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Chapter 5

Integral Hardy Inequalities
on Homogeneous Groups

In this chapter we discuss the integral form of Hardy inequalities where instead
of estimating a function by its gradient, we estimate the integral by the function
itself. This stems from the original version of Hardy’s inequality [Har20]:

/b(><> (fbl’ fx(t)dt>pd:l: < <ppi 1)”/:0 F(z)Pdz, (5.1)

where p > 1,0 > 0, and f > 0 is a non-negative function. We analyse the weighted
versions of such inequalities in the setting of general homogeneous groups. Most
of the results of this chapter have been obtained in [RY18a] and here we follow
the presentation of this paper.

5.1 Two-weight integral Hardy inequalities

Here we discuss the weighted Hardy inequalities in the integral form extending
that in (5.1). It turns out that one can actually derive the necessary and sufficient
conditions on weights for these inequalities to hold.

Theorem 5.1.1 (Integral Hardy inequalities for p < ¢). Let G be a homogeneous
group of homogeneous dimension Q and let 1 < p < q < oco. Let ¢1 >0, g2 >0 be
positive functions on G. Then we have the following properties:

(1) The inequality

</G </B<o,x) f(z)dz> ¢1(I)dx>
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holds for all f >0 a.e. on G if and only if

1/q 1/p’
Ay = sup (/ ¢1(l‘)dl‘> (/ (11)1(1‘))_(”/_1)@) < oo.
R>0 \ J{|z|>R} {lz|<R}

(5.3)
(2) The inequality

(/@, </«s\3<o,|z|> ! WZ) q ¢2<$>dm> Y ([rrini) v

(5.4)
holds for all f >0 a.e. on G if and only if

1/q 1/p’
Ay = sup (/ ¢2(l‘)dl‘> (/ (11)2(1‘))_(”/_1)@) < oo.
R>0 \ J{|z|<R} {lz|= R}

(5.5)
(3) If {C;}2_, are the smallest constants for which (5.2) and (5.4) hold, then

A<C<(p)rpids, i=1.2, (5.6)

Before we prove this theorem let us give a few comments.

Remark 5.1.2.

1. In the Abelian case G = (R™,+) and Q = n, if we take p = ¢ > 1, and
¢1(z) = [B(0, |z[)| 7" and ¢ (2) = 1
in (5.2), then we have A; = (p — 1)~'/? and

(L ) e, ()

(5.7)
where |B(0, |z])| is the volume of the ball B(0, |z|). The inequality (5.7) was
obtained in [CGI5].

2. Theorem 5.1.1 was obtained in [RY18a] and here we follow the proof from
that paper. However, due to the fact that the formulations do not make use of
the differential structure, the statement can be actually extended to general
metric measure spaces with polar decomposition. More specifically, consider
a metric space X with a Borel measure dx allowing for the following polar
decomposition at a € X: we assume that there is a locally integrable function
A € Li_ such that for all f € L*(X) we have

loc
/Xf(x)dx—/OOO/Ef(r,w))\(r,w)dwdr, (5.8)
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for some set ¥ C X with a measure on it denoted by dw, and (r,w) — a
as 7 — 0. In the case of homogeneous groups such a polar decomposition is
given in Proposition 1.2.10.

Let us denote by B(a,r) the ball in X with centre a and radius 7, i.e.,
B(a,r) :=={zx e X:d(z,a) <r},

where d is the metric on X. Once and for all we will fix some point a € X,
and we will write

|| = d(a,x).

a

Then the following result was obtained in [RV18] which we record here with-
out proof.

Theorem 5.1.3 (Integral Hardy inequality in metric measure spaces). Let
1<p<qg<ooandlets>0.Let X be a metric measure space with a polar
decomposition (5.8) at a. Let u,v > 0 be measurable functions positive a.e.

in X such that u € L'(X\{a}) and v'~?" € Ll (X). Denote

loc

Ul(z) ::/ u(y)dy and V(x) ::/ vl_p/(y)dy
X\B(a,|zla) B(a,|z|a)

Then the inequality

([(] (mlwla)f(y)wy)qu(m)dm) l/qgc{ / |f($)|pv(l‘)da:}l/p (59)

holds for all measurable functions f : X — C if and only if any of the following
equivalent conditions hold:

1 1
1. Dy :=sup,4, {Uq (x)V (x)} < 0.
(1 g 1/q
2. D2 = 50 { fe ot w0V} V) < o

1/q
1 s
3. D3 :=sup,4, { fB(a,lea) u(y)Vir+ )(y)dy} V=3 (x) < o0,
provided that u,v' " € L'(X).
, o 1/p
4. Dy :=sup, 4, { fB(a,lea) VP (y)UP (q_s)(y)dy} Us(z) < 0.

1/p
’ (g —s
5. D5 := SUp, 4, { fX\B(a,lea) P (y)UP Gt )(y)dy} U~5(x) < oo,
provided that u,v' P € L1(X).
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Moreover, the constant C' for which (5.9) holds and quantities D1-Ds
are related by

Dy < C < Di(p)) pa, (5.10)
and

1/q
1 1
Dy < (max(1,p's))? Dy, Do < (max(l, ) )) Dy,
p's

sp 1/q .
D3 <D; <(1 D
(1+p’8> s<Dr< (14 sp)eDs,

1/p
1 1
D1 < (max(1,gs))» Dy, Dy < (max(L )) Dy,
qs

1/ D <D < (]. )PIID
+Sq .
1 5 = 1> 5

3. As such, Theorem 5.1.3 is an extension of (5.1) to the setting of metric
measures spaces X with the polar decomposition (5.8): in particular, for p = ¢
and real-valued non-negative measurable f > 0, inequality (5.9) becomes

/X(/B(mlwla) f(l/)dy>pu($)dl‘SC/Xf(a:)pv(x)d:m

as an extension of (5.1). Indeed, in this case we can take u(z) = ,, v(z) =1,
X =[b,00), a = b, so that Theorem 5.1.3 implies (5.1).

4. Let us give an application of Theorem 5.1.3 in the setting of homogeneous
groups, recovering a two-weighted result obtained in [RV18]:

Corollary 5.1.4 (Characterization for homogeneous weights). Let G be a ho-
mogeneous group of homogeneous dimension @, equipped with a homogeneous
quasi-norm | - |. Let 1 <p < q < oo and let o, € R. Then the inequality

(L(/Bwy,x,)'f @)dy)q“dﬂﬂ)é SC( / |f<x>|P|x|ﬁdz)’l’ (5.11)

holds for all measurable functions f : G — C if and only if a + Q < 0,
B(l—p')+Q >0 and O‘ZQ + ﬁ(k;),)JrQ = 0. Moreover, the best constant C
for (5.11) satisfies

<11+Pl/ 1 1 ‘1?+P1/
Y L, SC<(p)vpa 7 .
lo+ Qe (B(1—p')+ Q) loo+ Qe (B(1—p')+ Q)

where o is the area of the unit sphere in G with respect to the quasi-norm |-|.
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Let us show how Theorem 5.1.3 implies Corollary 5.1.4. If we take a = 0,
and the power weights
u(z) = |z|* and  o(z) = |z|°,

then the inequality (5.9) holds for 1 < p < ¢ < ¢ if and only if

oS} 1/q r , /v
Dy = sup (a/ pO‘ledp> <a/ pPa-r )ledp> < 00,
r>0 r 0

where o is the area of the unit sphere in G with respect to the quasi-norm
| - |. For this supremum to be well defined we need to have o + @ < 0 and
B(1—p') 4+ Q > 0. Consequently, we can calculate

R o] 1/q T , 1/17/
Dy = U(q+p/) Sng (/ pa-i-Q—ldp) (/ pﬁ(l—P )+Q—1dp>
> r 0

atQ ﬁ(lfp/’HQ
1 1 roa r P
=olatp) gy

>0la+Qlr (B(1—p)+Q)r

which is finite if and only if the power of r is zero. Consequently, Corollary
5.1.4 follows from Theorem 5.1.3.

