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Abstract. Several extensions of tree automata have been defined, in
order to take in account non-linearity in terms. Roughly, these automata
allow equality or disequality constraints between subterms. They have
been used to get decision results, e.g. in term rewriting. One natural
question arises when we consider a language recognized by such an au-
tomaton: is this language recognizable, i.e. are the constraints necessary?
Here we study this problem in the class RECx corresponding to com-
parisons between brothers and we prove its decidability. It gives e.g. a
decision procedure for testing whether the image by a quasi-alphabetic
homomorphism of a recognizable tree language is recognizable.

1 Introduction

Even if many concepts in tree languages can be viewed as extensions of the
word case, some new difficulties and phenomena arise when we consider trees,
in particular "non-linearity” (a term is non linear if it contains two occurrences
of the same variable). For example, the family of recognizable sets is not closed
under non-linear homomorphism. Actually tree automata can’t deal with non
linear terms: e.g. the set of terms containing an occurrence of f(x,#) is not
recognizable. As non linear terms occur very often, e.g. in logic or equational
programming, several extensions of tree automata have been defined, in order
to take in account non-linearity in terms.

The first one is the class of automata with equality tests (Rateg automata)
[13]; unfortunately, the emptiness property is undecidable for this class. Several
”decidable” classes have then been defined, dealing with restrictions to the tests
in order to keep good decidability and closure properties.

First, Bogaert and Tison [3] introduced REC automata (tree automata with
comparisons between brothers) and denoted RECy the set of languages recog-
nized by these automata. The rules use tests in order to impose either equal-
ities, or differences between brother terms: rules like f(g¢,q)[x1 = ®2] = ¢ or
f(q,9)[x1 # z2] — ¢ are allowed. The emptiness problem in REC has been
proved decidable in [3] and the class has good closure properties.

One more general class with good decidability properties has then been intro-
duced (Caron et al. [5,4,6]): the class of reduction automata, which roughly allow
arbitrary disequality constraints but only finitely many equality constraints on
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each run of the automaton. By using these classes interesting decision results
have been got; for example, the encompassment theory ' can be shown decid-
able by using reduction automata and decidability of ground reducibility is a
direct consequence of this result ([7]).

One natural question arises when we consider a language recognized by an au-
tomaton with tests: is this language recognizable, and in this case can we com-
pute the corresponding ”classic” automaton? In other words, can we decide
whether ”constraints are really necessary to define the language”? Getting rid of
constraints allows e.g. to use classical algorithms for recognizable sets. For the
class of reduction automata, this problem contains strictly the decidability of
recognizability for the set of normal forms of a rewrite system, problem solved
but whose proofs are very technical [12,14].

Here we give a positive answer to this problem for REC, languages: we can
decide whether such a language is recognizable (and compute a classic automa-
ton when it exists). This partial result has some interesting corollaries; it gives
e.g. a decision procedure for testing whether the image by a quasi-alphabetic
homomorphism of a recognizable tree language is recognizable. (This result can
be connected with the cross-section theorem; the cross-section theorem is false in
general for trees; it is true when the morphism is linear [1], or when the morphism
is quasi-alphabetic and the image is recognizable. It is conjectured true when
the image is recognizable [8]). The result can also be used to decide properties
of term rewrite systems. When a rewrite system R has "good” properties (same
occurrences of a variable are ”brothers”: it includes the case of shallow systems
[11]), it gives a procedure to test recognizability of the set of normal forms of
R which is much easier than the general one and it allows testing whether the
set of direct descendants R(L) is recognizable for a recognizable language L:
testing these properties can be useful e.g for computing normalizing terms, for
computing reachable terms... ([15],[10]).

The spirit of the proof 1s natural: we define a kind of ”minimization” very sim-
ilar to the classical one (Myhill-Nerode theorem for tree languages [9,6]). The
difficulty is to extend the notion of context by adding equality or disequality
constraints. Then the point is that in the "minimized” automaton, it should
appear ”clearly” whether the constraints are necessary or not: e.g., when we
get two rules f(q,q)[x1 = x2] = ¢1 and f(q,¢)[x1 # 2] — ¢2, with ¢; and ¢z
non equivalent, it should mean that we need the constraints and so that the
language 1s not recognizable. Actually, the proof is a little more intricate and fi-
nite languages can disturb the “natural” minimization. E.g. the "minimized”
automaton associated with the recognizable language h*({f(a,a), f(b,0)}) is
a — ¢,b— q,flg,)[x1 = z2] — q¢,h(gr) — ¢; and then uses constraints.
So, a first step of the proof is devoted to eliminate these degenerate cases.
After basic definitions given in Section 2, RECy automata are introduced in
Section 3. The Section 4 is devoted to the proof.

! The encompassment theory is the set of first order formula with predicates red(x),
t term. In the theory red;(x) holds if and only if « is a ground term encompassing ¢
i.e. an instance of ¢ is a subterm of z.
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2 Preliminaries

The set of nonnegative integers is denoted N and N* denotes the set of finite—
length strings over N. For n € N, [n] denotes the set {1,...,n}, so that [0] is
another name for the empty set §.

