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1 Introduction

This paper presents a method for using timing assumptions to prove, automatically, that an
implementation meets a speed-independent specification. Most verification methods for concur-
rent systems assume that the system must meet a specification regardless of the speeds of its
component processes. However, it is often the case that knowledge about the relative speeds
of processes can be used to design a system more efficiently, Programmers and engineers chafe
at the constraints of speed-independence. Usually, something is known about the delays in a
system, and this knowledge can be used to develop a more efficient system. It is therefore
important to develop verification methods that can take into account timing knowledge.

We describe a method for using delay information in state-graph verification of finite-state
concurrent systems. The timing assumptions are given as constant upper and lower bounds
on delays between events. The approach is based on a continuous model of time — times
are real numbers, not integers. The method is an extension of speed-independent methods
based on finite automata on infinite sequences [2, 17], so it can handle liveness properties,
indeterminate computations, and so on. A formal framework is constructed so that the soundness
and completeness of the method can be proved.

The fundamental idea behind the solution is to associate with each state a convex linear
region describing the states of individual tZmers in the system, which are fictitious components
that keep track of the possible times at which events can occur. This automaton can be used to
winnow out computation sequences that violate the timing assumptions, so an implementation
that would violate a specification in a purely speed-independent model may satisfy it under
particular timing assumptions. The cost of the method is a single exponential in the number of
timers and the size of the automaton for the specification.

There have been many proposals for frameworks for verifying timing properties. In our view,
these can be grouped into three major categories according to their underlying models of time.
The first group are based on discrete time models, in which time is isomorphic to the integers or
natural numbers [7, 8, 10]. These models are not much different from the traditional models of
concurrency. For example, in linear temporal logic, specifications involving time can be written
using repetition of the “next time” operator.

A limitation of discrete-time models for modeling systems that are not inherently syn-
chronous is that they require an a priori commitment to a time quantum. Once the quantum
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has been chosen, interactions that require finer resolution will be overlooked (e.g. a bug that
arises only when one process executes five or more actions between two actions of another pro-
cess). This can be resolved in practice by setting the quantum “small enough”, but this would
probably blow up the state space.

Another class of timing models assumes that systems work in continuous time, but timing
assertions are made by comparing with a fictitious “global clock” that ticks at some known,
fixed rate [1, 4, 12]. A limitation of this model is that the timing information is not exact. It
is impossible to express exactly “event b occurs no more than two seconds after event a¢.” If we
say “there are no more than n clock ticks between a and b”, either n = 1 in which case we have
ruled out time(a) = 1.9 and time(b) = 3.1, which are separated by only 1.2, or n = 2 in which
case we allow time(a) = 1.1 and time(b) = 3.9, separated by 2.8.

The third model is (integer-bounded) continuous time. This model has not been explored
as much as the others. The only other work of which we are aware is a method by Lewis for
analyzing asynchronous circuits {11]. Our method is similar to that of Lewis, but simpler (the
author believes). Additionally, we allow a more flexible coupling between system events and
timing, as well as verification of general linear-time temporal properties, such as unbounded
liveness and fairness.

2 Speed-independent Verification

This section presents a framework for verification in the speed-independent case, which is a
major component of the more general mode] presented later. Sets of (linear) traces are used
to represent the possible histories of the system. If the system is finite-state, the traces can be
represented as the language of a finite automaton. A property (or specification) of a system is
also a trace set. A system satisfies a property if the set of traces of the system is a subset of
the property.

2.1 Trace sets

In more detail, every process has an associated finite set £ of events (which depend on the
process). In our model, it is possible for several events to occur at once. Thus, a trace (history)
of the execution of a process is a sequence of event sets. These sequences are infinite {a history
in which nothing happensd will have an infinite sequence of empty event sets). Formally, we
define a trace structure to be a pair (£, X'} where £ is a finite event set and X is a subset of
[2¢]*. We assume that all the behavioral aspects of 2 process can be summarized by the set of
its traces.

We define a projection operation on traces: if z is a member of [2¢]% and & C £, then z[g
is defined to be the sequence 2’ in [26']“ such that z'(i) = z(i) N &’ for all i € w. Projection
can be extended to sets of traces by defining (£, X )|z when & C & to be (€', X’) where
X' = {z]g] 2 € X}. Using projection, a conjunction operation is defined on trace structures.
(EX)NE, XN = (EVE {2 € [26Y¢') | z[e€ X Az[e€ X'}). (£,X) is an implementation of
(& XNifE=&and X C X'.

The framework is similar to other trace models of concurrent systems if regarded as a model of
concurrency (notably, that of Hoare [9]). The primary difference is that it models the oceurrence
of simultaneous events instead of the usual interleaved model of concurrency.

It is also similar to linear temporal logic (LTL). The primary difference is that formulas in
LTL do not have explicit alphabets. Also, it is conventional to regard LTL formulas as assertions
about states or conditions, not events. In particular, it has been noted that conjunction of LTL
formulas corresponds to parallel composition of processes, if the sets of variables written by the
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processes are disjoint (this is called the distributed variables assumption [13]). This is true in
our framework, as well: if trace sets (£,X) and (£/,X’) represent processes P and P’ which
have disjoint sets of output variables, (£, X) A (£', X') represents their parallel behavior.

