
CHAPTER I I  

CONTEXT-FREE GRAMMAR FORMS 

We i n i t i a t e  the study of  form theory by cons ider ing  con tex t -  

f ree  grammar forms. As w i l l  be seen many of  the reduc t ion  and normal 

form r e s u l t s  f o r  c o n t e x t - f r e e  grammars also hold f o r  c o n t e x t - f r e e  

grammar forms. These r e s u l t s  together  w i th  some s t ronger  ones enable 

us to obta in  i n d u c t i v e  proofs fo r  c losure r e s u l t s  in the case of  

g - i n t e r p r e t a t i o n s .  Moreover these normal forms also enable the proof  

of  p r i n c i p a l i t y  of  the g-grammatical  f a m i l i e s  to be c a r r i e d  out by 

i nduc t i on  as w e l l .  These r e s u l t s  are found in Sect ions I I . I ,  11.2 

and 11.4. In Sect ion 11.3 the study of  c o l l e c t i o n s  of  grammar 

f a m i l i e s  is  i n i t i a t e d  lead ing to the not ion  of  a product ion  minimal 

grammar form and the e f f e c t i v e n e s s  of  i t s  c o n s t r u c t i o n .  Sect ion 11.5 

is  concerned w i th  syntax ana l ys i s  and pushdown acceptor  forms, wh i le  

Sect ion 11.6 is concerned w i th  c o l l e c t i o n s  of  grammatical f a m i l i e s  and 

some d e c i d a b i l i t y  r e s u l t s .  

We use the no ta t i on  ~ ( F I N ) ,  ~ ( R E G ) ,  ~ ( L I N )  and .~(CF) to 

denote the f a m i l i e s  of  f i n i t e ,  r e g u l a r ,  l i n e a r  and c o n t e x t - f r e e  

languages, r e s p e c t i v e l y .  

B i b l i o g r a p h i c  and h i s t o r i c a l  comments are to be found in 

Chapter V. 
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I I . I  The Bas ics  o f  C o n t e x t - F r e e  Grammar Forms 

Th i s  s e c t i o n  i n t r o d u c e s  the two k inds  o f  i n t e r p r e t a t i o n  upon 

wh ich  most o f  grammar form t h e o r y  i s  based. Th is  i s  f o l l o w e d  by a 

number o f  examples no t  o n l y  to g i ve  the reader  some i n s i g h t  i n t o  these 

ideas  but  a l so  to g i ve  some m o t i v a t i o n  f o r  the  cho i ce  o f  the p a r t i c u l a r  

i n t e r p r e t a t i o n s  t h a t  have been m a i n l y  i n v e s t i g a t e d  up u n t i l  now. 

F i n a l l y  the n o t i o n s  o f  the grammar and g rammat ica l  f a m i l i e s  d e f i n e d  

by a grammar form are i n t r o d u c e d .  We a l so  r e l a t e  i n t e r p r e t a t i o n s  to 

grammar morphisms o f  a p a r t i c u l a r  k i n d .  

Th roughou t  t h i s  book r e c a l l  t h a t  we use the f o l l o w i n g  u s e f u l  

c o B v e n t i o n  ( t he  ~ - c o n v e n t i o n ) .  

Conven t i on  

Given two languages L 1 and L 2 we say they  are equal  modulo 

i f  L 1 - {~}=  L 2 - { ~ } .  S i m i l a r l y  we say two language f a m i l i e s  ~ I  and 

" ~ 2  are equal  modulo ~ and the empty se t  i f  f o r  eve ry  L 1 - {~}  # 

in  oZ" 1 t h e r e  i s  an L 2 i n  2 2 such t h a t  L 1 - {~}  = L 2 - {~}  and v i c e  

ve rsa .  

E s s e n t i a l l y  t h i s  means we i g n o r e  the empty se t  i n  language 

f a m i l i e s  and the empty word i n  l anguages .  

l l . l . l  Two Kinds o f  I n t e r p r e t a t i o n  

In any s tudy  o f  the l i t e r a t u r e  o f  form t h e o r y  the reade r  w i l l  

n o t i c e  t h a t  t he re  are two bas i c  d e f i n i t i o n s  o f  i n t e r p r e t a t i o n  wh ich  

have been most s t u d i e d .  These we r e f e r  to as the g- and 

s - i n t e r p r e t a t i o n s .  The g - i n t e r p r e t a t i o n  i s  the  one f i r s t  i n t r o d u c e d  

by G insburg  and h i s  c o l l e a g u e s ,  w h i l e  the s - i n t e r p r e t a t i o n  was f i r s t  

s t u d i e d  in  d e t a i l  f o r  EOL forms by Salomaa and h i s  c o l l e a g u e s  ( t h i s  

i s  a l so  known as a s t r i c t  i n t e r p r e t a t i o n ) .  S ince  the  s - i n t e r p r e t a t i o n  

is  more genera l  than  the  g - i n t e r p r e t a t i o n  the r e s u l t s  we p r e s e n t  on 

c o n t e x t - f r e e  grammar forms w i l l  where p o s s i b l e  be g i ven  f o r  

s - i n t e r p r e t a t i o n s .  

Be fo re  g i v i n g  the d e f i n i t i o n  o f  s - i n t e r p r e t a t i o n  we f i r s t  need 

the n o t i o n  o f  a d i s j o i n t - f i n i t e - l e t t e r  s u b s t i t u t i o n  ( d f l - s u b s t i t u t i o n ) .  

Let  U, V be two a l p h a b e t s  and ~ be a ( l e t t e r )  s u b s t i t u t i o n  from 
V 

U i n t o  2 Then ~ is  a d f l - s u b s t i t u t i o n  i f  f o r  a l l  X, Y in  U, 

~(X) n ~(Y) = ~ when X # Y. 

Reca l l  f rom S e c t i o n  I . I . I  t h a t  a c o n t e x t - f r e e  grammar i s  a 

coup le  ( G , ~ ) ,  where G = ( V , Z , P , S )  i s  a p r o d u c t i o n  scheme, t h a t  i s  V-Z 

is  the n o n t e r m i n a l  a l p h a b e t ,  Z the t e r m i n a l  a l p h a b e t ,  P c (V-Z)  x V* 
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is  a f i n i t e  se t  o f  p r o d u c t i o n s  and S in V-% is  the  sen tence  symbol.  

