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Abstract

An analytical model for the performance analysis of a novel input access
scheme for an ATM switch is developed and presented in this paper. The
interconnection network of the ATM switch is internally nonblocking and is
provided with N input queues per each input port for a switch of size N x N.
That is, each input port maintains a separate queue for each output port
so as to reduce the head-of-line (HOL) blocking of conventional input queu-
ing switches. Each input is allowed to send just one cell per slot time, and
each output port is allowed to accept just one cell per slot time. Under sat-
urated conditions the switch was analyzed and a closed-form solution for the
maximum throughput is derived. Using a tagged input queue approach, an an-
alytical model for evaluating the switch performance under an :.i.d. Bernoulli
traffic for different offered traffic loads is developed. The switch throughput,
mean cell delay, and cell loss probability are computed from the analytical
model. The accuracy of the analytical model is verified using simulation.
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1 INTRODUCTION

Input queueing is preferred in implementing switching architectures for ATM
(Awdeh et al. 1995) because of its simplicity. However, they suffer from the
head-of-line (HOL) blocking problem which limits the throughput of each in-
put port to a maximum of 58.6% under uniform traffic, and much lower for
bursty traffic (Pattavina et al. 1993). Several approaches have been proposed
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to overcome this problem: adopting a switch expansion, a windowing tech-
nique, or a channel grouping technique (Awdeh et al. 1995). Of particular in-
terest to us in this paper is a recent technique termed parallel iterative match-
ing (PIM) algorithm and its variants (Anderson et al. 1993, McKeown 1994)
which uses parallelism, randomness, and iteration to find a mazimal matching
between the inputs that have queued cells for transmission and the outputs
that have queued cells (at the inputs) destined for them. Each input queue of
the switch contains a random access buffer consisting of N FIFO queues, each
of which stores the cells destined for one of the NV output ports. The first cell
in each queue can be selected for transmission across the switch in each time
slot, with the following constraints: (i)Only one cell from any of the N queues
in an input port can be transmitted in each time slot. (ii)At most one cell can
be transmitted from the N input ports to an output port of the switch in any
given time slot.

To facilitate mathematical analysis, we modify the original PIM algorithm
into a logically equivalent algorithm. The modified PIM algorithm iterates
the following two steps until a maximal matching is found or until a fixed
number of iterations are performed: 1. Each unmatched input chooses an
output uniformly over all unmatched outputs for which it has queued cells
and sends a request to it. 2. If an unmatched output receives any requests, it
chooses one uniformly over all the requests and notifies each requesting input.

The remainder of this paper is organized as follows. Section 2 presents
recursive equations for the maximum throughput of the switch. Section 3 de-
velops an analytical model based on the tagged queuing approach. Equations
for computing interesting performance measures including throughput, mean
cell delay, and mean cell loss probability are derived in this section. Numer-
ical results obtained from the analytical model are presented for switches of
different sizes in Section 4, and compared with the results from simulation.
Finally conclusions are presented in Section 5.

2 MAX THROUGHPUT OF MULTIPLE ITERATIONS PIM

Under saturated conditions, all the queues at each input will have at least one
cell so that each output will have requests from every unmatched input. An
output selects one uniformly among the input requests. The throughput of the
ATM switch with 1 iteration PIM scheduling, p(1), is equal to the probability
that an output O; gets matched after the first iteration. The probability of
an input request being accepted by an output, p = 1/N. Then,

— 1 N : —1_ =1 _
p(1)=1-(1- )", lim p(1) =1-¢7 = 0632. 1)

Let Pr{m(1)} and Pr{n(1)} respectively be the probabilities that m(1)
inputs (outputs) get matched or remain unmatched and output O; remains
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unmatched after the first iteration. Then, Pr{n(1)} = Pr{m(1) = N —n(1)}

and Pr{m(1)} = (ﬁ(—1§)m(1)!s§v"‘(‘)’/N”, where S{™ is the stirling num-

ber of the second kind which gives the number of ways of partitioning a set

of n elements into m non-empty subsets (Abramowitz et al. 1972): (m) —

k[ m
LTy ()
The throughput of two iterations PIM scheduling is equal to the sum of

p(1) and the probability that output O; gets matched in the second iteration,
that is

p(2) = p(1)+ Pr{O; gets matched in the second iteration |
O, wasn't matched in the first iteration}
N-1
1
= p()+ Y (1-(1-—5)"V)Pr{n(1)}
n(1)=1 TL(].)
N—(i-1)
Pr{n(i)} = > Pr{m(i) =n(-1)-n@}Pr{n(i-1)} (2)

n(i—1)=n(i)+1

; m(i)stm )
where Pr{m(i)} = ("(’T;(li))"l) (n(i—)l)’)."‘:_ll . Using Eq (2), the throughput of ¢
iterations PIM scheduling p(3) is