Proof of Theorem 5.1.1. We will prove Part (1) of the theorem since the proof of
Part (2) is similar. The obtained estimates will also show the corresponding part
of the statement in Part (3).

Thus, let us first show that (5.3) implies (5.2). Using the polar decomposition
in Proposition 1.2.10 and denoting r = |x|, we write

foa | [, sene] o
[ e[ f S ot | do(y)ar

otr) = { [ ' sQ-lwmsy))l-p’dsdo(y)}UW), (513)

and using Hoélder’s inequality, we can estimate

[ [ s remantiyas
= [ [ (o) rg(a)s @

X ((1/}1 (sy)) 1/”9(8))  dsdo(y)

(5.12)

Denoting



242 Chapter 5. Integral Hardy Inequalities on Homogeneous Groups
"o 1 P e
< ( / / s {f(sy)(lln(sy)) /”9(8)} deU(l/))
©J0

X (/@ /OT §Q-1 [(¢1(Sy))1/pg(5)]_p/ dsda(y))l/p/. (5.14)

Let us introduce the following notations:

U= [ 407 (o)) 7a(0))" i) (5.15)
Vo= [ [ () o) " drtas 510)
Wi(r) := /Prquﬁl(ry)do(y), (5.17)

for s,r > 0. Plugging (5.14) into (5.12) we obtain

/ngl (x) (/B(O,r) f(z)dz)qda?
< /0 h Wi (r) ( /0 ' U(s)ds) " (V(r)4" dr.

We now recall the following continuous version of the Minkowski inequality (see,
e.g., [DHK97, Formula 2.1]):

Let @ > 1. Then for all f1(z), f2(z) > 0 on (0, 00), we have

[ ([ ) = (o ([ i) o)

Using this inequality with § = ¢/p > 1 in the right-hand side of (5.18), we can
estimate

/ e ( / Mf(z)dz)qus ( / ( / Wa(r)(V ()7 dr) p/qu> "

(5.20)

(5.18)

Let us introduce one more temporary notation

7(s) = [ 5271 wr(s9)! 7 dory).
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Using (5.13), (5.16), the integration by parts, (5.3) and (5.17), we compute

= e ([ [t dotura) iy
=/O T(s) (/OST( )eft) st:p’/or(i (/;T(t)dt)l/p/ds |
=p (/OT T(s)ds>1/p — (/OT/pSQ_I(wl(Sy))l_p/da(y)ds>Up
<pA ( / T e /@ ¢1(Sw)da(w)ds> g ( / = Wl(s)d8> e

Similarly, applying the integration by parts and (5.3), this implies

/W1 MNP dr = (p Ay) q/P/ Wi(r (/ Wi(s )Upldr
1/p
s [
(p' A" (/ /Q Loy (ry)do(y)d )1/p

, , —q/(p'p)
< (pf Ay) WP A (/O re-t /(wl(ry))l‘p da(y)dr>
= AL p(g(s)) 74, (5.21)

where we have used (5.13) in the last line. Putting (5.21) in (5.20) and recalling
(5.15), we obtain

/¢1 </B< f(z)dzydx : (/OO v <S>A€<p’>p-1pp/%g<s>>-pds) "

_ Aq q/p ( Pd5> v
= ago)n ([ [ ey et )W
Aty ( / n(a qu;> q/p7 (5.22)

vielding (5.2) with Oy = A, (p')/*'p1/a.
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We now show the converse, namely, that (5.2) implies (5.3). For that, we set

F(@) = @1@) 7 x0,m) (|2)),

with R > 0. For this f we observe the equality

(/G : (x)(f(m))l’dg;> " (/lwlgR(i/Jl(m))l—P’dm) o
) </'x'<R(wl(m))1p/dx> . </|x|<R<w1<m)>1p'dw> T

Consequently, by (5.2) we have

c-c ( / wl(w)(f(a?))”dw> " ( /lxlSRwl <x>>1-1”dm> o
> ( [ o ( /|z|5|m| f(z)dz>qdw> h ( /IwISRwl(m))l-P’dx) o
> ( /WR 61(z) ( /lw| f(z)dz>qdw> B ( /IIKR(wl(m))”’dx) o
- (/mm (;Sl(at)da?) " </|z|<R(z/11(z))1pldz> W. (5.24)

Combining (5.23) and (5.24), we obtain (5.3) with C' > A;. O

(5.23)

The next case is the version of Theorem 5.1.1 for the indices p > g¢:

Theorem 5.1.5 (Integral Hardy inequalities for p > ¢). Let G be a homogeneous
group of homogeneous dimension Q and let 1 < q¢<p<oo and1/6=1/q¢—1/p.
Let ¢3 and ¢4 be positive functions on G. Then we have the following properties:

(1) The inequality

</G </B<o,|xn f(z)dz>q¢3(m)dm> e (L) v

(5.25)
holds for all f >0 if and only if

5/q 5/q
/ ( / ¢3(z)dz> ( / (wg(z))lp’dz> (3(2)) P dz < oo.
¢ \Je\B(0,z) B(0,z])

(5.26)
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(2) The inequality

rote) s ) <o ( [mpma)
¢ \Je\B(o,|z)) G

(5.27)
holds for all f >0 if and only if
5/a 5/d
/ (/ gb4(z)dz> (/ (¢4(z))1_p/dz> (’(/J4(l‘))1_p/dl‘ < 00.
G \/B(0,|z]) G\B(0,]=|)
(5.28)

Proof of Theorem 5.1.5. We will prove Part (1) of the theorem since Part (2) is
similar. We will denote

3/q §/d
A= /G </G\B(0,Izl) ¢3(Z)d2> </B(0’|z|)(wg(2)) -’ dZ) e

First we prove that if A3 < oo, then we have inequality (5.25). Denote
Walr) = [ 19 a(ru)doty) (529)
o

and

Gs) = [ 59 hsy) a5y~ do(y) (5.30
&

for h > 0 on G to be chosen later. Using the polar decomposition in Proposition
1.2.10 we have the following equalities:

[ esto) ( /| (wh<z><w3<z>>1-p’dz>qu
= [ [ tostrmantn ([ [ S hts s o) dntiyis)
_/OOO Wal(r) </TG(s)ds>qdr
= ot ([ o) ([ o)
—a [ [ s e ([ 1 )t dwar)
y ( / Wz(r)dr> dsdo(y)

q—1
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_ o )L+ PN
g / / 591 (sy) (s (5))

X (f o Jo 19 h(rw) (s (rw)) 7 drdo (w) ) h
S o @ (s (rw) ' drdo(w)

X (( /p /O ) rQlwg(rw))lp’drda(w))ql ( / h Wg(T)dT)) dsdo(y).