Moreover  ~ is  the s e q u e n t i a l  r e w r i t e  r e l a t i o n  over  V* induced by P 

(see S e c t i o n  I . I . I  f o r  f u r t h e r  d e t a i l s ) .  

L e t t i n g  M, N S V* then the n o t a t i o n  M ÷ N denotes {a ÷ ~: ais 

in  M and B is  in  N} in  the  f o l l o w i n g .  

W i thou t  f u r t h e r  ado we are now ab le  to d e f i n e  the two no t i ons  

o f  i n t e r p r e t a t i o n .  

Definition 

Let  G i = ( V i , Z i , P i , S  i ) i = I ,  2 be two grammars. Vie say 

G 2 is  an s - i n t e r p r e t a t i o n  o f  G 1 modulo ~, denoted G 2 "~s G I ( ~ ) '  where 

is  a d f l - s u b s t i t u t i o n  on V~, i f  c o n d i t i o n s  ( i )  t h rough  ( i v )  o b t a i n :  

( i )  ~(A) S V2-Z 2, f o r  a l l  A in VI-S I ,  

( i i )  ~(a)  ~ %2' f o r  a l l  a in S I ,  

( i i i )  P2 S ~(PI ) ,  where ~(PI ) = L . _ = ~  ~(A + a ) ,  
A+a in P1 

where ~(A + ~) = ~(A) ÷ ~(~), and 

( i v )  S 2 is in ~(Sl) .  

The de f i n i t i on  of g - in te rp re ta t ion  is very s im i la r  except that 

terminal l e t t e r s  can be replaced by sets of terminal words rather than 

jus t  by sets of terminal l e t t e r s .  This notion is defined as fo l lows. 

De~initio n 

Let G i = ( V i , Z i , P i , S i ) ,  i = I ,  2 be two grammars. We say 

G 2 is a 9.- interpretat ion of G l modulo v, denoted G 2 "~ Gl(V), where 

is a ( f i n i t e )  subst i tu t ion  on V~, i f  conditions ( i )  through ( i v )  

obtain: 

( i )  v is a d f l - s u b s t i t u t i o n  from Vl-21 into V2-Z 2, 

( i i )  ~ (a )  S Z~, f o r  a l l  a in  ~ I '  

( i i i )  P2 S ~(PI ) ,  where ~(PI ) = L ] ~(A) ÷ ~ ( a ) ,  and 
A÷a in  P1 

( i v )  S 2 is  in ~ ( S I ) .  
In both cases G 1 is  the sou rce ,  master  or  form grammar, w h i l e  

Q2 is  the  i mase or  i n t e r p r e t a t i o n  8rammar. O p e r a t i o n a l l y  we o b t a i n  

s - i n t e r p r e t a t i o n  grammars f rom G 1 by mapping d i s t i n c t  t e r m i n a l s  i n t o  

d i s j o i n t  se ts  o f  t e r m i n a l s  and d i s t i n c t  n o n t e r m i n a l s  i n t o  d i s j o i n t  se ts  

o f  n o n t e r m i n a l s .  P r o d u c t i o n s  in the s - i n t e r p r e t a t i o n  grammar are 

o b t a i n e d  as images o f  the p r o d u c t i o n s  in the  form grammar G I ,  w h i l e  

the  sen tence  symbol is  an image o f  S I .  We o b t a i n  g - i n t e r p r e t a t i o n  

grammars in a s i m i l a r  way excep t  t h a t  t e r m i n a l s  are mapped i n t o  se ts  

o f  t e r m i n a l  words r a t h e r  than t e r m i n a l  l e t t e r s .  One immediate r e s u l t  
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of  t h i s  is  t h a t  s - i n t e r p r e t a t i o n s  are n e c e s s a r i l y  l eng th  p r e s e r v i n g  

w h i l e  g - i n t e r p r e t a t i o n s  are not .  Second ly ,  i t  means t h a t  every  

s - i n t e r p r e t a t i o n  grammar is  a g - i n t e r p r e t a t i o n  grammar but the 

converse does not ho ld .  

Whenever P2 = ~(PI ) we say t h a t  G 2 is  a f u l l  s- or g- 

i n t e r p r e t a t i o n  o f  G I ,  w r i t t e n  G 2 ~s G 1 or G 2 ~g G I ,  r e s p e c t i v e l y .  

We now c o n s i d e r  some examples to g i ve  i n s i g h t  i n t o  s- and 

g - i n t e r p r e t a t i o n s .  

Convention 

We often define grammars by simply l i s t i n g  t he i r  productions, 

in which case we use S, possibly subscripted, to denote the sentence 

symbol, ear ly  upper case Roman l e t t e r s  to denote nonterminals and 

early lower case Roman l e t t e r s  to denote terminals. 

Example 1.1 

Let Gl: S ÷ a be the form grammar. 

Then F: S F + b; S F ÷ c is an s - i n te rp re ta t i on  of G I .  Let 

~(S) = {S F} and ~(a) = {b,c} then ~(S ÷ a) = {S F ÷ b, S F ÷ c} hence 

F is also an f s - i n t e r p r e t a t i o n  of G I .  Hence F ~s Gl(~)" 

F ~s Gl(~)' F '~ Gl(~) and F ~g GI(~) by the remarks above. 

Consider H: S H ÷ a5b; S H ÷ ~; A ÷ bb. Then H is not an 

s - i n te rp re ta t i on  of G 1 since i t  cannot be obtained by using a d f l -  

subs t i tu t ion  because such a subst i tu t ion  is length preserving. 

However H w:~ Gl(~ ) where ~ is defined by: ~(S) = {A,SH}, 

and ~(a) = {aSb,bb,~} since PH S ~(S ÷ a). Since S H ÷ bb is not in 

H i t  fol lows that H is not an f g - i n te rp re ta t i on  of G I .  

F ina l l y  l e t  L be any f i n i t e  language. Then L can be obtained 

as a g - in te rp re ta t ion  of G l ( in fact  an f g - i n te rp re ta t i on )  by l e t t i n g  

~(S) = {S} and ~(a) = L 

giving a grammar F: 

S ÷ x, for  a l l  x in L. 

Clear ly L(G,~) = L. 

Example 1.2 

Let G2: S ÷ SS; S ÷ a be the form grammar. 