N—(i-1) 1 -
pE)=pli-1)+ Y (1—(1—m)”(“l))Pr{n(i—I)}

n(i—1)=1

Figure 1 shows the results for maximum throughput as function of switch
size and number of iterations. As shown in this figure, the maximum through-
put of a ATM switch with 1 iteration PIM scheduling converges to 0.63 (which
corresponds to Eq (1)) when the switch size grows. Furthermore, the through-
put increases significantly after each iteration of PIM scheduling. Four iter-
ations are sufficient for achieving maximum throughput of about 99% for a
switch of any size.

3 QUEUEING MODEL AND ANALYSIS OF MULTIPLE
ITERATIONS PIM

In this section, we model the ATM switch with PIM scheduling using queue-
ing theory and analyze the underlying Markov chain. Our method uses the
concept of tagged queues in modeling the PIM switch leading to a smaller
state space. The concept of tagged input queue has been successfully used to
evaluate the FIFO input-queued switch model (Pattavina et al. 1993, Youn et
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Figure 1 Maximum throughput as function of switch size and number of
iterations.

al. 1994). These switches involve a single stage of contention resolution. On
the other hand, for the switch with PIM scheduling, the contention resolution
process consists of two stages. As observed from the algorithm descriptions
of PIM, a HOL cell in an input queue will contend for transmission not only
with the HOL cells of the same input, but also the HOL cells destined for
the same output. As a result, the corresponding model is more complicated
than for the FIFO input-queued switch. We make the following assumptions
in developing the PIM switch model: 1. The switch operates synchronously.
2. Every input queue has the same buffer size, namely b;. 3. Cells arrive at
every input queue according to an i.i.d. Bernoulli process with probability .
4. New cells arrive only at the beginning of the time slots, and cells depart
only at the end of the time slots.

1=t HOL input queus 15t HOL ostpat queue.

inputs sutputs

Figure 2 An example of the queueing model for the PIM switch.

Under the above assumptions, all the input queues will exhibit the same
behavior when the system attains steady state. A queue at input ¢ with output
j as the destination is denoted by Q(i,j). Figure 2 shows an example of
the queueing model for the PIM switch. In this example, the occupancy of
Q(1,1) is taken as the tagged input queue, the number of HOL cells at input
1 is represented by the Ist HOL input queue, and the number of HOL cells
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addressed for output 1 is denoted by the 1st HOL output queue. Both the
HOL input queue and the HOL output queue are virtual queues which don’t
exist in a real PIM switch but are useful for our mathematical analysis.

3.1 Markov model

Analyzing the queueing model of the PIM switch requires the construction of
the underlying Markov chain Z. The states of the Markov chain Z are sampled
at the end of the time slots and can be expressed as a triplet (I, w;,w,), where
l, w;, and w, refer to the lengths of the tagged input queue, virtual HOL input
queue, and virtual HOL output queue, respectively. The state-space of this
three-dimensional Markov chain is

{(0’070)7(l’wiawo)|l S l S bial S w; S Nvl S Wo S N}

and are ordered in a lexicographic order, that is, (0,0,0), (1,1,1), ...(b;, N, N).
The set of states {(l,1,1),(l,1,2),...({,2,1),...({, N, N)} will be labelled as
states in level ! of the Markov chain. This Markov chain is a Quasi Birth and
Death (@BD) process with block-partitioned form of transition probability
matrix T as

(AL A, 0 -
Al A Ay O -
0 Ao A Ay 0

0 0 -~ 0 A A A
0 0 - 0 0 S B |

where A} + Aje = 1 and A + Are + Aze = (Ao + A1 + Az)e = e with
e=[1,1,1,...,1)T. Let Pyto, W, (w],w1)|We—1 (w:,wo) denote the probability that
the HOL cell of the tagged queue is blocked, and Powe,w, (w!,0!) | Wer (w:,w0)
denote the probability that the HOL cell of the tagged queue is transmit-
ted given that the remaining HOL cells at the end of the last time slot is
(w;,w,) and the remaining HOL cells at the end of the current time slot is
(wi, wp)- Define the matrice B, By and Sy as B = [Pyio,w, (w! w!)|We—1 (wi,w0))>
Bo = [Phio,w, (w},we)We_1(0,0)] and S = [Poue,w,(w!,wl)|We-1 (wi,w,)], Where
0 < wi,w,w;,w, <N

