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Abstract. This paper discusses continuous time Markov decision processes with
criterion of expected discounted total rewards, where the state space is count-
able, the reward rate function is extended real-valued and the discount rate is a
real number. Under necessary conditions that the model is well defined, the state
space is partitioned into three subsets, on which the optimal value function is pos-
itive infinity, negative infinity, or finite, respectively. Correspondingly, the model
is reduced into three submodels, by generalizing policies and eliminating some
worst actions. Then for the submodel with finite optimal value, the validity of the
optimality equation is shown and some its properties are obtained.

1 Introduction

Markov decision processes (MDP) have been studied well since its beginning in 1960s.
While continuous time MDP (CTMDP) [1]], as one of its three basic models, was also
studied well though has some delay with respect to the other two basic models, discrete
time MDP (DTMDP) [2], and semi-Markov decision processes (SMDP) [3]]. A new area
is the hybrid system which combines event-driven dynamics and time-driven dynamics,
e.g., see [4]]. The criterions include discounted criterion, average criterion, expected total
rewards and mixed criterion, etc. The standard results in MDP with discounted criterion
include the following three aspects. 1) The model is well defined. 2) The optimality
equation holds. 3) A stationary policy achieving the supermum of the optimality equation
will be optimal. In order to obtain these standard results, some conditions should be
required. The general and the most usual method to study a MDP model is first to
present a set of conditions for the model, and then, based on the conditions, show the
standard results 1), 2) and 3) successively.

There are various conditions presented in literature, especially for DTMDP and
SMDP. As for CTMDP with discounted criterion, [5] studied it with unbounded transition
rates by using the general method. In [6], the author studied the CTMDP also with
unbounded transition rates but by using a transformation method, which can transform
the CTMDP into a DTMDP under the discounted criterion. Under this transformation, the
corresponding optimality equations and discounted objective functions for the stationary
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policies in the CTMDP model and the DTMDP model are equivalent. So the results for
CTMDP can be obtained directly from that for DTMDP. In [7], the author studied
CTMDP with bounded transition rates also by a transformation, but under which only
the discounted objectives for stationary policies in the CTMDP model and the DTMDP
model are equivalent. On the other hand, in [8] the author presented a set of conditions
for unbounded reward rate. Recently, in [9] the authors discussed a denumerable-state
CTMDP with unbounded transition and reward rates. But the method they used is a
combination of that of [6] and [§]. In [10], the authors discussed the same model and
same conditions but on average criterion.

But there are few studies about expected total rewards criterion. Though the methods
presented in [6] and [7] may be used to study it with nonpositive or nonnegative rewards,
it is restricted to the stationary policies and can not deal with the general reward rate
function or the negative discount rate.

The various conditions presented in literature are only sufficient for MDP. On the
contrary, we try to study the necessary conditions, i.e., we want to see what results can
be obtained under the condition that the MDP model is well defined. This condition is
only the standard result 1), and is obviously the precondition for studying MDP. It is
interesting to see if the standard results 2) and 3) can be implied by it. In [[L1], we studied
it for DTMDP with expected discounted total rewards.

This paper is a subsequent one to [L1] for CTMDP, where the state space is countable,
the reward rate function is extended real-valued and the discount rate may be any real
number. The criterion is the discounted expected total rewards with no limits on the
discount factor. So it includes the traditional discounted criterion and the expected total
rewards criterion. We first generalize the general Markov policies into piecewise semi-
Markov policies. Then under the condition that the model is well defined, we show
that after eliminating some worst actions, the state space S can be partitioned into three
subsets, on which the optimal value function equals +o00, —o0, or is finite, respectively.
According to it, the original MDP model can be decomposed into three corresponding
sub-models. In the one with finite optimal value, the reward rate function is finite and
bounded above at each state, and the validity of the optimality equation is discussed.

The remainder of the paper is organized as follows. Section 2 gives the formulation
of the model and presents two conditions, under which Section 3 decomposes the state
space and the MDP model. Section 4 discusses some properties of the CTMDP model.
In Section 5, the validity of the optimality equation with finite optimal value is shown
and several its properties are discussed. While Section 6 is a concluding section.