Here, using Holder’s inequality with three factors with indices 11) + q;1 + p;q =1,
we can estimate

/ és(2) ( / h(z)(¢3(z))1-P’dz> dr < qK 1 K, Ks, (5.31)
G B(0,|z))

where
_ ( / / T S (h(sy))P (s (sy)) P dsdar(y >) " -
© 5.32
= ( /G (h(r))p(ws(r))”'dfv> 1/p7
— (/P /Ooos (13(sy)) 1-p' )
o L ) a1 5.33
L Rt
and

—p

e ([t ([ s ™
(/ Wa(r > dsdo(y )) . (5.34)

Leaving K as it is, we will estimate Ko and K3. We rewrite Ko as

B (%(m))l_p/ NP h(2)dz ) x
= </‘G’ (fB(0,|g;|)(wi%(z))l_p/dz)P </B(07le)(w3( ) h(z)d ) d )

We want to apply (5.2) to Ko with indices p = ¢, and with functions f(z) =
(¢3(2))' " h(z) and

(¢—=1)/p

(¥3(x))' 7P

x) = 2)) =P (1-p)
(IB(O,M)(¢3(Z))1*P’dz)p’ Y1(z) = (Y3())

¢1(z) =
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For that, we will check the condition that
—p
Ai(R) = / (¥3(x))' P (/ (v3(2))' 7 dz) du
lz|>R B(0,|x])

1/p'
X </|x|§R(¢3(z)) P dx) < 00

holds uniformly for all R > 0. Assuming (5.35) uniformly in R > 0 for a moment,
the inequality (5.2) would imply that

1/p

(5.35)

(a=1)/p
ko < 0 ([ (a0 i)

—c( [y waw) ) o

which is something we will use later. So, let us check (5.35). For this, we denote

(5.36)

S(s) = / Q1 (4hy (510)) 1 dor ().

Using integration by parts we have

1 1
— ’

1/)3 rw))l -7 TS(S)ds pdrda(w) ! RS(S)ds '
([ ([ s /

= (/ROO (/OT S(s)ds) N S(r)dr) " (/OR S(s)ds) "

< (10i 1 </0R S(S)d5> H) . </0R S(s)d5> ’ =(p-1)""" <00,

so that (5.36) is confirmed. Next, for K3, taking into account

0 q p Pq

and using (5.26), we have

om ([ ([ ) ([ [ o)

<50 () do(y)ds)
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_ Nds a . =y i q’ N - i P
- /G </G\B(07le)¢3( ) > </B(O,|x|)(¢3( ) rd > (s(x)) " d
= A::;q < 0. -

Now, plugging (5.32), (5.36) and (5.37) into (5.31), we obtain

/G%(l’) </B(O,|:c|)h(2)(¢3(2))1p/dz>qu
<o ( /G <h<x>>p<w3<x>>1-p’dm) e

which implies (5.25) after taking h := fz/ng_l.
Let us now show the converse, namely, that (5.25) implies (5.26). For this,
we consider a sequence of functions

§/(pq) §/(pq")
fiers= </Iy|>|z|¢3(2)dz> </O‘k<|zl<|x|(¢3(2)) ’ dZ)

X (w3($))1_p X(Oékﬁk)(‘m‘)v k=1,2,....

Inserting these functions in the place of f(x) in (5.25), we obtain (5.26), if we take
0 < ap < B with ai \, 0 and S oo for k — oo. O

5.2 Convolution Hardy inequalities

In this section we discuss integral Hardy inequalities in the convolution form. Such
inequalities are particularly useful if we make particular choices of the convolu-
tion kernels. For example, by taking the Riesz kernels of hypoelliptic differential
operators on graded groups, such inequalities can be used to derive a number of
hypoelliptic versions of Hardy inequalities. While this topic falls outside the scope
of this book, we refer to [RY18a] for such applications. The inequalities that we
will present here have been established in [RY18a] and we follow the proofs there
in our exposition.

Theorem 5.2.1 (Convolution Hardy inequality). Let G be a homogeneous Lie group
of homogeneous dimension Q) and with a homogeneous quasi-norm | -|. Let 1 <
p<g<o0,0<a<@Q/p,0<b<Q and%:;féJrql(’g.Assumethatthereis
Coy = Cs(a,Q) > 0 such that

79 (@)| < Cale]*~? (5.38)



5.2. Convolution Hardy inequalities 249

holds for all © # 0. Then there exists a positive constant C; = C1(p,q,a,b) > 0
such that

< Cillfllee) (5.39)

I Tél)
b
L4(G)

||

holds for all f € LP(G).
The critical case b = @ of Theorem 5.2.1 will be shown in Theorem 5.2.5.

Remark 5.2.2 (Riesz kernels). Let us briefly describe a typical situation when
condition (5.38) is satisfied. Without going much into detail, let us assume that
Z is a positive homogeneous left invariant hypoelliptic differential operator on
G of homogeneous degree v. The existence of such an operator implies that the
group G is graded, see [FR16, Section 4.1]. The operators Z satisfying the above
properties are called Rockland operators.

Let h; denote the heat kernel associated to the operator 2, see [FR16, Section
4.3.4] for a thorough treatment of this and for the proof of the following notes.
This heat kernel satisfies the following properties, see [FR16, Theorem 4.2.7 and
Lemma 4.3.8]:

Theorem 5.2.3 (Heat kernels). Let # be homogeneous left invariant hypoelliptic
differential operator on G of homogeneous degree v and let hy be the associated
heat kernel. Then each h; is Schwartz and we have

VS,t>O ht*hs :ht+s’ (5 0)
Vo € G,rt >0 hui(rz) =1 hy(z), (5.41)
Ve e G hy(x) =h(z1), (5.42)
/ hi(x)dx = 1. (5.43)
G
Moreover, we have
3C = Cane >0 YVt € (0,1] sup |0/ Xhi(x)| < ContY (5.44)

|z|=1

for any N € Ng, a € Nij and ¢ € Ny.
Furthermore, for any multi-index o € Nj and any real number a with 0 <
< (Q+ [a])/v there exists a positive constant C > 0 such that

/ 12 X Ry () |dt < C|a| "9 [elHva, (5.45)
0

The fractional powers Z~%/" for {a € R, 0 < a < Q} and (I +Z)~*/¥ for
a € Ry are called Riesz and Bessel potentials, respectively, and they are well
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defined, see [FR16, Chapter 4.2]. Let us denote their respective kernels by Z, and
B,. Then we have the relations

Z.(x) = 1&) /Oootﬁ—lht(x)dt (5.46)

v

1 < .
Bu(z) = _ . / tv e thy(z)dt (5.47)
T (3) Jo
for a > 0, where I' denotes the Gamma function. Consequently, it can be shown
(see [FR16, Section 4.3.4]) that for any 0 < a < @ there exists a positive constant
C = C(Q,a) such that

Zo(2)| < Clz|~(@= (5.48)

holds for all  # 0. Therefore, the Riesz kernel Z, gives a typical example of an
operator satisfying condition (5.38).

Proof of Theorem 5.2.1. We split the integral in the left-hand side of (5.39) into
three parts:

d
/(f*Ta(l))(x)|q;b < 3Y(My + Ms + Mj), (5.49)
G
with
d
_ X
= [ ([ pdetarwla) 5
¢ \Ji2lyl<lel} ||
d
_ X
M= [ ( / 100 1m>f<y>dy> b
¢ \J{lel<2ly|<4lz|} |z|
and

q
dx
M; = TN (y=? d :
° /G</{|y|>2|z|}| o o) y) [

First, let us estimate M;. We can assume without loss of generality that |-| is
anorm (such a norm always exists, see Proposition 1.2.4, Part (2)) since replacing
the seminorm by an equivalent one only changes the appearing constants.