2.2 Finite-state concurrency

The trace sets of a finite-state system can be represented by finite automata on infinite strings.
Of several available alternatives, we shall use Biichi automata, which are as expressive as
Wolper’s extended temporal logic. A Biichi automaton is a nondeterministic finite automa-
ton (X, Q,n,Qo, F), where ¥ is the alphabet (here & = 2¢), @ is the state set, n: Q@ x & — 29 is
the transition function, Qg is a set of start states, and F C Q is the set of accepting states. How-
ever, unlike more conventional automata on finite strings, the automaton reads infinite input
strings.

If p:w — ¥ is an infinite string of alphabetic symbols (w is the set of natural numbers), a
run of the automaton on p is an infinite sequence of states 7:w — @ such that 7(0) € Qo and
7(I+1) € n(r(1), p(1)).

It is an accepting run if an some member of F appears infinitely often on the run. In a
deterministic Biichi automaton, ¢ is a singleton set, as is n{g,a) for every ¢ € Q and a € Z.
In a deterministic automaton, an alphabetic string determines a unique run.

The language of an antomaton is a pair (£, X), where ¥ is the alphabet of the automaton
and X is the set of strings over ¥ that have accepting runs. There is a theory of w-regular sets
that parallels the theory of regular sets in many ways. The reader interested in an in-depth
discussion should consult the references {5, 6].

Concurrent systems can be analyzed automatically by manipulating Biichi automata. In
particular, given Biichi automata M and M’ accepting languages (£,X) and (&, X', it is
possible to find an automaton M” accepting (X, X) A (£, X’). This can be done by an obvious
generalization of the product construction for finding the intersection of the languages of two
automata with identical alphabets [14].

If M and M/ are Biichi automata accepting languages X and X, it is possible to test whether
X € X', by checking whether the intersection of X and the complement of X’ is empty. If the
alphabets of M and M’ are different, each alphabet can be extended to include the other by a
simple transformation on the automata. There are algorithms for complementing an automaton
[15, 16]. It is easy to check for emptiness by searching for cycles containing an accepting state
that are reachable from one of the start states.

3 Timing Constraints

The speed-independent model can be extended to include real-time constraints by adding a set
of timers, which are fictitious “alarm clocks” that can be set to an arbitrary real value (within
specified bounds). A timer ezpires when this time has elapsed. The model does not allow the
system to control the value to which timers are set, except that the value is guaranteed to be
within certain bounds.

To verify that an implementation satisfies a speed-independent specification, the specification
is represented as a Biichi automaton. A Biichi automaton representing all of the time-constrained
behaviors of the implementation is also constructed, then it is checked whether language of the
implementation automaton is a subset of the language of the specification automaton.

To derive the automaton for the implementation, we first extract a Biichi automaton repre-
senting the speed-independent behavior of the implementation. One event starts some process
which culminates in a second event. The delay assumptions are that the second event occurs
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within some constant interval of time after the first event. To model this using timers, the first
event sels the timer and the second event occurs when the timer ezpires. The speed-indendent
automaton is modified so that the set and expire events happen simultaneously with the “first”
and “second” events associated with each delay constraint. This can be done by including timer
events in some of the event sets of the automaton representing the speed-independent behavior.

This modified automaton is then conjoined with a Biichi automaton that constrains the
relative orders of set and expire events, based on user-supplied delay bounds. The conjunction
represents exactly those behaviors that can occur in the implementation.

One advantage of this approach is that delays can be associated with other system events in
very flexible ways. For example, it is possible to model “the event ¢ always causes b within two
seconds or after ten seconds” by having two ¢ transitions in the speed-independent automaton
and associating each with a different timer. It is even possible to express “the event a always
causes b within two seconds or after ten seconds and eventually causes b within two seconds”
by choosing the accepting states of the Biichi automaton appropriately.

3.1 Timers

In order to deal uniformly with finite and infinite bounds and with strict and non-strict inequal-
ities, we define the domain B of bounds, which are ordered pairs Z x {<, <}U{(o0, <), (~00, <)}
(Z is the set of integers). The symbols < and < are totally ordered: < is taken to be strictly
less than <. A partial order is defined by (z,7) < (2/,7)if e < 2’ orifz =2z’ and r < 7/
(lexicographic order).

For notational convenience, we mix bounds and reals in comparisons and arithmetic. When
comparing a real and a bound, we use either the explicit comparison relation or the second
component of the bound, whichever is more strict. For example, when b = (2, <) and b’ = (2, <)
and yisareal number: b< ymeans z <y, y< bmeans y < z,d < ymeans z < y,and &' < y
means & < y. We apply the arithmetic operations to the real numbers and first component
of the bound, and either re-attach the second component of the bound to the result or not,
depending on whether the context seems to demand a bound or a real number as the result. For
example, —b means (~z, <) or —z, and b’ + y means (z + y, <) or z + y, depending on context.

A timer system is defined to be a quadruple (T,1,u, Ag), where T is a finite set of timers,
I: T — B represents constant lower bounds on timer values, u: 7 — B represents constant upper
bounds (when u(7) = (o0, <), there is no finite upper bound), and A is a set of timers to be
set at the beginning of system operation. We require that (0, <) < 1(z) < u(%) < (o0, <) for all
t € T. The timer system is assumed to be fixed throughout the rest of the paper.