An alphabet X 1s ranked if X = Up Y, where ¥, # 0 only for a finite number
of p’s and the non empty X, are finite and pairwise disjoint. Elements of X, are
said to be of arity p. Elements of arity 0 are called constants. We suppose that
X contains at least one constant.

Let X' be a set of variables. A term over Y’ UA’ 1s a partial function ¢ : N* — YUX
with domain Pos(t) satisfying the following properties:

- Pos(t) is nonempty and prefix-closed;

- Ift(a) € Xy, then i e N | i € Pos(t)} =1{1,2,...,n};

- If t(a) € X, then {i e N | i € Pos(t)} = 0.
The set of all terms (or ¢rees) is denoted by Ty (X). If X = §§ then Tx(X) is
denoted by Ts. Each element of Pos(t) is called a position.
Let t € T (X) and p € Pos(t). We denote by t|, the subterm of ¢ rooted at
position p and by #(p) the label of t at position p. Vi € [n] such that pi € Pos(t),
t|pi is said to be a son of the label ¢(p).
Let X, be a set of n variables. A term C' € Tx (X)) where each variable occurs
at most once in C' is called a context. The term Clty,...,t,] for t1,..., 1, € Tx
denotes the term in Ty obtained from C' by replacing for each i € [n] @; by ;.
We denote by C™(X) the set of contexts over n variables {z1,...,z,} and C(X)
the set of contexts containing a single variable.

3 Tree Automata with Comparisons between Brothers

Automata with comparisons between brothers (REC: automata) have been
introduced by Bogaert and Tison [3]. They impose either equalities, or dif-
ferences between brother terms. These equalities and differences are expressed
by constraint expressions. Here we will restrict to define normalized-complete
REC: automata (each REC, automaton is equivalent to a automaton called
normalized-complete REC, automaton [3]).

Rules of normalized-complete REC. automata impose, for each pair (pi, pj) of
positions of a term t where p is a position and ¢ # j € N, that ¢|,; = ¢|,; or
t|pi # t|p;. These comparisons are expressed by full constraint expressions.
First, we define the notion of full constraint expressions. Then we give the defi-
nition of normalized-complete REC automata.

Definition 1. A full constraint expression ¢ over n variables (z;)iern], » € N,
(in the following z; will always denote the i** son of a node) is a conjunction of
equalities #; = 2; and of disequalities 2; # x; such that there exists a partition
(E3)ierm) of [n], m < n satisfying:

c= AN wm=an AN mEa )
ke[m] LIVeEE k,k'€[m] k#£k’ I€EL 'L,

We denote ¢ = (Ls)ig[m) in order to simplify the notation, card(c) = m the
cardinality of ¢ and C'E}, the set of full constraint expressions over n variables.
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For example, C'E3 = {({1,2,3}), ({1, 2},{3}), ({1, 3},{2}), ({2, 3}, {1}), ({1},
{2}, {31}

In the case n = 0, the full constraint expression over no variable is denoted by
T (null constraint).

Definition 2. A tuple of terms ({;);¢[,] satisfies a full constraint expression ¢
iff the evaluation of ¢ for the valuation (Vi < n,z; = ¢;) is true, when “=" is
interpreted as equality of terms, “£” as its negation, “T” as true, A as the usual
boolean function and. For example, the tuple of constants (a, b, a) satisfies the
full constraint expression 1 # 22 A1 = T3 A T2 £ 3.

Let us remark that if ¢ and ¢’ are full constraint expressions over n variables
then ¢ A ¢ is unsatisfiable if ¢ # ¢/.

Definition 3. Let ¢ be a full constraint of C'E} and (g;)ie[n] be a n-tuple of
states. We say that (¢;)ic[n) satisfies the equality constraints of ¢ if for Yk,1 €
[n], (¢ = (2x = 21)) = (g6 = @1).

Let us now define normalized-complete REC: automata.

Definition 4. A normalized-complete automaton A with comparisons between
brothers (normalized-complete REC automaton) is a tuple (X, @, F,R) where
Y i1s a ranked alphabet, ) a finite set of states, F' C () a set of final states and
R CU; i x CE! x Q'+ aset of rules (a rule (f,¢,q1,. .., qn, q) will be denoted
Flg1,- -+, qn)lc] = q) with:

o Adeterministic i.e. for all rules f(q1,...,qn)[c] = ¢ and f(q1,...,90)[c] =
9, 9=4¢;

e For each letter f € X, each n-tuple (¢i);e[n] € @, each constraint ¢ of
CLE}, such that (g;)ie[n) satisfies the equality contraints of ¢, there exists at
least one rule f(q1,...,¢x)[c] = ¢

o And for each letter f € X, each n-tuple (¢;)ie[n) € @, each constraint ¢
of C'E}, such that (¢;);e[n) doesn’t satisfy the equality contraints of ¢, there
exists no rule f(q1,...,qn)[c] > ¢ ER.