Observe that by the reverse triangle inequality and the assumption 2|y| < |z|
we have
|z _ |=]

vl 2 Jol = Jgl > Jal = ) =7, (5.50)
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which is |z| < 2|y~ !z|. Taking into account this and that Tél)(z) is bounded by a
radial function which is non-increasing with respect to |z|, we can estimate

q q
dzx
M < d 7w
' _/G </{2|y|<|w|}|f(y) y) <{|wlsg)|z|}| ¢ (Z)> |[®
q _
z>(a Qa4 g,
<C d .
<cf ( [, 1wl y> (5 o

We will now apply Theorem 5.1.1, Part (1), to estimate M;. For this we need to
check condition (5.3), that is, that

1 1
(a—Q)qd q »’
sup / (|x|> mb / dx < 0. (5.52)
Rr>0 \J{2R<[2} \ 2 |z {lz|<R}

To check this, we consider two cases: R > 1 and 0 < R < 1. For R > 1, we can
estimate

v (5 5) ()
(2R<|z]} \ 2 |z|° {lz|<R}
< CRY (/ (|926|><acz>q fﬁ,) a
{2rslel) /o (5.53)
< CRv (/ z(aQ)qde> a
(2R<|z]}

a—Q)q—b+Q
q

(5.51)

Q _(
<CR"R
<C,

which is uniformly bounded since & = ! —! 4 " and (a—Q)g—b+Q = Jg,q £ 0.
Now let us check the condition (5.52) for 0 < R < 1. Here, taking into account
that (a — Q)g—b+Q = fg,q # 0 we have

(a—Q)q
/ <"”> @ oRe-@u-bre, (5.54)
(2R<|zl} \ 2 |z|b —

: a 1 1 b
It follows with 0= p» 4 + 0 that

1 1
(a—Q)q a »’
/ (le) dxb / dv) < CR-OIFIRY <O
(2R<|zl} \ 2 || {|z|<R}

(5.55)
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holds for any 0 < R < 1. Thus, we have checked (5.52). Applying Theorem 5.1.1,
Part (1), we obtain

1 101
My < (p')# pa AvlfllLe(e)- (5.56)

Let us now estimate Ms. For this, we decompose My as

q
_ dx
=3 [ ( / Ty 1m>f<y>dy> .
£ Jior<iel <2ty \J(jai<2lyl<alaly ]

Since |x| < 2Jy| < 4|z| and 2F < |x| < 281 we have 281 < |y| < 242, As in
(5.50), assuming | - | is the norm and using the triangle inequality, we have

Blz| = [a| +2|z] = || + |y| = [y~ al, (5.57)
which implies 0 < |y~ tz| < 3|z| < 3 - 2F+1. If we denote
Lu(x) = Chlz|*" 9,

then by the assumption we have

T8 ()] < La(2).

a

Taking into account these observations and applying Young’s inequality in Propo-
sition 1.2.13 with 1 + ; = 1 + 11), r € [1,00], we can estimate My by

My < 32 [ (v cpican | < L)) do

keZ

= 227%”“ : X{2k4<|-|<2k+2}] * Ia”%q(((;,)
kEZ

< ZQ_kaIa : X{O<|-|<3-2k+1}”qy(@)||f . X{Qk*1<|-|<2k+2}||%p(g)

kEZ
q

= (Y 2_kb / |$|(G_Q)de ||f T X{2k-tg x| <2k 2 ||q

kez; o[ <326+1 {eriglz| <22 HiLr (G) (5.58)
(a—Q)pq pq+p a

S CZQ*kb(zg . 2k+1)( pa+p—q +Q) ||f X{Qk 1<|$|<2k+2}||LP(G)
keZ

_022 k(3. gk+1yb ||f.X{Qk,1<|z|<2k+z}||‘ip(6)
kEZ

< CZ If- X{2k*1<|w|<2k+2}||%p(g)
keZ

< ClfI o)

since (:qﬂ) s TQ= pqﬁZ—q >0 and ¢ > p.
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Now let us estimate Ms. Without loss of generality, we may assume again
that |- | is a norm. Then, similarly to (5.50) we note that 2|xz| < |y| implies
ly| < 2]y~1x|. Consequently we can estimate M3 as

y|)<“” " dx
Ms < d .
<[ ( /{ |y|>z|z|}<2 fly)

We will apply Theorem 5.1.1, Part (2), to estimate Ms. For this, we need to check

that
1 ( Q)/ !
d 7 a—Q)p »’
. / v / (1:) de | < oo (5.59)
R>0 \ J{|z|<R} || {2R<z} \ 2

To verify this, we consider two cases: R > 1 and 0 < R < 1. First, for R > 1,
using the assumption \Tél)(ﬂcﬂ < Olz|*~? and that Q # ap, one gets

1

1
(a—Q)p’ »’ p’
(s (377 ) 20 ([ i) e
{2R<|=|} {2R<|=|}

(5.60)
Since R > 1 we can estimate

1 1
a (a=Q)p’ v’ B
/ ot / ($> dr| <CRTVTN <,
{zl<ry 17l (2R<|z|} \ 2

since b < Q and § = ; — ; + qb . Now let us check the condition (5.59) for the
range 0 < R < 1. In this case, noting that ap — @ < 0 we have

|LL‘| a—Q)p , )

/ ( ) dx < C |z|(@= Py < CR=DPFCQ (561)
{2R<[2]} \ 2 {2R<|a}

Since

/ dx < CRO- b
{|z|<R} |2[?

we have

1 1
a (a—Q)p/ »’ _ a—Q)p’
{lzl<R} 17| {2R<|z|} \ 2

(5.62)
since @ > b and () = p —|— I’Q Thus, we have checked (5.59). Consequently,

the application of Theorem 5 1.1, Part (2), to Ms yields

1 11
Mg < (p') pe Aol fllLe(c)- (5.63)
Thus, (5.56), (5.63) and (5.58) complete the proof of Theorem 5.2.1. O
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Remark 5.2.4 (Schur test argument). In the case p = ¢, we can also prove Theorem
5.2.1 by using Schur’s test ([FR75]) as in the proof of Theorem 4.7.1. For the Riesz
kernels of the sub-Laplacian on stratified groups such an argument was used in
[CCR15], and the argument below was given in [RY18a].

For p = ¢, the condition 5 = 11) — [11 + qbQ in Theorem 5.2.1 implies that
b = ap, so we are interested in the LP-boundedness of the operator

Saf = || 7VP(f # |2]*9) = ||~ (f * 2|*9).