Let Sp be the probability that the HOL cell of the tagged input queue gets
matched given that the tagged input queue is empty at the end of last time
slot. From the definitions of By, Sy, S, and B, we can show that:

So+Boe=1 (3)
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S.+B.=e (4)

where S, = Se, B, = Be. As illustrated in the appendix of this paper, Eq (3)
and Eq (4) help us solve the Markov chain using the Matrix-Geometric ap-
proach by simply focusing the computation on matrix B and vector By. By
using the above equations, the element matrices in the transition probability
matrix T' can be computed as:

Ay = (1= NS, AL =(1- )+ ASo AL = ABo
A0=(1—A)S A1=/\S+(1—/\)B Ay = AB

The remaining subsections will cover the computation of the success and
blocking probabilities, Py, w, (whw!) | W (wiwo ) and Pyow, (w!,w!) | W1 (w: ,w,)
respectively. Once these probabilities are computed, the transition probabil-
ity matrix T' can be constructed. Once the transition probability matrix is
known, it is a routine matter to derive the steady state equations by uti-
lizing the properties of Markov chains, and solving the equations to obtain
the steady-state probability vector. Detailed procedures are presented in the
appendix of this paper.

3.2 Computing the blocking and success probabilities

We now derive the equations for computing the blocking and success proba-
bilities. The transition of the state of the virtual HOL input/output queues
from the state (w;, w,) to state (w},w}) is a two step process illustrated in Fig-
ure 3: First, we account for the newly arriving HOL cells to the virtual HOL
input/output queues. Then, we consider the transition from the intermediate
state to the final state after applying the PIM algorithm.

(Wi, W) > (h;,hy) (Wi W, )
Arriving HOL PIM algorithm
cells (k;k,) to find maximal
matching

Figure 3 Transition of the virtual HOL queues.

(a) Arriving cells at the virtual HOL queues

Let Ky(ki, ko) denote the number of newly arriving HOL cells at the virtual
HOL input/output queues (k;/k, new arrivals to the virtual HOL input/output
queue), at the beginning of current time slot t. W;_; (w;, w,) denotes the num-
bers of remaining HOL cells at the virtual HOL input/output queue (w;/w, is
length of virtual HOL input/output queue), at the end of the previous time slot
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t—1. Let Ht(hi, ho) = Kt(k,',ko) + Wt_l(wi,wa). Define QK (ks ko) |W (wi wo) =
Prob(Ky(ki, ko)|Wi—1(w;,w,) ). Let po be the probability that a queue is empty
in a time slot, and p1 = 1 — po. A cell that arrives at Q(i,j) when Q(i, j) is
empty, will observe that another queue is non-empty with probability p;. If
the current state is (I, w;, w,), (N — w;) queues of input ¢ and (N — w,) jth
queues of inputs will be non-empty with probability p;. Hence,

0, ki <0ork,<0.
N-1\(N- kit+ko—2 2N—(ki+ko
(k,-—l) (k°—11) 1 P )
QK (ki ko)W (wiwo) = 1< ki <N, 1<k, <N, w; =w, =0.
(Vi) (Vo) pfithe (1 — py ) 2N~ (kitkotwitwo)
OSkiSN—wi)OSkDSN—wo’ lswi;woS]\L

(b) Transition to Wy(w},w))

Having determined the number of cell arrivals to the virtual HOL queues,
we now consider the transition from the intermediate state to the final state
after applying the PIM algorithm. Given the tagged input queue Q(z,j), the
inputs excluding input i are divided into two subsets £ and F' according to
whether the jth queue of the inputs is empty or not. The cardinality of these
sets are (N — w,) and (w, — 1) respectively. The state of set E and set F
will affect the transitions of virtual HOL input queue and virtual HOL output
queue. For the HOL cell of the tagged input queue, its contention process can
be split into two stages. In the first stage, the tagged input queue contends
with other non-empty queues at the same input. If it succeeds in the first
stage contention, it joins the second stage contention with all successful jth
queues from other inputs. Let Q(i, k)(k # j) be the successful queue at input
i if Q(¢,7) is blocked in the first contention stage. We define the following
probabilities associated with the second transition step in Figure 3:

® Py 00|H(h;,h,) = Prob{the HOL cell at the tagged input queue gets blocked,
and Wi(w},w!) = H(hi, ho) given Hi(hi, ho)}

® Pyo01|H(h:,h,) = Prob{the HOL cell at the tagged input queue gets blocked,
and Wi (w},w)) = Hy(hi, ho — 1) given Hy(hi, ho)}

