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Abstract We study an optimal control problem associated with a nonstationary,
three dimensional flow of a micropolar fluid. We consider a suitable
formulation of the control problem which allows us to prove the existence
of a solution of this problem and to obtain the necessary conditions of
optimality.
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1. Introduction

The flow of micropolar fluids is a problem of physical interest since
animal blood, liquid crystals, certain polymeric fluids, etc may be repre-
sented by the mathematical model of these fluids. This model was intro-
duced by Eringen in [1]. From the physical point of view, a micropolar
fluid is characterized by the following property: fluid points contained
in a small volume element, in addition to its usual rigid motion, can
rotate about the centroid of the volume element in an average sense, the
rotation being described by a skew-symmetric gyration tensor, w.

In this paper we are concerned with the nonstationary, three dimen-
sional incompressible motion of a micropolar fluid. As in the 3-D case
of Navier-Stokes equations (see [2]), we define weak solutions and strong
solutions of the system describing the micropolar flow, and it is known
that in the class of weak solutions we cannot prove the uniqueness, while
for strong solutions we obtain the uniqueness, but there is no an exis-
tence result.

The aim of this paper is to study an optimal control problem associ-
ated with the evolution system describing the flow of a micropolar fluid.
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This type of problems, for two dimensional flows, has been studied by
Stavre in [3], [4], [5]. For the 3-D case, the study is more complicated,
since we cannot prove the existence of a strong solution. To overcome
this difficulty, we consider a suitable formulation of the control problem
(as in [6], [7]), which allows us to prove the existence of a solution of the
control problem and to obtain the necessary conditions of optimality.

The paper is organized as follows: in Section 2 we introduce the sys-
tem of coupled equations which describes the nonstationary, three di-
mensional flow of an incompressible micropolar fluid and its variational
formulation. We discuss about weak and strong solutions of this system
and about their existence and uniqueness. By proving a general result,
we obtain the desired regularity for the unknowns of the problem. In the
next section we formulate the control problem such that to every optimal
control we can associate a strong solution. The existence of a solution
of the considered control problem is investigated. The last section deals
with the first order optimality conditions.

2. Analysis of the motion system

The nonstationary, incompressible, three dimensional motion of a mi-
cropolar fluid with non-homogeneous initial data is described by the
following coupled system:

T+ @ V)T—(u+x) AT+ Vp—xcurl @ = f in Qp,

§i' 45 (T -V)B—yAd—(a+B)V div &)+2xd—xcurl ¥=7 in Qr,
div¥=0 in Qr, (2.1)
7=0 &=0 ondQx(0,7),

#(,0) = 5o(z), 3(,0) = Go(x) in O,

where 2 C IR? is an open, bounded, connected set, with 0% of class C2,
T a positive given constant and Qp = Q x (0,T), x, i, 7, @, B, v are
positive given constants associated with the properties of the material,
f, g are the given external fields, ¥y, Jp are the initial data and ¥, &, p
are the unknown of the system: the velocity, the microrotation and the
pressure of the micropolar fluid, respectively.

We shall need the following spaces (for their properties see, e.g. [2])

V = {@ e (H}(Q))?/div @ = 0},
H = {i & (LX()* ] div @ = 0,5 71/a0 = 0},

o 82
H2Y(Qr)={ueL*Qr)/d, “, = ;f eL*(Qr); i, j=1,2},
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The following notation will be used throughout the paper:

(,-) the scalar product , | - | the norm in L?(2) or (L?*(2))3,
((,-))o the scalar product , ||-]jo the norm in Hg () or (H}(£2))3,
(-, ) x.x the duality pairing between a space X and its dual X',
b(@,v) = (&- V)8, Vi,oe (Hi Q).

For feL*(0,T; H), §€ L*(0, T; (LX(Q))?), T €V, Go € (H(Q))?, the
variational formulation of the problem (2.1) is given by

((T(t), B)v,v + (b(F(1), (1)), D)vr,v + (1 + X)((T(2), £))o
—x(curl &(t), 2) = (f(¢),2) VZ €V,
&' (@), M -1y, (a3 )s I (O(T(E), G(8), M1 s, cays (2:2)
+y((@(2), 7)o+(a+0)(div &(t), div 7) + 2x(&(t), 7)
—x(curl #(t), ) = (§(t),7) Vi € (Hy(2))°,
L 9(0) = 7y, J(0) = Ip.

The next theorem gives the existence (without the uniqueness) of a weak
solution and the uniqueness (without the existence) of a strong solution
of the variational formulation (2.2).

