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Abs t r ac t  : 

The privileged field of classical algebra and term rewriting systems is that of strictly 

deterministic sysi~ems: the confl~tence property is generaly assumed to hold, which 

ensures determinism about the result of the computations, even if there exist several 

different computation paths~ In this paper, we develop a new formalism introducing a 

bounded nondeterministie choice operator '¢' into algebraic specifications and related 

term rewriting systems; nondeterminism about the result becomes allowed in this 

framework. We define the algebraic and the operational aspects of such systems, and 

investigate their relationship. Methods & l~ Kn~zth-Bendix are developed for auLomatic 

theorem proving in such theories. Several examples are considered, including a toy con- 

current language, for which nan-trivial properties may be automatically proved. 
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INTRODUCTION 

The field of t e r m  rewriting sys tems has great ty  developed during the past  several 
years.  It provides an appropr ia te  operat ional  descr ipt ion for algebraic specifications, 
defining abs t rac t  implementa t ion via symbolic evaluation. Also, powerful t h e o r e m  
proving tools exist for such systems.  However, an essential cons t ra in t  on those sys- 
tems  is tha t  they m u s t  be c o n f l u e n t .  Roughly speaking, the  confluence p roper ty  
means  that,  even if different computa t ion  paths are possible in order  to evaluate a 
given term,  the resul t  mus t  be unique. Therefore, nondeterminis t ic  and concur ren t  
specifications have seemed banished f rom tha t  framework. 

In this paper, we propose a new formalism that  allows nondeterminism to be intro- 
duced in t e r m  rewriting systems. This formalism extends the classical (strictly 
determinist ic)  one, while maintaining its mos t  impor tan t  proper t ies  : coherence 
between the algebraic and the operat ional  aspects,  possibilities of automat ic  
theorem proving. Our main idea is to introduce a special purpose opera tor  t, realiz- 
ing bounded nondeterminis t ic  choice. All the non-confluence tha t  is authorized in 
such a sys tem is compelled to derive f rom the sole opera tor  t. This opera tor  under- 
goes a par t icular  t r e a t m e n t  in the procedures  tha t  we shall define, whereas the 
o ther  operators  will behave classically. 

We had to define a new algebraic and operat ional  formalism, the technicalit ies of 
which are somet imes intricate.  We advise readers  who do not  wish to concern  them-  
selves with these details to skip direct ly to example 4. t, tha t  consists of the proof of 
a p roper ty  in a nondeterminis t ic  specification. The main idea behind this paper  
should be unders tandable  via tha t  example for a r eader  who knows about  classical 
t e r m  rewriting systems. For similar reasons, most  of the proofs of our results  are 
not  given in the text  itsetf, bu t  pos tponed  to appendices - except  par t icular ly  
relevant ones. 

Our formalism can cope with a large class of concur ren t  specifications. In tha t  
respect ,  we are very much  indebted in the work of the ACP group in Amsterdam. 
Actually, the results of this paper  apply to a simplified version (strictly functional, 
no explicit sequencing) of ACP. An impor tan t  difference between our approaches  is 
tha t  a model, for us, mus t  satisfy e i t h e r  a t b = a o r  a t b = b; the semantics  of our 
formalization consists of the class of all such models. For the ACP group, semantics  
is defined via cer ta in  par t icular  (initial) models, in which the previous p roper ty  need 
no t  be verified : the opera tor  1' is not  systematical ly  eliminated, The benefit of such 
simplifications applied Lo the ACP framework is LhaL a u t o m a t i c  Lheorem proving is 
now possible via the techniques developed in this paper.  

A crucial  hypothesis  of our approach  is tha t  all the c o m p z d ~ t / o ~  e v e n t ~ t t y  t e T -  
ra~n~te, as it is the case for classical t e r m  rewriting systems.  Thus, we need not con- 
sider the proper t ies  of infinite nondeterminis t ic  calculi, as found for instance in 
[Nivat 80], [BW 8t], [Poign~ 81], [Hennessy 1982]. 

P a r t  1 defines the algebraic basis of our approach.  Par t  2 in t roduces  our notion of 
rewriting, and establishes its connect ion with the algebraic aspects  of the formalism 
via a Birkhoff theorem.  Termination and normal  form computa t ion  issues are dis- 
cussed. Pa r t  3 defines our extended notion of t-confluence. A Knuth-Bendix theo rem 
and complet ion procedure  are given, allowing the t-corzfluence of terminat ing non- 
determinis t ic  t e r m  rewriting sys tems to be checked.  Lastly, pa r t  4 considers the 
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application of these methods to theorem proving in structured nondeterministic 
specifications. Several examples, including a toy concurrent language, are given. We 
assume that the reader has a basic knowledge of algebras, and term rewriting sys- 
tems (cf. [ADJ 78], [H0 80] for  b a s i c  r e f e r e n c e s ) ,  n o n d e t e r m i n i s m  (el. [Nivat  80], 
[Apt  84]) a n d  c o n c u r r e n c y  (of. [Hoare  78], [Milner  80], [ B r o o k e s  83], [Boudol  84]). 
However ,  n o t a t i o n s  and  c o n c e p t s  a r e  s y s t e m a t i c a l l y  r e d e f i n e d ,  and  t h e  p a p e r  shou ld  
be  s e l f - c o n t a i n e d .  

1. THE AIX;EBRAIC FRAMEWORK 

1.1. The  Free  Models  

An f - s i gna ture  c o n s i s t s  of : 

• a s e t  of d o m a i n  n a m e s  S, c a l l ed  sorts,  

• a s e t  of o p e r a t o r  n a m e s  E, wi th  an  a r i t y  f u n c t i o n  on S. For  s o m e  s o r t s  s cS ,  
t h e r e  m a y  e x i s t  a d i s t i n g u i s h e d  o p e r a t o r  : ts : s x s -~ s, t h a t  will r e p r e s e n t  t h e  
n o n d e t e r m i n i s t i e  cho ice  b e t w e e n  two e l e m e n t s  of s o r t  s. F o r  s u c h  a s o r t  s, 
t h e r e  m a y  e x i s t  a d i s t i n g u i s h e d  c o n s t a n t  : 6~ : -~ s , s t a n d i n g  for  t h e  deadlock  
cons tan t .  S u c h  o p e r a t o r s  a p p e a r  in s e v e r a l  a l g e b r a i c  f r a m e w o r k s  (cf. e.g. 
[ t t o a r e  78], [I~i tner  80], [Boudol  84]). We sha l l  wr i t e  ¢ a n d  6 i n s t e a d  of I' 2 a n d  ~s 
when  no c o n f u s i o n  is poss ib l e .  

Moreover ,  we c o n s i d e r  only  w e l l - f o r m e d  s i g n a t u r e s  (cf. [HH 80], [GM 81]), i m p o s i n g  
for  i n s t a n c e  t h a t  t h e r e  is a t  l e a s t  one c o n s t a n t  o p e r a t o r  p e r  s o r t  s ( d i f f e r e n t  f r o m  

Let  X = (Xs)se s be a n  inf in i te  s e t  of t y p e d  v a r i a b l e s .  We def ine ,  as  usua l ,  t he  s e t  
Ts,z(X ) of t he  t e r m s  t h a t  a r e  w e l l - f o r m e d  on t h e  s i g n a t u r e  (S,EuX). We def ine  
Ts,Ee(X) as  t he  s u b s e t  of Ts,r.(X) c o n t a i n i n g  no f s y m b o l .  Ts,E a n d  Ts,~ a s t a n d  for  t he  
two s i m i l a r  s e t s  of t e r m s  c o n t a i n i n g  no  v a r i a b l e s .  S u c h  t e r m s  a r e  o f t e n  ca l l ed  
g r o u n d  t e r m s .  

We c o n s i d e r  o c c u r r e n c e s  in  t e r m s  as  f in i te  s t r i n g s  of i n t e g e r s  in t h e  usua l  m a n n e r .  
F o r  a t e r m  t and  an  o c c u r r e n c e  ~ in  t ,  t t a  s t a n d s  for  t h e  s u b t e r m  of t t he  r o o t  of 
wh ich  is a t  o c c u r r e n c e  ~. t [ ~ t ' ]  is t he  t e r m  t, w h e r e  t l ,  is r e p l a c e d  by  the  t e r m  t ' .  
S u b s t i t u t i o n s  a r e  de f i ned  in t h e  u s u a l  way. The a p p l i c a t i o n  of a s u b s t i t u t i o n  a to  a 
t e r m  t is w r i t t e n  to.  We s a y  t h a t  a t e r m  t m a t c h e s  t h e  t e r m  G, c a l l e d  a p a t t e r n ,  a t  
o c c t u ' r e n c e  w via  t he  s u b s t i t u t i o n  a if tqw = Ca. Two t e r m s  t a n d  t '  a r e  u~vi_.fia~le ff 
t h e r e  ex i s t s  a s u b s t i t u t i o n  a s u c h  t h a t  t a  = t '~ .  In t h a t  case ,  t h e y  a d m i t  a m o s t  gen-  
e r a l  un i f i e r - -  i .e.  a s u b s t i t u t i o n  ~ t h a t  is a un i f i e r  of t a n d  t ' ,  and  s u c h  t h a t  for  e v e r y  
un i f i e r  a of L a n d  L', t h e r e  ex i s t s  a s u b s t i t u t i o n  a '  s u c h  t h a t  a = ~ a ' .  A con l ex t  is a 
t e r m  KcTs,z(X) wi th  a d i s t i n g u i s h e d  v a r i a b l e  o c c u r r e n c e .  Kit]  d e n o t e s  K w h e r e  t h i s  
v a r i a b l e  o c c u r r e n c e  is r e p l a c e d  b y  t h e  t e r m  t. 