Then we can obtain every context- f ree language as the language 

of some s - i n te rp re ta t i on  and hence g - in te rp re ta t ion  of G 2. (Note 

that we invoke the ~-convention here.) 
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Cons ide r  an a r b i t r a r y  c o n t e x t - f r e e  language L. Then i t  i s  

w e l l  known t h a t  L can be gene ra ted  by a c o n t e x t - f r e e  grammar in Chomsky 

Normal Form, t h a t  i s  i t s  p r o d u c t i o n s  are e i t h e r  o f  the type  A-÷ BC or  

A ÷ a. Let  F = (V ,E ,P ,Z )  be such a grammar f o r  L and d e f i n e  v by: 

~(S) = V-Z and ~(a)  = S. 

Then P a v ( {S  ÷ SS, S ÷ a } ) ,  Z is  in  v (S)  and H is  t r i v i a l l y  a d f l -  

s u b s t i t u t i o n ,  hence 

F G2( ) 
However i t  i s  wor th  n o t i n g  t h e ,  a l b e i t  o b v i o u s ,  f a c t  t h a t  t h e r e  

are grammars which are not  i n t e r p r e t a t i o n s  o f  G 2. Cons ide r  

H: S H ÷ SH; S H ÷ a f o r  example .  On the one hand we cannot  o b t a i n  

n o n t e r m i n a l s  f rom t e r m i n a l s  under e i t h e r  g- or  s - i n t e r p r e t a t i o n ,  hence 

S H ÷ S H cannot be an image o f  S ÷ a and on the o t h e r  hand non te rm ina l s  

cannot be erased hence S H ÷ S H cannot be an image o f  S ÷ SS. 

Example 1~# 

Le t  G3: S ÷ a; S ÷ aS; S ÷ aSS. 

As i n  Example ! .2 i t  is easy to see t h a t  eve ry  c o n t e x t - f r e e  language 

can be o b t a i n e d  as the language o f  some s - i n t e r p r e t a t i o n  o f  G 3. This  

f o l l o w s  f rom the w e l l  known r e s u l t  t h a t  eve ry  c o n t e x t - f r e e  language 

has a grammar w i t h  p r o d u c t i o n s  o n l y  o f  the types A ÷ a, A ÷ aB and 

A ÷ aBC. Th is  is  known as Gre ibach 2 - s t a n d a r d  Normal Form. 

Example 1.#. 

Le t  G4: S ÷ a i ,  1 -< i -< 13 ;  

S ÷ a3Sa2Sa 7. 

Then i t  w i l l  be shown l a t e r  t h a t  we can o b t a i n  eve ry  c o n t e x t - f r e e  

language v i a  some i n t e r p r e t a t i o n ,  o f  G 4. E s s e n t i a l l y  t h i s  f o l l o w s  by 

o b s e r v i n g  t h a t  L(G4,~)  = {am: i ~ l } a n d  t h a t  G 4 is  e x p a n s i v e .  Such 

" two -symbo l "  grammars a lways g i ve  r i s e  to normal form r e s u l t s  f o r  the 

c o n t e x t - f r e e  l anguages .  G 2 and G 3 are s p e c i a l  cases o f  a much more 

gene ra l  " s u p e r - n o r m a l  form" r e s u l t .  

Example 1.#. 

We w i l l  i l l u s t r a t e  w i t h  t h i s  example some o f  the e f f e c t s  o f  

r e l a x i n g  the d i s j o i n t n e s s  c o n d i t i o n  f o r  n o n t e r m i n a l s .  Le t  G5: S ÷ AB; 

S ÷ a; A ÷ h ; B ÷ h. I t  i s  not  d i f f i c u l t  to see t h a t  as f a r  as 

languages are concerned we o b t a i n  no more than G 1 under e i t h e r  the 

s- or  g - i n t e r p r e t a t i o n s  ( a g a i n  i n v o k i n g  the h - c o n v e n t i o n ) .  Th is  
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fol lows by observing that the production S ÷ AB can only give. r ise to 

the empty word when used in a der ivat ion.  

However i f  we relax the dis jointness condit ion for nonterminals 

we could define V by: 

p(a) = {a} and ~(A) = v(B) = p(S) = {S} 

and obtain G2: S ÷ SS; S ÷ a as an in terpre ta t ion  of G 5. Immediately 

instead of obtaining only f i n i t e  languages from G 5 we obtain a l l  context- 

free languages! This is called a quas i - in te rp re ta t ion ,  see Section 3.2. 

Example 1.6 

In Examples 1.2 and 1.5 we have observed that nonterminals 

should not be erased or merged (and under the d e f i n i t i o n  of in terpre ta-  

t ion cannot be). In th is  example we demonstrate Why we preclude the 

addit ion of terminals or nonterminals. 

Let G6: S ÷ S; S ÷ a, then we can only obtain f i n i t e  languages 

from G 6 . 

But F: S ÷ aS; S ÷ a although looking very much l i ke  G 6 gives 

r ise to a l l  regular languages. This is because every regular language 

can be generated by a r i g h t - l i n e a r  grammar and such a grammar is an 

in terpre ta t ion  of F. 

S imi la r ly  G2: S ÷ SS; S ÷ a also looks very s imi lar  to G 6 but 

as we know from Example 1.2 we can obtain a l l  context-free languages 

from G2! 

In both cases we added one symbol from the grammar to one of 

the productions of the grammar. Again because of the s e n s i t i v i t y  

of form grammars to such operations the notion of in te rpre ta t ion  con- 

sidered here precludes the introduct ion of a new symbol where none 

previously existed. The exception to th is  is in the treatment of a 

terminal symbol, for  example H: S ÷ aa i s  a g- in terpre ta t ion  of G l ,  

since terminals can expand into terminal words but they cannot be 

created ex nihilo. 