The adjoint, defined by (f, S:g) = (Suf,9), is given by S¥g := (|z|~%g) * |z|*~?.
We now recall again the Schur test:
Assume that the integral operator S has a positive integral kernel, and that
there exist a positive function h and constants A, and B such that

S(h"")(x) < Ap(h(x))” and S*(h")(z) < By(h())”
hold for almost all x € G. Then we have

1S fll oy < AYY BY?| fll o)

for all f € LP(G).
Let us now take h.(z) := |#|°~? with ¢ > 0 and consider the convolution

integrals /
WY |2|*=9 and (| 7"/PRE) * [a] 79,

which arise in the computation of S, (k") and S (h?). We see that the homogeneity
orders of h?" and |z|~"/Ph? are (c—Q)p’ and (c—Q)p—b/p, respectively. Then, the
homogeneity orders of h?' « |2]*~Q and (|z|~2/Ph?) % |2|*~Q are a — Q + (¢ — Q)p/
and a — Q + (¢ — Q)p — b/p, respectively. Therefore, these convolution integrals
converge absolutely in G\{0} if and only if 0 < (¢ — Q)p' + Q < Q — a and
0<(c=Q)p—b/p+Q < Q— a, that is, if

max(Q7a+Q><c<Q—a,
p p D p

/

since b = ap. This condition is true if 0 < a < Q/p.
Thus, it follows from Schur’s test that

2]~ * 2[99 | ooy < AYZ BYP|| fll Lo

where 0 < a < Q/p, 1 <p < oo, and f € LP(G).
Taking into account this and |T651)(at)\ < C|z]|*=9, we obtain
e (5.64)

< Clllzl~*(1f1 % 1219l o) < CllfllLr),

which proves Theorem 5.2.1 in the case p = q.

1
|1 1780

EE

f *Ta(l)

|7

Lr(G)



5.2. Convolution Hardy inequalities 255

Let us now show the critical case b = @ of Theorem 5.2.1.

Theorem 5.2.5 (Critical convolution Hardy inequality). Let G be a homogeneous
Lie group of homogeneous dimension @ with a homogeneous quasi-norm |- |. Let
l<p<r<ooandp<q< (r—1)p, where 1/p+ 1/p" = 1. Assume that for
a = Q/p we have

T@ ()] < 0y 11T Jore €GO}, (5.65)
’ a lz|=%,  forx € G with|z| > 1,
for some positive Co = Cs(a,Q). Then there exists a positive constant C; =
Ci(p,q,m, Q) > 0 such that
= 7%
o < Ci||fllzee) (5.66)

1 a2
(log (e 1)) " It e

holds for all f € LP(G).

Remark 5.2.6. We note that compared to the condition (5.38), the decay assump-
tion in (5.65) for large x is stronger. Continuing with the notation of Remark
5.2.2, we observe that the Bessel kernel (5.47) of the operator (I + 2)~%/V for
0 < a < @ satisfies (5.65): there exists a positive constant C' = C'(Q, a) > 0 such
that we have, in particular,

Clz|~ @9 for z € G\{0},

5.67
Clz|=9, forz € G with |z| > 1. (5.67)

|Ba(2)] < {

We refer to [RY18a] for further details, as well as to the original proof of Theorem
5.2.5 that we follow here.

Proof of Theorem 5.2.5. Let us split the integral in the left-hand side of (5.66)
into three parts,

dx

JACRES AT LB+ N 4N, (5.68)
G ‘log (e+ |913|>‘ |z|@

where

q
_ dx
Np = / ( / 75) (y 1z>f<y>dy> .
e \Jezwl<pn ‘1og(e+|}cl)‘ |2|@

q
B dx
Ny = / ( / 5, (v 1z>f<y>dy> r
& \/{le|<2ly|<4lal} ‘log(e+|i|)‘ 2|9
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and

q
_ dx
N3 = / ( / 75) (y 1z>f<y>dy> .
e \Jiu>2pen ‘1og(e+|}a|)‘ 12|@

We begin by estimating N1. Similar to the argument in (5.50), in the region 2|y| <
|z| we have
e ol — il > ol - 1) = 71, (5.69)
2 2
which is |z| < 2|y~ 'z|. Denote

|z|2=Q,  for z € G\{0},

IO < B (o) o 5.70
177 ()] < Ba(x) 2 lz|=%¢, forz € G with |z| > 1. ( )

Since Tg/)p(z) is bounded by EQ/Z,(I) which is non-increasing with respect to |z,
then using (5.69) we get

' (2) ' dr
s /G </{2|y|<|z|} |f(y)dy> <{le53§|4} |TQQ/”(Z)> ‘log (e+ |i|) ’ 2|9
T NN ¢ dx
- /G </{2|y|<|x|} |f(y)dy> (BQ/p (2)) ‘log (e+ @l) ’T 2@

We will now apply Theorem 5.1.1, Part (1), to estimate N;. For this we have to
check the condition (5.3), that is, that

p 1
53 TN\ dx ! v’
/{23<|x|} (BQ/p (2)) ’log (e N |a17|> ‘r 2@ (/{|z|<R} d:l:) < A; (5.71)

holds uniformly for all R > 0. To verify this uniform boundedness, we consider
two cases: R > 1 and 0 < R < 1. First, for R > 1, using the second equality in
(5.70), we can estimate

! 1
~ T\ \ ¢ dx ! v
/{2R<|x|} (BQ/p <2>> ’10g (e+ ,;,)‘T |z|@ </{|x|<R} dm)
1 1
- CRS </{2R<|z|} (EQ/p (;»q |ij> - CRE/ </{2R<|z|} qude>

<CR9Rv <C. (5.72)
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Next, let us check (5.71) for 0 < R < 1. We split the integral into two terms,

dx
/{2R<|z|} (B /p( >> llog( Q)‘TMQ
q dx
/{2R<|z|<2}( (2)) og (e 1) [ fal®
. TN\ @ dx
+/{la:|>2} (Berr () \log(eﬂa)\r‘”f‘d o

We note that the second integral in the right-hand side of (5.73) is finite by the
second equality in (5.70). For the first integral, using the first equality in (5.70),

we can estimate

~ €T
/ ’BQ/” (2)
{2R<|z|<2}

q dx
‘log (e + |;|>‘ |z|@

~ X
S/ ‘BQ/F (2)
{2R<|z|<2}

< C’/ \x\’Qq/”/’Qd;v
{2R<|z|<2}

< CR—Qa/r’

1 dx
|2]?

1

Combining this with (5.73), we obtain
1

~ T\ |4 dx v
/{2R<|w|}’BQ/p() log (e + ! )‘ =1 </{|$|<R}dx>

< C(R™¥/Y 1 1)ROP < C

uniformly for all 0 < R < 1. Thus, we have verified (5.71), so that applying
Theorem 5.1.1, Part (1), to N7 we obtain

1 11
Ny < ()7 peAillfllr - (5.74)
Now let us estimate No. We decompose it into the sum

q
n-Y | / T2, (v~ 2) £ (v)ldy
k% {2k<|z|<2k+l}< {lel<alyl<alaly 077

dzx
X - .
‘log (eJr |913|>’ |x|@
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,
Since the function (log (lil>) |z|% is non-decreasing with respect to |z| near the

origin, there exists an integer ky € Z with ky < —3 such that this function is
non-decreasing in |z| € (0, 2%*1). Fixing this ko, we decompose Ny further as

Na = Naj + Nag, (5.75)
where
S (2) !
Nay = / (/ rs (ylw)f(y)ldy>
k;m (2r<lol<2 i1y \Jqai<atyi<aiey /P
dxr
‘log (6 + I;?I)’ |x|@
and
[e'e] q
Noi= > ( / T )] <y>dy>
k:%jﬂ {2 <lal<2v+1y \Jlel<lyl<alzy @/

dxr
X - )
‘log (6+ I;?I>’ |x|@

Let us first estimate Nas. Since |z| < 2|y| < 4|z| and 2F < |2| < 251 we must
also have 281 < |y| < 2¥+2. Before starting to estimate Ngg, using (5.65) and
q > p, let us show that