F o r  a g iven  r e l a t i o n  -~ -** will d e n o t e  i t s  r e f lex ive  a n d  t r a n s i t i v e  c lo su re ,  and  _,-1 i t s  
i n v e r s e .  Thus,  (~  w ) d e n o t e s  t h e  re f lex ive ,  s y m m e t r i c  a n d  t r a n s i t i v e  c l o s u r e  of 
- 4  

An f - m o d e l  M of a g iven  s i g n a t u r e  (S,E) c o n s i s t s  of : 

• a f a m i l y  of s e t s  (Ms)se s i n d e x e d  by  S; 

• a f a m i l y  eval  ~ = (evalsM)seS of a p p l i c a t i o n s  evals  M : (Ts,~) s -, M s 
s u c h  t h a t ,  for  a n y  c o n t e x t  K[X], for  a n y  t , t ' , t "<Ts ,~  : 
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N o t e  : 

Co) 

(1) 

(3) 
(4) 

e i t h e r  : 
o r  : 

evai"( K[ t t t' ] ) 
evalM( K[ t ~ t '  ] ) 
evalt~( K[ (t  t t ' )  t t "  ] ) 
evalU( K[ t t t '  ] ) 
evalM( K[ t t t ] ) 
eval~a( K[ t t d ] ) 
evalM( K[ 6 t t ] ) 

: evalM( K[ t ) t ' ] ]) '  
= evalM( K[ 
= evalM( K[ t t ( t '  t t " )  ] ) 
= evalM( K[ t' t t ] ) 
= evalM( K[ t ] ) 
= evalM( K[ t ] ) 
= evalM( K[ t I ) 

• P r o p e r t y  (0) m e a n s  t h a t  in an t -mode l ,  a cho ice  has  to  be  done  b e t w e e n  the  two 
a r g u m e n t s  of the  n o n d e t e r m i n i s t i c  cho ice  o p e r a t o r  t. 
• P r o p e r t i e s  (1) to  (4) r e s p e c t i v e l y  s t a t e  t h e  assoc ia t iv i ty ,  c o m m u t a t i v i t y ,  i d e m p o -  
t e n c y  (ac tual ly ,  (0) impl ies  (3)) and  n e u t r a l i t y  of 6 for  the  n o n d e t e r m i n i s t i e  cho ice  
in t he  t - m o d e l s .  This wilt be  h e n c e f o r t h  r e f e r r e d  to  as t h e  ACIN p r o p e r t y .  This 
ass igns  t he  m e a n i n g  of bounded nondeterrnin~stic choice to  t he  t o p e r a t o r .  
• In t he  c lass ical ,  s t r i c t l y  d e t e r m i n i s t i c  ca se  (cf. e.g. [ADJ 78]), m o d e l s  a r e  def ined  
prov id ing  a fami ly  (Ms)ses of se ts ,  and  for  e a c h  o p e r a t o r  f : s i x . . ,  xsn-~s' in E an 
interpretation fM : M%x - - • Ms -~Ms'. However ,  this  is no t  poss ib l e  in ou r  fo rma l i sm ,  
s ince  we need  to  be  able to de sc r i be  a m o d e l  M in which  a M 1' ~a b M :  a ~a, while 
fM(aM t M b M) = fM(b~). This is c l ea r ly  not  c o m p a t i b l e  wi th  the  c lass ica l  d e f n i t i o n  of an 
i n t e r p r e t a t i o n  f~L However ,  t h e r e  is no c o n t r a d i c t i o n  in our  fo rma l i za t ion ,  s ince we 
s i mp ly  have  : 

eva]M[atb] = evalM[a] , and  evalM[f(atb)] = evalM[f(b)] . 
This is why the  no t ion  of m o d e l  had  to  be  r e -de f ined  in our  f r a m e w o r k .  
• The c lass  of t he  t - m o d e l s  is ca l led  MOD, The c lass  of t he  t - m o d e l s  M s u c h  t h a t  eval  t~ 
is su r j ee t i ve  is ca l led  t he  c lass  of the  f inifety generated t - m o d e l s  fgMOD. 

In genera l ,  Ts,s is n o t  an t -mode l .  Intui t ively,  to  view it  as  an  t -mode l ,  we n e e d  to  
spec i fy  how choice  is done  b e t w e e n  t h e  a r g u m e n t s  of t h e  t symbol ,  for  eve ry  
o c c u r r e n c e  of t in e v e r y  t e r m  of Ts,s. To do so, we def ine  an  t-choice as a pa r t i a l  
a p p l i c a t i o n  : 

C : Ts,r x N'  ~ [ 1 , 2 ~ .  
In tu i t ive ly ,  for  a g iven  t e r m  t and an  o c c u r r e n c e  co of t in t, we will have  : 

(c 1) evalM[ t] = evalM[t~ c° ~- l e f t - son  (t w)l] iff C(t,c0) = 1 
(ce) eval~[ t ]  = evalM[t~0 ~ right-son(t ' l~)~ ] iff C(t,~) = 2 

in the  t - m o d e l  d e t e r m i n e d  by  C. Of course ,  an  t - cho ice  m u s t  sa t i s fy  c e r t a i n  p r o p e r -  
t ies  r e f l ec t ing  the  ACIN c o n s t r a i n t s  c o n c e r n i n g  choice.1 

An ~'-choice C be ing  given,  we defirm the  c lass  MOD e of t he  t - m o d e l s  as t hose  m o d e l s  
which  sa t i s fy  t he  two p rev ious  cond i t ions  (c i) and  (ce). We def ine  ana logous ly  the  

C O class  fgMOD of the  f ini te ly g e n e r a t e d  m o d e l s  of MOD . 

We define ~ c  as be ing  the  s m a l l e s t  equ iva lence  r e l a t i on  on Ts,~ t h a t  sa t i s f ies  : 
(c 'x) t ~ c  t { ~ ,  l e f t - son  (t l~)l  if c(t,~) = ,  
(c'2) t ~e  t{c0 ~ r igh t - son  (tl~)~ if C(t, c0) = 2 

Then, the  s e t - t h e o r e t i c a l  quo t i en t  of Ts,s by  ~c' is l ikely to be  in MOD e, and  to be the  
mos~ general o b j e c t  of MOD e. Formal ly ,  we define an  t -morphism f r o m  an  t - m o d e l  M 
in to  an  t - m o d e l  M' as a fami ly  ~0 of app l i ca t ions  : ~s : Ms ~ M's s u c h  t h a t  : 
evalM'(t) = ~s(evalM(t)) (for any te(Ts,~)~). 
We also def ine an  t-equivalence as an  equ iva lence  r e l a t i o n  on  Ts, g t h a t  r e s p e c t s  the  
ACIN p r o p e r t i e s  of t and  6. 

iFor the sake  of readabi~ty,  th is  ~s precisely  done in Appendix 1, 
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Theorem 1.1 

• MOD and fgMOD, with t -morphisms,  are non-empty  categories.  They admit  no ini- 
tial objecL e 

• For a given t -choice C, MOD e and IgMOD e, with *-morphisms, are categories  tha t  
bo th  admit  Ts,~/~e as initial object. 

• M O D  = u c : *-choice MODe 
IgMOD = U C : * - c h o i c e  fg MODe 

• Ever>" *-modeI of fgMOD c is isomorphic to the set - theoret ical  quot ient  of Ts,~/~ c 
by an t-equivalence. 

1 . 2 .  T h e  E q u a t i o n s  

D e f i n i t i o n  
Let M and N be two te rms  of Ts,~(X ) of the same sort. We shall say tha t  an t- 
model  A satisfies the equation M = N, which we write : AI=M = N , if and only ff : 

for any context  K, and for any ground subst i tu t ion ~, 
evalA(K[M~]) = evala(K[N~]). 

N o t e  : if A]=M = N, then  in par t icular  A[=MtP = NI'P, for any PeTs,z(X). 

For a set  E of equations, MOD E (reap. IgMODE) is the class of the models (resp. the 
finitely genera ted  models) tha t  satisfy every equation of E. For a given t-choice C, 
MODe and fgMODLq are defined analogously. The eouple formed by a 1'-signature and a 
set  of equations will often be called a nondeterminis t ie  specification. 
Let ~"E be the equivalence relat ion on Tsy. genera ted  by the pairs K[Ma] ~E K[Na] . 
We define ~ u c  as the smallest  equivalence relation on Ts, a containing ~ z  and ~c, 
and respect ing the ACIN proper t ies  of t and 6. Then : 

T h e o r e m  1 . 2  

• MODE and fgMODE are non-empty  categories.  

• For a given *-choice C, MOD e and fgMOD e are categories tha t  admit  Ts, J ~Eve as 
initial o b j e c t  

• M O D  = u c : * - c h o i c e  M O D ~  

IgMOD = w C : * - c h o i c e  fgMOD~ 

• Every t -model  of IgMOD~ is t- isomorphic to the set - theoret ical  q u o t i e n t  of 
TS,z/~Euc by a 1'-equivalence. 

• Let M and N be in Ts, g. Then : 
fgMODcl = M = N  iff T s , ~ / ~ g u c [ = M = N  
MOD~ t = M = N iff M "~ue  N [Birkhoff Theorem. Weak form] 

The last point  is similar to the classical Birkhoff theorem for "determinis t ic"  alge- 
bras. IIowever, it considered to be a weak form because it assumes a given *-choice, 
and it applies on ground terms. We subsequent ly  provide a s t ronger  form, tha t  is 
choice independent  and applies to t e rms  with variables. This last point  is proven in 
Appendix 2, the other  points being quite straightforward.  

Until now, we defined the algebraic framework tha t  is needed for the expression of 
the nondeterminism.  In the next  section, we deal with the operational aspect of the 
question, via the in t roduct ion  of a general ized not ion of rewrite rules. 