Let f € X, and (4;);¢[n] be terms of T'y. The relation X 4 is defined as follows:

f(ti, ... ty) =4 q if and only if
(Elf(ql,...,qn)[c] — q € R such that Vi € [n],{; 54 q; )

and (t;)ie[n] satisfies the constraint ¢

Let ¢ be a state of Q. We denote by £.4(g) the set of terms ¢ such that ¢ 54 4.
A tree t € Ty is accepted by A if there exists a final state ¢ such that ¢ € £4(g).
The language £(A) recognized by A is the set of accepted terms. We denote by
REC the set of tree languages recognized by the class of REC: automata.

Ezxample 5. Let A= ({a,h, f}, {9,491, 90}, {gr}, R) with R:
a—q h(g) —q hiqr) = ap
hlap) = ap  fla. 0.9l = ar  fla. ¢, 9]l = qp V' € CEL\ {c}
Flar,q2,93)[¢] = ap Y(q1,02,93) € Q°\ {(¢,4,9)}, V' € CE}
where ¢ is the full constraint expression #1 = x3 A 23 # 1 A 23 # 2. Then A

recognizes the language {f(h" (a), k" (a), A" (a)) | m,n € N, m # n}.
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4 Recognizability Problem

We consider the recognizability problem in the class REC:
Input: A ranked alphabet X' and a language F € REC%.

Question: Is F recognizable?

We will prove that the recognizability problem is decidable; furthermore, when
the input language is recognizable, our algorithm computes a corresponding tree
automaton.

The idea of the algorithm is the following: we define a kind of minimization, close
to the classic one (Myhill-Nerode theorem for tree languages [9,6]) but dealing
with constraints: roughly, two states will be equivalent, when they have the same
behaviour for the same context with constraints. This needs defining constrained
terms which are terms labeled with equality and disequality constraints. Then,
the point is that, when the reduction works well, it should be the case that non
necessary constraints are dropped. For example, let us suppose that we have
two rules f(q,¢)[z1 = x2] = ¢1 and f(q,¢)[r1 # ®2] = ¢2; when ¢; and ¢5 are
equivalent, it means that the constraints are not necessary.

However, the reasoning fails when the language associated with a state is finite:
a— q,b = q,f(g,9)[z1 = 23] = ¢ use constraints to define the finite (thus
recognizable) language {f(a, a), f(b,b)}. So in a first step, we eliminate states ¢
s.t. L4(q) is finite (section 4.1). Then we extend the notion of context to take
in account equality and disequality constraints (section 4.2) and then, we define
and compute ”the” reduced automaton (section 4.3). Finally, we prove that the
language is recognizable iff the reduced automaton is not ”constraint-sensitive”
(section 4.4), i.e. two rules whose left-hand-side differ only by constraints have
the same right-hand-side. We deduce decidability of the recognizability problem
in the class RECy: and obtain an effective construction of the corresponding
automaton, when the language is recognizable.

4.1 How to reduce to the ”infinite” case

Let F € REC: and A = (X, Q, F, R) be a normalized-complete REC automa-
ton recognizing F. Let us suppose that there exists at least a state ¢ of A such
that £.4(q) is finite. Let us denote:

F = U [,A(q) and Fy = U *CA(Q)~

q€F,L A(q) finite q€F,L A(q) Infinite

Since L(A) = F1UF, and F is finite, L(A) is recognizable iff 5 is recognizable.
The language F» is recognized by the REC, automaton 8 = (X, (), F', R) where
F''={qlq € F, L 4(q) infinite}. We construct a new alphabet I' by encoding, for
each state ¢ such that L£g(q) is finite, the terms of £Lz(¢) in the symbols of I'.
We define a REC automaton B’ on I' and a linear morphism ¢ from Tr(X)
onto T (X) such that for each state ¢ of B, Lp/(q) is infinite and such that
o(L(B")) = L(B) and =1 (L(B)) = L(B'). We deduce that (£(B) is recognizable)
< (L(B') is recognizable) since ¢ is linear (the entire proof can be found in [2]).
We deduce that the general case can be reduced to the infinite case since for
each state ¢ of the automaton B’, Lg/(q) is infinite.
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Before studying the ”infinite” case, let us give an example of construction of
B and ¢. Let & = {a/0, f/2} and B = (X,Q, F',R) where Q@ = {¢,9p, 4},
F’ = {qs} and R is composed of the following rules:

a—q fla, @)[z1 = 22] = g5
Flag,ap)lzr = 2] = ¢y Flap, ap)ler = xa] = qp
a1, g2)[z1 # 2] = qp Y(q1,92) € (@ x Q)
B is a normalized-complete REC: automaton. Obviously £5(¢) = {a} and,
L(gp) and L5(gr) are infinite. Then we consider O a symbol not in X' and we
define the alphabet I' = {f(gyg),f(gya), f(ayg), f(a,a)}~
Then B = (I,Q', F',R') is the REC, automaton where @' = {¢;,¢s} and R’

i1s composed of the following rules:

fa,a) = a5 fo,o) (g1, g2)[21 # ®2] = qp Y(q1,42) € (@' x Q)
fo,a () = gp Vg1 € Q' oo (ar, qp)[z1 = x2] = g5
frao)(92) = 4p Vg2 € Q' froo) (g, ap)[z1 = 22] — g5
And ¢ : Tp(X) = Tx(X) is the linear morphism defined as follows:

e(fla,0) = fla,a) e(fio,0) (@) = fey, a)
o(fioo) (1, 22) = f(21,22) o(fra,m) (1) = fla, x1)

So we can suppose in the rest of the proof that for each state ¢ of the normalized-
complete automaton A = (X, Q, F, R) recognizing F, £L4(q) is infinite.