Theorem 2.1. a) There exists at least a pair (U, &) with the regularity
7€ L*0, T; V)ﬂL°°(0 T;H), ¥ eL4/3(0 T; V’), e L0, T; (H (Q2))®)N
L®(0,T; (L*(Q))%), &' € L4/3(0 T;(H™ (Q)) ), satisfying (2 2) a. e in
(0,T). Such a solution is called a weak one.

b) There exists at most a pair (¥, &) which is a weak solution of

(2.2) and satisfies © € L¥(0,T;(L4(Q))3). This solution is called a strong
solution of (2.2).
Proof. The main steps in obtaining the results of point a) are similar
to those for Navier-Stokes equations (see [2]). For proving the second
assertion, we need further regularity of the the function &, (i. e. & €
L3(0,T; (L*(9))3)). This regularity will be obtained in Corollary 2.3,
proved below and will allow us to obtain the uniqueness of the strong
solution.

In the sequel, we shall prove a general result, which will give the

regularity of the solutions throughout the paper.
Theorem 2.2. Let fe L*(0,T; H), g L*(0,T; (L3(Q))®), T €V, & €
(HY(Q))?, @e L0, T; (LAQ)?), e L(0, T3 V)N LY/2(0, T; (H2())?),
and p € (H2’1(QT))3 NC([0,T]; (H3(Q))%). Then there exists an unique
pair (¥, &) € (H>1(Qr))*nC([0, T} V) x (H>' (2))*nC([0, T]; (H3 (2))%)
satisfying, together with a function p € L?(0,T; H'()), unique up to the
addition of a function of t, the following system:
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( T'4+b(T, §)+b(@, T)—(utx) A T+Vp — xeurl @ = f in Qr,

G +5b(T, §)+5b(T, B)—yAG—(a+6) V (div &)+
+2x@— ycurl 7=g in O,
i Q. (2.3)
0 on 8Q x (0,T),
( ) (SU, 0) - (.30(16) in Qv

v U=
=0,
z,0)
Proof. For proving the existence and the regularity, we approximate
the functions ¥, J with

U = Zgim(t)ﬁia O = Z him(t)ﬁaia (2'4)
i=1 i=1

where {@;}; is a base of V and {@;}; a base of (H3())3. We consider

the variational formulation of (2.3) corresponding to (U, &m):

U (2), @5) + (0(0n (1), §(2)), ) + (b(a(2), T (2)), ;)

+ (1 420 (Tm(1), @) — x(curl dm(t), @) = (f(2), @),

(@ (8), @5) + 5(6(Un(2), £(1)), B5) + 5 (b (i(t), 5m(2), 7 ()

+7((@m(t), B5))ot+(atB) (div G (t), div &)

+2x(Bm(t), Gj)—x(curldn(t), 7;)=(g(t), F;) Vi=1,...,m

Um(0) = Uo,,, &m(0) = &,

with @, — @ in V and &y, — &g in (Hg(Q))3. If we introduce (2.4)
into (2.5) we obtain a linear system of ordinary differential equations
with the unique solution gm, him, ¢ = 1,...,m. For obtaining the exis-
tence of (¥, &) we establish some a priori estimates. The estimates in
L(0,T; H)xL*(0, T; (L*(2))*) and in L*(0, T; V) x L*(0, T; (Hg (2))°)
are obtained in the classical way (see e.g. [2]). We establish next the esti-
mates in L (0, T; V)x L% (0, T; (HL(0))?) and in (L2(0, T; (H2(Q))%))2.
For this purpose, we define the linear operator L:(H(2))3— (H~1(Q))3,

L = -y A& — (a+ B)V(divd), V& € (Hg(Q))3. (2.6)

The linear operators —A and L being compact and self adjoint, they
have an orthonormal sequence of eigenfunctions, which can be taken as
abasein V and in (H3(Q))3, respectively. We take in (2.4); the sequence
of eigenfunctions of —A and in (2.4)2 the sequence of eigenfunctions of
L. Hence #; and ; satisfy:

{ — AU+ Vp;, = Ny, #; €V

L3 = viBi, @ € (HE())3 Vi > 1. (2.7)
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Since Q is of class C?, we can apply the regularity results for elliptic equa-
tions and it follows that @; € V N (H2(Q))3, §; € (H(Q))3 N (H?*(N))?

and
1Tm (D)l zr2(0y)s < (D] = DTm(E)], (2.8)
|Gm () | (22 ()3 < ()| L (B)]-

We multiply now (2.5); with \;gjm(t) and we add the equalities. It
follows:

S LTI + (54 20| = DI = ()~ 1 5n(0)