11.1.2 Grammar and Grammatical Families 

We w i l l  usual ly wr i te G l ~ G 2 or G l ~s G2 where ~ is under- 

stood. A {context- f ree) grammar is said to be a (con text-free)~ramma [ 

form i f  i t  is used wi th in  the framework of in te rpre ta t ions .  We assume 

the existence of countable nonterminal and terminal alphabets in the 

fo l lowing.  However for  s imp l i c i t y  we w i l l  assume nonterminal and 

terminal alphabets are chosen from some common countable "pool" 

alphabet, This means in pa r t i cu la r  that a symbol can be e i ther  a 
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t e rm ina l  or  a nontermina l  symbol depending on i t s  c o n t e x t  and hence 

we can avoid the renaming o f  symbols in some p roo fs .  
The c o l l e c t i o n  o f  s - i n t e r p r e t a t i o n  grammars de r i ved  from a 

form G is  denoted ~ s ( G ) ,  r e f e r r e d  to as the s-grammar f a m i l y  grammar 

of  G. Ana logous l y ,  the c o l l e c t i o n  o f  languages ob ta ined from a 

form G is  denoted by ~ s ( G , ~ ) ,  r e f e r r e d  to as the grammar s_.t- gramma t i  ca!_ 
f a m i l y  o f  G, and de f ined  by: 

,~s (G ,~ )  = { k ( G ' , ~ ) :  G' "~s g} .  
We say G 1 and G 2, two grammar forms,  are s - fo rm e q u i v a l e n t  

i f  ~<(G I,:~) = ~=~:(G2'~) and strong, s-form equivalent i f  

 s(Gl) :  s(G2). 
For any grammar form G G "~s G, hence ":~ is reflexive. Clearly 

s 
":: is not, in general symmetric. However since the composition of s 
two dfl-substitut ions is a df l-substi tut ion i t  follows that the 
composition of two s-interpretations is an s-interpretation. In 
other words ~s is t ransi t ive and therefore a pre-order. 

Consider two grammar forms G l and G 2 with G l ~'~ G 2, then 
immed ia te ly  ~ s  (GI)  2 ~s(G2 ) s ince s - i n t e r p r e t a t i o n  is  t r a n s i t i v e .  

GIC°nversely'__ G2" i f  ~s (GI) ~- ~s(G2 ) then G 1 is in G~lS(G2) and therefore 
"~  I t  now f o l l o w s  immed ia te ly  t h a t  9 s  ( ) : ~s (G2)  i f f  

G 1 G 2 and G 2 _~ G I .  In Sec t ion  111.5 we show t ha t  ~s is  dec idab le ,  

and t h e r e f o r e ,  t h a t  s t rong  s - fo rm equ iva lence  is  dec idab le .  

S i m i l a r l y  i f  we base our d e f i n i t i o n s  on g - i n t e r p r e t a t i o n s  we 

obtain ~g(G) the g-9.rammar family..of G and :~g(G,~) the ~,.grammatical 
family of .G. We also obtain the notions of 9-form equivalence and 
strong g-form equivalence analogously. By the definit ion of g- and 
s-interpretations i t  follows that ~ ~s(G) c_ - ~g(G) and 

• ~ s ( G , ~ )  ~_ ~ g ( G , ~ ) .  
Re tu rn ing  to our  p rev ious  examples we have a l ready  demonstrated 

t ha t  f o r :  

GI: S ÷ a we have ~ g ( G l , ~ )  2 , ~ ( F I N )  

and ~ s ( G l , ~ )  ~ ~ ( F I N ) ,  
82: S ÷ SS; S ÷ a we have ~#'g(G2,~) ~_~#s(G2,~) _ ~ ( C F )  

and hence e q u a l i t y  holds in both cases,  s ince 

we can never ob ta in  more than the c o n t e x t - f r e e  

languages from a grammar form, 

S ÷ a; S ÷ aS; S ÷ aSS again we have ~s(G3,~) = :~'g(G3,~) G3: 
: 

G4: S ÷ a i ,  1 -< i < 13, S -~ a3Sa2Sa 7 once more we have 

,~s(G4,:~) = ~'g(G4,:~) : ,~'(CF). 
Note that we can derive ~g(G3,~) = ~g(G4,~) = ,~(CF) from the fact 
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that G 2 "~ G 3 and G 2 ~ G 4. This is not the case however for 

s - in terpre ta t ion.  In the next section we wi l l  show that ,~g(Gl,~) 

= ,~(FIN) and moreover that there is no grammar form G with 

,~s(G,~) = ~!~(FIN). In fact this is the only g-grammatical family 

which is not s-grammatical as w i l l  be shown in Section 4.4. 

Weclose the present section by characterizing g- interpretat ions 

in terms of s- in terpretat ions and closed terminal grammar morphisms. 

Fi rs t  observe however that whenever G 2 ~s Gl(U)' for two grammar 

forms G i = (V i ,Z i ,P i ,S i ) ,  i = l ,  2, then an inverse of U, - l  can be 

defined and this is a very f ine grammar morphism (see Section 1.2.4). 

Define U - l  by, for al l  X 2 in V 2, ~- l (x  2) = X l in V l when X 2 is in 

V(Xl) and ~- l (x  2) = B otherwise. Since ~ is a d f l - subs t i tu t ion  on 
- I  , V l i t  follows from the de f in i t ion  of s- in terpretat ion that U ~s a very 

f ine grammar morphism. Define - l  by, for al l  X 2 in V2, ~-l(x2) = X l 

in V l when X 2 is in (Xl) and u-I(X2) = ~ otherwise. Since u is a 

d f l -subs t i tu t ion  on V l i t  follows from the def in i t ion  of s- interpretat ion 
- l  that ~ is a very f ine grammar morphism. The converse holds, namely, 

whenever  ~: G 2 ÷ G l is  a very  f i n e  grammar morphism then - I  is  a d f l -  

s u b s t i t u t i o n  and G 2 "~s G I ( V - I ) "  

Theorem 1.1 

Let G i = (V i ,E i ,P i ,S i ) ,  i = l ,  2 be two grammar forms. 

(1) G2 ~s G I ( U ) i f f  p - l :  G2 ÷ Gl is a very f ine grammar morphism. 

(2) G 2 "~  Gl(~) i f f  there exists some G O = (Vo,Zo,Po,So) such that 

GO ~s Gl(~) and a closed terminal grammar morphism @: G O ÷ G 2. 

Proof: ( I )  c l e a r  by the remarks above. 

(2) i f :  S ince @ does not  a f f e c t  the n o n t e r m i n a l s  o f  G 0, we must have 

VO-Z 0 = V2-Z 2. 
De f i ne  ~ on V 1 by: 

v(A)  = ~ ( A ) ,  f o r  a l l  A in VI -Z  I ,  and 

u(a) = @(~(a)), for al l  a in Z I.  