4.2 Constrained Terms

In the class of recognizable tree languages, an equivalence relation using contexts
is used in order to minimize the automata (Myhill-Nerode theorem for tree
languages [9,6]). We define a similar notion in the class of REC: automata.
As the rules of REC, automata contain comparisons between brother terms,
we introduce the notion of terms imposing equalities and disequalities between
brother terms, these comparisons being expressed by full constraint expressions.
Such terms are called constrained terms. The label of a constrained term at a
position p 1s the combination of a symbol and of a full constraint expression
¢ such that the equality constraints of ¢ are satisfied by the sons of the label
and such that there is no disequality constraint between equal ground sons of
the label. Leaves of a constrained term may also be states or occurences of an
unique variable.

More formally, let  be a variable and X’ be the ranked alphabet defined by
VneN, X ={fc| f€ Zy,ceCEL}. A constrained term C over ¥ U Q is
a term of Tx:(Q U {x}) where the states of @ are constants and Vp non leaf
position of €', 3n > 0, such that C(p) = f. € X/, with:

o The n-tuple (C|pi)ie[n satisfies the equality constraints of ¢;
e ¢ contains no disequality constraint between equal ground sons i.e. Vi, 5 €
[n], (Clpi € Tpr and Clpi = Clpj) = (¢ = (2 = 7;)).
Ezample 6. Let g, f € X5 and q1,¢92 € Q. Then fo(9c(q1, %), 9o (g2, ) with
¢ = [z; = x2] and ¢/ = [#1 # x2] is not a constrained term since g./(q1,z) #

9o (g2, ). But fe(ge (g1, 2),90(q1, %)) with ¢ = [#; = 2] and ¢/ = [x1 # x2] is a
constrained term.
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Constrained terms are terms hence we use the usual notion of height of a term on
constrained terms with height(c) = 0if ¢ € QU {x} and height(c) = 1 if c € X.
Let C be a constrained term and ¢ € @, we denote by C[q] the constrained term
obtained from C' by replacing each occurence of z by q.

Run on constrained terms We extend the notion of run on terms to run on
constrained terms. Let C' be a constrained term and ¢, ¢’ be states. We denote
Clg] “a ¢ iff
e Either C'= ¢ or (C' =z and ¢ = ¢');
o OrC' = f.(Cy,...,Cy) with f. € 2, (Ci)ig[n) constrained terms such that
Vi € [n) Cilq] >4 ¢; and flar, - qn)lcl = ¢ €R.
Let us now extend the notion of run to run between constrained terms. Let C, C’

be constrained terms and ¢ be a state. We denote C[q] =4 C” iff there exists a
set P of positions of C' such that:

e YpEP,C'|, €Q and C[q]|, =4 C'|;
e Vp € Pos(C) not prefixed by a position of P, C'(p) = Clg](p).

4.3 Minimization
Definition 7. let =4 be the relation on @ defined by for all q,¢' € Q, g =4 ¢
if for each constrained term C, (Clg] 34 1 € F & C[¢'] 54 q2 € F).

The relation =4 is obviously an equivalence relation. In the following, we as-
sociate with the automaton A a normalized-complete REC% A, said “mini-
mized” whose states are the equivalence classes of the relation =4 and such that
L(A)=L(A,,).

First we prove that the equivalence classes of the relation =4 are computable.
Then we define the automaton A,,.

Equivalence Classes Algorithm EQUIV
input: Normalized-complete REC automaton A := (X, Q, F,R)
begin
Set P to {F,Q\ F} /* P is the initial equivalence relation*/
repeat
pP =P
/* Refine equivalence P’ in P */
qPq’ if ¢P'q’ and VC constrained term of height 1,

Clg] S q1 and Cq'] 4 g2 with g1 P'g»

until P = P
output: P set of equivalence classes of =4
end

We denote by ¢ the equivalence class of a state ¢ w.r.t. P, the set computed by
the algorithm EQUIV. Let us prove that the algorithm EQUIV is correct i.e.
that P is the set of equivalence classes of =4 (Lemma 10). First we consider
two rules whose left hand sides differ only by replacing all occurences of one
state bounded by equalities imposed by the constraint by a state of the same
equivalence class w.r.t. P. Then we prove that the right hand side of the two
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rules belong to the same equivalence class w.r.t. P (Lemma 8). We deduce that
the equivalence classes w.r.t. P are compatible with the rules of the automaton

A (Corollary 9).

Lemma 8. Let f(q1,...,qn)[c] = ¢ € R and fldy, - a)e] = ¢ € R such
that there exists j € [n] such that q; € q}LVi € [n],((c= i =z;) = ¢} = ¢})
and ((c = 2z £ 2;) = ¢; = ¢;). Then g € ¢'.