~Except  in  t h e  p a t h o l o g i c a l  cases ,  whe re  t h e r e  is a t  m o s t  one  t e r m  p e r  so r t  wi th  a n  t symbol .  
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2 .  REWRITING WITH NONDETEPJ~INISM 

2.1. In order  to t ake  into accoun t  the  p r o p e r t i e s  of t, we say t h a t  two t e r m s  M and 
M' in Ts,z(X) are  ACIN-equal, and we write M A~N M' if they  are equal modulo  the 
Associativity,  the  Commuta t iv i ty ,  the I d e m p o t e n c e  of t, and the Neu t r a l i t y  of 6 for 
1'. Note tha t  ACIN unification and pa t t e rn -m a t ch ing  are  decidable (cf. [Kirchner  84]). 
Classically, we say t h a t  a t e r m  is f l a t t e n e d  when ad jacent  occu r r ences  of the  symbol  
t are merged ,  ident ical  t e r m s  unde r  an t symbol  are  assiwJlated,  and all the 
occur rences  of 6 are r emoved  (cf. [BP 85]). For instance,  a f la t tened fo rm of the 
t e r m  a t ( (b tc ) t (6 t ( (c tb ) tH(e t f ,g ) ) ) )  is tfa,b,e,H(t~e,fLg)l  (where b races  "~t" recal l  
t ha t  Lhe a r g u m e n t s  of t are to be  considered as a set). 

Definit ion 
An t t e r m  rewr i t i ng  s y s t e m  (or, shortly,  an t -TRS)  R is a finite se t  of couples  
(h,p) of t e r m s  in Tsx(X). 
• We define the assoc ia ted  r~le-reduct ion  re la t ion  as being the smal les t  b inary  
p red ica te  -->>~ on Ts,~(X) such t ha t  : 

M-->> ~N 

• We define the associa ted  choioe-reduct ion re la t ion  as being the  smal les t  b inary 
p red ica t e  -->>~ on Ts,=(X ) such  tha t  : 

K[M 1" N] -->>~ K[M], K[M t N] -->>~ K[N], 
K[M t 6] -->>~ K[M], K[6 ? M] -->>~ K[M]. 

• We define the red~c t ion  re la t ion  associaLed to R as being -->>R = --->>~ u -->>~. 
• I ts  t-cross,re is the  re la t ion  >---->>R = [ (-->>~ u ___>>~-t) u 2->>~ ]" 

M and N s tand  for any t e r m s  in Ts,E(X ). K is any contex t  and a any subst i tut ion.  

N o t e  : 
• For the  ->>R relat ion,  one s tep  of reduc t ion  is of ten called a transi t ion.  Transi t ions 
assoc ia ted  with --->>~ and --->>~ are  respec t ive ly  called r~ te - t rans i t ions  and choice- 
t r ans i t i ons  The G's are the lef t-hand sides and the  D's are the r ight -hand sides of 
the  rules of R. 
• From an opercdional po in t  o f  v iew,  -->>R is s t r ic t ly  equivalent  to the  classical  t e r m  
rewriting s y s t e m  ~ e n e r a t e d  by 

Ru~ x t y ~ x ,  x t y ~ y ,  xt6-~x, 6tx-~x t. 
Nevertheless ,  these  two in t e rp re t a t ions  of R are viewed, algebraically,  in a com- 
ple te ly  different  manner .  This is par t icu lar ly  visible in how the closure is computed ,  
as' in the  following. 
• Int~fitively, >--->>R plays the role of : 

- reflexive, transitive closure w.r.t, the t operator, 
- reflexive, transitive and symmetric closure w.r.t, the rules of R viewed as equa- 
Lions. 

This is how >--->>R will c ap tu re  bo th  the  equat ional  a spec t  of the equat ions of R, and 
the  a s y m m e t r i c  ( i r revers ible)  a spec t  of a choice-transi t ion.  This leads to the follow- 
ing re su l t  : 

T h e o r e m  2.1 [Birkhoff  Theo rem .  S t rong  f o r m  : ] 
MOD R I= M = N 

iff 

for all M' such that M>--->>R M', there exists M" such that N>--->>M" and M'>--->>M 
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for all N' such  t ha t  N>--->>mN', t he re  exists  N" such  t h a t  M>-->>N" and N'> >>N' 
Schemat ica l ly  : M' 

Me? 
N~..~ ~.~  

[r~. !] 
(Throughout  the paper ,  in this kind of d iagrams,  full arrows s tand for arrows existing 
by hypothesis ,  while dashed arrows s tand for conclusions of the  p r o p e r t y  being pic- 
tured) .  
Proof : 
The proof ot tha t  t h e o r e m  is tong and tedious,  and of no pa r t i cu la r  i n t e re s t  for the 
pu rposes  of this paper .  It  can be found in [Kaplan 85]. 
Note t ha t  Theorem 2.1 ex tends  the classical  Birkhoff t h e o r e m  for s t r ic t ly  deter -  
minis t ic  specifications.  As opposed to Theorem 1.2 (weak form),  it does not  rely on a 
specific 1"-choice. 

Example  2.1 
In this specification, !<int>~<proc > s tands  for : emi t  the in teger  <int> and then  
behave  like the p rocess  <proc >. We algebraical ly  specify an ope ra to r  P such  that  : 

P(0) = 6 and P (n+ l )  = !0~6 t !3b~6 1' ... t ! 2 n ~  
So, P (n+ l )  can emit ,  nondeterminis t ica t ly ,  any even in teger  be tween  0 and 2n. The 
ope ra to r  '~ '  is an auxil iary function,  such  t ha t  7r(n) = 2n. 

P(0) ->> 
P(s(n)) -->> P(n) t ![Tr(n)]F6 
rr(o) -->> o 
~r(s(n)) -->> s(s(rf(n))) 

We will prove p rope r t i e s  abou t  t h a t  specificatiot~ in sect ion 4. 

2.2. T e r m i n a t i o n  

For  a given nonde te rmin i s t i c  t e r m  re'¢v-riting s y s t e m  I~, we say tha t  -->>R is finitely 
terminating if t he re  exists no infinite chain  : 

t l  -->>R t2 -->>R " " " -->>R tn -->>R " ' " 

Now, as in sec t ion  1.2, -->>R is opera t ional ly  equivalent  to the  classical t e r m  rewrit-  
ing s y s t e m  R class g e n e r a t e d  by  : 

RuI x t y ~ x ,  x * y ~ y ,  x*6~x ,  ~*x~x I. 
For classical  sys tems ,  powerful c r i t e r i a  have been  developed in order  to check  the 
finite t e rmina t i on  p r o p e r t y  (cf. e.g. [Dersh 79],[DF 85]). Some works cons idered  te r -  
mina t ion  of s y s t e m s  with ACIN-like p rope r t i e s  ([BK84a],  [BP 853). These cr i ter ia ,  
ba sed  on par t ia l  o rders  in TS,~(X) are  appl icable to our case.  Moreover, i t  is easy  to 
check  t h a t  the I x * y ~ x ,  x t y ~ y ,  xt6-*x,  6 tx~x  I classical  rewri te  rules  do not  intro-  
duce specific non- te rmina t ion .  Thus : 

T h e o r e m  2.2 
-->>R is finitely t e rmina t ing  if and only if the classical t e r m  rewrit ing s y s t e m  
R class is finitely t e rmina t ing .  
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The ¢-TRS a p p e a r i n g  in th i s  p a p e r  have  b e e n  shown to  be  t e r m i n a t i n g ,  us ing 
s i m p l i f i c a t i o n  o r d e r i n g s  on the  c o r r e s p o n d i n g  c l a s s i c a l  t e r m  r e w r i t i n g  s y s t e m s .  

g.3. The Normal Form Function 

We r e c a l l  t h a t  a t e r m  t is a normal forrr~, or  irreducible when  t h e r e  ex i s t s  no  t '  s u c h  
t h a t  t-->>t'. O therwise ,  a t e r m  u is a n o r m a l  f o r m  of a t e r m  t if t-->>*u and  u is a no r -  
m a l  fo rm.  Let  -->> be  the  r e d u c t i o n  r e l a t i o n  a s s o c i a t e d  to a f initely terminating 
I ' -TRS R. As in t h e  c l a s s i c a l  case ,  t h e  s e t  of t h e  n o r m a l  f o r m s  of a t e r m  tcTs,~(X ), 
t h a t  we d e n o t e  /NF(t) t ,  is finite.  One t h u s  h a s  t he  following v e r s i o n  of t he  Bi rkhof f  
T h e o r e m  2.1, t h a t  p r o v i d e s  an  e f fec t ive  c r i t e r i o n  to  c h e c k  e q u a l i t y  in  MOI)R : 

T h e o r e m  2.3 
MODR I = M = N if[ fNF(M)t = tNF(N)t 

The p roo f  eas i ly  follows f r o m  T h e o r e m  2, l, u n d e r  t he  p r e v i o u s  s t r o n g e r  h y p o t h e s i s  of 
f in i te  t e r m i n a t i o n .  

3. ¢ CONFLUENCE 

3.1. Conf luence  is known [o be  a c r u c i a l  p r o p e r t y  for  classical t e r m  r e w r i t i n g  sys-  
t e m s .  g i v e n  a b i n a r y  p r e d i c a t e  -*, t h i s  p r e d i c a t e  is confluent iff fo r  a n y  t e r m  
tcTs,N(X ) s 

if t h e r e  e x i s t  t I a n d  t z such  that t-,*t>t 2, 
t h e n  t h e r e  ex i s t s  t '  s uch  t h a t  t>tz-+*t ' .  

l "'a~ l 

~19<-  
t( 

Of course, in our f ramework,  a re la t ion  -->>R wi l l  never be conf luent  because of 
reduct ions such as t~¢tm-->>Rt~ and t11"tm-->>RLa We are thus led to define a specific 
not ion of confluence. 
Before  doing th is ,  we sha l l  a d d  a r e s t r i c t i o n  to  t h e  ~-TRS t h a t  we c o n s i d e r ,  We will 
s u p p o s e  t h a t  t h e y  a r e  left-C-free, which  m e a n s  t h a t  t h e  l e f t - h a n d  s ides  of t h e  r u l e s  
a r e  in  Ts,~a(X) (i.e. c o n t a i n  no ¢ s y m b o l ) .  The r e a s o n s  for  t h a t  a r e  t h r e e f o l d .  