There are two events, set(:) and expire(i), associated with every timer ¢ € 7. Timer events
appear in traces, like other events. A timer is active if it has been set and has not expired.
When set(z) and expire(i) are in the same event set, it means that the timer first expires and is
then instantaneously set again; when this occurs, the timer is active. A trace containing timer
actions is well-formed if the first set of active timers is Ao, active timers are not set unless they
expire in the same event set, timers expire only when they are active, and every active timer
eventually expires.

The times at which the events in a trace occur can be recorded in a sequence of real numbers,
called a time sequence. A time sequence 7 is a member of {w — R] that begins at 0 and increases
monotonically without bound (R is the set of real numbers).

A timed trace is a pair {p, 7), where pis a trace and 7 is a time sequence. A timed trace is said
to be timing-consistent if p is well-formed and 1({) < r(m) — 7(l) < u(i) whenever set(i) € p(l),
expire(i) € p(m), and m is the first point after ! containing expire(z).

A trace p is said to be timing-consistent with a timer system if there exists a time sequence
7 such that (p, 7) is timing-consistent.
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3.2 Automata

It is possible to define a deterministic Biichi automaton that accepts exactly the timing-consistent
traces. The automaton is the conjunction of several automata defining simpler conditions. The
well-formedness conditions are standard temporal conditions that can be expressed without diffi-
culty as the conjunction of a collection of small deterministic Biichi automata, one for each timer.
We call the conjunction the well-formedness automaton (it is deterministic because conjunction
preserves determinism).

The second and more interesting part of the construction is the timer region automaton,
which enforces ordering constraints between the expirations of different timers. Intuitively,
whenever a timer event occurs, a “snapshot” is recorded of the possible values of the timers.
This snapshot is a convex linear region; every point in the region is vector of timer settings
(called a timer valuation). These regions are the states of the automaton.

Formally, a timer valuation v is a function that assigns a real value toeach ofaset AC T
(v:A = R). A timer region is a set of valuations with a common domain: V C [4 — R],
for some A C 7. The set of all timer regions that have some subset of T as their domain
is denoted by Regions(T"). The alphabet of the timer region automaton is the power set of
{set(i),expire(i) | i € T}.

For the moment, let us say that ) = Regions(7') is the set of states of the automaton (even
though this set is infinite). The accepting states are the non-empty regions. The initial state of
the automaton is the timer region {v: A9 — R | Vi € A¢:1{z) < v(i) < u(4)}. This represents
the possible valuations of the timers in Ay when set simultaneously at time 0 to values between
land u.

Suppose that v: A — R is the timer valuation either initially or immediately after some event
set, and the next event set is B. Let the set of expiring timers in B be E and the newly set timers
be S. The resulting valuation (at the instant after the event set occurs) can be v': 4’ — R,
where A’ = (A — E)U §, when the expiring timers all have the same value in v (since they
expire simultaneously), the expiring timers have smaller values than the non-expiring timers
(because they expire first), the values of the remaining {non-expiring) timers are reduced by the
value of the expiring timers, and the newly set timers have arbitrary values within the bounds
established by the timer system. Formally,

nexttv(v,B,v)= 3JteR: Vie E:v(i)=1
AVig A— E:t < v(i)
AVie A-E: (i) = v(i) -t
A Vie §:1(3) < v'(D) < u(d)}

To define the transition function n, first let V be any timer region and B be any set of
timer events. Let F be the timers that expire and let § be timers that are set in B. Then the
definition is n(V, B) = {v' € [(A -~ E)U § — R] | Jv € V: nexttv(v, B,v')}

This completes the definition of the timer region automaton, except that we have defined
the states to be the infinite set of regions. This problem is easily fixed, however, because the set
of regions reachable from the initial region is finite. This result is proved later.

The timing automaton of a timer system is the conjunction of the well-formedness automaton
(which accepts all well-formed traces) and the timer region automaton (which accepts all traces
whose set and expire events occur in an order allowed by the timing constraints).
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3.3 Language of the timing automaton

The following theorem states that the behaviors allowed by a timer system are captured precisely
by the timing automaton:

Theorem 1 The timing automaton accepts exactly the set of timing-consistent traces.

For notational convenience henceforth, in the context of a particular thmer event trace p, we
use E; to denote the set of expiring timers and §; to denote the timers that are set in p(¢). Also,
A;, the set of active timers, is defined recursively by A1y = (A1 — E;) U S) (Ap is given as part
of the timer system).

For proving the theorem, it is helpful to convert a timed trace (p, 7) to an alternative repre-
sentation which replaces the time sequence 7 by a timer valuation sequence v = vg, vy,...(p,v)is
timing-consistent if the domain of v; is A; (defined as above), vy satisfies Vi € Ag:1(¢) < v; < u(é),
and vy satisfies nexttv(v;, p(1),v141). The next lemma asserts that these two representations
of timed traces are interchangeable.

Lemma 1 There exists a mapping ¢ between the two representations of timed sequences such
that (p, ) is timing-consistent iff $(p, T) is timing consistent.

proof. We supply ¢. The proof that it preserves timing consistency follows directly
from the definitions. Let (p,7) be any timing-consistent timed trace. Define ¢(p, ) valuation
sequence as follows: for each | € w and i € Ay, set v(7) = 7(m) — 7(!) where m is the least
number greater than ! such that ¢ € F,,. m always exists because (p, 7) must be well-formed to
be timing-consistent. 0

Lemma 2 FEuvery timing-consistent trace is accepted by the timing automaton.

proof. It should be obvious that every well-formed trace is accepted by the well-formedness
automaton. We prove that it is accepted by the timer region automaton by constructing an ac-
cepting run.

