 3 |“2‘ da.
P! n Q5o i

Also we have >, = |Vgnul?. Putting everything together, the proof of
Theorem 6.12.2 is complete. O

The following theorem deals with the total separation of n > 2 particles.

Theorem 6.12.4 (Total separation of many-particles). Let G be a stratified group
with N being the dimension of its first stratum, and let Q@ C G™ be an open set.
Let p? := Doicj l(izy H2 = dicj @i — o | with x} # «. Then we have

2
/VHu|2dx_n<(n ) /| u d;l:+/ \Vep 2 ul?p**de  (6.113)
Q

for all u € C3° () with a = >~ (n4 LN

The proof of Theorem 6.12.4 will rely on the following identity.
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Proposition 6.12.5. Let G be a stratified group with N being the dimension of
its first stratum, and let Q C G™ be an open set. Let [ : Q — (0,00) be twice
differentiable. Then for any function v € C§°(Q) and o € R, we have

27 _ L IvafP ﬁf) 2 2 120
/Q|VHu\ dm—/ﬂ(@z(l @) P a f [ul dm—i—/ﬂ\VHv| f=dx,

where v := f~%u.

Proof of Proposition 6.12.5. Let us first observe that for u = f*v, we have
Vyu = afa_l(VHf)v + f*Vgo.

By squaring the above expression we get

IViul? = a2 2DV f2 ]2 + Re(2avf2* 1 (Vi f) - (Vo)) + 2V ol?
=2 2DV P + af?* NV f) - Vil + 2 Vvl

By integrating this expression over 2, we obtain
/ \V gul?de = /azfz(o‘_l)|VHf\2\v\2dﬂc
Q Q
2a—1 2 2« 2
+/ Re(af** (Vuf)  Vulv|[*)dz +/ [V av|“de
Q Q
_ / Oézfz(a_l)|va‘2‘7}‘2d$
Q
—a [ Vu (PVaplldo+ [ Vs,
Q Q
We have used integration by parts to the middle term on the right-hand side. Since
Vi - (f*7'Vaf) = 2a =)V fI* + P27 1Lf,
we get
| Vauds = [ @0 agPlopds - [ gt
Q Q Q
- / a2a — 1) 22|V g f|?Jv]2dx +/ 2V go|?de.
Q Q

Putting back v = f~%u and collecting the terms we arrive at the equality of
Proposition 6.12.5. 0

Proof of Theorem 6.12.4. With Vi, = (Xj1,...,Xgn), using the definition of p
we have

V.0’ = (Xep®, ..., Xpnp?) = 22(%33]-_1)'.
[y
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Hence
Lp* =2 Vg, - (wea;") =2n(n— 1N, (6.114)
k=1 k+#j
‘VH,D | =38 Z ;EkLE
tsisisn (6.115)

+82 Z (xpz; xka: ):4np27

k=11<i<j<n
where in the last step we used the identity
SN Gy =" S e P
k k 9 il .
k=11<i<j<n 1<i<j<n

By putting (6.114) and (6.115) in the identity of Proposition 6.12.5 with f = p?,
we obtain

2—(n—1)N 2
/VHu|2dx:4na< (n >/ ful dm—i—/ \V i p~2%ul?p** d.
Q

To optimize we differentiate the integral

4m<2—(n—1 )/ uf?

with respect to «, then we have
—(n—1 —(n—1
2= (n )N—2a20 and a:2 (n )N,
2 4
which completes the proof of Theorem 6.12.4. O

6.13 Hardy inequality with exponential weights

In this section, we discuss a horizontal Hardy inequality with exponential weights.
In the Euclidean case such a type of inequalities is sometimes called two parabolic
type Hardy inequalities, see Zhang [Zhal7]. The following statement was obtained
in [RSS18al.

Theorem 6.13.1 (Hardy inequality with exponential horizontal weights). Let G
be a stratified group with N > 3 being the dimension of its first stratum, and let
Q C G be an open set. Let xg € Q). Then we have

w12 (N =2)2 N |(zxg ') ) ey by 12 5
4x — dr < AN \v4 d
/sf ( o "ol o1ew IS /Q"’ [Varede

for all w € C*(Q) and for all X > 0.
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Proof of Theorem 6.13.1. We will use the horizontal Hardy inequality

(N=2)2 [ [of

dr < [ |Vgv|?de, 6.116
4 ol T /Q‘ ol ( )

a1y 2
see (6.6), valid for all v € C*(Q), with the choice of v = e~ 8" 4. We note
that

pe— 1y 2 —1ys w12
VHvzeJ( gAH Vi (;pig\ ) 6J( gAH "
for all v € C1(). Then by inequality (6.116) we have
e
4 Q |2
g 12 (€l R A

< [e | Vgul? + 0 o ulfde

/sz 1672
1 I(2zg 1)’ 12
1/ _ 0

- Re/(x;z:o ) - (Viu)ue o dx. (6.117)

Integration by parts in the last term of the right-hand side of this inequality yields

—1
lwag D12

Re/ (zag ™) - (Vau)ue o dr
O

1 ‘(;El‘o_l)/|2 7‘(1155/‘2 )
= - N - ix dz.
2/9( o) e |u|*dx

By using this in (6.117) and rearranging the terms, we complete the proof of
Theorem 6.13.1. O
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