® Pyo_10|H(h:,ho) = Prob{the HOL cell at the tagged input queue gets blocked,
and Wi(w},w)) = Hi(h; — 1, h,) given Hy(h;, ho)}

® Pyo11|H(h:,h,) = Prob{the HOL cell at the tagged input queue gets blocked,
and Wi(w},w]) = He(h; — 1,h, — 1) given Hy(h;i, ho)}

® Piuc|H(hi,h,) = Prob{the HOL cell at the tagged input queue gets transmit-
ted, and Wy(w},w)) = Hy(h; — 1,h, — 1) given Hy(h;, ho)}
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Given r; = w} — w; and r, = w), — w,, the blocking probability
Prto,w, (w!,wt)|We—1 (w:,w,) 18 computed as:

(0, forr;<-lorr,<-1

QK (ri,r0) W (w: ,w0) Folo_00| H(w! w)

FOK (r:,ro+1)|W (w2 wo) Polo_01| H(w! e +1)lo (To) /W

FAK (rs )| W (wi wo) Polo 01| H () wt) (1 — —(——2°J,°"11 )

+aK(r.-+1,r.,)|W(w;,wo)Pblo_10|H(w£+1,w{,)lo (’I‘,‘)/’U)i
FOK (r; o) | W (wi wo) Polo_10] H(w},wt) (1 — bolri—l) f‘:ll )

i) lo(To
FAK (ri+1,r04+1) W (wiwo) Polo 11| H(w]+1,w, +1)——(;)%—)'

lo("-)("n—l lO()"a_l))
i i L el o
FAK (ri,ro+1) W (wi o) Polo 11| H(w] wi +1) o 1( ",(_'1) i,),)l"(' )

K (r4,2) | W (105, 100) Polo11] () (ri=1— tog; —_11)))((::,—_11)10(“—1))

y , forri>1landr,>1andw; =0andw,=0 )

FOK (ri41,r0) W (wi ,wo) Polo 11| H(w! +1,01)

QK (r:,70)| W (w:,wo) Pblo_00| H (w! )

FK (ri,ro+1)| W (wi we) Polo_01| H(w! wi+1) (To + 1 + lo(w, — 1)) /wy,
FOK (r:,70)|W (wi wo) Phlo_01|H(w!wt) (Wo — 1 = lo(wo — 1)) /(w, — 1)
FOK (ri+1, r°)|W(w.,wo)Pblo_10|H(w +1,w! )("'1 + 1+ lo(w; — 1))/w

FAK (r:,70) | W (wi wo) Pblo_10| H (w!] ,w')(wz —1—lo(w; — 1))/(w] — 1)
(rick Ll (w 1)) (ro 1+l (o =1)
’llJ

FOK (ri41,r04+1) W (wi ywo) Pblo 11| H(w)+1,w! +1) o
(r.+1+lo(w,—1))(w.,—1 lo(wo—l))

+a'K(r.-+1,r.,)|W(w.-,wo Pblo..11|H(w +1,w)) wl-(wl,—1)
+aK(r.,r.,+1)|W(w.,w°)Pblo_11|H (w!,wi+1) fwizls lo(w.—?—)§r°+1+lo(w°—l))
R (reyr) W (ws,w0) Polo_11]H(w ) '°(w'__11))) (('f,,",__ll) bolwe=1))

\ forr; > —-1landr, > —1and w; >0 and w, >0
in which

_{o forw=0
h(w) —{ Yoot (WP =Pa)*™ forw>0 ©

u=

represents the number of input queues that contain only one buffered cell,
and P;; in Eq (6) is the probability that an input queue length is equal to one
(there is only one buffered cell in this input queue) during a time slot, and is
given by P = (1 - A)me/(1 — m).

For W;_1(wi,w,) = (0,0), the blocking probability Pyo,w, (w!,w)|W._1(0,0)
can be computed by Eq (5) provided that the function P;; in Eq (6) is replaced
by P}, = (Amo + (1 — A)me)/p1.
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We can compute the probability Psuc,W,(w; L) | We—1 (wi w,) 3S:

Psuc,W¢(wé,w{,)lW.-l(w;,wo) = aK(k;,ko)|W(w.~,wa)Psuc|H(k.'+w.-,k°+w°)

(c) Applying the PIM algorithm

We now compute the probabilities in Figure 3 by considering each iteration of
the PIM scheduling algorithm. The state of the switch at the beginning and
end of each iteration ¢ is characterized by the following parameters:

® n(¢): the number of unmatched inputs/outputs at the beginning of ¢th
iteration.

