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Abstract The aim of this paper is to generalize our results ([1] ,[2]) related to the 
Hasudorff measure of a plane set. 
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1. Introduction 

We denote by Rn the Euclidean n-dimensional space and by d(E) -
the diameter of a set E c Rn. 

Definition 1.1 If ro > ° is a fixed number, a continuous function h(r), 
defined on [0, ro), nondecreasing and such that limr-to h(r) = ° is called 
a measure function. If 8 E R+, E C R n is a bounded set, the Hausdorff 
h-measure of E is defined by: 

inf being considered over all coverings of E with a countable number of 
spheres of radii Pi :::; 8. 

Definition 1.2 f: D( eRn) -> R is a 8 - class Lipschitz function if 

If(x + a) - f(x)1 :::; M lal6 , XED, a ERn, x + a E D, M > O. (1) 

Definition 1.3 Let i.pl, i.p2 > 0 be functions defined in a neighborhood 
of 0 E Rn. We say that i.pl and i.p2 are equivalent and we denote by: 
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CPI rv CP2, for x ---+ 0, if there exist r > 0, Q > 0, satisfying: 

An analogous definition can be given for x ---+ 00. In this case, CPI rv CP2 
means that the previous inequalities have place in all the space. 

Definition 1.4 The graph of the function f : [O,IJ -----> R is the set: 

r = {(x, f(x))lx E [0, I]}. 

2. Known results 

Theorem 2.1 If h is a measure function such that 

(3) 

and f : [0, 1 J ---+ R is a 8 - class Lipschitz function, with 8 E [0, 1 J, then: 
Hh(r) < +00. In the same hypothesis about hand f, the result remains 
true if p 2: 1 and 8 > 1. 

Consider 

and: 

g(x) = 

(Xl 

2x, 

-2(x - 1), 

2(x - 2), 

1 
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3 
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f(x) = LAi6g(/\X), (\I)x E [0,1], 
i=1 

where {Ai}iEN* is a sequence of positive numbers. 

Theorem 2.2 

(4) 

a. If f is the function defined in (4), 8 E [0,1], S > 1, {Ai}iEN* is a 
sequence of positive numbers, such that Ai+l > SAi, (\I) i E N* 
and h is a measure function, such that: h(trtp , p 2: 2, then: 
Hh(r) < +00. 

b. In the same hypothesis about h, f and {Ai}iEN*' the result remains 
true if 8 > 1 and S > 1. 
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3. New results 

Theorem 3.1 If h is a measure function such that 

h(trettP,p;:::: 2, 
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(5) 

and f : [0,1] -+ R is a 8 - class Lipschitz function, with 8 E [0, 1], then: 
Hh(r) < +00. The result remains true if p ;:::: 1 and 8 > 1. 

Proof. The first part of the proof follows that of [4]. 
First, we suppose that the coefficient in the Lipschitz inequality (1) 

can be taken 1, so that to any x corresponds an interval (x - k,x + k) 
such that, for any x + a of this interval: 

If(x + a) - f(x)1 :::; lal8 . 

Because [0, 1] is a compact set, there exists a finite set of overlapping 
intervals covering (0, 1): 

If Ci are arbitrary points, satisfying: 

CI E (0, Xl), Ci E (Xi-I, Xi), i = 1,2, ... , n - 1, en E (Xn-l, 1) 

Ci E (Xi-l - ki-l, Xi-l + ki-l) r--. (Xi - ki' Xi + k i ), i = 1, ... , n - 1. 

we have: 0< CI < Xl < C2 < X2 < ... < Xn-l < en < 1· 
The oscillation of f (x) in the interval (Ci-l, Ci) is less than 2 (Ci - Ci-l) 8 

and thus the part of the curve corresponding to the interval (Ci-l, Ci) can 
be enclosed in a rectangle of height 2 (Ci - Ci_I)8 and of base Ci - Ci-l, 

and consequently in [2 (Ci - Ci_I)8-1] + 1 squares of side Ci - Ci-l or in 

the number of circles of radius circumscribed about each of these 
squares. 