+x(curl &m (8) = Atm(t) = (0(Tn (1), 7(1)), = & Tn(?))
—(b(a(t), Um (1)), — A T (2))-

For the right-hand side of (2.9) we use the following inequalities (taking
into account the regularity of the functions ¢, 4, (2.8); and the properties
of b):

= (b(Tm(2), §(8)), = ATm (8)) <[ (8) (Lo ()2 IV Tl za@yyo | = L0m (8)]

(2.9)

< C(Q)Hgm(t)”(L“(Q))?’”g(t)” ”y(t)”%[élz(g))a'l — Aﬁm(t)l
< B2 = AT OF + T2 o 20 1 I 1T

—~(b((2), B (1)), = AT (D) T | 2222 [ V8im (D] 2419 = A (1)
+X S " - "
< E 2 = AT + llTW)]Fza oy 15 (O 15 (DI 2 s
+ X fd — —
< B2 = 800 (0)? + ell(0) [ o 18 (DI
With these inequalities, (2.9) becomes

SHm@I -+ (5 0] ~ Do < cFOP + 19m@ID) .10,
AW 5013,

where A(t) = c(]lyllLoo(OTv)l]y( )“(HZ (Q))3 + ”ﬁ(t)”?LqQ))s)- Using the
regularity of the given functions i, ¥ it follows the integrabily of A on
(0,T). We can then integrate (2.10) with respect to ¢ and the bounded-
ness of {&m }m in L?(0, T; (H(Q))?) and of {%,, }m in V lead us to the
estimates of ¥y, in L®(0,T;V) and in L2(0,T; (H?(Q))3). With similar
computations we get the corresponding estimates for &p,.

The last step of the proof is to obtain the estimates of (¥),, &) in
L2(0,T; (L2(£2))%)2. The inclusion (H>1(Q2r))3c L2(0,T; (L%*(2))%) be-
ing compact, the existence of (7, &) follows passing to the limit, on a
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subsequence, in (2.5). The uniqueness of the pair (¥, &) is proved as
usual.

Corollary 2.3. Let (9,
(H> Q7)) nC([0,T]; V),

over, we have:

&) be a strong solution of (2.2). Then ¥ €
Be(H>(Qr))* N C([0,T]; (Hp (2))). More-

||U||(H2 Q)3 <6 (2.11)
Gllza@rs < ¢ '

where the constant c depends on ), the constants of the problem, the

given fields, f, g, T, o and on ”U“LS (O.T(TA(@)2)

Proof. We take in (2 3) j= 0, @ =9, §= 0 and we apply Theorem

2.2. The regularity & € L3(0,T; (L4(Q)) ) follows from the inclusions

C(l0, TH(HYO)?) € LI(0, T(HY(Q))?) € L0, TH(LH(R))?), Va.

3. Study of the control problem

In the theory of micropolar fluids a special case appears when the
microrotation is constrained by:

& = curl 7. (3.1)

Indeed, if we introduce (3.1) in (2.1);, the micropolar fluid becomes a
Navier-Stokes one. The aim of this paper is to control the properties
of the fluid by acting on the exterior field g. The difficulty is that the
correspondence § — (¥, &) is multivalued in the three dimensional case.

For this reason, we formulate the control problem such that to every
optimal control we can associate a strong solution. Since we cannot
prove the existence of a strong solution, we have to choose a suitable
functional.

We define

J 2 L2(0, T (L*(2))°) x L*(0,T; V) x L*(0, T; (H())%) — IR

1(5,5,3) = % /0 " (18() — curl F(8)])5dt, (3.2)

with (U, ) a solution of (2.2) corresponding to §.
Since we cannot expect that we will be able to prove the coercivity of
J, we take the exterior field § € B,, with

B, ={@ € L*(0,T; (L*())°) / 18l 20,522 (0)%) < 7}
We formulate the control problem in the following way:

(CP) { Minimize J(g,¥,d) when § € B, and the pair

(v, &) verifies (2.2).



Control of micropolar flows 405

We establish next the following important result:
Proposition 3.1. Let (§,v,d)€B,x L2(0,T;V)x L%(0,T;(H}())3) with
the properties:
a‘) J(§7 67(3) < 00,
b) (7,&) is a solution of (2.2), corresponding to §g.
Then (¥, d) is the unique strong solution of (2.2).
Proof. Since 7 is divergence free it follows that

1Fllo = |curl 9. (3.3)
Using (3.3) we get the following inequality

1 T
J(§,9,&) > 6/ HF@®I5 = 21T llol@@)] + 6(2)[%)*dt.
0

The hypothesis a) of the proposition together with the above inequality
implies that ¥ € L%(0,7;V). On the other hand, from the known in-
equality |lulpaq) < \/§|u[1/4||u||g/4\7’u € H}(Q) and from the regularity

v € L*(0,T; H) given by Theorem 2.1, it follows

15 o oryzayn < VTl ooz 1Tlioo vy (34)

Remark 3.2. The hypothesis a) from the previous proposition means
that for fixed f, Uy, Wp, we can find a function g € B, so that the system
(2.2) has a strong solution.