• F i r s t l y ,  t he  s t a t e m e n t  of our  de fmi t i ons ,  and  of o u r  s u b s e q u e n t  r e s u l t s ,  will be 
m u c h  m o r e  r e a d a b l e  : we will n o t  have  to  c o n s i d e r  ACIN p a t t e r n  m a t c h i n g  or 
ACIN un i f i ca t ion .  Also, t h e  c o r r e s p o n d i n g  a l g o r i t h m s  will be  fa r  l e ss  t i m e  c o n s u m -  
ing. 
• Second ly ,  a l l  t h e  e x a m p l e s  t h a t  we were  t ed  to  c o n s i d e r  a r e  n a t u r a l l y  le f t -¢- f ree .  
This is m a i n l y  why  all t he  f o r t h c o m i n g  results, t h a t  we o b t a i n e d  f i r s t  in t h e  gen-  
e r a l  ease ,  will be  p r e s e n t e d  u n d e r  t h e  a s s u m p t i o n  of l e f t - ¢ - f r e e d o m .  

s -~ * is the reflexive and transitive closure of -~, a-~b,e stands for a+b and a-~e. Similarly for a,b-~c, 



359 

• Finally, a non- le f t - t - f ree  ru le  s u c h  as f(atb)-->>c e x p r e s s e s  s o m e  c o n t e x t -  
sens i t ive  c o n s t r a i n t  abou t  t he  choice  o p e r a t o r .  This would be c o n t r a r y  to  our  
c o n c e p t i o n  of wha t  the  t o p e r a t o r  is. In  pa r t i cu la r ,  it should  be able to choose  
b e t w e e n  its a r g u m e n t s  in a con t ex t - f r ee  m a n n e r .  

T h e o r e m  a n d  D e f i n i t i o n  3.1 
Given a finitely t e r m i n a t i n g  f - T R S  R, the  following p r o p e r t i e s  a re  equiva len t  : 
(i) Vt~Ts , s e (X)  

for  any t 1 and t a in Ts,s(X) such  t h a t  t-->>Rtl,t  e , 
for  any  t" 1 s u c h  t h a t  tl-->>Rt 1, 

t * t h e r e  exists  t 3 such  t h a t  "l,t2-->>Rt a 
for any  t ' e  such  t h a t  te-->>nt s, 

t h e r e  exis ts  t4 such  t h a t  t 2,tl-->>Rt 4 
(of. [ ~ .  3]) 

(ii) %/f~Ts,~e(X), if t h e r e  exist  t I and t z in Ts,~(X ) s u c h  t h a t  t-->>Rtt,t z, t h e n  t t 
and  t z have the srLme set of  rmrmal  f o r m s  for  --->>. 

(iii) V t e T s , s e ( X ) ,  if t h e r e  exis t  t 1 and  t 2 in Ts,~(X ) such  t h a t  t-->>Rtl,t  2, t h e n  

R 1= h = tz. 

In  t h a t  case ,  -->>R is said to be ~-cor~fluent 

S c h e m a t i c a l l y  : 

[fig. a] 
P r o o f  : Imp l i ca t ions  ( i ) ~ >  (ii) and (iii)<-----> (i) a r e  jus t  a m a t t e r  of definition. 
Equiva lence  (ii) <-D-> (iii) is a e o n s e q u e n c e  of t h e o r e m  2.3. - 

N o t e  : 
• It  follows f r o m  Definition 3.1 t h a t  for a t - con f luen t  sys t em,  the  following p r o p e r t y  is 
sat isf ied : 

Vte-Ts,s°(X), Vh , t scTs , r (X) ,  
t-->>ti and t-->>'t3 ~ -~tacTs.~(X) s.t. tl-->>'t~ and  t2-->>'ta (?). 

This does n o t  imply  t he  conf luence ,  in the  c lass ica l  sense,  of __>>4 as i t  would have 
b e e n  the  case  ir (t) had  b e e n  quant i f ied over  t c Ts,s(X ) (cf. [Hue t  77]). Here,  the  
h y p o t h e s i s  t h a t  t does no t  con ta in  any  't' symbo l  is crucial .  
• I t  shou ld  be no t i c e d  tha t ,  c o m p a r e d  with the  c lass ica l  d e t e r m i n i s t i c  case,  t- 
con f luence  is a k ind of local conf luence  : c o n s i d e r a t i o n  of global  conf luence  would be 
i r r e l e v a n t  in our  f r amework .  
• In tui t ively ,  t he  t - con f luence  condi t ion  m e a n s  t h a t  all the  non -con f luence  in a 
spec i f i ca t ion  c o m e s  f r o m  cho ice - t r ans i t i ons  (a t  t he  o c c u r r e n c e  bf 1' symbols) ,  and  

4 For  i n s t ance ,  t he  s imple  s y s t e m  a -* b te  sat isf ies (~) bu t  is no t  confluent .  Nevertheless ,  i t  is t -conf luent .  
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n o t  f r o m  r u l e - t r a n s i t i o n s .  We i l l u s t r a t e  th i s  n o t i o n  on s e v e r a l  e x a m p l e s .  

E x a m p l e  3 .1  
A t r iv i a l  e x a m p l e  of a s p e c i f i c a t i o n  t h a t  is no t  t - c o n f l u e n t  is  t h e  fol lowing : 

f (a ,b)  -->> a , f (a ,b)  -->> b . 
However ,  t he  fol lowing s y s t e m  is e q u i v a l e n t  to  the  p r e v i o u s  one  on Ts,s 9, t h a t  is t -  
c o n f l u e n t  : 

f ( a , b )  -->> a t b  
This shows a g a i n  t he  i n t e r e s t  of a spec i f i c  o p e r a t o r  t t h a t  c o n v e y s  al l  t h e  n o n d e t e r -  
m i n i s m  a l lowed in a ( t - ) c o n f l u e n t  s y s t e m .  

E x a m p l e  3 .2  
In th i s  e x a m p l e ,  we s p e c i f y  a t o y  c o n c u r r e n t  l anguage ,  a long t h e  l ines  of t h e  ACP 
f r a m e w o r k  (cf. []3K 84a,b]) ,  The o p e r a t o r s  a r e  t h e  following : 

6 -- The d e a d l o c k  
! < i n t e g e r >  ~ < p r o c e s s >  -- E m i t  < i n t e g e r >  and  b e h a v e  l ike  < p r o c e s s >  
< p r o c e s s > ] l < p r o c e s s >  -- I n t e r l e a v e d  e x e c u t i o n  of p r o c e s s e s  
< p r o c e s s > [ L < p r o e e s s >  -- (Technica l )  
< b o o l > : < p r o c e s s > ~ < b o o l > : < p r o c e s s >  -- G u a r d e d  cho i ce  

The equations are ' 

(!i ~ p) ~_ p' -->> !i II P') 
6 li p'  -->> 
True:p ~ True:p' -->> p t p' 
True:p ~ Fa]se:p' -->> p 
False:p ~ True:p' -->> p' 
False:p ~ False:p' -->> 6 

C r i t e r i a  d e v e l o p e d  in  t he  n e x t  s e c t i o n  allow us  to show t h a t  th i s  s p e c i f i c a t i o n  is t -  
con f luen t .  We sha l l  a l so  p r o v e  v a r i o u s  p r o p e r t i e s  a b o u t  it. 

3.2. K n u t h - B e n d i x T h e o r e m  f o r  t - C o n v e r g e n c e  

In this section, we consider under which conditions a system is t-convergent. As in 
the classical case, we need to consider the notion of criticalpc~ir. 

Def in i t i on  3.2 
C o n s i d e r  Lwo r u l e s  G 1 -->> Di and  Gz-->> D s s u c h  tha t ,  for  a no'r~-uc~ri~ble 
o c c u r r e n c e  ~ of G 1, G~I ~ and  G 2 a r e  uni f iab le .  Le t  ~ be  t h e i r  m o s t  g e n e r a l  unif ier .  
The p a i r  : 

< GI[~ ~D2]a, Dla > 
is  c a l l e d  a c r i t i c a l  pa i r .  

N o t e s  : 
- We use  t h e  f a c t  t h a t  t h e  s y s t e m  u n d e r  c o n s i d e r a t i o n  is l e f t - t - f r e e .  Thus,  n e i t h e r  
G 1 n o r  G~ c o n t a i n  t he  1" symbol .  F o r  non  l e f t - t - f r e e  s y s t e m s ,  we would  have  con-  
s i d e r e d  ru l e s  s u c h  t h a t  Gll ~ and  G~ a r e  ACIN-unifiable.  
• We a l so  n e e d  to  s u p p o s e  t h a t  t h e  r u l e s  u n d e r  c o n s i d e r a t i o n  a r e  left-Linear. This 
m e a n s  t h a t  a v a r i a b l e  m a y  a p p e a r  a t  m o s t  once  in t h e  l e f t - h a n d  s ide  of a ru le .  We 
now have  t h e  following r e s u l t  : 

T h e o r e m  3.3 [ K n u t h - B e n d i x  t h e o r e m  f o r  t-TRS] 
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Given a finitely terminat ing,  left-t-free and left-iinear t -TRS R, the following pro- 
per t ies  are equivalent : 
(i) -->>R is t -confluent  
(ii) For every crit ical pair <t,k'> of R, ~NFR(k)I : ~NFR(t')t 

This is the cent ra l  resul t  of this paper.  In part icular ,  it enables us to decide whether  
a finitely terminat ing J'-TRS is confluent or not, via the follovdng method  : 

• compute  all the critical pairs of the sys t em (which are in finite number) ;  
• compute  and compare  their normal  forms. 

