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Abstract. The Distance Transform on Curved Space (DTOCS) can be
used to calculate distances on a gray-level surface, but the route along
which the shortest distance is found, is lost during the calculation. In
this article a new method for finding and visualizing the shortest path
between two points on a gray-level height map is presented. The method
is simple to implement, and example route images show that it produces
good results.

1 Introduction

Finding the shortest path, or the so called minimal geodesic, between two points
on a three dimensional surface is an important optimization problem. Applica-
tions include robotic motion planning and navigation, terrain navigation, medical
image analysis etc. By considering the digitized surface as a graph, numerous
path search methods, like the classical Dijkstra’s algorithm, best first search
and A* search, become feasible. For example Saab and VanPutte present a ge-
ometrically modified Dijkstra search for path planning on a topographical map
[6]. Kimmel and Kiryati use graph search to get an initial approximation of the
shortest path and then refine it by curve shortening [3].

This article presents a new method for determining minimal length paths
between two points on a gray-level map. The algorithm is based on the Dis-
tance Transform on Curved Space (DTOCS presented in [9]), which calculates
distances on a gray-level surface, when the gray-levels are understood as height
values of the image surface. Other distance map approaches for path optimiza-
tion include level sets propagation presented in [2]. A grassfire algorithm by
gray-scale morphology, as in [4], could also be used similarly.

2 Definitions for Route DTOCS

A discrete gray-level image is a function G : Z2 — N, where N is the set of
positive integers. Let Ng(p) denote the set of 8 neighbors of pixel p in Z2.

In the distance image produced by the DTOCS, every pixel in the calculation
area X has a value which corresponds to the distance of that pixel from the
nearest background pixel in X . The set X¢ can also be defined as the set of
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feature pixels to compute distances to the nearest feature as in for example [§].
The definition of the DTOCS for any calculation area X can be found in [9]. In
the Route DTOCS the same distance metrics apply, but the complement area
XC is restricted to a single point, and the distance can be calculated according
to the following, slightly simplified, definitions.

Definition 1. Let Ng(p) denote the 8 neighbors of pizel p in Z2. Pizels p and
q are 8-connected if g € Ng(p). A discrete 8-path from pizel p to pizel s is a
sequence of pizels p = pg,p1,...,Pn = S, where every p; is 8-connected to p;_1.

Definition 2. Let ¥(x,y) denote the set of all possible discrete 8-paths linking
points © € X and y € X©. Let v € ¥(x,y) and let v have n pizels. Let p; and
pit1 be two adjacent pizels in path . Let G(p;) denote the gray value of pizel p;.

Definition 3. Along a discrete 8-path the distance between neighbor pizels p;
and piy1 is d(pi, piv1) = |G(pi) — G(pit1)| + 1, and the length of the path ~y is
defined by A(7) = Y2771 d(pi, pis1)-

Definition 4. The DTOCS distance image F*(x) when X = {y} is
min(A ,reX
sy [ mBAD)
0 ,x e X©

3 The DTOCS Algorithm

The sequential two-pass algorithm for calculating the DTOCS image F*(x) pre-
sented in [9] requires two images: the original gray-level image G(x) and a binary
image F(x) which determines the region(s) in which the transformation is per-
formed. The calculation area X in F(z) is initialized to max (the maximal
representative number of memory) and the complement area X< to 0.

The first computation pass proceeds using the mask M1 = {pnw, Pn, Pne; Pw
in figure [ in direct video order, i.e. rowwise from the top left corner of the
image, substituting the middle point F(p.) with the distance value

Fi(pe) = min[F (pe), min (A(p) + 77 (p))] (1)

The distance between pixel p. and its neighbor p is A(p) = |G(p) — G(p.)| +1
according to definition

The second pass uses the mask My = {pe, Dsw, Ps, Pse} in figure [ in inverse
video order replacing the distance value F (p.) calculated by the first pass with
the new value

F*(pe) = min[F7 (pc), min (A(p) + F*(p))] (2)
pEM>

If the original gray-level map is complex, the two calculation passes may
have to be repeated several times to get the perfect distance map (see [7]). The
DTOCS map F*(z) is used as the ”binary” image F(x) for the next computa-
tion pass repeatedly until the DTOCS algorithm has converged to the globally
optimal distances.
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Pnw|Pn |Pne
Pw_|(Pe) (pe)| pe
DPsw| DPs|Pse

Fig. 1. The masks for calculating DTOCS. The left mask M; is used in the forward
calculation pass, and the right mask Ms in the reverse pass.