Let P2 = @(Po ) and S 2 = S O . Clearly G 2 ~ Gl(U) 
only i f :  Construct G O as follows: 

VO-Z 0 = V2-Z 2, S 0 = { [ x ] :  x is in ~(a), for some a in El} ,  
where the [x] are new symbols. Define a homomorphism @: V~ ÷ V~ by 

¢( [x ] )  = x, for al l  Ix ]  in Z O. and @(A) = A, for al l  A in VO-Z O- 
Define an s- in terpreta t ion ~ of G l by: 

~(A) = u(A), for al l  A in Vl-S l ,  
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and ~(a)  = { [ x ] :  x is  in  ~ ( a ) } ,  f o r  a l l  a in  E I .  

Let  PO = {A ÷ ~: A ÷ T i s  in  u(B ÷ ~) f o r  some B ÷ ~ in  P I '  

A ÷ ~ i s  in  ~(B ÷ 8) and @(~) = T} 

and S O = S 2 . 
Immed ia te l y  @: G O + G 2 is  a c l osed  t e r m i n a l  grammar morphism, hence 

the r e s u l t .  

S ince a c l o s e d  t e r m i n a l  grammar morphism @: G O ÷ G 2 has the 

p r o p e r t y  t h a t  L(G2,~)  = ( L ( G o , ~ ) )  we i m m e d i a t e l y  have the f o l l o w i n g  

r e s u l t :  

Corollary. 5.2 

Let  G be a grammar form,  then ~7~g(G,~) =~=~ . ( , ~s (G ,~ ) ) ,  where 

denotes  the homomorphic c l o s u r e  o p e r a t o r .  For two grammar forms 

G 1 and G 2 such t h a t  ~ ' s ( G l , ~ )  = ~ s ( G 2 , ~ ) ,  we have ~TPg(G I , ~ )  = ~ g ( G 2 , ~ ) ,  
i n  o t h e r  words s - f o r m  e q u i v a l e n c e  i m p l i e s  g - fo rm e q u i v a l e n c e .  

S i m i l a r l y  i f  ,~#s(Gl,~)  ~ ~ s ( G 2 , ~ )  then ~ g ( G l , ~ )  S PX°g(G2,~) • 
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11.2 I s o l a t i o n  and S i m u l a t i o n  

We devote t h i s  s e c t i o n  to two t e c h n i c a l  no t i ons  which have 

however f a r - r e a c h i n g  consequences. We demonst ra te  some o f  these con- 

sequences by c h a r a c t e r i z i n g  when a grammar form g ives  e x a c t l ~  the 

f a m i l i e s  o f  f i n i t e ,  r e g u l a r  and c o n t e x t - f r e e  languages under g- 

i n t e r p r e t a t i o n s  and c h a r a c t e r i z i n g  the g -g rammat i ca l  f a m i l i e s  o f  two- 

symbol f o rms ,  t h a t  i s  grammar forms which have on l y  a s i n g l e  t e r m i n a l  

symbol and o n l y  a s i n g l e  non te rm ina l  symbol .  

F i r s t  observe the c lose  r e l a t i o n s h i p  between the d e r i v a t i o n s  

in  a g- or s - i n t e r p r e t a t i o n  grammar and i t s  form grammar. 

Lemma 2.1 

Let  G i = ( V i , ~ i , P i , S i ) ,  i : I ,  2 be two grammars such t h a t  

G2"~s G l (~ )  (o r  G 2 "~g G I ( ~ ) ) .  Then f o r  every  d e r i v a t i o n  

i i a~u ~ ~I ~ " ' "  ~ ~m in G 2, f o r  some a!1 in  V~,~ 0 ~ i ~ m 

and m > 0 the re  i s  a d e r i v a t i o n  

~I ~ " ' "  ~ am in G I ,  f o r  some ~i  in  V~,. such t h a t  S 0 

~ i s  in  ~ (~ i  ) 0 < i < m. When G 2"~s G l (~ )  then a i = ~ - l ( a ~ )  

0 ~ i ~m.  

~ :  C lea r .  

Hence a d e r i v a t i o n  in  an i n t e r p r e t a t i o n  grammar i s  a lways an image o f  

a d e r i v a t i o n  in  the co r respond ing  form grammar. 

The s ta temen t  o f  Lemma 2.1 can a l so  be expressed by say ing  

t h a t  f o r  each d e r i v a t i o n  t r e e  T 2 in  G 2 t he re  i s  a d e r i v a t i o n  t r e e  

T 1 in  G1 such t h a t  T 2 i s  in ~ ( T I ) .  In the case o f  s - i n t e r p r e t a t i o n  

the re  i s  e x a c t l y  one d e r i v a t i o n  t r e e  T 1 in  G 1 co r respond ing  to each 

T 2 in  G 2. C l e a r l y  T 1 and T 2 are ob ta i ned  f rom each o t h e r  by a re -  

l a b e l l i n g  o f  t h e i r  nodes. Reca l l  t h a t  two d e r i v a t i o n  t r e e s  T 1 and ~2 

are e q u a l l y  shaped i f  they  are ob ta ined  from each o t h e r  by a re -  

l a b e l l i n g  of  t h e i r  n o n - f r o n t i e r  nodes. 

Corollary 2.2 

Let  G i = ( V i , ~ i , P i , S i ) ,  i = I ,  2, 3 be t h ree  grammars such 

t h a t  G 1 "~s G3(~I )  and G2 ~ s G3(~2).  Suppose T 1 and T 2 are d e r i v a t i o n  
t r e e s  in  G 1 and G 2, r e s p e c t i v e l y ,  o f  a word a in  V~ n V~ and the re  

e x i s t s  a d e r i v a t i o n  t r e e  T in G 3 such t h a t  ~I i s  in ~ I ( T )  and T 2 is  

in  ~2(T) .  Then T 1 and T 2 are e q u a l l y  shaped. 
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Proof: Since T 1 is in ~(T),  ml and T are obtained from each other 

by r e l a b e l l i n g  of the nodes. S i m i l a r i l y  m2 and T are obtained from 

each other by a r e l a b e l l i n g  of the nodes. Hence T l and T 2 are obtained 

from each other by a r e l a b e l l i n g  of the nodes. However by assumption 

~l and T 2 have the same f r o n t i e r  therefore T l and ~2 are equal ly  

shaped. D 

Corollary 2.3 

Let G 1 and G 2 be grammars such tha t  e i t h e r  G 2 "~s GI(V) or 

G 2 ? GI (~) .  Then i f  L(G2,~) is  i n f i n i t e  then L(GI ,~)  is  i n f i n i t e ,  but 

not converse ly .  This impl ies  tha t  i f  L (GI ,~)  is  f i n i t e  then L(G2,~) 

is f i n i t e ,  but not converse ly .  