Theorem 3.3. If J # oo, then (CP) has at least a solution.

Proof. We denote

m = inf{J(§,7,d) / § € By, (¥,d) solution for (2.2)}.

Let {(gn,Un,@n)}n be a minimizing sequence. From Proposition 3.1.
we obtain that (,,dp) is the unique strong solution of (2.2) corre-
sponding to gn. It follows, from Corollary 2.3, that {,}, and {&,}n
are bounded in (H?!(Qr))? by a constant depending on the fixed data
and on ||Tp | 18 (0,7;(24(2))3), Which is bounded, from (3.4), by a constant
not depending on n. Since the embedding H%!(Qr) C L%(Qr) is com-
pact, we can pass to the limit in (2.2) corresponding to g, and we obtain
that (¥, &) is the unique strong solution of (2.2) corresponding to g, a
weak limit point of {Gn}n in (L2(0,T;(L%(Q))%). It follows that J is
weakly lower semicontinuous, and, hence, the proof is achieved.

4. The optimality system

For obtaining the conditions of optimality, we define

A={ge L*0,T;(L*(N))) / (2.2) corresponding to g

has a strong solution} (4.1)
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and [ : A— IR,

I(g) = J(g, F(g)) Vi€ A4, (4.2)
where F(g) = (U, &y), (Uy, Jq) is the unique strong solution of (2.2)
corresponding to §.
Theorem 4.1. Let §* be an element of A. Then there exists a neigh-
bourhood U of §* with U C A.
Proof. We shall use the implicit function theorem. For this purpose we
introduce the notation:

M = L*(0, T; (L*())?),
{Y=(H2’1(9T))3ﬂ0([ , T; V)% (H“(QT))?’HC([O T]

s (HE(9))%),
Z = L2(0,T; H) x L*(0,T; (L2(Q))%) x V x (HH())?

and we define the operator $:MxY — Z with

®1(7, (7,3)) = 7"+ b(7,7) — (u+ x) AT — xeurl @ — f,
®o(g, (0,0)) = j& +Jb(v W) ~YAG—(a+f)V(div &)
+2x&—xcurl v—g (4.3)
(g (17, "‘—j)) - ’U( ) - 170a
P4(g, (v,0)) = &(0) — do.

Tt is obvious that &(F*, (*,@*)) = 0. The boundedness and the uni-
92(g, (v,))
o(v,&
easy to obtain, it remains to prove the inversability of the operator

form continuity of the operators ® and Y — Z being

0%(g", (7*,3%) ons o
IR . The computations give
aq)l(f’ ('D*?u_}*)) - - _ Nt - .
(G 5:8) = B8, (8,)), i =1,..4,

where

E1((v*, &%), (0,d)) = 0" + b(0, 0*) + b(v*,0) — (u+ x) & ¥ — xcurl &,

BEy((v*, ), (0,@)) = jo' +Jb(v W)+ g0, ) =7 A D

—(a+ B)V(div &) + 2xd — xcurl 7, (4.4)

E3((v*, &%), (0,&)) = "7(0)7

o%(g*, (7*,5%))
o(v, )
with the existence and the uniqueness of the solution of the system
(2.3) with § = @ = ¥, g = J*. Since the functions ¥*, &* have the
regularity required by Theorem 2.2, we can apply this theorem and the

It is now obvious that the inversability of is equivalent
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inversability is obtained. Therefore we can use the implicit function
theorem and we find a nelghbourhood U of g* and a function F:U~Y
so that (g, F(7)) = 0, Vg € U. If we denote F(j) = (T, dg), it follows
that (v, Jy) is the strong solution of (2.2) corresponding to g and the
proof is achieved.

The problem (CP) can be written in the form:

{ Find §* € AN B, such that (4.5)

I(7*) = min{I(3) / § € AN B,}.

Since we have proved that A is an open set, it follows that for every
J1,5 € AN B, there exists g € (0,1) so that g1 +6(G§— q1) € AN By,
Vé§ < §yg. We are now in a position to prove the differentiability of the
functional I.