® h;(¢): the number of non-empty queues in input ¢ at the beginning of ¢th
iteration, whose outputs are still unmatched.

® h,(¢): the number of non-empty jth queues in n(¢) inputs (including input
i) at the beginning of ¢th iteration matching.

® m(¢): the number of inputs/outputs that get matched at the end of ¢th
iteration, m(¢) = n(¢) — n(¢ + 1).

® Ah;(¢): the number of outputs whose corresponding non-empty queues in
input ¢ that get matched at the end of ¢th iteration, Ah;(¢) = hi(¢) —
hi(¢ +1).

® Ah,(¢): the number of inputs in set F' that get matched at the end of ¢th
iteration, Ahy(@) = ho(¢) — ho(¢ + 1).

For the sake of simplicity, we do not mention the iteration number in the
following discussion. If no iteration number is mentioned, then the current
iteration ¢ is implied.

Let z;z; represent the state of the matching process for input 4 and output j
of the switch, where z;,z; € {0,1} with 0 representing that the input/output
is unmatched and 1 representing that the input/output is matched at the
end of the current iteration. The possible states of the matching process are
00, 01, 10, and 11. However, the state 11 should explicitly consider if the
tagged input queue Q(3,j) at input ¢ is matched. Thus the state 11 is split
into two: 114, and 11y, respectively. Given the current state of the switch
(n(@), hi(9), ho(¢)) and the current state of the matching process z;z;, the
resulting state of the switch (n(é + 1), hi(¢ + 1), ho(¢ + 1)) and the resulting
state of the matching process a:i:c;- is controlled by the transition probabilities
as in Figure 4. These probabilities are functions of the current state of the
switch (n(@), hi(¢), ho(4)) and are defined as:

[ ) Pb,,,_z/‘,,;hn,.:Prob{at the end of current iteration, the HOL cell at the
tagged input queue Q(3,5) gets blocked; and ziz’/z;x; represent whether
input i (z; or z;) and output j (¥; or ;) remain unmatched (represented
by 0) or get matched (represented by 1) at the end/beginning of the current
iteration}.
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® Poucioo = Prob{at the end of current iteration, the HOL cell at the tagged
input queue Q(i, j) gets matched with output j, given that input i and output
J were unmatched at the beginning of current iteration}.

P
blo_01101

Figure 4 The matching process state transition diagram.

To derive equations for the transition probabilities, we define the following
probabilities associated with the first stage of contention for a cell and give
the computing formulas of them as below:

® Pyycie = Prob{the HOL cell at kth(k # j) queue of an input in set E
succeeds in the first stage contention}.

® P,yci_gt = Prob{the HOL cell at jth queue of an input in set F' succeeds in
the first stage contention}.

® Poyci_fe = Prob{the HOL cell at kth(k # j) queue of an input in set F
succeeds in the first stage contention}.

Psucl_ft =E:,l_ ( )pgu 2 (n 11)/

P _ I—PQ"_I P . o e
sucl-e — ~ 7 sucl_fe = n—1

Let t (max(m,h, — 1) <t < n — 1) be the number of queues excluding
the queue from input ¢ that succeed in the first stage of contention, and
m is the number of outputs contended for by the ¢ inputs. There are three
sub-problems to be considered in computing the transition probabilities in
#th iteration given (n(¢), hi(4), ho(¢)) and (n(¢ + 1), hi(d + 1), ho(¢p +1)): 1.
What is the probability that ¢ inputs contend for m outputs? 2. What is the
probability that Ah, inputs in set F' (whose cardinality is h,—1) get matched?
and 3. What is the probability that Ah; out of h; outputs whose corresponding
queues in input ¢ are non-empty get matched? The equations below consider
each of the sub-problems in computing the transition probabilities.
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Computing Pb[o_ogloo.' In this case both input 7 and output j remain un-
matched. Given ¢t and m, the probability that the queue that succeeds in the
first stage of contention at input ¢ gets blocked at its corresponding output is

m

P imiplooo00 = (1-— m)(mlstm + (m — ISP Pl ket
~1)(n=1—t) pho—
'p(()n yn )P:uclife

Among the m outputs that get matched, Ah; of them will see their corre-
sponding queues in input ¢ being non-empty. The number of combinations
satisfying this condition is Can,st0-00.00 = ( A"h"_zl) (":‘_'A‘h)