Proof: I f  L(GI ,~)  is f i n i t e  then G 1 has a f i n i t e  number of non-empty 

sen ten t i a l  d e r i v a t i o n s .  Since ~ is  f i n i t e  G 2 also has a f i n i t e  number 

of non-empty sen ten t i a l  d e r i v a t i o n s .  Hence L(G2,~) is f i n i t e .  Q 

This also gives a r e s u l t  promised in the previous sec t ion ,  

namely: 

Corollary 2.4 

Let G: S ÷ a, then ~ g ( G , ~ )  : ~ ( F I N ) .  

Proof: We have a l ready demonstrated tha t  ,~g(G,~) ! ~ (F IN )  by 

Example I . I .  Equa l i t y  holds by the previous c o r o l l a r y .  

We now apply Lemma 2.1 in a less t r i v i a l  manner to obta in  

another r e s u l t  promised in the previous sec t ion .  

U 

Theorem ~.5 

Let G be an a r b i t r a r y  grammar form. Then ,~s (G,~ )  ~ ~ (FIN).  

Progf: Assume G is a grammar form fo r  which ~ s ( G , ~ )  = ~ ( F I N ) .  

Then L(G,~) is  f i n i t e ,  o therwise ,~s(G,~) ~ ~ ( F I N ) .  Choose an 
in teger  m > max(LS(G,~)).  We claim L = {a m } is not in ~ s ( G , ~ ) .  

G",~) I f  i t  i s ,  then there ex i s t s  G' G(~) wi th L = L( , tha t  is 
S' ~+ m G' - l  + - l  a in . Now by Lemma 2.1 t h i s  impl ies  ~ (S ' )  ~ ~ (a m ) in G, 

g i v ing  a c o n t r a d i c t i o n .  Therefore L is  not in ,~s(G,~) c o n t r a d i c t i n g  

the assumption that ,~ms(G,~)  : ~ ' ( F I N ) .  Q 
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We now t u r n  to  ou r  f i r s t  t e c h n i c a l  r e s u l t  and " t o o l "  

1 1 . 2 . 1 .  I s o l a t i o n  

C o n s i d e r  a grammar fo rm G = ( V , ~ , P , S )  and t e r m i n a t i n g  d e r i v a -  

t i o n s  A ~+ x i i n  E* ,  1 ~ i ~ n,  f o r  some n ~ 1 and some A i n  V-Z .  

D e r i v e  an i n t e r p r e t a t i o n  grammar G' "~s G and hence G' "~ G, such t h a t  

( i )  G' = ( V ' , Z , P ' , S )  w i t h  V ~ V ' ,  ( i i )  a l l  p r o d u c t i o n s  i n  P whose l e f t  

hand s i d e  i s  n o t  A a re  t a k e n  i n t o  P' unchanged ,  and ( i i i )  t h e  r e m a i n i n g  

p r o d u c t i o n s  in  P' o n l y  s e r v e  to  d e r i v e  t h e  x i f rom A and n o t h i n g  e l s e .  
+ 

Then we say t h a t  t h e  d e r i v a t i o n s  A ~ x i ,  1 ~ i ~ n i n  G have been 

i s o l a t e d  i n  G' In  t h e  f o l l o w i n g  we f o r m a l i z e  t h i s  n o t i o n  f o r  a 

d e r i w a t i o n w h i c h  i s  no t  n e c e s s a r i l y  t e r m i n a t i n g .  

L e t  G = ( V , Z , P , S )  be a grammar fo rm and A ~+ m i '  1 s i ~ n, 

f o r  some n m I ,  be m u t u a l l y  d i s t i n c t  d e r i v a t i o n s  i n  G, where  A i s  i n  
+ 

~-~ and t he  mi a re  in  V*.  R e c a l l  t h a t  two d e r i v a t i o n s  A ~ m and 

A ~+ B i n  a grammar G a r e  d i s t i n c t  i f  f o r  t h e  c o r r e s p o n d i n g  d e r i v a t i o n  

t r e e s  n e i t h e r  one i s  a t r e e - p r e f i x  o f  t he  o t h e r .  We c o n s t r u c t  a 

grammar fo rm G' ~ G such t h a t  w h e n e v e r  A ~+ B i n  G' w i t h  B i n  V* ,  
s + 

t hen  t h e  d e r i v a t i o n  can be r e - a r r a n g e d  as A ~ mi ~ B, f o r  some i ,  
+ 

1 ~ i ~ n. In  o t h e r  words t he  d e r i v a t i o n s  A ~ m. i n  G become the  1 
" o n l y  p o s s i b l e "  d e r i v a t i o n s  f o r  A i n  G' Hence t he  A ~+ m. have been 

i 
i s o l a t e d  i n  G ' .  C o n s i d e r  t h e  case when n = I ,  t he  case f o r  n > 1 we 

l e a v e  to  t h e  r e a d e r .  

L e t  A ~+ m be w r i t t e n  

( * )  A = A 0 ~ ml ~ " ' "  ~ mn = m f o r  some n > O, where  t h e  p r o d u c t i o n  

A i + B i+  1 i s  used a t  t h e  i t h  s t e p ,  0 ~ i < n. R e w r i t e  B i as 

Y i , i A i , l  . . .  A i , n i Y i , n i +  1 where  n i = 0 i m p l i e s  Bi : Y i , l '  1 ~ i ~ n. 