Let 7 be the run of the timer region automaton on p {7 is unique because the timer region
automaton is deterministic). To prove that « is an accepting run, we need only demonstrate
that x(¢) is non-empty for all ¢, which we do by exhibiting a point in each region of =.

Since p is timing-consistent, there exists a time sequence T such that (p,7) is timing-
consistent. By the previous lemma, we can convert 7 to a timer valuation sequence vg,vy,... It
is easy to see (by inspecting the definitions) that vo € (0) and that if v; € 7({) for any I € w,
then vi4; € 7(l + 1). Hence, by induction, there is at least one timer valuation in every region
along 7, so it is an accepting run. (]

This completes the proof of half of the theorem. The second half, that every trace accepted
by the automaton is timing-consistent, is more difficult. Let p be any well-formed timer event
sequence. Then there exists a run = of the timer region automaton on p. We would like to
construct a timer valuation sequence (hence a time sequence) from 7 by choosing an appropriate
timer valuation v; from each region n(l). It is very easy to do this up {o some finite m by working
“backwards” from n(m): choose any valuation v,, in 7(m). By the definition of n, there exists
a valuation v,y in x{m — 1) that is properly related to v,,. This process can be carried on
inductively to generate the finite timer valuation sequence vg,v1,...,v,. Unfortunately, the
idea of finding an infinite sequence by repeating this construction for progressively larger m
does not work, because prefixes of the short sequences may not be valid as prefixes of the longer
sequences.
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The solution to this problem is to define for any given m the subregion of #(I) (I < m)
containing exactly the valuations that can serve as the I’th element of a finite timer valuation
sequence ending at m. This region shrinks as m grows, but it eventually converges to some
non-empty limit region.

First, we need to generalize the definition of timing-consistency to finite traces (we want
these to be substrings of infinite timing-consistent traces, so they do not necessarily start at
0 and certainly stop before w). If p is a finite timer event sequence, it is well-formed if set
and expire events alternate. This allows for the possibility that the first event for some timers
will be an expire and the last will be a set. A finite timed trace is a pair (p,7), where 7
is a monotonic increasing sequence of real numbers that is of the same length as p. It is not
necessary that 7(0) = 0. A finite timed trace (p,v) (where v is a finite timer valuation sequence)
is timing-consistent if for every ! > 0, v;4y satisfies nexttv(vy, p(I), vigy).

We define leadsto(p, [, m) recursively so that leadsto(p,!,]) = x(l) and leadsto{p,l,m) =
{vi | Jvi41 € leadsto(p,! + 1,m): nexttv{vy, p(l),vi41}} when I < m. Let p' be the finite se-
quence p(l),p(I+1),..., p(m). We claim that leadsto(p,,m) consists of the region of valuations
that can be the first element of a timer valuation sequence » (of length m — { + 1) where (p’,v)
is timing-consistent.

If p is timing-consistent, every finite subsequence p’ is, also, so leadsto(p,l,m) is non-empty
for all m > [. What we would like to show is that the intersection of all of these regions is
non-empty, also. The following lemma gives the necessary convergence property. It is proved in
the next section, where a more is known about timer regions.

Lemma 3 If p is a finite consistent timer event sequence, then for every |l there exisisanpy > 1
such that for every p; > py: leadsto(p,l,p;) = leadsto(p,{,p1) # §.

Assuming this lemma, we can construct the desired timer valuation sequence v, inductively.
For every [, let leadsto{p, [,w) be the region to which leadsto(p,l, m) converges as m increases,
and let p; = p(0), p(1),...,p(l). Choose any vp € leadsto(p, 0,w). Now suppose we have chosen
vp = vg,...,01 5o that (p;, 1) is a timing-consistent finite sequence. Then, by the definition of
leadsto and non-emptiness of leadsto(p, /,w), there exists some vy € leadsto(p,{+1,w)such
that nexttv(v, p(l),v141). Define vy so that viyi(p) = »(p) for p <l and pipi (I + 1) = vig1.
Then (pi41,v141) is timing-consistent by the definition of leadsto. Now define v so v(I) = (i)
for all [ € w. Obviously, the infinite timed trace (p, ) is timing consistent, also.

4 Representing Timer Regions

This section gives a finite representation of timer regions using square matrices of bounds. Here
is an example that illustrates the major points of this section. Consider a timer system with
three timers: T = {1,2,3}. The lower bounds are I{1) = (1, <), i(2) = (3, <), and (3) = (3, ).
The upper bounds are u(1) = (2, <), u(2) = (4, <), and u(3) = (4, <). Initially, all of the timers
are set: Ag = {1,2,3}.
The initial state of the timing automaton should be the region consisting of the set of all
timer valuations v satisfying
1 < o1) < 2
3 < (2 < 4
3 < 3 < 4
Note that this region can be described completely by upper and lower bounds on individual

timer values. It is tempting to believe that all of the states of the automaton have this form.
For example, consider the successor region for the event set {expire(1)}. This event happens
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between 1 and 2 time units after initialization, so every timer valuation v’ in the next state
should satisfy

1 < 2(2) < 3

1 € (3 < 3
since v/(2) is at least one (since no more than 2 time units have elapsed) and at most 3 (since
at least 1 time unit has elapsed).