Note : The implication (ii)-~> (i) of t heo rem 3.3 is not  t rue if the left-linearity 
hypothesis  is not  satisfied. A counter-example  is given in Appendix 3. 
Proof  : (el. Appendix 4). 

3.3. Complet ion procedure 
As in the classical case, it is interest ing to consider a corapletion procedure, tha t  
t rans forms  a se t  of equations E into a left-t-free, left-linear and t-confluent  t -TRS R. 
We now concen t r a t e  on the lef t - t - f reedom hypothesis.  In order  to main ta in  the left- 
t - f r eedom assumption,  we shalt suppose tha t  the equations of E are already oriented, 
so tha t  the left-hand sides are t-free. Then lef t - t - f reedom has to be incremental ly  
ensured.  

Example 3.3 
We give here a naive example, in order  to il lustrate the previous point. Realistic 
examples are provided in the next  chapter .  Let E be the set  : 

P(x) = a(x) t b(x) t c(x) 
q(P(x)) : d(x) t e(x) t f(x) t g(x) 
q(a(x) )  : d(x) 

The sys t em (when left-to-right oriented) has the unique following crit ical pair  : 
< q(a(x)tb(x)tc(x)) , d(x)te(x)tf(x)*g(x) >. The complekion pro- 

cedure  should genera te  new equations, in order  to ensure tha t  these two t e rms  have 
the same set  of normal  forms. These normal  forms cur ren t ly  are : 

for Q(a(x)tb(x)tc(x)) : ~ d(x), Q(b(x)), Q(c(x)) 
for d(x)te(x)tf(x)tg(x)~ : t d(x), e(x), I(x), g(x) { 

Notice tha t  the t e r m  d(x) appears  in the previous two sets. In order  to ensure  the t- 
confluence, it is thus sufficient [o genera te  the equation q(b(x))tq(c(x)) = 
e(x)tf(x)tg(x) (which is sound). However, this is not acceptable  here since we are res- 
tricked to left-t-free rules. Our exper iment  also shows tha t  such rules tend to cause 
infinite loops in the complet ion procedure .  For instance, it is often the ease tha t  for 
a cri t ical  pair  <atb ,c td>,  just  adding the rules (a-->>e,b-->>d) or (a-->>d,b-->>d) (when 
they  are sound) allows the complet ion p rocedure  to stop, whereas adding the rule 
atb-->>ctd would lead to non-terminat ion.  Itowever, it is not  possible to sys temat i -  
cally decide which group of rules is sound and may  be added. 
Notice now tha t  there  is one si tuation in which it is possible to add a left-t-rule, 
namely  when one of the sets of normal  forms is reduced,  after  elimination of the 
c o m m o n  elements,  to a singleton. We shall give the complet ion procedure  in this 
case. tn spite of this restr ict ion,  it appeared  -- surprisingly enough -- tha t  all the 
examples drawn f rom "natural" theories  tha t  we considered cor respond to tha t  
situation. 
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C o m p l e t i o n  p r o c e d u r e  
Given 

- a s e t  E of e q u a t i o n s  M=N,  
- a s i m p l i f i c a t i o n  o r d e r i n g  > s u c h  t h a t  for  e a c h  e q u a t i o n  M=N, M>N and  M is t -  
free and left-linear. 

O. E 0 * - E ;  R o * - ¢ ;  i ~ - 0 .  

1. if E i = ¢, t h e n  STOP-WITH-SUCCESS. 

2. E~ ~ ¢ 
For each equation M=N in E, do 

NFM-N ~ INF(M) t -  [NF(N)~ ; 
NFN-M ~ INF(N)t- ~NF(M)t; 
if NFM-N = NFN-M t h e n  SKIP ; 
if INFM-NI> 1 a n d  INFN-MI>I t h e n  STOP-WITH-FAILURE 
e l se  -- S u p p o s e  t h a t  NFM-N is t he  s i n g l e t o n  [m~ 

Eau~ *- Eaux + (m = l'I/~, /~ENFN-Mt) 
Ei *- Eaux 

Choose  an  e q u a t i o n  M : N  in Ei. 

If M a n d  N a r e  u n c o m p a r a b l e  v ia  >, t h e n  
if E i ~' ¢, t h e n  c h o o s e  a n o t h e r  r u l e  in E i 
e l se  STOP-WITH-FAILURE. 

5. -- We suppose that for instance M > N, and that M is t-free and 
- linear. 

Rrnodif *- I(A-->>P)CR~ I A or p contains an instance of MI 

Ri,l ~ Ri - Rmod~+~M-->>N] ; 
Y ~ the set of the critical pairs of Ri+1; 

El+ 1 *- E i + Rmodif-IM:N 1 + Y ; 
i *- i + t  ; GOTO 1. 

4. 

With r e s p e c t  to t he  c l a s s i c a l  K n u t h - B e n d i x  c q m p l e t i o n  p r o c e d u r e ,  only  s t e p  2. is 
new. In t he  c l a s s i c a l  case ,  t h e  c o r r e s p o n d i n g  "do" l oop  is r e d u c e d  to  t h e  following : 

~ NF(M) ; N *- NF(N) -- Bo th  kf and  N a re  s ing l e tons .  
E~ ~ E~.~ + (;7 : N) 

Examples of the application of the completion procedure are given in the next sec- 
tion. 

T h e o r e m  3 . 4  

The completion procedure takes a system E of equations as input, and produces, 
w h e n  i t  s tops ,  a s y s t e m  RR of l e f t - t - f r e e ,  l e f t - l i n e a r  r u / e s  t h a t  is  f in i t e ly  t e r -  
m i n a t i n g ,  C-confluent ,  a n d  s u c h  t h a t  • 

Vt,t Ts,z(X), E I = t - - t '  iff [NFpa(t){ = [NFRR(t){ 

Proof : The correctness of the procedure derives from the following facts : 

(I) At the end of every step 8., one has =E- = E{oRc Thus, for the final step, 

- E = - RR. This leads to the conclusion of the theorem, using Theorem 2.3. 

(2) Finite termination, left-t-freedom and left-linearity are incrementally ensured 
via the ordering >. 

(8) At STOP-WITH-SUCCESS, R i = RR is c-confluent, because it admits no more criti- 

cal pairs. 
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Of course,  this complet ion p rocedure  may be given a m u c h  more  efficient form, as in 
[HuetS0]. The optimizations proposed  for the classical complet ion procedure ,  based 
on adequate  marking and fair rule consideration,  c a r ry  over to our framework. 

4 .  T H E O R E M  P R O V I N G  I N  N O N D K 1 T ,  R M I N I S T I C  T H E O ~ E S  

4.1. In this section, we address the problem of proving inductive properties in non- 
deterministic theories presented by an t-TRS R. A property M = M' is an indzLctive 
theorem if and only if it is valid in the class fgMODR of the finitely generated models 
of the theory. Inductive properties are usually proved in two different ways : 

• explicitly using induction techniques, as in IBM 79], [Bidoit 81], 
• via so-called /~ductio~gess /~duction techniques, that involve Knuth-Bendix 
algorithms, and in theories that are specified in appropriate ways (cf. refer- 
ences below), 

In this section, we rely on the second approach. It has been carefully investigated in 
the case of classical equational rewrite rules ([Goguen 80], [Musser 80], [HH 80], 
[Fribourg84] .... ), rewriting modulo equations ([fiN84]), conditional equations 
([Ifaplan 84], [RZ 85]), etc. Those investigations led to the design of large systems for 
theorem proving (cf. [HH 80], [Lescanne 83]). We are going to extend such methods 
to our formalism of nondeterministic systems. 

From now on, we suppose that the theory is defined by a left-C-free finitely terminat- 
ing I'-TRS R on the signature (S,~) , such that : 

(i) ~ may be partioned in Constr u Der u I(1')s,(6)si , where operators in Constr are 
called constructors and opera tors  in Der are called de~ved  operators. We add 
the technical condition that every (T&c~nstr) s [the set of terms of sort s formed 
with cons t ruc to r s  only] mus t  be non-empty,  for any s~S. 

(ii) For any t, t '  < TZ,&r~t r, then t --- R t' iff t = t ' .  

(iii) For any fCDer, for any vector  [ of t e rms  of Ts,constr of suitable arity, for any 
r c  I NFR [ f(t*) ] I, then r is in Ts,cmmt r, 

These conditions are commonly  imposed in the classical framework. We have to see 
how they may be realized in the nondeterminis t ie  case, 
- Condition (i) is just, a methodological  choice. 
- Conditien (ii) is somet imes  formulated  by saying that  R genera tes  no equations 
between cons t ruc tors ,  This condition is generaly  ensured  by forbidding, in R, rules of 
the form I~I-->>I~I', where symbols occurr ing at the root  of M and 1W are both in 
Constr. 
- Condition (iii) is far more difficult to ensure.  It s ta tes  tha t  functions corresponding 
to the derived opera tors  are well-defined with r e spec t  to cons t ruc tors .  One can also 
say tha t  their  definition is suf f ic ient ly  coTnplete (w.r.t. Constr). The methodologies 
t ha t  have been developed in the classical ease (el. [Uidoit 8t], [Fribourg 84] .... ) are 
stilt applicable in our framework. They were sufficient to develop the examples in 
this paper,  and their  principles inspire the examples developed by the ACP group. 