• > 1 then  each A i i s  r e w r i t t e n  i n  t he  d e r i v a t i o n  ( * ) ,  In  t he  case n I _ , j ,  

c o n t a i n s  no n o n t e r m i n a l  wh i ch  i s  r e w r i t t e n  i n  ( * )  Le t  w h i l e  Y i , j  

V(A) = { [ A i , j , i , j ] :  A i ,  j i n  V -Z ,  1 ~ i s n ,  1 ~ j ~ n i } ,  

and P(A) = {A ÷ Y l , l [ A l , l , l , l ]  . . .  [ A l , n l , l , n l ] Y l , n l +  I }  

u { [ B , j , k ]  + Y i , l [ A i , l , i , 1 ]  . . .  [A i , n i , i , n i ]Y i , n i+ l :  
where  B i s  t h e  n o n t e r m i n a l  r e w r i t t e n  a t  t he  ( i - l ) s t  

s t e p  i n  ( * )  and B = A j ,  k, t h a t  i s  B i s  i n t r o d u c e d  

a t  t h e  j t h  s t e p ,  j ~ i - I } .  

L e t  G' = (V u V ( A ) ,  Z, ( P ' { A  ÷ ~: A ÷ ~ i n  P} )  u P ( A ) , S ) .  Observe  

t h a t  G' has i n d e e d  i s o l a t e d  t he  d e r i v a t i o n  A ~+ i n  G by a s u i t a b l e  

r e n a m i n g  o f  t h e  n o n t e r m i n a l s .  M o r e o v e r  t h e s e  new n o n t e r m i n a l s  i n  V(A) 

each have a s i n g l e  p r o d u c t i o n  and t h e s e  can o n l y  be a p p l i e d  w i t h i n  
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+ 
the d e r i v a t i o n  s p e c i f i e d  by A ~ m. 

Now d e f i n e  ~ by:  

~(a)  = a, f o r  a l l  a in  S, 

~(A) = {A} u { [ A , i , j ] :  1 ~ i < n, 1 ~ j ~ m}, 

where m = m a x ( { n i :  1 ~ i < n } ) .  

I t  shou ld  be c l e a r  that P u P(A) ~ p(P) and hence G' ~s G(~) and 

G ' ' ~  a ( ~ ) .  

Th i s  t e c h n i q u e  can be g e n e r a l i z e d  to g i v e :  

Lemma 2.6 

Let  G ( V , Z , P , S )  be a grammar fo rm,  A be i n  V-~ and A ~+ 
1 

be m u t u a l l y  d i s t i n c t  d e r i v a t i o n s  i n  G, w h e r e  1 ~ i ~ n ,  f o r  some 

n_> I .  

( i )  
( i i )  

( i i i )  

Then t h e r e  e x i s t s  a grammar form G' = ( V ' , Z ' , P ' , S ' )  such t h a t  

V E V ' ,  Z = Z ' ,  P - {A ÷ 8: A ÷6  in  P} S P' and S = S ' ,  

G' "~  G (and G' "~ G), and 
s ~+ g G' whenever  A ~ i n  w i t h  B i n  V* t h e r e  i s  a d e r i v a t i o n  

+ . 
A ~ ~i  ~ B in  G ' ,  f o r  some i ,  1 ~ i ~ n. 

We now demons t ra te  an a p p l i c a t i o n  o f  i s o l a t i o n .  

Lemma 2,7 

Let G = (V,Z,P,S) be a grammar form. 

~ g ( G , ~ )  E , ~ ( F I N ) .  

I f  G i s  nonempty then  

Proof: Since G is  nonempty t h e r e  i s  a nonempty word x in  ~* such t h a t  

S ~+ x.  Cons ide r  an i n t e r p r e t a t i o n  G' = ( V ' , 2 , P ' , S )  ~ G wh ich  
S 

i s o l a t e s  t h i s  d e r i v a t i o n .  Then L ( G ' , = )  = { x ) .  Second, c o n s i d e r  an 

i n t e r p r e t a t i o n  G" ~ G ' ( V ) ,  G" = ( V " , Z " , P " , S ) ,  where v ' ( A )  = A, f o r  g 
a l l  A in  V ' - ~ '  and ~ ' ( a )  = { a , ~ }  f o r  a l l  a i n  %, and P" i s  chosen such 

+ 
t h a t  S ~ a i n  G", f o r  some a i n  S i s  the o n l y  d e r i v a t i o n  i n  G". By 

C o r o l l a r y  2 .4  s l i g h t l y  m o d i f i e d  , ~ g ( G " , ~ )  = ~ ( F I N ) .  Hence 

~I~(FIN) = , ~ g ( G " , ~ )  ~ ~ g ( G ' , ~ )  E "K#g(G, ~) g i v i n g  the r e s u l t .  Q 

This resul t  no longer holds under s - i n te rp re ta t i on ,  for  example 

consider G defined by the productions: 

S ÷ aaS; S + aa; 

then {a} is not in ~s(G,~) although G is nonempty. 

We now characterize when a grammar form generates exactly the 

f i n i t e  sets under g - in te rp re ta t ion .  
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Theorem 2.8 

Let G = (V,%,P,S) be a nonempty grammar form. Then 

~'g(G,~) = ~ ( F I N )  i f f  G is f i n i t e .  

Proof: i f :  Since G is f i n i t e ,  ~g(G,~)  ~ ,~(FIN) by Corol lary 2.3. 
Equal i ty  fol lows by Lemma 2.7. 
only i f :  Since L(G,~) is in ~ ' (F IN) ,  G is f i n i t e .  D 

Thus Theorem 2.5 and 2.8 provide a contrast of the effects 

of s- and g- in terpretat ion with respect to the f i n i t e  sets. AS wi l l  

be proved in Section 4.3 the only g-grammatical family which is not 

s-grammatical is ~'~(FIN). 

We can consider a weaker requirement, namely when is ~(FIN) 

contained in an s-grammatical family. As we shall see in Section 4.3 

whenever ~ (F IN )  is contained in an s-grammatical fami ly~  # , then 

• ~(REG) is also contained in~< ~ .  Moreover such a containment can 

be characterized in terms of a simple condition on the corresponding 

grammar form. 

11.2.2 Simulation 

The second important technique can be described as follows. 

Let G 1 and G 2 be grammar forms such that A ~+ a in G 2 for each produc- 

tion A ÷ ~ in G I. We say ~2 simula.tes~ G1 or ~2 production-simu.lates ~. 

In th is  case ~ s ( G l , ~ )  ~o<'Ps(G2,~). 