Given that input 1 is blocked, it is clear that each combination of m out of ¢
inputs gets matched with equal probability. The probability th?;c Algzot iill.)..lfts

which are elements of the set F' get matched is Pap,|p10_00.00 = 2ol R=Akel,

Knowing the above probabilities, Py;,_gojo0 can be easily computedmas

n—1
n —h,
szo_oo|oo = (1-1/hi) E (t —h + 1) CAh;lblo_OO_OO
t=maz(m,ho—1) °

P, |b10-00-00Ps—m|bl0o_00_00

Computing Pyio_10100°  In this case, input i gets matched while output j
remains unmatched. So we compute only the aggregated probability over the
set of all possible Ah,. The probability that the queue that succeeds in the
first stage of contention at input 7 succeeds in getting matched in the second
stage of contention is

m - -
Py ympplosto00 = (1-— m)(m!S{" + (m — 1)IS )P Aot

sucl_e

'p(()n—l)(n—l—t) Ph°_1

sucl_fe

The probability that Ah, inputs which are elements of set F' get matched is

ho—-1 )(t—ha+1

— \Ahg—1/\m—-Ah
t

Pah,|bio_10_00 = Therefore, Py,_10)00 is given by,

m—1

n—2 = n—he
Pyotoppo = (1-1/hs) (m _ 1) > (t —hy + 1)

t=maz(m—1,h,—1)

PAh,|blo-10-00Pt—m|blo_10_00

Computing Py, o1j00° In this case, output j gets matched while input i
remains unmatched. We compute only the aggregated probability over the
set of all possible Ah;. There are two cases to be considered here: (i) Q(3, 7)
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fails the first stage of contention, and (ii) Q(%,j) survives the first stage of
contention. Therefore Pyo_0100 = Phio_01_Bjoo + Fhio_01_s|00, Where Py, _01_Bjoo
and Pyjoc_01_sj00 are probabilities for the two cases (i) and (ii) respectively.
Case (i): Q(i,7) fails in the first stage of contention

n—1
n—h,
Pyoo1Bloo = (1-1/hi) Z (t —h, + 1)

t=maz(m,ho,—1)
min(ho—1,t—m+1
( ) (b, —1 "
u ) CAnilbio01-B00Femisio 01500
u=1

where

m-—1 _ —
P mpproo1 800 = (1- m)((m - DI + (m - 2)152 2

u ho—1—u pt—ho+1, (n—1)(n—1-t)
Psucl-ftPsucl-fe Psucl_e Do

h,' -2 n-— h,‘
CAh.‘!blO_Dl_B_OO = Ah -9 m — Ah:

Case (ii): Q(3,7) is successful in the first stage of contention

1 et n—h,
Pyto01.5.00 = 3~ > (t Ry +1 Cahi|blo-01-5-00 Pt~ miblo_01_5 00

* t=maz(m,ho—1)

where

min(ho—1,t—m+1)

t 1 B
P smpploo1_s00 = Z (k) (1- m)(m —1)1sm=t
k=1

k ho—1—k pt—ho+1, (n—1)(n—1~t)
Psucl_ftPsucl_fe Psucl_e P

Can;jblo01_5.00 = Ah; — 1) \m — Ah;
1

Computing Pgycoo:  The state 11,y in Figure 3 is an absorbing state, so
this transition probability is computed without consideration on m.

ho—1
P - l Z ho -1 _]-_Pu (1 - P t)ho—l—-u
suc|00 hi i u ut 1 suc-ft suc_f

Computing Pyo_11j00°  Then, Pyo11j00 is computed from the boundary
condition as Py,_11j00 = 1 — (Pio_00j00 + Phio_01j00 + Poto_10j00 + Psucloo)-
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Computing Py, 01001 In this case input ¢ remains unmatched, while out-
put j is already matched. Then,

Poio_o1j01 = § (n : 1) Can;|blo-01.01 Pt mbio_01.01
t=m
where
Py ymipto01.01 = (- t—:f—l)(m!SZ" + (m - 1)IS} -I)P:uc_opg(n_l_t)
Psyeo = ! —npﬁ' Canifploo1_01 = ( Ah’i:_ll) (7:___ g;h)

Computing Py, 11j01° In this case input ¢ gets matched while output j
has already been matched at the beginning of the iteration.

n—1
Pyonrjor = Y (n - 1) _L_ps 0(1 = Paye o)™ 17
N u Ju+1 " -
u=0

Computing Pyo_1010° In this case input i is already matched, while output
j remains unmatched at the end of the iteration. Then,

n—1 = n—ho+1
Pyio10)10 = ( m ) > ( i ho + I)P Ah,|blo-10.10 Pt—m|blo_10_10
t=maz(ho—1,m) °

where

_ m pt—ho+1, (n—1)(n—t) pho—1
Py ymiplo-10a0 = mIST Po % Po Py se

ho—1Y (t—ho+1
(An.) (mmi,)
(m)
m
Computing Py, _11)10° In this case output j gets matched at the end of the

iteration. This is feasible only if at least one of j th queues of the h, — 1 inputs
in set F succeed in the first stage of contention at their respective inputs.