Proposition 4.2. The functional I is G-differentiable on AN B, and

Vg} gl

('(
T
2
0
0

where Eo(t) = |curlth (t) — &1(t)|%, (01, &1) is the unique strong solution
of (2.2) corresponding to §i and (7%, &*) € (H>1(Q7))> N C([0,T]; V) x
(H?Y(Q1))] N C([0,T); (HE(Q))?) is the unique solution for the system:

(@(2), 2) + (b((8), 91(1)), 2) + (b (US) 0*(t) = 01(2)), 2)

91), §— G1)12(0,T5(12(@))%) =
" (4.6)

- q
Yeurl(T* (£)—1 (£)) — (& (£) ~@1 (£) ) curldy () —d1 (8))dt,

+(p 4 X)((07(8), 2))o — x(curl &*(2), Z) = (f(2), 2) VZ €V,
J (@ (), M)+7 (b(7 (2), G1.(8)), 7)+5 (b (17 (), &"(8) — @1(#)), 7)
+y((&* (2), 7))o+ (a+B)(div &* (), div 7) + 2x (<" (2), 7) (4.7)

—x(curl o*(t),7) = (§(t),7) Vi € (H5(2))?,
7(0) = 7o, @*(0) = o.

Proof. The existence, the uniqueness and the regularity of (7%, &*)
follow from Theorem 2.2. The formula (4.6) is obtained with standard
computations, so we shall skip the proof.

Corollary 4.3. If §1 is a solution for the control problem (4.5), then

/O E2(8) (curl(5(£)—1 (£))— (& (£)—1 () heurld (£)—G1 () dt > 0. (4.8)

The last result of the paper states the optimality conditions satisfied by
an optimal control.

Theorem 4.4. Let g1 be an optimal control. Then, there exist the
unique pairs: (Ui, @1), the strong solution of (2.2) corresponding to g,
(@, 71) € (H>H(Qr))> N C([0, T V) x (H>H(Qr))* N C([0, T; (Hg (2))°),
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the unique solution of the adjoint system (4.9), writtem below which
satisfy the following optimality system:

the system (2.2) written for g,

[ —(u](t), 2) + (b(Z, 71(2)), 41 (2)) — (b(V1(2), 11 (2)), 2)
+J(b(z @1(t)), /(1)) + (1 + x)((@1(t), 2))o
—x(curlp (t), 2) = E2(t)(curly (t) — &1 (t), curl?) VZ €V,
—3(F1(t),7) — 3(b(T1(2), 1(2)), T) + v((p1(t), 7))o (4.9)
+(a + B)(div pi(t), div 7) + 2x(p1(¢), 7) — x(curl @ (2),7)
—E3(t)(curl 171(t) @1(t),7) Vij € (Hg(92))?,

—

@(T) = 0, 51 (T) =

/ 51 (7 —G1)dadt >0 Yje AN B,. (4.10)
Qr

Proof. The variational formulation of the adjoint system (4.9) being
of the same type with the variational formulation of (2.3) we can ap-
ply Theorem 2.2. and we obtain the existence, the uniqueness and the
regularity of (@1, p1). The inequality (4.10) is derived from (4.8), taking
(7, ) = (7°(¢) = 01(2), &*(F) — G1(#)) in (4.9) and (2, 7) = (@1(2), Ai(2))
in (4.7)-(2.2) corresponding to g1. Standard computations complete the
proof.

References

[1] Eringen A. C.: Theory of micropolar fluids, J. Math. Mech. 16 (1966), 1-18.
[2] Temam R.: Navier-Stokes equations, North-Holland, Amsterdam, 1977.

[3] Stavre R.: A distributed control problem for micropolar fluids, Rev. Roum. Math.
Pure Appl. 45 (2000), 353-358.

[4] Stavre R.: Optimization and numerical approximation for micropolar fluids,
Preprint IMAR 6 (2000), submitted.

[5] Stavre R.: The control of the pressure for a micropolar fluid, Z. angew. Math.
Phys. 53 (2002), 1-11.

[6] Casas E.: An optimal control problem governed by the evolution Navier-Stokes
equations, Optimal control of viscous flow, SIAM, Philadelphia (1998), 79-95.

[7] Casas E.: The Navier-Stokes equations coupled with the heat equation: analysis
and control, Control and Cybernetics 23 (1994), 605-620.



	OPTIMAL CONTROL OF NONSTATIONARY, THREE DIMENSIONALMICROPOLAR FLOWS
	1. Introduction
	2. Analysis of the motion system
	3. Study of the control problem
	4. The optimality system
	References