2 Model and Conditions
The CTMDP model discussed here is
{SvA(i)7qij(a)ar(iva‘)aUa} (1)

where the state space S and the action set A(i), available at state ¢, are countable;
{gi;j(a)|i, j€S,acA(i)} is the state transition rate family satisfying ¢;;(a) > 0 for
i # jand }_; gij(a) = 0 for (i,a)€l" := {(i,a)|[i€S, a€A(7)}, and it is assumed that
A(7) := sup{—qii(a)|acA(i)} < oofori€S;therewardrate functionr (i, a) is extended
real-valued; U, is the objective function for the criterion of expected discounted total
rewards with discount factor a«€(—o0, +00), and will be defined below.

We suppose that the measure about the time variable ¢ is the Lebesgue measure.
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We define the following policies as in literature, a Markov policy © = (m,t >
0)€Il,,, a stochastic stationary policy mo€Il;, a stationary policy f € F = x;A(i).
For a policy m = (m;) and s > 0, we define a policy n° = (7})€ll,, by 7} = 75y
for ¢ > 0. For any policy 7 = (n;)€Il,, and t > 0, we define a matrix Q(m,t) =
(gij(m,t)) with g;;(m, 1) = > ,c 4y @5(a)me(ali) and a vector r(m,t) = (ri(m,t))
with (7, ¢) = >_, c 4y 7(i; a)me(ali). Thus, g;;(m, ¢) and r;(7, t) are respectively the
state transition rate family and the reward rate function under policy 7. If 7 = mo€ll;,
then both Q (7o, t) and r (7o, t) are independent of ¢, and will be denoted respectively
by Q(m0) = (gij(m0)) and r(mo) = (ri(mo)).

CONDITION A: For any policy m€1,,, the Q(m, t)-process { P(m, s,1),0<s<t < oo}
exists uniquely and is the minimal one; moreover, for any 0<s<t<u < oo,

%P(ﬂ, s,t) = P(m,s,t)Q(m,t), P(rm,s,u) = P(m,s,t)P(m, t,u),

Z-Pij(Tl',S7t) =1, P»L'j(71'78,8) :6ij7 1, € S.

One can find the consjtructing algorithm for the minimal Q-process in [12] (II. 17) for
stationary case and in [[I] for nonstationary case. Condition A is true when ¢;;(a) is
bounded, or under the assumptions presented in [5] when g;;(a) is unbounded.

Now, we generalize the concept of policies. Let Y (¢) be the state of the process at time
t. Given any integer N, real numbers {¢;,i = 1,2,... , N} with0 =ty < t; < ... <
tny < tni1 = oo, and Markov policies {7™ n = 0,1,2,...,N,i€S} C II,,, we
define a policy m = (7% n = 0,1,2,...,N,i€S) as follows: forn = 0,1,2,..., N,
if Y(t,) = 14, then 7™ is used in time interval [t,,t,1), i.e., the action is chosen
according to m;"", (-|j) at time t€[t,, t,41] if Y'(t) = j€S. Such a policy, denoted
by © = (7™*) for short, is called a (finite) piecewise semi-Markov policy, the set of
which is denoted by I7,,,(s). If all 7% = f™¢€F, then 7w = (f™*) is called a piecewise
semi-stationary policy, the set of which is denoted by IT%(s).

For such a policy =, if Y (¢,,) = 4, then the system in [t,,, t,,11] is a Markov process
with transition probability matrix P(7™?, s,t). So, the system under it is a special case
of piecewise Markov process (see [13]). In details, for each s and ¢t with 0 < s < ¢
and i, j€S, suppose that €[t tymr1] and t€[t,, tn41] for some m<n, then the state
transition probability that the system will be in state j at time ¢ provided that the system
is in state ¢ at time s and in state k at time ¢,,, is

Pli(m,s,t) i= Pe{Y () = j|Y(s) =0,V (tm) = k}
= Z Pij1 (7'l'm’k7 S —tm,ytm+1 — tm)
Ji