Pah,|blo_10_10

Pblo..11|10 =1- (1 - Psucl-ft)ho—l

The states of the switch at the end of each iteration, (n(¢), hi(@), ho(9), ziz;),
can be viewed as a weighted tree with the nodes of the tree corresponding
to the switch states. The root of the tree is the initial state of the switch
(N, hi, ho,00). All states in level ¢ of the tree correspond to the states of
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the switch at the end of the ¢ th iteration of the PIM algorithm. Weights
are assigned to the arcs between the states, and are equal to the transition
probabilities Py, o1 o/ |oiz; OF Pyyc|e;a;- Each state (n(¢), hi(¢), ho(¢), ziz;) is
assigned a probability Pr(n(¢), hi(9), ho(¢), z:z;) equal to the product of the
transition probabilities along the arcs from the root to the state. The prob-

abilities Pyo_00|H (ki ho)s Folo01|H(hi,ho)s Polo_10H (ki ho)s 30 Pouc|H(h; h,) ab
the end of ® iterations of the PIM algorithm can be computed as

Pblo_:c.-::le(h;,ho) = Zn(@),hg(d’),hoﬁb) PT(TL(Q), h’l(Q)) hO(Q)axlm])
PsuclH(h.-,ho) = Zn(é),h;(@),ho(Q) Pr(n(fb), hi(Q)v ho(Q); 113uc)

3.3 Solving the Markov chain

As can be seen from the above equations, pg, mp and m; must be known in
advance in order to compute the steady state probabilities. From the Appendix
of this paper, the steady state probabilities are given by:

m0=1/1+a X i  f-te+ aft~2AB(I — B) le)
_ [ meap? ,for0<1l<b;
=1\ moaB¥~2AB(I — B)™! |, forl=b;

Notice that in steady state the following equation holds
po = (1= A)mo (7

This naturally suggests an iterative solution (Youn et al. 1994). Initially, mo
is set to zero, which corresponds to the case of saturated offered loads. Then
po can be obtained by using Eq (7). Since po is known, the next value of
mo is computed again. This iterating process continues until both py and o
converge, leading to the values of steady state probabilities .

3.4 Computing the performance metrics

Once the steady state probabilities are known, then interesting performance
parameters, such as throughput, mean queue length and mean cell loss prob-
ability can be computed directly by using the known parameters. Let p, Q, D
and P,,ss be the throughput, mean queue length, mean cell delay and mean
cell loss probability respectively, then

p= >\770(1 - BOe) + Z?‘=1 ZuN=1 Zﬁ’:l 7T(l,u,v)P31w|W(u,v)

Q = Z?‘:I lme D= Q/P Pioss = /\7Tb.-e
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Switch size: N=8 s —o-: analysis Switch size: N=16 " —-o-: analysis
) =+~ simulation : T ~+-: simulation

o

throughput
o

iteration 1 § load

(a) 8 x 8 switch (b) 16 x 16 switch

Figure 5 The throughput of the PIM switch as a function of offered load
with a buffer size b;=10.

4 NUMERICAL RESULTS

Both mathematical analysis and simulation results are presented in this sec-
tion in order to investigate the accuracy of the above queueing model. Fig-
ure 5 shows the switch throughput as function of offered load A for PIM
switch sizes 8 and 16 with various PIM scheduling iteration numbers 1, 2
and 3, respectively. It can be seen that when the switch size increases, the
throughput of the switch decreases under high offered load (greater than 60%
when maximum iteration is 1). Also from this figure, we can see that the
saturation throughput will increase as the PIM scheduling iteration increases.
It is expected that with more iterations, more HOL cells get matched during
a scheduling iteration. The curves show that 3 iterations are enough to get
a high throughput > 90%. Comparing Figure 5 with Figure 1, we can see
that even under saturated traffic loads, our queueing model approximates the
original system quite well.