It is indeed true that these inequalities are satisfied. However, the bounds are not “tight”;

it is also true that

v(2) — v(3)
v(3) - v(2)

These additional constraints were true in the original region (by implication) and continue to
hold. So, if precise results are desired, constraints on the differences between timers must be
represented in the timer regions, in addition to bounds on individual timers.

It may now be tempting to assume that in subsequent states relations between triples of
timers (or larger multiples) will need to be represented. This temptation should also be resisted.
Every region in the timing automaton can be represented precisely by bounds on individual timers
and on the differences between pairs of timers.

Systems of bounds on the difference between variables can be represented conveniently using
square matrices D: A2 — B, where the (4, 7)th entry gives the upper bound on v(i)— v(j). Such
matrices can be used to represent bounds on individual timers by adding a fictitious timer 0
whose value is always 0, so, for example v(¢) = v(s) — »(0) < dip. The set of all valuations
v: A — R satisfying the bounds of D is called the region of D.

One problem with this representation is that there are, in general, many different matrices
with the same region. This makes it difficult to compare representations for equality and to test
for emptyness of regions. Multiple representations are possible because of implied constraints in
a matrix. For example, suppose a system has the constraints:

IN A

v(0)—v{l) < 1
v()-v(2) < 1
v(0) - 0(2) < 100.

Clearly, it is true that any v satisfying these constraints also satisfies v(0) — v(2) < 2. There
are many different matrices for this region, which can be generated by substituting any integer
greater than 2 for 100.

It is possible to obtain a unique representation for each region by minimizing the bounds in
the matriz. This is achieved by solving an all-pairs shortest path problem.

4.1 Difference Bounds Matrices.

With the addition of a few simple operations, bounds form a regular algebra [3]. A regular
algebra is a set with multiplication (usually -, but + here to reduce confusion), addition (usually
+, but (1 here), Kleene star (*), and constants n and e. The algebra must satisfy a set of axioms
that hold for regular sets (if the algebra is a regular set, the operations are concatenation, union,
and Kleene closure, and the constants are the empty set and the empty string, respectively).
In more detail, constants and operations can be defined to make B into a regular algebra:

= (00,<)
e = (0,5)
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(z + ', min(r, 7))

{ (z,7) if(z,7)< (=’ 7))

(z,r)+ (')

(z,7)1 (=',7")

li

(z',7") otherwise

(@) = {(o,s) if (z,7) > (0, <)
’ B (_°°7<) if(z,r)<(0,g)

It is straightforward to show that the operations above satisfy the axioms of regular algebra.

The n X n matrices over a regular algebra form a regular algebra, also, in which M is matrix
addition and + is matrix multiplication (defined over the scalar operations M and +). In this
case, the zero element N of the regular algebra of matrices has (00, <) in all its entries. The
unit matrix E has has e; = (0,<) and e;; = (00, <), otherwise. Finally, M* is defined to be
MO M!n... Note that the diagonal elements of M* are all less than or equal to (0, <), since
M° = E.

There is a partial order on matrices defined by D < D’ iff d;; < dﬁj for all 2 and 7. Note that
DnD' = Difand only if D < D',

The region of a matrix D: A% — B (written R(D)) is the set of timer valuations v: 4 — R
such that Vi,j € A:v(i) — v(j) < di; (note that < is a comparison between (z,r) pairs, so, by
our notational convention, if d;; = (z, <), this means v(¢) — v(j) < di;). We call these difference
bounds matrices, or DB matrices. Clearly, D < D’ implies that R{D) C R(D’). Moreover, if
R(DN D) = R(D)NR(D").

Since all empty regions are identical, we must choose a particular matrix to be the canonical
representative of all matrices with empty regions. Our choice is Dy, the matrix in [02 — B]
which has dgp = (—00, <), as the canonical matrix for an empty region. For non-empty regions,
the canonical matrix should be D*, the result of solving the shortest-paths problem. In general,
if D is any matrix, the canonical form of D, written ¢f( D), is defined so that

[ D ER(D) £
“f(D)‘{ Dy i R(D)= 0

We call a sequence of timers ky,ks,...,k, in A a path. The cost of the path in D is dg,, +
digks + .- -+ dip_yk, - If D' = cf(D), then d; is the cost of the least-cost path in D from 7 to
j. Clearly, if there is a cycle of cost less than (0, <), the matrix is not satisfiable (its region is
empty), because then »{z) — v(i) < 0. In such a case, a path of arbitrarily small cost can be
obtained by repeating the negative cost cycle, so, if D’ = ef(D), d}; = (—00,<). There is a
simple way to decide whether a given non-canonical matrix has an empty region: it is empty
iff a negative-cost cycle appears during the computation of the shortest-path matrix using the
Floyd-Warshall algorithm. We call the following the direct constraint property:

Observation 1 D = D* iff Vi,j € AU {0}:d;; < dix + di;.