Proof. First the rule f(qf,...,q,)[c] = ¢ is well defined since we can prove
that (¢’)ie[n) satisfies the equality constraints of ¢. Let us now consider the
constrained term C defined by head(C) = f. and for each i € [n]if ¢ = 2; = z;
then C(7) = x else C(4) = ¢;.

Obviously Vi € [n], Clg;lli = f(q1, ..., ¢n)|i then C[g;] =4 ¢. Let us now prove
that Vi € [n], Clg}]li = f(q1, .-, qn)li- Let @ € [n]. If ¢ = @; = x; then ¢; = ¢}.
Then Clgjlli = ¢ = q; = flq1,-- -, qn)li- H ¢ = @i # xj then Clgf]li = ¢i = ¢} =
[y, qp)li. Hence Vi € [n], Clgj]li = f(q1, - .-, q)|i then Clgj] —a ¢
Moreover ' is a constrained term of height 1 hence according to the EQUIV
algorithm, we have ¢ € qN’ since ¢; € q} which ends the proof of Lemma 8.

Corollary 9. Letf(ql, o)l = g €R and fl4h, ..., q,)[c] = ¢ € R such
thatVj € [n] q; € ¢}. Then g € ¢'.

Let us now prove that the algorithm EQUIV is correct.

Lemma 10. P s the set of equivalence classes of =4 t.e.:
Ve, €Qe=ad) e (¢€q)

Proof. First, we can prove that Vg, ¢ € Q (¢ ¢ qN’) = (¢ #Z4 ¢') by induction

on the step of the algorithm EQUIV where ¢ ¢ ¢’ appears. We deduce that

Ve, €Qe=ad) = (¢€ ).
In order to prove the implication <, we first prove that:

Vo, €Q, q€q = (VC constrained term { C'[q/] :)A I (s € é;/))

by induction on the height of the constrained term. Let ¢, ¢’ € @ such that ¢ € q'
and C' a constrained term such that C[q] >4 s and C[g'] >4 5.

C of height 0: Either C' € @: Hence 3¢” € @ such that C = ¢”. Clq] =
Cl¢'] = ¢” hence s = s' = ¢”. Finally s € s
Or C =u: C[g] = q and C[¢'] = ¢’ hence s = ¢ and s’ = ¢'. Finally s € s/
since ¢ € ¢'.

Induction hypothesis: Let k& € N. Let us suppose that the property is true
for all constrained term C' of height less than or equal to k. Let C' be a
constrained term of height k41. There exists f € X, ¢ € CE},(Ci)ign)
constrained terms such that C' = f.(C1,...,Cy). According to induction

hypothesis, Vi € [n], Ci[q] =>4 ¢; and C;[¢'] >4 ¢ with ¢; € ¢/
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(Ci)ieln satisfies the equality constraints of ¢. Moreover A is deterministic
hence Vk,l € [n] such that ¢ = (x5 = 2;), we have ¢; = ¢; and ¢;, = ¢/ since
Cr = C;. We deduce (¢;)ig[n) and (q;)ig[n) satisfies the equality constraints
of ¢. Hence since A is normalized-complete, there exists f(g1,...,qn)[c] —
seR and f(¢),...,q)[c] = ¢ €R.

Moreover Vi € [n], ¢; € ¢;. We deduce from the Corollary 9 that s € s

At the beginning of the execution of EQUIV, P = {F, @\ F}, hence:
Ve F\Yg €Q,(d €9) = (¢ €F) (2)

since at each step of the algorithm ¢Pq’. We deduce that Vg, ¢ € Q (¢ Z4 ¢') =
(¢" € §) which ends the proof of Lemma 10.

Let us now define the automaton A,,. Let us denote § the equivalence class of a
state ¢ w.r.t. =4. Let Ay, = (X, Qm, Fn, Rim) defined as follows:

® (J,, 1s the set of equivalence classes of =4.
o I'n={j|qeF}.
e Ry ={f(q1,...,dn)[c] = G |Vie[n]Ig € ¢, €4
such that f(q},...,q,)[c] = ¢ €R}.

We prove now that A, is a normalized-complete REC: automaton (Lemma 11)

and that £(A) = L£(A,,) (Lemma 12).

Lemma 11. A, is a normalized-complete REC: automaton.

Proof. First we prove that A, is deterministic. Let f(41,...,¢n)[c] = § € Rm
and f(q1,...,dn)[c] = § € Rp. According to the definition of R,:

o Vi€ [n], 3¢} € ¢;, 3¢’ € ¢ such that f(q},...,q,)[c] = ¢ €R.