We denoted by [x] the integer part of x. 
Given an arbitrary r E (0, can always assume: Ci - Ci-l < r, 

i = 2,3, ... , n. 
Denote by Cr the set of all the above circles and consider 

(6) 

(7) 
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We have to estimateL:c)2r)P. The sum of the terms corresponding 
to the interval (Ci-l, Ci) is: 

s = (Ci - Ci-l)P {[2 (Ci - Ci_1r,-1] + I}. 

S ::; (Ci - Ci-lY {2 (Ci - Ci_lr,-l + I} =} 

s ::; (Ci - Ci_ly+8-1 + (Ci - Ci-l)P 

Ci - Ci-l < 1,p 2: 2,0 E [0,1] =} 

{ (Ci - Ci-l)P < Ci - Ci-l 
P + 0 - 1 2: 1 =} (Ci - Ci_l)P+8-1 < Ci - Ci-l 

From (8) and (9) it results: 

S ::; (Ci - Ci-l) + (Ci - Ci-d = 3 . (Ci - Ci-l) =} 

n n 

(8) 

(9) 

2)2r)p ::; 2:3 . (Ci - Ci-l) = 3· (Ci - Ci-l) ::; 3· '¢:} 

i=2 i=2 

(10) 

Using the definition 2 and the relations (7) and (10), (6) gives: 

where Q > ° and r E , small enough. 
Then Hh(r) < +00. 
If M =f. 1, then L:crh(2r) ::; 3 . . QM =} Hh(r) < +00. 
If p 2: 1 and 0 > 1, then: 

(11) 

and the proof is the same as above if we replace the relation (9) with 
(11). • 
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Theorem 3.2 If h is a measure function such that 

h(tr P(t)eTCt), 

where P and T are polynomials with positive coefficients: 

P(t) = alt + a2t2 + ... + aptP , p 2: 1 

T(t) = bo + bIt + ... + amtm, 
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(12) 

f : [O,lJ -+ R is a 5 - class Lipschitz function, with 5 2: 1, then: 
Hh(r) < +00. The result is also true if p 2: 2, al = ° and 5 E [0, 1J. 

Proof. The first part follows that of the previous theorem. We have to 
estimate the sum I:crh(2r), for r E (O,!) . 

'"'h(2r) = '"' h(2r) . P(2r)eTC2r) < QeLk=O%t,",P(2r) (13) 
, 

Cr Cr Cr 

because we have used the fact that r E (O,!) and (12). 
Now, we estimateI:crP(2r). The sum of the terms corresponding to 

the interval (Ci-l, Ci) is: 

where [xJ is the integer part of x. 

P 

s:; {2 (Ci - Ci_l),s-l + I} 2:ak (Ci - Ci_l)k 2k/2 ¢:? 

k=l 

P 

S :; :r:=axak {2 (Ci - Ci_l/-l + I} 2: (Ci - Ci_l)k ¢:? 

k-l,p k=l 
p 

S :; :r:=axak2: {2 (Ci - Ci_l)k+t5-1 + (Ci - Ci_l)k}. 
k-l,p k=l 

(14) 

If p,5 2: 1, then k + 5.-12: 1 and (Ci - Ci_I)k+t5-1 :; Ci - Ci-l;thus: 

p 

S:; 3· maxak2: (Ci - Ci-l) 
k=l,p k=l 

and it results, from (13): 

'"' ",m bk E < .QeL..k=O 2k . 3 . 2 2 , 

Cr 
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where Q > 0 and r E (O,!) , small enough. 
Then Hh(r) < +00. 

1,8 E [0,1), then 

1::;k-1::;k+8-1<k 

and 
( ) k ( )k+8-1 Ci - Ci-l < Ci - Ci-l ::; Ci - Ci-l· 

Thus 
p 

S::; 3· maxakL (Ci - Ci-l) 
k=2,p k=2 

and, analogous, it results that Hh(r) < +00. • 
Theorem 3.3 

a. If f is the function defined in (4),8 E [O,l],c: > I, {,\iLEN* is 
a sequence of positive numbers, such that Ai+l > C:Ai, (\I) iEN* 
and h is a measure function, satisfying the relation (5), then: 
Hh(r) < +00. 

b. In the same hypothesis about f and {Ai} iEN*' if 8 > 1 and c: > 1, 
then Hh(r) < +00. 

Proof. The proof is analogous with that of the Theorem 2.2. 
(See [3].) • 
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