On occasion, it will be useful to project a timer region onto fewer dimensions. If V ¢ [A — R]
and A’ C A, the projection of V onto A’, written V[ 4, is defined to be {v|4 | v € V}. One
advantage of the canonical-form representation of a DB matrix is that it is easy to find the
matrix representing a projection, simply by deleting the rows and columns that are projected
away. We call the following result the projection property:

Lemma 4 IfA' C A and D: AX A — B is a canonical DB matriz, then R(D|arxar) = R{(D)[ 4.

proof. It is obvious that R{D)[ 4C R(D]4rxa)-
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We prove inclusion in the other direction by induction on |A| — [A’/|. The basis is when
A = A’, in which case the lemma is obvious. Now suppose that |A4| — |4"”] > 1, |A”| # § and let
A’ = A" — {k}, where k is any member of A”. Let D" = D|ny4» and let V' = R{D)[ 40

By the induction hypothesis, R(D") C V”. Now let v’ be any member of R(D’). By
definition, Vi,j € A":v'(4) — v'(j) < di; = df;. We need to extend v’ to some v": A” — R by
finding a suitable value for »”(k). v"(k) must satisfy Vj € A" v"(k)~v"(j) < d; or, equivalently,
Vj € A v"(k) < df; 4+ v"(5). Similarly, it must also satisfy Vi € A": —v"(k) < d}}, — v"(i). A real
value for v"(k) exists iff (0, <) < df, — v"(4) + dff; + v"(j) for all 7, j € A’. This inequality holds
by the direct constraint property (clearly, D” is canonical}, since v”(3) — v"(j) = v'({) — v(§) £
di; = df; < dfj + dff;. Hence, v’ € V| . O

The remainder of this section is a proof of the following theorem:

Theorem 2 cf maps every DB matriz to an equivalent and unigue DB matriz.

The proof of the theorem is given as a sequence of lemmas. The first asserts that ¢f(D) is
equivalent to D.

Lemma 5 For every DB matriz D, Rlcf{D)] = R(D).

proof. Let D be any DB matrix and let D/ = cf(D). If R(D) = §, then, by definition,
R(D’) = @. So suppose R(D) # @, in which case D’ = D*. Tt is immediate that R(D*) < R(D),
since D* < D. To see that R(D) C R(D*), let v be any member of R(D), so that for every 7 and
7in AU{0}, v(¢)—v(4) < d;;. There is some non-empty path of timers i = ko, ky,..., k1 = j such
that d;[j = droiy ik, +- - Hdi,_ k- But then v(8)—v(j) = [vlko)—v{k)]+.. +v(kim1)—v(k)] <
di;, so v € R(D’), also. O

The following lemma shows that D* is the minimum matrix representing the same region as

D (but only if R(D) # 0, in general).
Lemma 6 If R(D)=R{(D')# ¥ and D = D* then D < D'.

proof.  The proof strategy is to assume the contrary, then find a valuation in R(D) that
is not in R(D’), contradicting the premise that D and D’ are equivalent.

Suppose that D £ D'. Then for some i,j € A, we have dj; < d;;. Furthermore, ¢ and
j must be distinct, because d;; = (0,{<}) < di,, since both D and D' are satisfiable. Set
@ = [max(d};, —d;i) + dij]/2.

There are no negative cycles in D, so (0, <) < d;; + dji, so either —dj; < d;; or —dj; = d;; =
(0,<). If —dj; < dij, we have max(dl;, —d;i) < z < di;; otherwise, —d;; = d;; = (0,<) and we
have z = 0. In either case, 2 < d;; and —z < dy;, but z £ d;.

z can be used to construct a valuation contained in R{D) but not in R(D'). Let vg: {i,5} —
R be defined by () = z and vp(j) = 0. v2 can be extended to a valuation v € R{D), by the
projection property. But v ¢ R(D’), so R(D) # R(D’), which contradicts a premise. Hence,
D<D. ]

It is now simple to prove the “uniqueness” half of theorem 2.

Lemma T For every DB matrices D and D', A = A’ and R(D) = R(D') implies cf(D) =
cf( D).

proof. Let D and D’ be any DB matrices. If R{D) = R(D’) = @, then cf(D) = cf(D’) by
definition. Otherwise, by lemma 5, Ricf{D)] = R[cf(D’)]. ef(D)* = cf(D), so by the previous
lemma, cf(D) < cf(D'}. By symmetry, cf(D’) < ef(D), also, so c¢f{ D) = cf(D’). a

The theorem is the conjunction of lemmas 5 and 7.
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4.2 Bounds on individual timer values

In a timer region, there are bounds on individual timer values in addition to bounds on the
differences between timer values. It is very easy to use difference bound matrices for this by
adding an artificial timer, which we call 0, the value of which is always 0. The result is that
d;o becomes the upper bound on v(Z) (because v(i) — v(0) = w{i) < dio) and do; becomes
the negative of the lower bound (because —v(é) < do;). It is sometimes convenient to take
1(0) = u(0) = (0, <).

We define the timer region of a matrix D: AU {0} — B to be

{v:A—- R |[v(0)=0AVij€ A:v(i) — v(j) < dij}

. The timer region of D is written 7(D).
The following theorem shows that regions and timer regions of a matrix are isomorphic.

Theorem 3 R(D) = R(D') iff T(D) = T(D') and R(D) = § iff T(D) = 0.

proof.  Everything is obvious except perhaps that 7(D) = T(D’) implies R(D) = R(D’).
Suppose that R(D) # R(D’). Then, without loss of generality, we may assume that there is a
valuation v € R(D)~ R(D’). Then v' defined by Vi € A:v'(3) = v(i)— »(0) is in T(D) - T(D’),
so T(D) # T(D"). o

4.3 The transition function

The transition function n of the Biichi automaton constructed in the previous section was defined
on regions (sets of valuations). In this subsection it is defined on matrices.