o Vi€ [n], ¢! € ¢;,3s' € § such that f(¢Y,...,q¢))[c] = ¢ € R.
Vie[n] ¢ € qz hence according to Lemma &, s’ € ¢/. Then § = § since § = ¢/,
§ = s and ¢/ = s'. Finally A,, is deterministic. Let us now prove that A,
is normalized-complete. Let f € 2, ¢1,...,¢n € Qm and ¢ € CEJ, such that
(¢3)ie[n] satisfies the equality contraints of c.
Let (g;)ie[n] such that Vi € [n] q; € ¢; and Vk,I € [n] (¢ = (2x = x1)) =
(q;, = q{)- The last condition is possible since Vk,l € [n] (¢ = (2 = %)) =
(dk = Gi) and (q;)ie[n) satisfies the equality contraints of c. (¢});e[n] satisfies the
equality contraints of ¢ and A is complete hence 3f(¢},...,q,)[c] = ¢ € R.
Hence f(qN’l, Cel qzl)[c] — § € Ry, according to the EQUIV algorithm. Moreover
Vi € [n], we have ¢; = ¢} hence f(q1,...,¢n)[c] > § € Rim.
Finally, we deduce A,, is a normalized-complete REC% automaton which ends
the proof of Lemma 11.

Lemma 12. £(A) = L(A,,).
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Proof. First we can prove by induction on the height of ¢ that V¢ € Ty ,Vq €
Q,(t 54 q) = (t 54, §). Wededuce that £L(A) C L(A, ).
Then we deduce £(A,,) C L(A) from the property (2) and the following prop-
erty:

VteTs, YgeQ,(t 54, §) = (3¢’ € §such that t 54 ¢').
We deduce that £(A) = L(A,_,) which ends the proof of Lemma 12.

Remark 13. We can prove easily that V¢ € Qm, L4, (¢) is infinite and that
Ve,q9" € Qm, (¢ =a,, ¢') = (@=1¢).

4.4 Characterization

Let A be a normalized-complete REC: automaton. According to the Section 4.3,
we can consider automata satisfying properties of Remark 13. We give now
a necessary and sufficient condition for the language recognized by A to be
recognizable.

Proposition 14. Let A = (Z,Q, F,R) be a normalized-complete RECx au-
tomaton such that for each state q of A, La(q) is infinite and such thatV¥q,q' €
Q, (q=aq) < (g =4¢). Then L(A) is recognizable if and only if for all rules
flar, - an)lel = 4, flar, . an)[d'] = ¢ of R, we have ¢ = ¢'.

In order to prove Proposition 14, we need some technical lemmas. First, since the
language recognized by each state of A is infinite, we prove that we can ”instan-
tiate” each constrained term to a ground term. In fact we prove (Definition 15
and Lemma 16) that we can associate with each constrained term over U Q a
constrained term over X without occurence of z by replacing each occurence of
a state ¢ by an element of £4(¢q) and each occurence of z by an element of an
infinite set of ground terms.

Definition 15. Let C' be a constrained term. We denote:
e V(C) the set of variable positions of C: V(C') = {p € Pos(C) | C(p) = «}.
e S(C) the set of state positions of C: S(C) = {p € Pos(C) | C(p) € Q}.
o For each ¢ € Q, S(C)(a) = {p € S(C) | Clp) = a}.

Lemma 16. Let C be a constrained term over X U Q and T be an infinite set
of terms of Tx,. There exists a constrained term C' over X without occurence of
x such that:

* Vp € Pos(C)\ (V(C) US(C)), C'(p) = C(p),

e FEach variable of C' s replaced by a constrained term associated with an
element of T i.e. Yp e V(C), 3t € T, C'|, = laby,

e FEach state of C' 1is replaced by a constrained term associated with an ele-
ment of the language recognized by the state i.e. Vg € Q,Vp € S(C)(q), 3t €
La(q),C'|p = laby,

where laby denotes for each term t the constrained term over X obtained from
t, i.e. ¥p € Pos(l), ift(p) = [ € X, n > 0, then lab:(p) = fo with ¢ the full
constraint satisfied by (t|pi)ien], else labe(p) = t(p).
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Proof. Let C' be a constrained term over XU @ and T be an infinite set of terms
of T's. First let us deduce from the full constraint expressions of each position
of ', full constraint expressions between the positions of (' where the variable
z occurs and between the positions of (' where the same state occurs.
In fact if we consider the positions where the variable # occurs (positions of
V(C)), we express all the equalities between these positions imposed by the con-
straints of (/. When none equality is imposed between two positions we impose
a disequality since :

e Constraints impose only equalities between brothers hence between terms

whose positions have the same length.

e According to the definition of constrained terms, equalities are only im-
posed between equal terms in a constrained term.

We can do the same for positions of S(C)(q) for each ¢ of Q.

More formally, for each position p of C' such that C'(p) € X', we denote conte(p)
the constraint obtained by projection from X’ onto C'E/, and we define Vp €
S(C)uV(C) a variable z,. We denote cy(¢) the full constraint expression over
(2p)pev(cy and Yq € @, cs(c)(q) the full constraint expression over (2,)pes(¢)(q)
defined as follows:

1. We express the equalities imposed by the constraints:
Vp € Pos(C'), Yi,j (conte(p) = (x; = ;) = Vv such that zp;y defined
iy € V(C) = (2piy = 2pjy) € cv(0) )
Ziy € S(C)(9),4 € @ = (2piy = Zpjy) € Cs(C)(a)
2. We apply the transitive closure to express all equalities:
(2py = 2ps N 2py = 2ps) € vy = (2p; = %ps) € Cy(0)-
Vg € Q, (2p, = 2py N 2py, = 2ps) € c5(0)(q) = (2p1 = %ps) € €5(C)(g)-
3.Vp,p" €V(C),p# 1, (5p = 2pr) E eviey = (% # 21) € ey(c);
4.Yq € QVp,p' € S(O)q)p # V(% = 7) & csioyg = (3 # 71) €
Es(C)(a)-

Since T is infinite and Yq € Q, L 4(q) is infinite, there exists (t,),ev(c) € T' and
Vg € Q, (tp)pes(c)(q) € Lal(g) such that:

1. Vp e V(C)US(C), t, s of height strictly greater than height of C' and strictly
greater than height of terms of the set {t,/ | p’ € V(C) U S(C), length of p/
strictly less than length of p}.

- Vp e V(O),Vp' € S(C), t, #tp.

Vg4, q# 4, Vp € S(C)(q), VP € S(O)d), tp # L

- (tp)pev(c) satisfies cy(c).

. Yq €@, (tp)pES(C)(q) satisfies CS(CY(q)-

Ot W N

Let us remark that point point3 is satisfied for all families of terms since A is
deterministic. Let C” be the term of T’ defined as follows:

o ¥p € Pos(C) \ (V(C) US(C)) C'(p) = C(p);
o VpeV(C)US(C) C'], = laby,.
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For each p € V(C), p’ € S(C), constraints of C' impose z, # 2, since C(p) #
C(p’). This constraint is satisfied by lab;, and lab; , according to previous
points 1 and 2. Similarly for each p € S(C)(q), p' € S(C)(¢'), ¢ # ¢, con-
straints of (' impose 2z, # zp+. This constraint is satisfied by lab;, and labtp,
according to previous points 1 and 3. We deduce that C” is a constrained term
over X without occurence of  which ends the proof of Lemma 16.

Let us now prove that we can ”instantiate” each constrained term over X' U @)
to a constrained term over X by replacing each occurence of a state ¢ by an
element of £4(¢q) (Definition 17 and Lemma 18); similarly, given an infinite
set of ground term 7', we can ”instantiate” each constrained term over X by

replacing each occurence of z by a constrained term associated with an element
of T (Lemma 19).

Definition 17. Let C be a constrained term over XU (). A state-instance of C'
is a constrained term obtained from C, replacing each state ¢ by a constrained
term lab:, 2 € La(q).

Lemma 18. There exists a state-instance of each constrained term.

Proof. Let C be a constrained term and C” be a constrained term obtained from
C according to Lemma 16. Let C” be the constrained term defined by

o Vp € Pos(C) \ V(C), C"(p) = C'(p);
o VpEV(C), C"|, = x.

C” is obviously a state-instance of C' which ends the proof of Lemma 18.

Let us remark that when C” is a state-instance of a constrained term C', then
Vg €Q,(Clg) Sas=Cg] Sas)

Lemma 19. Let C be a constrained term over X and T be an infinite set of
terms of T's. There exists (tp),ev(cy € 1" such that C' defined by

o Yp e Pos(CY\V(C),C'(p) = C(p);
o Vpc V(C),Cl’p =lab,,,

15 a constrained term.

This lemma is an immediate corrolary of Lemma 16. Let us now prove that the
condition of Proposition 14 is necessary.

Lemma 20. Let us suppose that there exists two rules of R, f(q1,...,qn)[c] =
q and f(q1,...,q2)[¢] = ¢ such that ¢ # ¢ and ¢ # ¢'. Then L(A) is not
recognizable.

Proof. Let us suppose that £(A) is a regular tree language: there exists B =
(X,Q, F, A) adeterministic and complete bottom-up tree automaton recognizing
it. For each ¢ € @, we denote £5(q) the set of terms ¢ of T such that ¢t S5 ¢(t).
Let us recall the following basic property:



162 Bruno Bogaert et al.

Property 21. VC € C*(X),Vq € Q,Y(ti)iem] € £5(q),Y(t))iem) € L5(q)
(Clty, ..., ta] € LIB) & C[t),...,t,] € L(B)).

The sketch of proof is the following: we construct two terms, saying ¢; and
such that ¢; belongs to £(A) and #3 does not. Furthermore, ¢; and ¢2 will differ
only on some positions p where ¢, (p) = t2(p) = f but subterms at these positions
in t; satisfy the constraint ¢ while in 5, subterms at the same positions satisfy
the constraint ¢’.

From ¢, and ¢ we deduce a general context Cj, intuitively the common prefix
of t; and 13, such that there exists g5 state of B, (ui)ie[n) and (uf)igpn) terms
of £L5(gs), such that Cy[(u,)] € L(A) and Cy[(u;,)] € L(A). This will contradict
Property 21 since we supposed that £(.A) is recognizable.