Figure 6 shows the mean cell delay as a function of offered load A for the
different PIM switch sizes 8 and 16 with various PIM iteration numbers 1, 2,
and 3. The figures indicate that the mean cell delay increases as the switch
size increases and also as the offered load increases. But when the number
of PIM scheduling iterations is increased, even from 1 to 2, the mean delay
increased slowly with the traffic load as compared with just one iteration. For
a single iteration PIM scheduling, the mean cell delay increases dramatically
when the offered load exceeds 60%, which indicates that PIM switches with
single iteration PIM scheduling will be overloaded when the traffic load is
greater than 60%. However, for 2 and 3 iteration PIM, this overloaded traffic
point is about 0.8. This phenomenon can also be observed in Figure 5. Notice
that when the traffic load is extremely low, such as 0.1, all curves cluster
into a single point. It isn’t difficult to understand that, under low traffic
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(a) 8 x 8 switch (b) 16 x 16 switch

Figure 6 The mean cell delay of the PIM switch as a function of offered load
with a buffer size b;=10.

Figure 7 The mean cell loss probability of a PIM switch, as a function of
offere d load, with a buffer size b;=10.

load, the opportunity that more than one HOL cell contend for a common
input/output is small. That is, single iteration PIM scheduling is typically
enough to find a maximal matching. When the traffic load grows, the chances
of conflits increase and more iterations are needed using PIM scheduling to
achieve a maximal matching. In this case, the analysis results diverse from
the simulation results significantly when compared to the case that the traffic
load is low. This phenomenon is due to the approximation in computing the
transition probability of multiple iteration PIM algorithm.

In Figure 7, the mean cell loss probabilities of PIM switches with queue size
of 10 cells are given as a function of offered load. It can be seen that, for a
medium size PIM switch with 3 iterations PIM scheduling (such as 16-by-16)
with traffic load less than 60%, a buffer size of 10 cells per queue is sufficient
to guarantee a cell loss probability < 10~9.
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5 CONCLUSION

In order to make the original switch model tractable for analysis, a number
of assumptions have been added. The most important is that the random
traffic, that is, cells are arriving at each input according to an i.i.d. Bernoulli
process, and the destinated output of arriving cells are distributed over all
outputs uniformly. In case of non-random traffic loads, the analysis will be
more complicated than the one for random traffic loads. In future research
direction, we will try to apply this method to analyze the same kind of ATM
switches with bursty and correlated traffic.

The contribution of this paper is two fold. First, the throughput of an ATM
switch with multiple iteration PIM scheduling in case of saturated traffic
load is analyzed mathematically. Second, a theoretical analysis for various
performance parameters including throughput, mean cell delay, and mean cell
loss probability, of a ATM switch using a PIM scheduling scheme is presented.
Such theoretical analysis is lacking in existing literature on ATM switches with
PIM or variations of PIM scheduling (Anderson et al. 1993, McKeown 1994,
Mckeown et al. 1994, LaMaire et al. 1994).

6 APPENDIX: COMPUTATION OF THE STEADY STATE
PROBABILITIES

Following the steps given in (Youn et al. 1994), we give the procedures to
compute the steady state probabilities of the Markov chain. The method pre-
sented in (Youn et al. 1994) is based on the algorithmic approach given in
(Neuts 1981). From the definition of the transition probability matrix, we
know that IIT = II. By expanding this equation, we have:

mo((1 — A) + ASo) + m (1 = N)Sc = mo ®)

moABo + 1 (AS + (1 = AN)B) +m(1 - A)S=m (9)

Tic1AB+m(AS+ (1= A)B) +miya(1—-A)S=m, forl<i<b—1 (10)

o;—2AB + mp;—1(AS + (1 = A)B) + b, S = b, -1 (11)

Tp;—1AB + mp, B = Ty, (12)
Multiplying Eq (10) by e results in:

Ti—1AB. = m(1 = \)S,, (13)
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The solution for m;(1 < ¢ < b;) in terms of m;_; can be obtained by multi-
plying Eq (10) by I; and using Eq (13), where I; = ee; and ¢; = [1,0,0, ..., 0].

7Ti(Il - )\SI] - BI]) = Wi_l)\Bcel (14)

Multiplying Eq (4) by e; and substitute it into Eq (14), we have a recursive
formula for 7; in terms of matrix B.

m = mAB((1-N{I - B)~H)! (15)
From Eq (12), we have:
Ty, = Tp,_1AB(I — B)™! (16)

Let a = ABo(I = AI; — (1 = A)B)~! and 8 = AB((1 — A\)( — B))~'. Using
Eq (8), we get:

711 = ABo(I = AI; — (1 = \)B)"'mp = moax 17

Using Eq (15, 16, 17),

moaf L, for0<l<b;
m =
! moaB¥2AB(I — B)™!, forl=1b;

Notice that m + Yb%, me = 1, we have:

b;—1

m=1/1+« Z B e+ aBf¥2AB(I — B) le)
=1
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