E ) . n—1,0pn—m—1
: Pjn—m—lﬂn—m (7T 707 tn - tnfl)

Jn—m

P (w1, 2

For i, jeS, let Pyj(m,t) = Pj;(m,0,t).
Now, we define the objective function, for a Markov policy m€1l,,, by

Ua(ﬂ’)z/ exp(—at)P(m, t)r(m, t)dt 3)
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where the integral is the Lebesgue integral. It is the expected discounted total rewards
on the whole time axis under 7. Let Uy (7, t) := U, (w?), for t > 0. Obviously,

oo

Ua(m,t) = exp(—a(s — t))P(m,t, s)r(m, s)ds 4)

is the expected discounted, to fime t, total rewards on the time axis [¢, 00) under 7. And
for m = (7)€l (s) with {t,,,n =1,2,---, N} and ¢ > 0, we define inductively

tnt1
U;L’k(ﬂ,t,i):/ exp(—a(s —t)) ZP” ok s)rj(m ”’k7s)d5
t

+eXp tn+1 — t ZP” ,t,tn+1)Un+ (ﬂ' tn+1,]),

tE[tn, n+1) n=0,1,...,N —1, k,i€S,
UNE (e t,0) = Ua(#™N* 6 — tn, i), t > tn, k,i€S. )
Let UMk (m,t,,,i) = 0 fort = t,, and k # i, and U, (m,i) = U2 (x,0,1). Let Uy (r)
be the vector with its i-th component U, (7, 7).
CONDITION B: U, () is well defined (may be infinity) for each w€11,,(s).

This condition means that :1) } -, P;; (7, ¢)r;(m, t), and furthermore, the integral in
Eq. @3), are well-defined foreach w € I1,,;2) >, Pij(m, t, s)Ua(7', s, j) is well-defined
for every policies m € II,,, and ©’ € II,,,(s); 3) the sum in Eq. (3) is well-defined. The
condition is necessary to discuss CTMDP. It is well known that it is true whenever
a > 0 and 7(i, a) is bounded above or below; or & > 0 and r (4, a) is nonnegative or
nonpositive. Condition B is assumed to be true throughout the paper.

Conditions A and B hold mean that the CTMDP model (Eq. (1)) is well defined.

Because a policy meIl,, is also a piecewise semi-Markov policy with arbitrary NV
and t1,ts,...,ty, it follows from Eq. (B) that for 7€1l,,,,t > 0,

Ua(m) = / exp(—as)P(m, s)r(m, s)ds + exp(—at) P(m, t)Uq (7, t), ©6)

which means that P(, ¢) can be put out of the integral [, that is,
/ exp(—a(s — t))P(m, s)r(m, s)ds
t

= P(ﬂ',t)/ exp(—a(s —t))P(m,t, s)r(w, s)ds
t
= P(m,t)Uqa(m, t).
Eq. (@ is still true for policies €11, (s) by defining (7, s) adequately.
Let the optimal value function be U (i) = sup{U, (7, )|w€ll,,(s)} for i€S. For
e > 0,7 €Il (s), if Uy(n*,1) > Ux(i) — e (f UL (4 ) < 4oo)or > 1/e (ifUL(i) =

+00), then 7* is called e-optimal. Here, 1/0 = +o0 is assumed. 0-optimal is simply
called optimal.

3 Eliminating the Worst Actions

First, we introduce some concepts. State j can be reached from state ¢ (and write ¢ — 7)
if there are a policy m€1l,,,(s) and ¢t > 0 such that P;;(m,t) > 0. It is easy to see that
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i — j iff there are we€Il,,, and t > 0 such that P;;(m,t) > 0, or equivalently there are
n > 0, states ji, j2, . .., jn€S and f€F such that ¢;;, (f)g;, ;. (f) ... qj,;(f) > 0.Itis
apparent that if i — j and j — k, then ¢ — k. For a subset Sy C S and a state i, if there
is a state €5y such that ¢ — 7, then we say that Sy can be reached from state ¢, which is
denoted by 7 — Sp. Let S5 = {i|i — Sp} be a set of states that can reach Sy. Because
i — 14,505 C S§. Asubset Sy of S is called a closed (state) set if ¢;;(a) = 0 for all
1€S0, a€A(1) and jE€Sy, or equivalently, (S — Sg)* = S — Sp. Similarly as above, S
is closed iff P;;(m,t) = 0 for all i€ Sy, 7€, (s), jE€So and t > 0.