Since A is complete, we can suppose without loss of generality that ¢ and ¢’
differ only by the splitting of a set, i.e. I(Ey)rex, I, J C [n] such that:

c= ((Er)kex,TUJ), card(c) =k + 1;
¢ = ((Ex)kex, I, J), card(c') =k +2.

q # q' hence q Z4 ¢'. We deduce that there exists a constrained term C over
2UQ such that (Clg] D4 s € F & C[¢'] 54 s € F). We stand that s € F and
according to Lemma 18, there exists C' a state-instance of C. C[q] S 4 s since
Clg) 54 s and C[¢'] 54 s since C[q'] 54 5.

Let us consider the constrained term Fy = fe(s1,...,s,) where Vk € JUJ, s, = &
and Yk & TUJ, s = qz. Lemma 18 ensures the existence of a state-instance Fy
of Fi. Then F![qr] =4 q since Fi[q1] >4 q.

Let € be the constrained term C[FY] and ¢ be the unique state present in the
rule r at positions belonging to I U .J. The run on C[qs] leads to the final state
s since Ci[g7] = CF{[q1] =4 Clg] S s.

The constrained term F5 is obtained from F by replacing the root symbol f. by
fer. Hence, Fy and Fy have the same projection onto T ({}). From Lemma 18
there exists FY a state-instance of Fy. Fj is choosen in such a way that root
subterms at the same position k& &€ T U J in F| and Fj are identical (remember
that ¢ and ¢/ only differ by the splitting of TU.J into I and J). Then F4[q;] >4 ¢’
since Fy[qr] Sa ¢

In the same way as previously, Cy denotes C[F4]. Let us notice that F| (resp.
C4) and FJ (resp. C2) have the same projection onto Tz ({}). The run on Ca[qs]
leads to the non final state s” since Ca[q7] = C[F4[qr]] =4 Clg'] S 5"

As we supposed that £(A) = £(B) and as £.4(qs) is infinite then there exists ¢z
state of BB such that the set T'= L4(qr) N Lp(gp) is infinite.

As T is infinite, and according to Lemma 19, there exist terms (up)pev(c,) € T
such that C7 defined by

o ¥p € Pos(C1) \ V(Ch), Ci(p) = Ci(p);
o Vp e V(Ch1),C1, = laby,,
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is a constrained term. As Vp,lab,, 254 qr, the run of this constrained term is
the final state s. The term t1, projection of C] onto Ty satisfies 1 € L£(A).
In the same way, there exist terms (uy,),ey(c,) € 7' such that C% defined by

o Vp € Pos(Cq) \ V(Cs), Ch(p) = Ca(p);

e Vpe V(Cz), Cé|p = labu;),
is a constrained term and the run of CY is the non final state s’. As A is deter-
ministic, t2, the projection of CY) over Ty does not belong to £(A).

Let Cj be the projection of Cy onto T’y ({«}) (which is the same as the projection
of ). Cy is a context -without labels- over a single variable z.

We replace each occurence of z in Cy by distinct new variables: it results a
context Cj, over distinct new variables (z,),ev(c,) defined by

o Vp € Pos(Cy) \ V(Cy), Cy(p) = Cy(p);

o Vp € V(Cy),Cylp) = =,

We can prove that t; € L£(A) = Cy[(u,)] and t5 = Cy[(u;,)]. Moreover, Vp, uy, S5

gp and u; 55 ¢, which contradicts the Property 21 since t; € A and to ¢ A.
We deduce that £(.A) is not recognizable, which ends the proof of Lemma 20.

Let us now prove that the condition of Proposition 14 is sufficient.

Lemma 22. Let us suppose that for all rules of R, f(q1,...,qn)[c] = ¢ and
flar, - -, q0)[] = ¢, we have ¢ = ¢'. Then L(A) is recognizable and we can
compute a tree automaton recognizing L(A).

Proof. Let B = (X,Q, F, A) be the tree automaton whose set of rules A is
defined by: Yf € X, Y(q:)ien) € @, f(q1,...,qn) = ¢ € A where ¢ is defined
by a rule f(q1,...,¢n)[c] = ¢ of R (¢ is unique according to hypothesis of the
lemma). We easily prove that £(A) = £(B). Hence £(A) is recognizable which
ends the proofs of Lemma 22 and of Proposition 14.

Let A = (X,Q,F,R) be a normalized-complete REC automaton such that
for each state q of A, L£4(q) is infinite. According to Remark 13 and Proposi-
tion 14, we deduce that the recognizability problem of £(.A) is decidable. Finally,
according to Section 4.1, we deduce the following theorem:

Theorem 23. The recognizability problem in the class RECy ts decidable.

5 Conclusion

We proved here that recognizability problem is decidable in the class REC,.
It implies e.g. the decidability of recognizability of ¢(L£) where ¢ is a quasi-
algebraic tree homomorphism (i.e. variables occurr at depth one in a letter’s
image) and £ a recognizable language.

It provides also a rather simple algorithm for testing recognizability of the set of
normal forms (resp. of the set of direct descendants of a recognizable language)
for some subclasses of rewrite systems (like shallow ones).
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Furthermore, the notions we define here -like constrained terms- could perhaps
be extended and help to answer the two following open problems:

Is recognizability decidable in the class of reduction automata?

Can we decide whether the homomorphic image of a recognizable tree language
1s recognizable?
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