2 7 2 7
Lrgera= [ rg@ras [ g, @re

_ Qa(p— _  Qpg
< Oy / |$| pat+p— q dﬂ? + / ‘J;‘ patr—ady | < 00,
|| <1 |z|>1

where 7 € [1,00] is such that 1+ ; =1 —1—11)
Then, (5.76) and Young’s inequality in Proposition 1.2.13 with 14 [11 =1+
and 7 € [1, 00] imply that

(5.76)

1
p

o0

q
Nas < C / / 7O (4 '2) f)ldy | de
. 2 (28] <2441} ( {ol<atyi<aoly . 7Y

k=ko+1

2
<CIIf - xze-rgpi<zriny] * T lldagey

o0

S D F 25 T g [,
k ko+1

00 q/p
=C / f(z)|Pdx
> ({MWW (@) )

k=ko+1

<O|T

Q/p”q
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q/p
<c(x/ f(@)Pde
(,; {2 <ol <2b+1)

= CHquLp(G)- (5~77)

Next, let us estimate Noj. As in (5.69), assuming | - | is the norm and using
the triangle inequality and |y| < 2|z|, we can estimate

Bla| = || + 2fa] > |a| + |y| > |y~ xl. (5.78)

Since <log (lil)> |z|? is non-decreasing in |x| € (0,2%+1) and 3|x| > |y~ lz|, we

have 0
1\\" 1 "y ~tz
(1)) 192 (95 12y))
(108 () ) ey3)) | s
Consequently, this and (5.65) yield
ko o q
Nasc S [ / ly~e|” | (y)ldy
k=—oo Y {2F <[ <2k 1} \ J{|z|<2|y| <4z}
dx
X T
<log (|i|>> 2|9

ko 1-
x| »
{2F<Jz|<2h 1} | |zl <2]y|<4]z[}

=3 (CHENEDE

18
<CZ/ / ly= x| f ()] dy | dz
— T b .
ot {2 < el <2k 1y | (el <2yl <4lol} ((IOg(|(y*11z)/3|>> ‘(y—lx)/3|Q>q

Since |z| < 2ly| < 4]x| and 2% < |z| < 2+ with k& < ko, we must also have
21 < |y < 242 and |y~ tx| < 3|z| < 3- 2R+l < 3/4, using (5.78) and ko < —3.
Taking into account these and setting

XB 3 (0) ()

q

g(x) = Nt elal
(1og (1)) "l
we have for Nap that
k() q
Ny < Z/ (/ U Qdy> i
fe— oo (20 <[z <2k 41} \ J{|z|<2ly|<4]z} (10g(|y—11w|)) “ly—la| T
ko

<C Z ||[f‘X{2k*1§|-|<2k+2}]*9||%q(¢;)~

k=—o00
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Since p < ¢ < (r — 1)p’, we use Young’s inequality in Proposition 1.2.13 with
1+(11 :71:+11) and 7 € [1,00), to get
ko
Nat < Cllglsgy S 1 Xpegpear i < Ol 14e  (5:79)
k=—oc0

provided that g € L7(G). Since (? + 3) F=Q, Tq’: = p’fiq and ¢ < (r — 1)p/,
then changing variables, we obtain
dx > dt
, < oQ.

9l = | R
© B(0,3/4) (log (i))p’iq |I|Q 105(3) tp’ﬁq

Let us estimate N3 now. Without loss of generality, we may assume again
that | - | is the norm. Similarly to (5.69) we obtain |y| < 2|y~ 'z| from 2|z| < |y|.
Then, we have for N3 that

~ ! d
NgS/G (/{lywlwl}\BQ/p(g)"f(y)dy> log (e + ;)‘TIQ'

We will apply Theorem 5.1.1, Part (2), for the required estimate of N3. For this
we have to check the following condition:

1

dx ! ~ T
/ 1\ |" (/ BQ/p(Q)
{le|<R) ‘log (e+ |z|>‘ |z|@ {2R<[x]}
(5.80)

To check this, let us consider the cases: R > 1 and 0 < R < 1. Then, for R > 1 by
the second equality in (5.70), we get

1
’

1
( / ’EQ/p (I)\p dx) <C ( / |x|Qp’dx> <CR™Y. (581)
{2R<a|} 2 {2R<a[}

Moreover, we have
dx dx

/{|x|<R} ’10g (e+ Iil)‘ |z|@ /{II|<§} ‘log (e—l— |;|>’ |z|@

/ dx
+ r )
{i<lzI<R} ’10g (e+ Iil)‘ |z|Q

and we note that the first summand in the right-hand side of above is finite since
r > 1. For the second term, we get

/ de g/ d“"Q <C(1+1logR). (5.82)
{1<lel<R} ’10g (e+ l;)‘ 2@~ J{i<lzl<r} |7]
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Combining (5.81) and (5.82), we have for R > 1 that

d ’ -
J ) U o O )
{le|<R} ’log (e+ )‘ lz|@ {2R<[x]}

<CR ?(1+logR)s <C

Now let us check the condition (5.80) for 0 < R < 1. We split the integral into
two terms:

~ x P/
L ow [Ban [ e
{2R<|x[} 2
~ €T p/ ~ €T Pl
fonrw Ban G e [ [Ban ()] e
{2R<|z|<2} {lz[>2}

We note that the second integral in the right-hand side of above is finite by the
second equality in (5.70). Then, using the first equality in (5.70) we get for the
first integral that

- p’ 1
/ ‘BQ/p<m>’ de < C m_QdmgClog( )
{2R<|z|<2} 2 {2R<|z|<2} R

Combined with (5.83), it follows that

~ z\ P 1
B ] d;vSC’(lJrlog( )) (5.84)
/{2R<|x|}‘ Q/p (2) R
—(r—1)
/ du C’(log(eJr 1>) ,
{lz|<R) ‘log (e+ ) |z|@ R

and (5.84), and taking into account r > 1 and ¢ < (r — 1)p’ we obtain that

dx ’ ~ x\ [P v
/ (/ BQ/”(2>’ d“;)
{le|<R} ’log (et )‘ |z|@ (2R<|o}
< C|lo +1 o 1+ (1o ! g <C
X € < O
& R S\ R

Thus, we have checked (5.80). Consequently, applying Theorem 5.1.1, Part (2), for
the term N3, we obtain

(5.83)

Since

(5.85)

1 1
Ny < (p) 7 pr Ao|f Lo - (5.86)

Finally, a combination of (5.74), (5.86), (5.75), (5.77), (5.79) and (5.68) completes
the proof of Theorem 5.2.5. 0
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5.3 Hardy-Littlewood—Sobolev inequalities
on homogeneous groups

In this section we discuss the Hardy-Littlewood—Sobolev inequality on homoge-
neous groups. We show that it can be obtained as a simple consequence of the
convolution Hardy inequality in Theorem 5.2.1. In fact, the argument implies a
little more.

Theorem 5.3.1 (Hardy—Littlewood—Sobolev inequality). Let G be a homogeneous
Lie group of homogeneous dimension Q) with a homogeneous quasi-norm |- |. Let
0<A<Qand 1 < p,q< o0 be such that

1/p+1/qg+ (a+A)/Q =2

with 0 < o < Q/p" and o + X\ < Q, where 1/p+ 1/p" = 1. Then there exists a
positive constant C = C(Q, \,p,«) > 0 such that

// f(@)g(y) ddy
c Je lz[*ly~txr

holds for all f € LP(G) and g € L1(G).
Remark 5.3.2 (Stein—Weiss inequality).