For any closed subset Sy, if the system’s initial state :€.5y, then the system will
remain in Sy irrespective of the policies used. Thus, the restriction of CTMDP to S,

So-CTMDP = {S(), (‘A(’L)7 iES(]),pij (a), ’l"(’i7 CL), Ua}

is also a CTMDP, which is called an induced sub-CTMDP by Sy. Its policies are re-
striction of the original policies to Sy. It is clear that Condition A and B are also true for
So-CTMDRP. Let its objective function be Ujo (7).

THEOREM 1: For any closed subset So C S,w€ll,,(s) and i€Sy, Uy(m, i) =

U (m,i).

The theorem says that the induced sub-CTMDP by a closed set .Sy is equivalent to
the original CTMDP in subset Sy. So, if both Sy and S — S are closed, then CTMDP
can be partitioned into two smaller parts:So-CTMDP and (S — Sy)-CTMDP. On the
other hand, if Sy is closed while UZ (%) for :€S — Sy is known, or a (e-)optimal policy
can be obtained in S — S, then one need to discuss only Sy-CTMDP. Thus the state
space is partitioned and reduced.

On the other hand, some actions may be eliminated with no influence on the essential

of the model.
DEFINITION 1: Suppose that A;(i) C A(i) for i€S. We denote by CTMDP' the
CTMDP with A(%) being replaced by A4 (i) (asymbol "’ " is added). If for any policy 7 of
the (original) CTMDP there is a policy 7’ of the CTMDP’ such that U, (7, ) <U/ (7', %)
for all 4, then the CTMDP is equivalent to the CTMDP’, and we say that A(4) can be
reduced as Ay (i) fori€S, or a € A(i) — A; (i) can be eliminated for i € S.

Now, we denote by U (i) = sup{r(i,a)|a€A(3)} and L(i) = inf{r(i,a)|lacA(i)}
respectively the supremum and infimum of the reward rate function r(i,a) over the
action set A(4) for i€S. Let Sy = {i|U(i) = +o0}, S=oc = {i|there is 7€, (s)
such that Uy (m,4) = 400}, Seo = {i|UL(1) = 400} — S—co, S—0o = {i|UL(7) =
—00},80 =85 — S—oo — S0 — S—oo = {i| — 00 < UZ(i) < oo}. These state subsets
have obvious meanings.

LEMMA 1:

1) For i€Sy, there is a policy o€l such that r;(mg) = +o0. So Uy(m,4) = +0o0
and Sy C S—.

2) Fori€S with L(i) = —oo, there is a policy mo€IT; such that ;(7p) = —oo and then
Ua(ﬂo,i) = —OQ.

3) ForieS, L(i) = —oo and U (i) = 400 can not be true simultaneously.

THEOREM 2:
1) S* _=S_andso S :=5 — S_ is closed.
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2) Fori€S’ — S_o, A(i) can be reduced as

A(i) = {a€A@)|r(i,a) > —co and Y gi;(a) = 0}. ©)
JES o
After the reduction, S* = S_o andso S” := 5" — S_, becomes closed.

3) ForieS”, A;(i) can further be reduced as

Az (i) = {a€A1(i)|In€l,, with Uy (m,4) > —oo and the Lebesgue
measure of {s € [0, t]|ms(ali) > 0} is positive for each t > 0}. (8)

After this reduction, S*, = S, and so Sy := S” — S is closed.

