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REMARKS ON A MULTIVARIATE TRANSFORMATION1 

B Y MURRAY ROSENBLATT 

University of Chicago 
The object of this note is to point out and discuss a simple transformation2 

of an absolutely continuous fc-variate distribution F(xx, • * • , Xk) into the uni
form distribution on the ^-dimensional hypercube. A discussion of related 
transformations has been given by P. L6vy [1]. 

Let X = (Xx, • • • , Xk) be a random vector with distribution function 
F(xt, • • • , xk). Let z = (zx, • • • , zk) = Tx = T(x\, • • • , xk), where T is the 
transformation considered. Then T is given by 

zx = P{Xi ^ xx} = Fx(xx), 
z2 = P{X2 S x21 Xx = xx\ = F2(x21 xx), 

zk = P{ Xk^Xk | xk-x = %k-x, • • • , Xi=xt } = Fk(xk | Xk-i, • • • , #1). 

One can readily show that the random vector Z = TX is uniformly distributed 
on the ^-dimensional hypercube, for 

P{Zi ^ Zi\i = ! , • • - ,&} 

= / • • • / dxkFk(xk | afc_i, • • • , xi) • • • 4 i^ i (# i ) 
J{Z\Zi^i) J 

= / ••• / (fel • •• tfeft = I I ^M 
JO JO i=l 

when 0 ^ £»• ^ 1, t = 1, • • • , fc. Hence Z i , • • • , Z* are uniformly and inde
pendently distributed on [0, 1]. 

Let Xa) = (Xi(0 , • • • , -Xfc(o), f = 1, • • • , w, be a random sample of 
n vectors from a population with distribution function F(xx , • • • , # * ) and let 
(7(^i, • • •, Xk) be the corresponding sample distribution function. I t has been 
found that the probability distribution of the Kolmogorov-Smirnov statistic, 

max | F(xu • • •, xk) - G(xif ••-,#*) |, 

is not the same for all continuous F when k > 1 [2]. The same can be said for 
the multidimensional von Mises statistic 

/ • • • / (F(xi, • • •, xk) - G(xx, • • •, #*))2 ^ . . . ^ F f o , • • •, #*). 
J—oo v—oo 

However, it would still be of interest to study the Kolmogorov-Smirnov and von 
Mises statistics for the case of sampling from a population uniformly distributed 
on the ^-dimensional hypercube. One could test whether the X& , i = 1, • • • , n, 
are a sample from a population with distribution function F(xx, * • • , xk) by 

1 Work done under ONR contract. 
2 1 have recently learned that J. H. Curtiss and I. R. Savage have also considered this 

transformation. 
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using either the Kolmogorov-Smirnov or von Mises statistic to test whether the 
Z(o = TXa) are a sample from a population uniformly distributed on the k-
dimensional hypercube. Both statistics are invariant under permutation of the 
X(,->, i = 1, • • • , n. 

The transformation is of some interest in setting up regions of equal probability 
mass in a ehi-square test of goodness of fit. Assume again that one wishes to test 
whether the X(1>, i = 1, * • • , n, come from a population with absolutely con
tinuous distribution function F(x\, • • • , #*). This, as remarked before, is equiva
lent to testing whether the 2^> = TX^ , i = 1, # • * , n, come from a population 
with distribution function z\ * • • Zk , where 0 ^ z3- ^ 1, j = 1, • • • , k. Divide 
the ^-dimensional hypercube into the Nk cells 

~ < Zi < ~jT~ , % =% 1, ' « • , fc> , ^h—h ~~ *z 

where j i , * • • , jk = 0, 1, • • • , N — 1. Each of these cells has probability mass 
l/Nk under the null hypothesis. Let v3l...jk be the number of transformed ob
servations Z(i) = TXa) in Cjx...jk. The chi-square statistic 

k 2 
2LY 

can be used to test whether the sample X<;> comes from a population with 
distribution function F(x\, * * * , Xk). A test for goodness of fit based on the 
chi-square statistic above is consistent as n, N —> <*>. 

There are M transformations T of the type described above corresponding to 
the M ways in which one can number the coordinates x\, • * • , a:*. One might 
think this unsatisfactory because of a suspicion that the experimenter might 
carry out one of the procedures described above with each of the k ! transforma
tions and then choose that particular transformation which yields the result he 
wishes to obtain. But this situation can arise in any case where there is a multi
tude of tests in the same context. 

The transformation T can be written down explicitly in several cases. We shall 
write down the transformation when F(xt, • • • , Xk) is a normal distribution with 
mean M = (mi, • • • , mk) and covariance matrix A = { X*-,- } , i,j = 1, * • * , k. 
Let A(r) = { \ij } , iy j = 1, * • * , r ^ k, and A|j ) be the cofactor of { X# } in 
A(r). The transformation T is then given by 

1 V VA<»/A$|> / 

ra;ft — wit + 23 (Akj/Akk)(xj - vy) 
Fk(xk | % _ i , • • • , Xi) = $ ' J = 1 

VA/A **• 
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Let F(xi, x%) be a normal distribution with means mi, m2, variances <r?, <T| and 
correlation coefficient p. The transformation can then be written as 

x% — m% + — (xx — mi) 
F%(x*1 Xi) « * 

cr2Vl - P2 
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ABSTRACTS OF PAPERS 
(Abstracts of papers presented at the Eugene meeting of the Institute, June 19-21, 1952) 

1. The Auditory Cortex—A Probability Model. ARCHIE R. TUNTURI, University 
of Oregon Medical School. 

The role played by the brain in communication is well known, but in what manner the 
brain handles information is not understood. Some progress has been made in this direction 
by studying the anatomy and physiology of the auditory cortex in the anesthetized dog 
with controlled acoustic signals. Communication may be thought of as making a represen
tation in a space of a representation in another space. In three of the four auditory areas 
(on one side of the brain), the entire frequency spectrum from 100 to 12800 cps is repre
sented literally spacewise by groups of cells that respond only to a narrow range of fre
quencies. A special method increases the signal to noise ratio, by augmenting the electrical 
response of the cells, thereby permitting exact measurements of the characteristic fre
quency and intensity for each group of cells. This is similar to a narrow band filter, and 
does not reveal the effect of other frequencies on the information. The information capacity 
of the system can be inferred if it can be assumed that occurrence of the augmented re
sponse for the group of cells follows some probability function. These probabilities for all 
groups of cells can be assembled into a model representing the behavior of the system as a 
communication device. If there are 70 groups of cells between 100 and 12800 cps, the proba
bility of any particular combination would be 1/270, if the selections were equally probable, 
The effect of noise on this system will be considered. (Research sponsored in part by the 
Office of Naval Research.) 

2. Testing Message Diffusion: The Utilization of Mathematical Models. 
STUART C. DODD, RICHARD J. HILL, AND SUSAN HUFFAKER, University of 
Washington. 

In connection with the study of interpersonal verbal communication, the Washington 
Public Opinion Laboratory designed an experimental procedure which yielded data on the 
temporal diffusion of thirty-three different messages in a population of 184 individuals. 
Data (including the recipient of each message, the initiator of communication, and the 
time of communication) were obtained on 5,522 separate instances of communication. The 
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