We r e t u r n  now to the question of the proofs in theories specified as previously. As in 
[HH 80], the complet ion procedure  of sect ion 3 is modified into an induct ive comple- 
tion procedure, in the following way : the following step 4". is in t roduced between 
step 4. and step 5. of the complet ion procedure .  Note tha t  step 4". realizes an 
exhaustive case analysis on the equation M = M' chosen (and oriented in step 4.). 
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4". -- M > M' and Mis  1'-free. 

if M = e(MI, " ' ' ,Mn) and M' = c(7~f 5, ' • " ,29fn) wi th  eECons t r ,  
then Ei ~- Ei + (Mi = M'i)iE[1..~] ; GOTO 2. 
else  

if M = c(M 1, • - . ,Mn) and M' = c ' (M' 1, - • • ,M'n) with c , c ' E C o n s t r  and  c ¢ c ' .  
then STOP-WITH-DISPR00F 
else  

if M = c(M 1, • . - ,Mn) wi th  c E C o n s t r  and M' is a va r i ab l e  
(or s y m m e t r i c a l l y  in M and M'), 
t h e n  STOP-WITH-DISPROOF 
else  

if M = c(M1, • ' • ,Mn) with  c c C o n s t r  and M' = t / t1 . . . . .  tpJ, -- M' is f l a t t e n e d  
t h e n  

- if the  r o o t  symbo l  of a t  l ea s t  one of t he  t i is a c o n s t r u c t o r  c '  ;~ c, 
t h e n  STOP-WITH-DISPROOF else 

- if e v e r y  tj, for  j~[  1..n], is u n d e r  t he  f o r m  tj = e(tj, 1, - . - ,tj,n), 
then E i ~ E i u (Mj : t[t~,] • • . tp,jl)jE[L.n] ; GOTO 2 
else  

- if the  r o o t  s y m b o l  of at  l ea s t  one of the  ti (bu t  no t  all of t h e m )  is the  
c o n s t r u c t o r  c, 

t h e n  STOP-WITH-FAILURE else  GOTO 5 

e lse  GOT0 5 

Now, one  has  t he  following resu l t ,  s t a t ing  the  c o r r e c t n e s s  of t h a t  p r o c e d u r e .  

T h e o r e m  4.1 
Le t  M = M' be a p r o p e r t y  to be  ver i f ied .  We s u p p o s e  t h a t  t h e  i n d u c t i v e  c o m p l e -  
t ion  p r o c e d u r e  is app l i ed  to R u t M : M' t , and e v e n t u a l l y  s tops .  

• If  t h e  p r o c e d u r e  s tops  wi th  "STOP-WITH-DISPROOF", t h e n  M : M' does  no t  
hold  in fgMODR. 
• If t he  p r o c e d u r e  s tops  with "STOP-.WITH-SUCCESS", t h e n  M = M' is a 
t h e o r e m  of fgMODR. 

When the  p r o c e d u r e  s tops  wi th  STOP-WITH-FAILURE, no c o n c l u s i o n  can  be d rawn  
a b o u t  the  v e r a c i t y  of M=N in the  i nduc t ive  t heo ry .  
The p roof  of t h e o r e m  4.1 is s imi l a r  to  t he  p roof  for  t he  c l a s s i ca l  case  (of. e.g. [HH 
80]). Actual ly ,  i t  shou ld  be e m p h a s i z e d  t h a t  th is  p r i n c i p l e  is r a t h e r  i n d e p e n d e n t  of 
t h e  fornzal isrn (c l ass i ca l  rewr i t ing ,  r ewr i t i ng  rnodulo  equa t ions ,  cond i t i ona l  r ewr i t -  
ing) t h a t  is u n d e r s t a t e d ,  if a c o r r e c t  Knu th -Bend ix  c o m p l e t i o n  p r o c e d u r e  m a y  be 
p r o v i d e d  for the  f r a m e w o r k  u n d e r  c o n s i d e r a t i o n .  Note  t h a t  t h e r e  is a new fa i lure  
case ,  w h e n  an e q u a t i o n  s u c h  as c(t) = c ( t ' )  I' d is c h o s e n  (c be ing  a c o n s t r u c t o r  and 
the  r o o t  s y m b o l  of d being a d e r i v e d  ope ra to r ) .  In t h a t  case ,  no th ing  c a n  be  said 
a b o u t  t h e  t h e o r e m  to be  p roved .  We a re  now going to  show how th is  m e t h o d  appl ies  
to different e x a m p l e s ,  

4.2. P roo f  E x a m p l e s  

Example 4.1 
We e o n s i d e r  aga in  t he  spec i f i ca t i on  of e x a m p l e  2.1, for  which  we wish to p rove  tha t ,  
for  any n, the  s ignal  t h a t  P(n) n o n d e t e r m i n i s t i c a l l y  e m i t s  is an  eveTz n u m b e r .  To t h a t  
e f fee t ,  we f i r s t  e n r i c h  t h e  spec i f i c a t i on  wi th  t he  p r e d i c a t e s  'Q' and  ' even ' ,  wi th  t he  
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following rules : 
q(6)  -->> True 
q(!x F P) ->> even(x) 
even(O) ->> True 
even(s(O)) -->> False 
even(s(s(x))) -->> even(x) 

The predicate 'even' checks whether an integer is even, and Q checks if the signal 
emitted by a process is even It should be noted that, for a process p = atb (in 
flattened form), the set of the normal forms of Q(p) is exactly the union of the nor 
real forms of Q(a) and Q(b) This allows the fact that Q has a "sufficiently complete" 
definition (in the sense of this chapter) to be verified 
Now, one wants to prove the fllduetive theorem : Q(P(n)) = True , (Vn) ]it is thus 
added to the whole system, that currently consists of : 

P(O) -->> d (1) 
P(s(n)) -->> P(n) ~' ![~(n)]H6 (S) 
~(0) -->> o (3) 
~(s(n)) ->> s(s(~(n))) (4) 
Q(6) -->> True (5) 
q(!x ~ p) ->> even(x) (6) 
even(0) -->> T (7) 
even(s(O)) -->> F (8) 
even(s(s(0)) -->> even(x) (9) 
Q(P(n)) --->> True (10) 

Note tha t  rules (i)  to (9) define a specification tha t  verifies the hypotheses  of 4.1 : 
the  cons t ruc to r s  are T and F for the booleans, and < in t>~<proe>  for the processes .  
Other operators may easily be checked to be derived operators Note also that rules 
(I) to (9) admit no critical pair We now follow the application of the completion pro- 
cedure to the whole system (i) to (i0) 
• There is a critical pair between (i) and (i0) : 

<Q(6) , True >, that normalizes into <True,True> 
• There is a critical pair between (2) and (i0) : 

<Q(P(n) ~ ![~(n)]~d) , True >, The normal forms of Q(P(n) t ![~(n)]~d) are tTrue , 
even(Tr(n))I Thus, the completion procedure generates the new rule : 

even(w(n)) -->> True ( 1 i) 

• ]'here is a critical pair between (3) and (ii) : 
<even(0) , True>, that is eliminated, as before, by normalization 

• There is a critical pair between (4) and (i l) : 
<even(s(s(n(n))) , True > Now, even(s(s(s(n)))-->>9_ n True Thus, that critical 

pair is eliminated, and the inductive completion procedure stops with success hav- 
ing generated no new equation between constructors This concludes the 
proof. 

Example  4.3 (Example 2.4 continued) 
For the specification Riven in example 2.4, the cons t ruc to r s  are  True and False for 
the  booleans, 0 and suec for the integers,  and !<int>~,<proc> for the processes  (plus 
twoc~ss~s and @roc~sses). The previous proof me thod  allowed us to prove the following 
p roper t i e s  : 
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(p k p') U_ p" = p k (p' II p") 
p tl (p' Itp") = (p It p') II p" 
p~ (p'~ p") = (p ~ p') ~ p,, 

The proof scripts,  being mueh longer than for example 4.2, are not  given here.  This is 
also t rue  for the nex t  examples.  They are provided, though, to i l lustrate the in te res t  
of our methods.  

Example  4 .a  
We slightly modify the previous example in order  to include synchronous communi-  
cation, still in the spiri t  of the ACP works. The const ruct ion  'e !! i [* p' s tands for 
sending message i (an integer)  along channel  c (conventionally r e p r e se n t e d  by an 
integer),  and then  behaves like the  process  p. 'e ?? i ~, p' is defined analogously. 
Synchronous communica t ion  (defined by "t") may occur  only via two channels  the 
sum of the labels of which is less than or equal to three  (recall t h a t  this is in tended 
to be a toy c o n c u r r e n t  language !). The cons t ruc t  !<int>}*<proe> exists as before 
(communica t ion  to the outside world). The specification itself is : 

x+O --->> x 

x + s(y) --->> s(x + y) 

p 11 p' -~> (p L p') ~ (p' tl p ) ,  (p I p') 

(!i }~p) II p' -~> !i b (p 11 p') 
5 [[_ p' -->> 

(c!!i ~* p) ~ p' -->> 6 

(c??i ~* p) ~_ p' -->> 6 

(e!!i ~, p) [ (e'!ti' ~* p) 
(c??i t4 p) [ (e'??i' }* p) 
(c??i t~ p) [ (c'!!i' ~ p) 
(e??i [* p) I (e'??i' ~ p) 

Aux(O,p,p') 

Aux(s(O),p,p') 

Aux(s(s(O)),p,p') 

Aux(s(s(s(O))),p,p') 

Aux(s(s(s(s(x)))),p,p') 

--~> 6 

-->> 5 

-->> Aux( e + c', p, p') 

-->> Aux( c + c', p, p') 

--->> !0 }~ p l i p '  

-~> !s(0) b p tl p' 
-~> !s(s(o)) b p II p' 
~>  !s(s(s(0))) b p II p' 
-->> d 

True:p ~ True:p' -->> p t p' 

True:p ~ False:p' -->> p 

False:p ~ True:p' -->> p' 