We define n(D, B), where D is a timer matrix and B is a set of timer events. The definition
consists of several steps. For notational convenience, let £ = {i | expire(i) € B} and § = {7 |
set(i) € B}.

The first step is to characterize exactly the subregion of timer valuations in D that permit
B to occur. The function rte(D, B} (“restrict to event set”) transforms D to a new matrix
representing exactly this subregion. For B to occur, all of the expiring timers in B must have
the same value (since they expire simultaneously) and the value of each expiring timer must be
less than the value of each non-expiring timer. The newly set timers do not affect rte. A matrix
D’ reflecting these constraints can be defined:

dl; = min(ds},(0,<)) when i,j € E
di; = min(d;},(0,<)) wheni€ Fand je A~ E
di, = d;; otherwise.

D' may not be in canonical form, so rte must then apply cf to it. The resulting matrix may
be unsatisfiable. This means that the set of events cannot appear at that point in a timing-
consistent trace. Note that if the results are to be satisfiable, d!; = (0,<) when é,j € E —
otherwise, d/; + df; < (0, <).

If the result of rte is a satisfiable matrix, the next step is to decrement the value of each
non-expiring timer by the value of the expiring timers (all equal as a result of the previous step).

The next step is to manifest the effects of decrementing each non-expiring timer by the value
of the expiring timers. This function is elapse(D, B). If D’ is the result, it is defined by:

dis=d;ndy;=d;; wheni€c A-~EandjeF

1 des i
d; = d;; otherwise
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One way to look at this transformation is that it makes the value of the expiring timers equal
to 0, while preserving the differences between the timers.

The next step is to delete the expiring timers from A. This is a projection operation that
can be accomplished by deleting the rows and columns corresponding to the expiring timers:
D' = Dlia-Eyuonx((4a-Eyio)-

The final step is to deal with the newly set timers. If ¢ € 5, we set d;o to u(i), do; to —1(3)
and d;; = dj; = (00, <) for all j € A — E, then apply cf. It is not difficult to see that cf has the
effect of setting d;; = d;o + do; whenever 7 or j isin S.

4.4 Convergence lemma

DB matrices are used in the proof of lemma 3 (the convergence lemma). First, we need the
following result:

Lemma 8 Let (p,7) be any finite timed trace that satisfies T. For each ! > 1 and i € A; that
is set and ezpires in p, let m; be the latest point less than | at which i was most recently set and
let n; > 1 be the next point at which it ezpires. Then for any € > 0, there exists a timed trace
(p, ') that also satisfies T and for all I either /(1) < /(I — 1) + € or there exists ani € A; such
that 7'(ni) — 7'(m;) < 1(3) + €.

proof.  Let k be the number of distinct values of / such that (p, 7) violates the lemma (i.e.
(1 + 1) > 7(1) + € and for every i € Ay, 7(ni) — 7(my) > 1(3) + €).

We can construct a time sequence 7/ that has no more than k¥ — 1 such points. Let [ be the
least point violating the lemma, and let § = min;eq,[r(!) — 7(I - 1), 7(n;) — 7(m;) — 1(i)] and
define 7’ so that 7'(p) = 7(p) for p <! and 7'(p) = 7(p) - 6 for p > L.

We claim that 7/ has no more than k — 1 violations of the condition. The duration of the
timer will only change if it is set before [ and expires at ! or later, so we need only check those
timers in A;. The duration of the timer is reduced (6 is positive if (p, 7) is timing-consistent),
so we need only worry about violating the lower bound on some timer. But, by the definition
of §,¥i € A;: 8 < 7(n;) — 7(my) — 1(8), so 1(2) < 7'(n;) — 7/(my).

Note that 7/ remains monotonic increasing because § < 7(I) — r(I — 1), also. 0

Let A = max;er(1(¢) + €). Since every timer in A; must be set at [ — 1 or before and must
expire at [ or after, it is a simple corollary of this lemma that whenever there is a finite timing-
consistent (p, ), there is another (p, 7’) such that 7(I) < I- A for every [ less than the length of
p.

This enables us to prove the convergence lemma itself:

proof. (of lemma 3) First, if | < m < n, leadsto(p,l,m) C leadsto(p,l,n), so the
sequence of regions formed by considering progressively greater values of m is a descending
chain under the subset ordering. Moreover, it should be clear from the definition that the
region defined by leadsto can always be described exactly by a DB matrix, which can be made
canonical. Canonical DB matrices have the property that D < D’ (under the pointwise ordering)
iff 7(D) < T(D’), so there is a descending chain of DB matrices describing the chain of nested
regions.

If this chain fails to converge, the entry in at least one position of the matrix, say the (3, )th,
must decrease without bound. But this cannot occur.

Let n; and n; be the earliest expire events for times 7 and j at or after / and let n =
max(n;,n;). Consider the set of finite timed traces corresponding to prefixes of p of length n
or greater that satisfy T'. For each timed trace, there is a timer valuation v; € leadsto(p,!,n)
such that (%) = 7(n;) — 7(!) and v(j) = 7(n;) — 7(!). Then by the previous lemma, there exist
timing-consistent timed traces in which v;(j) — vi(3) < (n ~ 1) - A. Let D be any DB matrix
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such that vy € 7(D). Then v(j) — vi(¢) < dj; by definition, and since the region is non-empty,
~(n - 1)+ A < —dj; < d;;, which gives a finite lower bound to the values that d;; can assume.
O

5 The number of regions

We need to show that the number of states in the timer region automaton is finite. This would
almost be trivial except for the possibility of infinite upper bounds. Since timer values decay
monotonically from when they are set to when they expire, the value of a timer ¢ is bounded
above by u(¢) and below by 0 in every region. The vertices of the polytope surrounding a timer
region are always on integer points, of which there are a finite number if u(%) is always finite.
Hence, the number of regions is bounded by [];c7 u().