4 The Shortest Route Algorithm

The method for finding the shortest route on a gray-level surface is based on
calculating two DTOCS distance maps, one for each of the points between which
we want to find the optimal route. Assuming we have a gray-level image G(z)
and want to find an optimal route from point a with gray-level value G(a) to
point b with value G(b), we initialize the binary images F,(x) and Fp(z) with
XC = {a} and X = {b} respectively. Using these two images, which in practice
have the single pixel a (or b respectively) set to 0 and all other pixels to maz, we
individually calculate the two DTOCS images F; (z) and F; (x). In the resulting
distance maps each value corresponds to the distance between point z and point
a (or b respectively) along an optimal 8-connected path. It can be noted that
Fr(b) as well as Fjf(a) equals the length of the shortest route between points a
and b. Using the two DTOCS images, we define the route distance:

Dr(x) = Fy(x) + Fy (x) 3)

For each point x the value of Dg(z) is the length of the shortest path from
point a to b that passes through point z. This is evident, since FJ(x) is the
shortest distance from a to z, and F;(x) is the shortest distance from x to b.
The proof about minimal subpaths in [5] can be modified to prove that the
minimal subpaths from a to x and from x to b form a minimal path between «a
and b. The equal distance propagation curves in [2] are combined similarly to
form minimal geodesics. So the route, i.e. the shortest path from a to b, is the
set of points x, for which the route distance is minimal. We define the route:

R(a,b) = { x| Dr(z) = min Dr(z)} (4)

There can be several optimal paths, but they are all of the same length. The
set R(a,b) contains all points that are on any optimal path, so this method
can not provide an analytical description of a distinct route (e.g. a sequence
of pixels). However, the routes can be visualized by marking the set of pixels
defined by equation (@) on the original image.

To summarize, the algorithm for finding the shortest path is:

. Calculate the DTOCS image F. () from source point a

. Calculate the DTOCS image F; () from destination point b

. Calculate the route distance Dg(z) = Fi(x) + F; ()

. Mark points with Dg(z) = HgnDR(x) as points on optimal route R(a, b)

=W N~
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5 Experiments and Results

The figures in this section show some example routes. Figure Zldemonstrates how
the algorithm proceeds. Image 2] a) is the original gray-level map image. Images
BIb) and[2 ¢) show the DTOCS-images F; (z) and F; (x) calculated from the end
points a and b (marked with 'x’). The route distance function is symmetrical, i.e.
it does not matter which end point corresponds to a and which to b. Image[2d)
shows the route distance image, i.e. the sum of the DTOCS-images. The images
BIb)-d) are scaled to standard gray-levels, but the original distance values, which
can be beyond 255, are used in the calculation of Dg (z). ImageRle) presents the
final result, i.e. the points in which the route distance Dx () is minimal. Image
f) is another example route on the same image, i.e. the endpoints of the route
are different than in the images[2 b)—e).

Figure[3 shows an experiment on a different kind of surface. Similar ”eggbox”
surfaces have been used in [2] and [3] to demonstrate the performance of shortest
path algorithms.

Figure Bl shows a sample application, where the shortest route idea is used
to solve a labyrinth. The labyrinth solver needs a labyrinth image, which can
be segmented into paths and walls using a threshold. Paths get value zero and
walls get a very large height value (2048 in the sample labyrinth of size 170x170
pixels) to make sure the distance transformation does not create illegal shortcuts
over walls. Then the shortest path is the route through the labyrinth.

Fig. 2. a) Original image, b) distance from source point, ¢) distance from destination
point, d) sum of distance images, e) route on original image, f) another route example:
same original image but different source and destination point.
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Fig. 3. a) Shortest routes from corner to corner of an ”eggbox” surface, b) 3D-
visualization of the routes on the surface

a) )

Fig. 4. a) Original labyrinth, b) the threshold segmented image, ¢) Route by DTOCS

6 Discussion

It can be seen in all the examples that the routes are typically more than one pixel
wide, which means that there are actually several optimal paths. For example in
figure 2If) the lower end of the path can proceed on the right of the wide path
segment, or the left, or anywhere in between. Getting a pixel-to-pixel description
of a single optimal path is a question for future research, but in many applications
visualizing all paths can be even more useful than finding one optimal path. For
example, the shortest path(s) found between two cities on a terrain map could
directly be used as a plan for a new highway connecting the cities. A similar map
could be used in orienteering to find the easiest path through varying terrain. If
for some reason none of the shortest paths found are feasible, the algorithm can
easily be modified to show the second best path(s) as well. The gray-level values
on the map do not have to correspond directly to height. For example, difficult
terrains (e.g. mountains or swamps) can be marked with larger gray-level values
to avoid them, both in orienteering and road planning.
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The labyrinth solver presented in figure [l may seem a toy, but it could have
some practical applications, for example finding optimal routes through a city
for a car or pedestrian. A city roadmap could be edited to include buildings
and other obstacles as very high areas (i.e. labyrinth walls), and then use the
algorithm to find the best route. Labyrinth or maze solving algorithms are also
used for example in design of circuit board layouts.

The Route DTOCS is also a practical tool for analyzing distance transforma-
tion algorithms. The route in figure Hlc) may not be intuitively optimal. It seems
to be too wide in some locations, i.e. the shortest route can either go straight
along a wall segment, or make a seemingly extra 90° corner. Both routes are,
however, correct according to the chessboard distance definition, where the dis-
tance between diagonal neighbors is the same as between horizontal and vertical
neighbors. This is not a big problem when calculating local distances, but as the
Route DTOCS calculates global distances across the whole image, the approx-
imation error accumulates. In future works we will improve the shortest route
algorithm by using more accurate distance definitions, for example the piece-
wise Euclidean distance of the Weighted Distance Transform on Curved Space
(WDTOCS presented in [9]). Also the 3 x 3 and 5 x 5 masks with different inte-
ger approximations of distances to neighboring pixels presented in [I] could be
applied.
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