< ONlfllzr@)llgllzae) (5.87)

1. The original Hardy—Littlewood—Sobolev inequality goes back to the work
of Hardy—Littlewood [HL27], [HL30] and Sobolev [Sob3§|. More specifically,
in [HL27], Hardy and Littlewood considered the one-dimensional fractional
operator on (0, 00), given by

T\ f(z) :/ W 4y 0<r<t, (5.88)
o lz—yl
and proved that if 1 < p < ¢ < oo and ; :11)+)\71, then there is C' > 0
such that
I1TxfllLaco,00) < CllfllLr0,00)5
holds for all f € LP(0,00). The N-dimensional analogue of (5.88) can be
written by the formula

Iif(z) = /RN |xf(y;|/\dy, 0<A<N. (5.89)

Consequently, if was shown by Sobolev in [Sob38] that if 1 < p < ¢ < oo and
L — 117 + J)\‘, — 1, then there is C' > 0 such that

q
I3 fllLaeyy < CllfllLr@ny,

holds for all f € LP(RY). In [SW58], Stein and Weiss obtained the follow-
ing two-weight extension of the Hardy—Littlewood—Sobolev inequality, which
is nowadays called the Stein-Weiss inequality. More specifically, they have
shown that if 0 < A < N, 1 < p < 00, @ < N(’;l),6< 1;[,04—#5207
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; = 11) + A+]%+ﬁ —1,and 1 < p < ¢ < o0, then there is C' > 0 such that we
have
2] =P In fll Loy < Clll2|* fllLo@r)- (5.90)
2. An extension of the Hardy-Littlewood—Sobolev inequality to the Heisen-
berg groups was considered in [FS74]. The sharp constants in the Hardy—
Littlewood—Sobolev inequality in the cases of RY and the Heisenberg group
were obtained in [Lie83] and [FL12], respectively.
3. In [GMS10] the analogues of the Stein—Weiss inequality were obtained on
Carnot groups. Note that in [HLZ12] the authors also proved an analogue of
the Stein—Weiss inequality on the Heisenberg groups.

4. On general homogeneous groups the statement of Theorem 5.3.1 will be
here obtained as a consequence of the integral Hardy inequalities. The es-
timate (5.87) contains the Hardy—-Littlewood—Sobolev inequality and half of
the Stein—Weiss inequality. The full Stein—Weiss inequality on homogeneous
groups was obtained in [KRS18b|: Let

La(z) == /@ |y“(f;)Ady, 0<A<Q. (5.91)

L€t0<>\<Q,1<p<oo,a<§/’ﬁ<(37a+5207;:Il)+a+g+)\_1’

where;—&—;, =1 andtl]—&—ql, = 1. Then for 1 < p < q < oo we have
2|~ Dol Lae) < Clll#*ull Lo s)- (5.92)

5. (Differential Stein—Weiss inequality on graded groups). Continuing with the
notation of Remark 5.2.2, let L?(G) be the homogeneous Sobolev space over
LP of order a associated to a Rockland operator. Such spaces are well defined
on graded groups and do not depend on a particular choice of a Rockland
operator, we refer to [FR17] or to [FR16, Section 4.4] for the extensive anal-
ysis and exposition of their properties. The following differential version of
the Stein—Weiss inequality was obtained in [RY18a]:

Theorem 5.3.3 (Differential Stein—Weiss inequality). Let G be a graded group
of homogeneous dimension @ and let |-| be a quasi-norm on G. Let 1 < p,q <
00,0<a<Q/pand 0 <b<Q/q. Let 0 < A< Q,0< a<a+Q/p and
0 < B <b be such that (Q —ap)/(pQ) +(Q — q(b—B))/(¢Q) + (a+ A)/Q =2
and a+ X < Q, where 1/p+ 1/p’ = 1. Then there exists a positive constant
C=C(Q,\p,a,B,a,b) such that

f(@)g(y)
dzdy| < C|flliecllgllia 5.93
/@/@\«’E\Oﬂy*li\”y\ﬁ || ||La(G)|| ||Lb(G) ( )

holds for all f € LE(G) and g € LY(G).

While the setting of graded groups falls outside the scope of this book,
we follow [RY18a] in the proof of Theorem 5.3.1 below.
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Proof of Theorem 5.3.1. Let T,(z) := |2~ 9 with 0 < a < Q/r for some 1 < r <
0o. Then, using Holder’s inequality we have

dxdy| =

@le \y 1 \A

(5.94)
< | fllze)

]

L¥'(G) .

Note that the conditions a+ A < @ and 1/p+1/q¢+ (a+ X)/Q = 2 imply ¢ < p/,
while 0 <A< Q,a<@Q/p and 1/p+1/q+ (a+ N)/Q = 2 give

O<Q—)\:Q—Q<2—1—1>+a<Q—Q<2—1—1>+Q,=Q/q.
p g p g p

Since we have 1 < ¢ <p' <00, 0<ap’ < Q,0<Q—-A<Q/qand (Q —N)/Q =
1/¢—1/p' + a/Q, using Theorem 5.2.1 in (5.94) we obtain (5.87). O

Remark 5.3.4 (Reversed Hardy—Littlewood—Sobolev inequality). Let us make some
remarks concerning the reversed Hardy—Littlewood-Sobolev inequality on homo-
geneous groups. Namely, consider the inequality

| L@l el rdady > Conl Flsia M5l 695

for any 0 < f € L' N LP(G) with f # 0 and 0 < p < 1, where A > 0 and
= (2Q —p(2Q + X))/ (Q(1 - p)).

In the Euclidean case G = (R™, +), i.e., with Q = n, the case p = 2n/(2n+\)
was investigated in [DZ15] and [NN17], while the case p > n/(n + \) was studied
in [DFH18].

Following [RY18a], let us briefly recapture the argument in the setting of
general homogeneous groups. Namely, let us show that in the case 0 < p < Q/(Q+
A) the inequality (5.95) is not valid, namely, (5.95) fails for any Cg xp, > 0. In the
Euclidean case this was shown in [CDP18] when p < n/(n + A) and in [DFH18]
when p < n/(n+ \).

Let f be a non-negative function with compact support, and let i be a non-
negative smooth function such that [, h(z)dz = 1. Then, for some A > 0, consider
the function

fe(x) = f(x) + Ae™h(a/e).
Suppose now that (5.95) holds for some Cq », > 0. Putting this f. in the inequal-
ity (5.95), we obtain
o f@ f@ fe(@)y~ [ fe(y) dady
N TATRN T

f@f@ )|y~ x| f(y )d:pderQAfG |x|>‘f(x)dx
(Jo f(x)dx + A)O ([ (f(x))pdx)2=0)/p

(5.96)
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as € — 04, where we have used that

o [o fe(x)dr = [ f(x)dx + A;
e when ¢ — 04, we have

/ fo(z))Pdz — / )P da;

e when € — 04, we have

/G /G F- @)y~ 2l o (y)dady
= f@)ly~ 2 f(y)dady + 2A F@)(E y) " 2 h(y)dady
L/ L/
+ A% 2Q// dxdy
= /G /G F@)y~ 2l fy)dady + 24 /G ol f(x)de

since f(G x)dr = 1.