Infinite upper bounds complicate the argument a bit, however. Let reachable be the set of
all matrices that are reachable from the start state of the automaton. The following lemma is
helpful:

Lemma 9 For every D € reachable and every i,j € AU {0}, —1(j) < d;; < u().

proof.  We prove by induction on the minimum number of applications of n needed to
derive D from the initial region. First, note that whenever D is in canonical form, we must have
di; < dio + doj and do; < do; + dij. If i or j is a newly-set timer, do; = —1(j) and dig = u(s).
Hence, dj; < u(i) (since dp; < (0,<)) and —1(j) < d;; (since do; < (0, <)). This proves the basis
of the induction, since in the first region all of the timers are newly set.

For the induction, suppose that D is satisfiable and satisfies the induction hypothesis. Let
us consider each step of n(D, B).

Let D’ be the result of the first step of rte(D, B) and D" = cf(D’) (so D" = rte(D, B)).

We claim that Vi, € A—E: —1(j) < d;; < u(i). D’ satisfies this by the induction hypothesis,
since the only entries that change become (0, <) or (0,<). D" satisfies df; < u(i) because cf
never increases an entry. If D" is not satisfiable, the lemma is immediate, so what remains to
be shown is Vi,j € A — E: -1(j) < dl; when D" is satisfiable.

Let ¢ and j be any members of A — E. d; is equal to the cost of the minimum-cost path
from ¢ to j in D’. This is a simple path since there are no negative cycles in D”. Let i =
k1,k2y... kn_1,kn = 7 be a minimum-cost path in D’. If the cost of the path is the same as
in D, then the result follows from the induction hypothesis and the direct constraint property.
di,k, “ changes only if k; € E, so let us assume that there is at least one expiring timer &; on
the path, and that the value of d;c’k“rl is different from dy,, , -

The path may then be divided into three consecutive segments: (i) a prefix starting with
t = ky and ending with k; € E (ii) an edge ki, k141 where k; € E and ki3 € (A — E)U {0} for
which di = (0,<) and (iii) a path ki41,...,kn = j whose cost is the same as in D. We claim
that the combined cost of these paths is greater than —1(5).

Consider the prefix ky,...,k;, first. By the definition of rte, dik, < (0,<), so the cost of
ki,..., ki in D' must be no less than (1, <) to avoid a negative cost cycle. So the sum of the
first and second segments is no less than (1, <). The cost of the third segment is the same as in
D, so its cost is not less than than —1(j). Hence, the sum of the costs of the segments is greater
than —1(j).

The remaining steps are simple. elapselrte(D, B), B] sets do; to di; and djo to d;; when
1 € F and j € A—FE; since nothing else changes, we have Vi, j € (A— E)U{0}: —1(5) < d;; < u(3).
Restricting the result to (A — E) U {0} obviously does not change this.
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The final step is the setting of new timers. cf only changes d;; to dj + do; in this case. For
both the existing timers and newly set timers, I{(0) = (0,<) < dyo < u(é) and ~1(j} < do; <
u(0) = (0, <), so their sum must be between —1(5) and u(i), also. Hence, after cf, the lemma
holds for all ¢,5 € (A — E)U S U {0}. o

Lemma 10 For every reachable D: {AU {0})?> — R and every i,5 € AU {0}, if u(3) = (c0,<)
then d;; = (00, <).

proof.  We prove by induction on the minimum number of applications of n needed to
derive D from the initial region. First, note that cf preserves the property: every path of timers
from i must have infinite cost, since d;; = (00, <) for all k € AU {0}. Hence, d; = (o0, <).

Once this has been determined, the rest of the proof is simply a verification that the def-
initions of the initial region and n do not directly introduce non-infinite values for d;; when
u(?) = (00, <). O

Theorem 4 reachable is finite.

proof.  We show that there can only be a finite number of distinct values in any entry
of the matrix, depending on its position. It is convenient to imagine that entries in the rows
and columns of inactive timers have a special “undefined” value. First, if u(i) = (o0, <),
every entry in row ¢ is either infinite or undefined (two values). Otherwise, the value is either
undefined or falls in the finite range —1(5) ... u(i), (about twice the difference in the magnitudes
of 1{2) and u(i) because of the two types of inequalities). Hence, there are no more than
[2(max;[)(1)] + max;[u()]) + 1]T* members of reachable. O

6 Conclusions

We have described a scheme that allows timing assumptions to be incorporated into automatic
proofs of arbitrary finite-state temporal properties. The obvious extension is to be able to prove
timing properties, not just agsume them. This would provide a verification framework for finite-
state hard real-time systems. We conjecture that the method presented can, in fact, be extended
in this way.

Another major question is practicality. We believe that, with some simple program opti-
mizations, the proposed method can be useful for certain small but tricky systems, such as
asynchronous control circuits. For larger systems, approximate and heuristic methods will be
needed.
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