False:p ~ False:p' --->> 

Note tha t  the equations defining synchronous communica t ion  might  have been  given 
more  simply by : 
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x -< s( ( ( ) ) ) s  s 0 = False ~ Aux(x,p,p') -->> 6 
These are conditional rewrite rules, which we do not know, yet, how to include in our 
framework. 
The constr l lc tors  of the processes  in the specification are !< in t>b<proc>,  
<int>!!<int>~*<proe>, < in t>??<in t>~<proc> .  We are able to prove the following 
proper t ies  : 

p ( pptp"l =  plp'll " 
p I ' lp")_ = ( p l l p ' ) l F p  
b:p ~-(b::p' ~ b ' : p ' )  = (b :pUb' :p ' )  ~ b":p" 
b : ( p t  q )~b ' :p ' .  ( b :p~b ' :p ' )  t b:q 
b :pUb ' : ( p '~ ' q ' )  = (b:p0b ' :p ' )~" b:p b ' :q '  

An other  interesting p roper ty  to establish would be : 
c!!x~p n c??y~* p' = p II p ' [y \x ]  

However, this is not formalizable via a finite number  of equations, because of the 
subst i tut ion operat ion p'[ykx]. This may be s~rr~utc~ted in the following way • one 
explicitly specifies the sor t  of the ar i thmet ic  expressions, and one redefines ade- 
quately the sort  of processes.  Then, the subst i tut ion operat ion becomes  an operat ion 
of the specification : 

_ [  _ \ _ ]  : p rocess  x ari th-expr x inteaer  ~ process,  
tha t  is finitety axiomatizable. This is done in details~in [K@lan 86]. We were then 
able to prove the previous t heo rem via our methods.  

5. CONCLUSIONS 

In this paper,  we have considered the feasibility of t e r m  rewriting systems taking 
into account  nondeterminism.  In particular,  we have managed to maintain the 
coherence  of the following "waterfall" scheme : 

algebraic behaviour : terms,  equations, models 
simulation of equations via rewriting. Birkhoff t heo rem 
= >  termination,  confluence. Knuth-Bendix Theorem 

complet ion procedure .  Inductive complet ion 
p r o o f  i n  w e l l  s t r u c t u r e d  t h e o r i e s  

The main character is t ic  of this work is tha t  it leads to a u t o m a t i c  t heo rem proving 
methods,  extending principles now widely used in the determinist ic  framework, and 
implemented  in large systems,  to nondeterminis t ic  specifications. We have 
developed several examples tha t  illustrate the applicability of the method  to non- 
trivial specifications. 

The questions LhaL need fuI'Lher aLLenLio~l are essentially Lhe followk~ : 
- how can the p rocedures  we have designed be efficiently implemented  ? We have 
a l ready shown the soundness  of several optimizations : avoiding ACIN pat [ern-  
maLcttfng and unification through the assumpLion of left- t-freedom, etc. However, 
computa t ions  are still t ime and space consuming ; 
- we also have to determine the precise range of application of our methods.  We feel 
tha t  we have shown their  applicability to nondeterminis t ie  computat ions.  Our long- 
t e r m  projec t  is the considerat ion of concur ren t  computat ions ,  in the spirit, of our 
last  examples. The proof methods  tha t  we have designed apply to proper t ies  slightly 
different f rom those usually considered in this field. In part icular,  we seem to be 
able to deal with almost  arbiLrarily complex d~ta s t ructures .  For instance, we could 
specify and prove facts  about  a complicated kind of communica t ion  channel  in 
example 4.3. However, we cannot  take into account  non-terminat ihg computat ions.  
A possible approach  would be to consider  only their  finite approximations.  For 
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example ,  in o rder  to specify a p rocess  such t ha t  P - !x b P, we can synthes ize  the  
p rocess  P such t ha t  P(O)= ~ and P ( s ( n ) ) =  !xbP(n) ,  and prove p rope r t i e s  abou t  
P(n), for every  n. But  this will not  allow to deal  with p r o p e r t i e s  such  as fairness or 
par t i a l  co r rec tness .  The work of [PF 85] migh t  be re levan t  in this r e spec t .  
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A p p e n d i x  1 : D e f i n i t i o n  of a t - c h o i c e  

Le t  S,E be  a t - s i g n a t u r e .  A t - c h o / c e  C is an  a p p l i c a t i o n  : 
C : T s , z  x N ' - ~ t  1 , 2 t  

s u c h  t h a t  : 
• let ¢0 be in N', and tc Ts, ~. If ~ is not an occurrence of t in Ts, ~, then C(t,~) is 
undefined. 
• Let t,t',t" be in Ts,z and let K be a context. A t-choice must perform the same 
choices in ~=K[tt(t'1't")] and in T'=K[(ttt')tt"]. Let ~0 stand for the occurrence of 
the generic variable in the context K. Then, for instance, the occurrence of the t' is 
co.2.1 in T, and is w.l.2 in T'. Thus, the following constraints must be fulfilled : 

- If C(T,~) = 1 -- t is c h o s e n  in -r 
t h e n  C(T',~) = 1 and  C(~-',~.I) = 1 

- If C(T,~) = 2 a n d  C(%0z2) = 1 -- t '  is c h o s e n  in T 
t h e n  C(~-',~) = 1 and  C(~-',~.I) = 2 

- If C(q-,¢~) = 2 a n d  C(%~.2) = 2 -- U' is  c h o s e n  in  ~- 
then C(T',~) = 2 

• One m u s t  have  also,  w i th  t h e  s a m e  c o n v e n t i o n s  : 
- C(K[x~'y]jz) = ~C(K[y tx] ,~ )  , V x , y E  TS,~ 5 
- C(K[xl'6],co) = I ,VxcTs ,x  
- C(K[dl'x],¢o) = 2 ,VxeTs , z  

I t  is t h e n  e a s y  to  c h e c k  t h a t  Ts,~./~c is a t - m o d e l ,  j u s t  t a k i n g  as  eval  rs'z the  a p p l i c a -  
t i on  a s s o c i a t i n g  to  e a c h  t e r m  of Ts, ~ i ts  c l a s s  for  ~ c .  

A p p e n d i x  2 : P r o o f  of T h e o r e m  1.2 

We j u s t  n e e d  to p r o v e  the  l a s t  po in t ,  n a m e l y  that : 
MOD.F, CI= M = N iff M ~EuC N, for  M,NETs, ~ 

H e r e ,  M a n d  N a r e  g r o u n d  t e r m s .  We c a n  a l so  s u p p o s e  t h a t  E c o n t a i n s  on ly  e q u a t i o n s  
b e t w e e n  g r o u n d  t e r m s ,  p o s s i b l y  in in f in i te  n u r d b e r .  This is  b e c a u s e  a s y s t e m  of e q u a -  
t i ons  wi th  v a r i a b l e s  is e q u i v a l e n t  to  t h e  s e t  of i t s  g r o u n d  i n s t a n c e s .  
To e s t a b l i s h  t h e  p r o p e r l y ,  we sha l l  u s e  t h e  c l a s s i c a l  Bi rkhof f  T h e o r e m  in c l a s s i c a l  
e q u a t i o n a l  t h e o r i e s .  We i n t r o d u c e  the  new s o r t s  ' i n t '  of t h e  i n t e g e r s ,  and  ' i n t - s t r i n g '  
of the integer strings ~4th the signature : 

O : - * i n t ,  s : i n t ~ i n t ,  
e ~ : -* int-strmg, u : hA ~ int-string, . : int-string int-strmg -* int-string 

and the equations : 

~.s = s, s.~ = s, s . ( s ' . s " )  = ( s . s ' ) . s "  ( V s , s ' , s " c i n t - s t r i n g ) .  
t t  is  e a s y  to  c h e c k  t h a t  t h e  inRia l  m o d e l ,  in  t h e  c l a s s i c a l  s ense ,  of t h e  p r e v i o u s  
s p e c i f i c a t i o n  has  d o m a i n s  i s o m o r p h i c  to  t h e  i n t e g e r s  and  the  i n t e g e r  s t r i n g s .  
We i n t r o d u c e  a new o p e r a t o r  < ,  > : s i n t - s t r i n g  -* n e w - s ,  ' new-s '  b e i n g  a new so r t .  We 
sha l l  a lso  use  t h e  new c o n s t a n t  'Error' of ' new-s ' .  Now, a t - c h o i c e  be ing  given,  we 
de f ine  : 

(a) t he  fol lowing (inKrfite) s e t  of e q u a t i o n s  C (wi th  t h e  c o n v e n t i o n s  of A p p e n -  
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dLx 1) :  
• If C(t ,~)  is  unde f ined ,  t h e n  < t ,~>  : e r r o r  
(where  ~ s t a n d s  for  t h e  e l e m e n t  of i n t - s t r i n g  r e p r e s e n t i n g  ~). 
• If C (K[ t t t ' ] , ~ )  = 1, t h e n  < K [ t t t ' ] , e >  = <K [ t ] , e . s (0 )>  
• If C ( K [ t , t ' ] , ~ )  = 2, t h e n  < K [ t * t ' ] , e >  = < K [ t ] , e . s ( s ( 0 ) ) >  

a n d  
(b) t he  ( inf in i te)  s e t  of e q u a t i o n s  E : 

for  e v e r y  t t ' ~ T s =  s u c h  t h a t  MODcEl=t=t ', for  e v e r y  coc in t - s t r ing ,  t h e n  <t,co> = 
<t ' ,~)> 

We now bui ld ,  for  e v e r y  t - m o d e l  A of MOD if, a m o d e l  ( in t h e  c l a s s i c a l  s e n s e )  p(A) of 
CuE in  t he  following way  : / o r  a n y  rncA, 

- if m=evalM(/x),  for  a [xETs,z, t h e n  m is m a p p e d  in to  ~o(m) = classvvE(<tx, O>), 
- e l se  m is m a p p e d  i n to  c l a s s ~ u ~ ( e r r o r ) .  