By Theorem 1 and 2, S can be partitioned into four subsets: S_ ., S—co, Soo, 50-

In S_, each policy is optimal; in S_., there is an optimal policy (in fact, there is

a stochastic stationary optimal policy in Sy7); in Seo, Uy (7, 4) < oo for each 7, while

UZ(i) = oo, and thus there is no optimal policy, and in Sy, Uz (i) is finite, and Sy is

closed after eliminating some worst actions. So, one can consider only the following
CTMDP:

SO—CTMDP = {So,AQ( )7q”( ) (Z a) U } (9)

Because 1€S5_ o, when A3 (i) = 0, Eq. @) is a CTMDP; furthermore, we have

— 00 < Ui(7) < 400, —00 < r(4,a)<U (i) < 400, Vi, a. (10)

It is easy to see that all the above results restricted to I7(s) are also true.
In the remaining of this paper, we discuss mainly the Sy-CTMDP, and so will write
So and A5 (%) by S and A(3) respectively for convenience.

4 Some Properties

This section discusses some properties of Sy-CTMDP (Eq. (@) and simplifies the ex-
pression of Ay (7). First, the following lemma is from [12] (IL. 15-17).

LEMMA 2: Suppose that P(t) = (p;;(t)) is ahomogeneous state transition probability
matrix on a countable state space S with a finite transition rate family @) = (g;;). Let
¢; = —@i;- Then there are nonnegative continuous functions g;; (t) for i, j€.5, on [0, 00),
such that

t
pi;(t) = exp(*‘ht)/ exp(gi$)qigi;(s)ds + exp(—qit)dij, i, JES,t >0
0
where d;; denotes the Kronecker delta function, and for s > 0,¢ > 0,

lim gi;(s) = (1 = 0i5)q5/ > Zgij( =1, gij(s+1 Zgzk 8)pi;(t
J

s—0

Based on the above lemma, one can proved the following two lemmas.
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LEMMA 3: Suppose that P(t) = (p;;(t)), Q and g;;(t) are as in Lemma 2, sup; ¢; <
o0, u is a finite nonnegative function in S, Z C S,1€S. If )" p;;(t*)u; is finite for
i€z
some t* > 0, then h;(t) := g; exp(git) Y. gi;(t)u; is finite and continuous in [0, t*),
i€z

J
and )" ¢;;u; < oo; otherwise, h;(t) = +oo forall t > 0.

i€z
LEMMA 4: Using the symbols in Lemma 2, Suppose that sup; ¢; < oo, u is a finite
function in S,¢* > 0 and i € S.If 3, pi;(t)u; is finite in [0,¢*], then its derivative is
well-defined and continuous in [0, t*), and

%{ Zpij(t)uj} = Z %pij Z{ qipi; (t) + qigi; (1) bu;.

Having the above several lemmas for pre preparation, now we can prove the following
theorem, where ST := {i€S|U% (i) > 0} and S~ := {i€S|U (i) < 0}.
THEOREM 3: 1) P(m,t)U} < oo is well defined for each w€1,,(s) and ¢ > 0.

2) For €1l (s),t > 0 and €S, if 3, Pj(m, t)U5(j) = —oo, then Uy (7*,4) =
—oo for any piecewise semi-Markov policy 7* = (7)€L, (s) with 7%¢ = 7 and
t; = t, especially, U, (m,7) = —oo0.

COROLLARY 1: Suppose that there is f*€F such that Q(f*) is bounded, then
> ij(a)U5(j) < oo is well defined for any i€ S and a€ A(i).

COROLLARY 2: Suppose that f€F with bounded Q(f),i€S,t* > 0, [P(f,t)UZ]; is
finite in [0, t*], then [P(f,t)UZ]; is differentiable in [0, ¢*), its derivative is continuous

and
i X ra t)Uzm} 23 %sz(f, DU20)
Z[P ft) pr fit) YL,  teo,th). (11)

We conjecture that the result in Corollary 2 is also true for €11, but it needs that
Lemma 2 holds for a nonhomogeneous Markov process, which is not known to us.