Note that in (5.96) we can take also the limit as A — +oo since it is valid for all
A > 0. Then, when 6 > 1, that is, for p < Q/(Q + ), taking A — 400 in (5.96)
we see that Cg xp = 0. In the case 6 = 1, that is, for p = Q/(Q + ), taking the
limit as A — 400 in (5.96) we get

2f@ |x|/\f

Coap < (s (f( Pda? 1/p (5.97)

Finally, we show that the right-hand side of (5.97) goes to zero as R — oo if we
insert the function

—(@+N for1<|z| <R
fr(x :{le for1 <z < R, (5.98)

0, otherwise,
for any R > 1. Indeed, in this case p = Q/(Q + \), and from (5.97) we obtain that

2 Jg la* fr(z)da

nlfr(@)ypdz) e~ 2Uelos )7 M2 0 (5.99)
G

Conp <

as R — oo, where |p| is a @ — 1-dimensional surface measure of the unit quasi-
sphere in G.

Summarizing, we conclude that for 0 < p < Q/(Q + A) the reversed Hardy—
Littlewood—Sobolev inequality (5.95) is not valid with any constant Cg x , > 0.
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5.4 Maximal weighted integral Hardy inequality

Here we present a maximal Hardy inequality in the integral form, involving the
maximal function

1
WMD) = 5o, L) /Bm,.x.) J(z)dz.

Theorem 5.4.1 (Maximal integral weighted Hardy inequality). Let G be a homo-
geneous group of homogeneous dimension (Q with a homogeneous quasi-norm | - |.
Let ¢ and v be positive functions defined on G. Then there exists a constant C > 0
such that

/G 6(x) exp(Mlog f)(x)dz < C /@w (@) f(2)da (5.100)
holds for all positive f > 0 if and only if

/ o(x)exp (Mlog | ) ()
lz|>R

. Q
A:=supR 2|22

R>0

dz < . (5.101)

Remark 5.4.2. Inequalities of the type of those in Theorem 5.4.1 in the Abelian
case G = (R",+) were studied in [HKKO01] for the one-dimensional case n = 1,
and in [DHK97] for the multidimensional case n > 1. Theorem 5.4.1 was proved
in [RSY18a] and we follow the presentation there.

Proof of Theorem 5.4.1. Let us first show (5.101) implies (5.100) for all f > 0.
Denoting

Ws(x) := ¢(x) exp <./\/l log ;) (2), (5.102)

as well as u(x) := f(z)¢(z), and z = |z|£, we have

/G 6(x) exp(Mlog f)(x)dz

ACE. <|B<0Tz>| </B<o,.w.§°g () e [ Jostor Mdz)) “

1 1
= /GQs(x) exp (M log ¢) () exp <|B(O, )| log(gb(z)f(z))dz) dx

[z]<|z]
1
_A;’Wg(z)exp<|B(07m)| |Z|S|$|10g(u(z))dz> dx
= ) ex ! og(u(|x z|? T
= [ Wit p(mQ'B(OJ) FRCCERE df)d. (5.103)
Since

1
N - r@-1 rdrdo = —
/3(071) log(|¢])d¢ Q/p/o log rdrdo(y) 1B(0,1)],
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and by using Jensen’s inequality, we obtain

/G o) exp(M log ) (z)dz

- [ Wa@ex (B(é, 1) ( | st utizionas - | (071§0g<|a‘9>ds>> o
= [ Wit@)ex ( o) . 1og<s|%<|x|s>>ds+1> o

~ ¢ [ Wit@)exp ( o ), . log<s|%<|x|s>>ds> do

< oy L@ [ o, [ECulizigass

- |B(8,1)\ /p /@ /0 OOTQ_IWg,(rw) /0 132‘9—1u(rsy)dsdrda(y)da(w),

where || = s and |z| = r. Furthermore, with ¢t = rs we get

[ @) exp(nM1og 1) (a)aa
= \B(g, N /p /p /OOO rO W (rw) /O | 201y (rsy)dsdrdo(y)do ()
= B0, /p/p /01 s /OOO W (iw) (2) R Y dsdoy)do(w)
- \B(g, D) /p /p /01 s /OOO Ws (ZW> 197 u(ty)dtdsdo (y)do (w)
= [ ([ 7w (5) ) ataotpat
= 50,0 // et (/ () - Ws<rw>tf§> ditdo (y)do ()
= 1B0.1) /p/p /ooo £ ulty) ( / ) T‘Q*Wg(rw)dr) dtdo(y)do(w)
< 1501 /p/p/oth_I““y)tQ ( TQ_IV,f’ém)dr> dtdo(w)do(y)

= ¢ u(w x| @ Wa(2) z | ax N u\r)ax
5o s “( . |z|2<=?d>d <450 1y [, v

yielding (5.100), where we have used (5.101) in the last line.
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We now show that (5.100) implies (5.101). From (5.103) we notice that (5.100)
is equivalent to

1
/[;Wg(l’) exp <|B(0, D)l i< log(u(z))dz> dzx < C’/Gu(x)dx. (5.104)

Furthermore, for a function

u(z) = R “xo,p (|l2]) + e 2?2 PR (R oo)(|2]), 2 €G, R >0, (5.105)

/Wg(z) exp <|B Ol\aﬁ\ |/|<|zllog(u(z))dz> dx
<0/ dm—C// s97 1 u(s)dsdo(y)
= Clg| </O s9O7IR™ st+/R TR 1RQ52st>

= p|(Q+ 0 )—- (Q) < oo,

since x is the cut-off function. Thus, from this, by plugging (5.105) into the left-
hand side of (5.104) we calculate

oo > C(Q) Z/Wg(aﬁ)exp(|B 01\;13\ |/|<|xllog(u(z))dz>da?

// s W (sy exp(BO S‘// @ og(u(r))drdo(w ))dsda(y)
_ /@ /O SQ_1W3(Sy)eXp( QIELpJJ N Q=1 log(u( )dr)dsda(y)
_/@(/ORSQ_1W3(5y)eXp( QBWO R R )dr>ds>do(y)

+ /p</1:o s (sy) eXp(sQBKZO, )| (/0 @ log(R™9)dr

+ /R ) rQ-1 log(eQQTQQRQ)dr>>ds) do(y)

OosQfl SsY) ex |p| Rerlo ~)dr
zL(L Wi(sy) p<sQ|B(071) (/0 log(R2~)d

+/ rQ-1 log(e_2Qr_2QRQ)dr>> ds) do(y)
R

we have
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_ = o 12 B oo _
_/p</R s W5 (sy) exp <SQ|B(O,1) (/O r? !log(R™9)dr

+/ rQ_llog(e_zQ)dr—%Q/ rQ_l(logr)dr
R R

+ /R e log(RQ)dr>> ds) do(y)

_ RCE . o (RQ log(R™?) . s%—R%
/p</R s Walsy)e p(sQB(O,1)| 0 Q7

B rQlogT_rQ]s s¥ — RQ Q)) )a
QQ[ 0 02 R+ 0 log(R%) | ) ds | do(y)

:/p/RoosQ_IWg,(sy)

o] 2R? 2 2R°
—2 — 21 — log R dsd
P <B<o,1>| T e TEoest 5= oo TlsR) Jdsdoly)

lol
o0 |B(0,1)]
26(2726;))// 5Q71W3(5y)R 2] 0] dsdo(y)
o JR

51B(0,1)]

~ g [ Wa(@) | a0 / o) exp (Mlog ) ()
\

z|>R |2 [2@ |z|>R |z[>@ ’
which implies (5.101), where we have used |B|(§|1)\ = Q, QS%Q — 2212”3 > 0, and
(5.102) in the last two lines. O
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