One can  check ,  in t h e  p r e v i o u s  def in i t ion ,  t h a t  t he  cho i ce  of/~ does  no t  m a t t e r .  Then,  
- Let  AcMOD~. I t  is c l e a r  t h a t  AI=M = N if a n d  only  if t he  a s s o e i a t e d  m o d e l  ~0(A) 
va l i da t e s ,  in t h e  c l a s s i c a l  s ense ,  t he  e q u a t i o n  <~(M),0> = <~(N),0>.  
- By t h e  c i a s s i c a l  Bi rkhof f  t h e o r e m ,  t h e  p r e v i o u s  c o n d i t i o n  is t r u e  for  e v e r y  A if 
a n d  only  if <p(IvI),0> - ~uE <~o(N),0> (he re ,  ~ ~uE is t h e  c l a s s i c a l  c o n g r u e n c e  
g e n e r a t e d  b y  ~ u P ) .  
- The l a s t  p r o p e r t y  is a g a i n  ea s i l y  showed  to  be  e q u i v a l e n t  to  M ~cuR N. 

This c o n c l u d e s  t he  p roo f  of t he  t h e o r e m .  

A p p e n d i x  3 : The  t t y p o t h e s i s  of L e f t - l A n e a r i t y  i n  T h e o r e m  3.3 

C o n s i d e r  t h e  following s y s t e m  R : -- a, b, c a n d  k a r e  c o n s t a n t s ,  x is  a v a r i a b l e .  

g(x ,x )  -->> x 
k -->> a t b  
g(a ,b)  -->> e 
g(b ,a )  -->> c 

R is a f in i t e ly  t e r m i n a t i n g ,  l e f t - t - f r e e ,  bug n6t l e f t - l i n e a r  s y s t e m .  Cond i t ion  (ii) of 
T h e o r e m  3.3 is t r i v i a l ly  ver i f ied ,  s ince  R has  no c r i t i c a l  pa i r s .  However ,  R is n o t  t -  
conf luen t ,  s ince  g ( k , k ) c T s  ~.O(X) is s u c h  t h a t  g (k ,k ) - ->>k ,  g ( a t b , k )  , a n d  t N F ( k ) t = t a , b ]  
while  t N F ( g ( a t b , k ) ) t = ~ a , b , c t .  

A p p e n d i x  4 : P r o o f  of T h e o r e m  3.3 

(i) ~ (ii) 
This c o m e s  d i r e c t l y  f r o m  T h e o r e m  3.1. 
(ii) ~ >  (i) 
Le t  t , t '  be  in Ts,~(X). We s a y  t h a t  t-->>~r~rictt ' if a n d  only  if t h e r e  e x i s t s  a ru l e  h-->>p, a 
s u b s t i t u t i o n  a : X~Ts,ze(X) a n d  an  o c c u r r e n c e  ~ in  t s u c h  t h a t  t l~  = ;~a and  t '  = 
t[c0~-pc]. We have  t h e  following l e m m a  : 

L e m m a  : 
U n d e r  t h e  a s s u m p t i o n  of t h e o r e m  3.3 and  h y p o t h e s i s  (ii), 

,>r if t -->: strut t ' ,  t h e n  INF(t)]  = fNF( t ' ) I  

In tu i t ive ly ,  t h e  l e m m a  s t a t e s  t h a t  a long a ru l e  t r a n s i t i o n  in  which  no ' t '  s y m b o l  



373 

d i sappea r s ,  the  se t  of the  n o r m a l  fo rms  r e m a i n s  u n c h a n g e d .  Note t h a t  t is allowed to  
c o n t a i n  '¢' symbols ,  b u t  no t  in the  s u b t r e e  on which the  s t r i c t  r e d u c t i o n  opera tes .  
Now, impl i ca t ion  (if) ~ (i) c o m e s  d i r ec t l y  f r o m  the  l e m m a  • if teTs,~e(X) and t - -  

>>tl,t2, t h e n  [NF(tl)I = [NF(tz)~ = INF(t)].  - 
P r o o f  of t h e  l e m m a  : 
P roof  is by  reduct~o ~d absurdum.  Let P s t a n d  for  the  following p r e d i c a t e  on Ts,~(X ) : 

P(z) iff X4t'ETsz(X) z--~>f~t t '  ~ [NF(z)I = [NF(t')~. 
If the lemma is false, then there exists at least one t~Ts,~(X ) such that : 

~P(t) and (N-/L'eTs,~(X), t-->>+t ' ~ P(t') ). 
(-->>+ stands for the irreflexive and transitive closure of -->>). 

Else, one could construct an infinite sequence of terms (t~)ie N such that ~P(ti) 
and 14-->>t4+I. This contradicts the finite termination hypothesis on -->>. 

Now, for such a t, we shah prove that, actually, P(t) is true, which is contradictory. 
We suppose now that t-->>rtric~t' and we prove that INF(t)~ = ~NF(t') I. 
a) It is clear that ~NF(t)I ~ INF(t')~, since t-->>t'. 
18) In order to prove the converse, let T be in ~NF(t)I. If t=T, then we obtain a con- 
tradiction since t is a normal form and t-->>t'. Thus, there exists a term tcTs,E(X ) 
such that t--->>t-->>~T. The proof proceeds by case analysis on the transition t-->>t. 
l~.l) If t-->>ct, (i.e. the transition is a choice-transition), there exist an occurrence ~5 
in t, and two terms M,N in Ts,~(X ) such that ti~ = MtN, and t=t[~*-M] or t=t[~*-N]. 
Now, for two occurrences v and v' of a term ~, we say that vocv' ff v' is on the path 
from v unto the root of @ and that vlv' if neither w<v' nor v'<v. We consider three 
subcases. 

• If  c0 / 63, t h e n  suppose  that ,  for  ins tance ,  t=t.[~c-M]. Let 't" s t and  for 
.t[w*-pa,~*-Mj (wh!gh m a k e s  sense  s ince coJ_5). Now, t-->>t, thus  P(}:) holds. Since 
t-->>~rt~=tt ", t and  t" have the  s a m e  s e t  of n o r m a l  fo rms ,  and  thus  Te/NF( t ' ) t .  But, 
b e c a u s e  t '-->>t',  we also have : TE/NF(L')I. 
P ic tor ia l ly  : 

t /\. 
"" s t r i c t  

s t r ic t  

j -'t" 
T 

• If  63 ~< w t h e n  tl~ = ha con ta ins  a symbo l  ¢ which  c o n t r a d i c t s  the  s t r i c t ne s s  of 
the  t r ans i t i on  t-->>srtr~ t ' .  
• If  ~ ~ 63, t h e n  we suppose ,  for  ins tance ,  t h a t  "6=t[63~ M] ("M is chosen") .  Then, 
t h e r e  a re  two possibi l i t ies  : 

• w is an  o c c u r r e n c e  of M ( m o r e  r igourous ly ,  the  pref ix wl~ of 0~ is an 
o c c u r r e n c e  of M). Then, let  t ' = t [~*-pa ] .  Then  "[-->>[tw.~t'(', and  we conc lude  as 
before .  
• ¢o is an occurrence of N. Then t'-->>~t and, thus, TeINF(L')I.' 

This concludes the case ft. i. 
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8-2) If t--->>~t, t h e n  t he re  exis t  an o c c u r r e n c e  ~) in t, a ru le  h-->>~J and a subs t i t u t i on  
~:X-~Ts,~(X), s u c h  t h a t  t t~=h~ and t = t [ ~ P ] .  As before ,  we p r o c e e d  with t he  analys is  
of the  r e spec t ive  loca t ions  of ~ and  ~ in t. 

• I f  ~ _L D, t h e n  let  t ' = t [ ~ p a , ~ J ~ ]  (which m a k e s  sense  s ince ~_L~). As before ,  
t-->>rt~t t ' ,  t hus  INF(t)~ = / N F ( t ' ) I .  So TE INF('(')I, which  i m p h e s  ~-EINF(t')~. 
• If ~ ~ ¢o, t he re  are  two subcases  to cons ider .  

• b c o r r e s p o n d s  to. a non-variable o c c u r r e n c e  of ha. Let  ~ be the  smal les t  
unif ier  of hla and h. There exists  a subs t i t u t i on  v s u c h  t h a t / ~ v = a u ~  (we can  
a s s u m e  t h a t  the  var iables  appea r ing  in ~ and ~ are  dis t inct ) .  Then 
<p/~, h l z [ ~ , - ~ ] >  is a cr i t ical  pair.  By (ii), the  two e l e m e n t s  have the  s a m e  
s e t  of n o r m a l  forms,  and it is also the  case  for  pa=t'l~ and  ~,a[~5*-~5~]=tl~. 
This leads  easi ly to : TEtNF(t ') t .  
• ~ c o r r e s p o n d s  to a variable o c c u r r e n c e  x of ha. Let  Var(h) = Ix,y I, • . • ,Ynt. :t 
still m a t c h e s  the  ru le  )~-->>~6 a t  o c c u r r e n c e  w via t he  s u b s t i t u t i o n :  
cr-tx-opa, y l -*y iG.- .  ,yn-*ynat. Let  t =t[cz p a ] .  Then : t--->>~tr~ct . Here,  the  
fac t  t h a t  R si teft-].inear is i m p o r t a n t  in o r d e r  to  apply. P to  t ; o therwise ,  we 
would jus t  have : t(--->>srtr/¢t)*t ". Thus, as before ,  TctNF(L')t ,  and  TcINF(t ')~. 
• If ~ o¢ ~5, t h e n  we conc lude  as in the  prev ious  subcase .  

This conc ludes  the proof  of t h e o r e m  3.3. 