To conclude equations in this section, we give the following theorem on a simplified
expression for Ay (7).
THEOREM 4: If g;;(a) is uniformly bounded, then

Ay (i) € {a€A1(4) qu ) > —oo},  i€S; (12)

moreover, if h;(?) is finite and continuous whenever ;. , g;;u; is finite in Lemma 3,
then

Ay (i) = {a€A; (4) Zqz] )> —oo},  i€S. (13)

Remark 1: 1) By the above theorem, if S~ is finite, or U (7) is bounded below, then
Eq. @) is true when g;; () is uniformly bounded; 2) S~ is empty if U is nonnegative,
especially, if the reward function is nonnegative; 3) UZ(7) is bounded below if ac > 0
and the reward function is bounded below.



Continuous Time Markov Decision Processes 71

5 Optimality Equation

This section shall deal with the standard results 2) and 3) (see Section 1), that is, we
shall show the optimality equation and the optimality of policies achieving the optimality
equation for So-CTMDP, under the assumption that {g;;(a)} is uniformly bounded, i.e.,
A = sup{—gii(a)]i € S,a € A(i)} < oo.For w€ll,,(s),t > 0 and a finite function
u = (u(7)) on S, we define

Ua(m,t,u) = /0 exp(—as)P(m, s)r(m, s)ds 4+ exp(—at)P(m, t)u

whenever the right hand side is well-defined. Denote U (7, t) = Uq (7, t, UZ) for short,
which is well-defined by Theorem 3. Certainly, U (, t) is the expected discounted total
rewards if 7 is used in [0, ¢] and then an optimal policy is used from ¢.
LEMMA 5: U} = sup{Uz(n,t)|w€ll,,(s)} for t > 0, and U (m,t) is nonincreasing
in t for any €11, (s).

Now, we introduce our third condition.
CONDITION C: Foreach i € S and a € A(3), there is f and ¢ > O such that f(i) = a
and UX(f,t,1) > —o0.
Remark 2: Two sufficient conditions for Condition C are as follows: 1) the conditions
given in Theorem 4, especially, when .S~ is finite or U is bounded below (see Remark
1); 2) foreach i € S, A(%) can be reduced as

A'(i) ={a € A(i))] sup  Ua(f,i) > —oc},
fEF:f(i)=a

which means that any action a € A(%) should be eliminated if any stationary policy f
using it will have negative infinite objective value. In fact, if A(7) can be reduced as
A’(), then it follows Lemma 5 that U > UX(f,t) > Ua(f) > —oo for each f € F
and t > 0.

THEOREM 5: Under Condition C, U] satisfies the following optimality equation:

a€A(i)

aUs(i) = sup {r(i,a)+ > au(@)UL(j)}, €S, (14)

The policy set is generalized here, but it is often our pleasure to restrict an (¢ > 0)
optimal policy to a smaller and simpler policy set. To do this, our first result is the
following theorem, which says that the optimality can be restricted to II,,, the set
of Markov policies, iff the optimal value function restricted to II,, also satisfies the
optimality Eq. (I4). Let U = sup{U,(m)|m € II,,}. We affirm that U is finite.
In fact, if UJ*(ig) = —oo for some iy € S, then it is easy to see from Eq. @) that
Uq(m,ig) = —oo for each m € II,,,(s). Thus U (i9) = —oo, which is a contradiction.
But U* < UZ < o0, 50, U is finite.

THEOREM 6: U} = UZ" iff UZ" is a solution of the optimality Eq. (14).

In order to obtain some properties for the optimality Eq. (14), we define a set, denoted
by W, of finite functions u = (u(¢)) on S satisfying the following conditions: for each
T € Iln(s)and i € S, 3, Pyj(m, t)u(j) < oo is well-defined for all ¢ > 0. Moreover,
> Pij(m,t)u(j) > —oo whenever > P;;(m,t)Us(j) > —oc for each t > 0 and
i € S. W is nonempty for U € W. Itis clear that U, (7, t,u) < oo is well-defined for
eachu € W.
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LEMMA 6: Suppose thate > 0,84+« > 0,u € W, n€ll,, andi € S. If 7 and u
satisfy the following two conditions, then u(i)<U, (m,i) + (8 + «) ™!

au<lr(m,t) + Q(m, t)u + exp(—pFt)ee, ae.t > 0, (15)
im i - y )<O0.
hgllgfexp( at)ZPZ](mt)u(j)iO (16)
J
THEOREM 7: Suppose that u € W is a solution of the optimality Eq. (I) and € S.

1) ifforsome 8 > —aandeache > 0, there is a policy €1, (s) with Uy (7, 4) > —o0
satisfying Eq. (13) and Eq. (T8), then u(i) < UZ(i);
2) if u satisfies the following (23) for each m € II,,,(s) with U,(7,i) > —oo, then
uli) > U2 (i),
li t) Pjj(m,t 0. 17
lgsipexp —a Z i(m tu(j) = (17)
It is clear that there is often a policy © = ( ft) € II¢ satisfying Eq. (I3), but it may
be not true that U, (7,4) > —oo. On the other hand, U often satisfies Eq. (I7) for
7 € I, (s) with Uy (7, 1) > —oo. In fact, by Eq. (@) we know that if U, (7, ) > —oo,
then >, P;;(m,t)U; () is also finite for each ¢ > 0, and

lim sup exp(—at) ZP” m,t)Us(7) > limsup exp(—at) ZP” m, t)Ua(m,t,5) = 0.

t— o0 t—o0
J J
The following corollary can be proved easily by Theorem 7 and Lemma 6.

COROLLARY 3: Provided that Eq. (I4)) holds,

1) for any given f € F, if f attains supremum of Eq. (I4), f and U satisfy Eq. (16)
and U, (f) > —oo, then f is optimal;

2) for some 7* € II,,(s), if U, (7*) is a solution Eq. (I4), then 7* is optimal;

3) if for any ¢ > 0, there is a Markov policy 7€ 1% with U,(7) > —oco, T and U}
satisfy Eq. (I5) and Eq. (I6) for each i € S, then U = sup{U,(r)|r€Ild};

4) ifa > 0,e > 0, f € F attains the e-supremum of Eq. (T4)), f and U satisfy Eq. (T6),
Uus(f) > —o0, then f is ofls-optimal; moreover, if such f exists for each ¢ > 0,
then U} = sup{U,(f)|f€F};

5) if U2 <0, then U is the largest solution of Eq. (I4) in WV satisfying conditions given
in 1) of Theorem 7,

6) U is the smallest solution of Eq. (I4) in W satisfying Eq. () for 7 € II,,,(s) and
1 € Swith Uy (7, 1) > —o0.

COROLLARY 4: For feF and i€S with Uy (f, 1) > —00,> ¢i;(f)Ua(f, j) is finite
J
and

Ua(f, ) )+ Z ai; (F)Ua(f, 5). (18)

To conclude equations in this section, we discuss the CTMDP model (see Eq. (1))
restricted to I7¢(s), the set of piecewise semi-stationary policies. In this case, Theorem
2 is still true except that “ < U(i)” should be deleted in Eq. (I0) and A5 (i), defined by
Eq. (), should be redefined by

As(i) = {a€A;(i)|there is fEF such that f(i) = a and U, (f,i) > —oo}.
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Thus, Condition C is trivial. By noting that Corollary 2 and 4 also hold for f. The
following theorem can be proved similarly as Theorem 5 and 6.

THEOREM 8: Restricted to I1¢(s), U := sup{U, ()|7 € I1%(s)} satisfies Eq. (T4),
moreover, US := sup{U, (f)|f € F} satisfies Eq. (I3) iff U = Us.

6 Conclusions

This paper discussed CTMDP with expected discounted total rewards under the neces-
sary conditions that the model is well defined. We partitioned the state space into three
subsets, on which the optimal value is negative infinity, positive infinity and finite re-
spectively. Thus the discussion on the CTMDP could be restricted in the sub-state space
with finite optimal value (we call it a sub-CTMDP). In fact, the reward rate function of
this sub-CTMDP is finite and is bounded above in the action. Finally, we showed, for
this sub-CTMDP, its optimality equation and the optimality of policies achieving the
optimality equation.

Further research may include if we can deal with the state partition and action
elimination directly on the optimality equation such that the optimality equation can
be obtained whenever it is well defined. Also, Condition C may be proved.
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