Lemma 2.9 

Let G i = (V i , s i ,P i ,S ) ,  i = l ,  2 be two grammar forms such that 

for each production A ÷ m in Pl there is a derivation A ~+ m in G 2 and 

~I ~ ~2" Then ~s (G l ,~ )  ~ ~,~s(G2,~). 

Proof: We construct a grammar form G = (V2,Z2,P,S) such that 

,~#s(Gl,~) S =¢¢s(G,~) and ,(~s(G,~) = ~'s(G2,~). 
Let P = Pl u P2" Clearly ~s (G l ,~ )  S ,~s(G,~) since G l is a 

subgrammar of G, and ~'s(G2,~) S,~'s(G,~) by the same reasoning. 

I t  remains to show that ~'s(G,:) 2,Es(G2,~ ). Consider a 

grammar G' "~ G(V). I t  suff ices to show that L(G',~) is in ,~s(G2,~) s 
Lett ing G' = (V~,Z~,P',S') i t  is clear that we can par t i t ion  P' 

! 

into P~ u P2' that is those productions which are interpretat ions of 

Gl-productions and those of G2-productions. For al l  productions 
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A' ÷ m' in  P~, A' ÷ m' i s  in ~(A ÷ a) f o r  some A ÷ m in P I '  hence 
÷ 

t he re  is  a d e r i v a t i o n  A ~ m in  G 2. Using the techn ique  o f  Lemma 2.6 

c o n s t r u c t  unique i s o l a t i o n  d e r i v a t i o n s  A' ~ ' f rom A ~+ m in  G 2. In 

o t h e r  words c o n s t r u c t  G~ ~ G 2, where G~ = (V~ ,Z~ ,P~ ,S ' )  w i t h  V~ equal 

to V~ t o g e t h e r  w i t h  a l l  new symbols i n t r o d u c e d  by the i s o l a t i n g  

d e r i v a t i o n s  and P~ equal to P~ t o g e t h e r  w i t h  a l l  the necessary  new 

p r o d u c t i o n s  o f  the i s o l a t i n g  d e r i v a t i o n s .  Now i m m e d i a t e l y  we have: 

a'  in G f o r  each p r o d u c t i o n  A' ÷ m' in  G ' ,  and f u r t h e r -  

more L(G~,~) = L ( G ' , ~ )  s ince  the new p roduc t ions  in P~ can on ly  be 

a p p l i e d  in  such d e r i v a t i o n s .  As G~ i s  an s - i n t e r p r e t a t i o n s  o f  G 2 we 

obtain the r e s u l t .  

One immediate consequence i s  the f o l l o w i n g  use fu l  c o r o l l a r y .  

Corollary 2.10 

Let G = (V ,Z ,P ,S )  be a grammar form and l e t  A ~*  a be in G 

f o r  some A in  V-Z and a in  V*. Then F = (V,Z,P u {A ÷ m},S) i s  s - fo rm 

e q u i v a l e n t  to G (and hence they  are g- fo rm e q u i v a l e n t ) .  

Proof: ~?~s(G, ~) S ~ s ( F ,  ~) i s  immedia te .  On the one hand, i f  

A ~+ a in  G then Lemma 2.9 y i e l d s  the r e s u l t .  On the o t h e r  hand, i f  

A 0 A in  G, i t  i s  c l e a r  t h a t  adding the p r o d u c t i o n  A ÷ A to G does 

not  a f f e c t  =~'s(G,~).  

As an a p p l i c a t i o n  o f  the above c o r o l l a r y  we have: 

Lemma 2,11 

Let  G = (V ,Z ,P ,S )  be a reduced grammar form. 

f o r  some A in  V-Z. Then ,~g(GA,~)  ~ ~'Pg(G,~). 

Proof: Since G i s  reduced the re  e x i s t s  a d e r i v a t i o n  

S ~*  xAy ~+ xyz in  Z*. 

By a s t r a i g h t f o r w a r d  e x t e n s i o n  o f  C o r o l l a r y  2.10 not  on ly  can we add 

S ÷ xAy to P to g ive  a g- fo rm e q u i v a l e n t  grammar fo rm,  but  a lso  we 

can add S ÷ A to P to g i ve  a g- fo rm e q u i v a l e n t  grammar form. Hence 

assume P c o n t a i n s  S ÷ A. We c o n s t r u c t  G' = (V u { Z } , Z , P ' , Z )  such 

t h a t  G' ~'~n G(~) and~mg ( G ' , ~ )  = ~ ' g ( G A , ~ ) ,  where ~ i s  de f i ned  by: 

f o r  a l l  X in V - { S } ,  ~(X) = X and ~(S) = { S , Z } .  
Def ine  P' by: 

P' = P u {Z ÷ A} .  C l e a r l y  G' "~ G(~) and L(GA,~) = L ( G ' , ~ )  

.mg = ( g ' , ~ )  S , ~ g ( G , ~ ) .  and f u r t h e r  (GA,~) ~ g  

Let G A = (V,S,P,A) 



41 

Second, we app ly  C o r o l l a r y  2.10 to o b t a i n  the f o l l o w i n g  "back-  

s u b s t i t u t i o n "  r e s u l t ,  a t e c h n i c a l  r e s u l t  which i s  use fu l  in Sec t ion  

4 .2 .  

Lemma 2.1S -- The Back-Substitution Lemma 

Let  G = ( V , ~ , P , S )  be a grammar form and A in  V- {S}  be an 

a r b i t r a r y  non te rm ina l  w i t h  p r o d u c t i o n s  

A ÷ ~I I ' ' "  I~ r in P. 
Construct G = (V,Z,F,S) from G as fo l lows:  Replace each production 

B ÷ ~ in P with a l l  possible productions obtained by replacing each 

A in ~ with ml . . . . .  mr" The resu l t ing  set of productions is denoted 

by P. Then G and G are s- and g - fo rm e q u i v a l e n t .  

Proof: ~ ' s ( G , ~ )  ~ +~s(G,~)  s ince  f o r  each p r o d u c t i o n  D ÷ y in  G the re  

is  a d e r i v a t i o n  D ~ y in  G. Converse l y  c o n s i d e r , ~ s ( G , ~ )  S~W's(G,~) .  

Let  G' = ( V ' , S ' , P ' , S ' )  be an a r b i t r a r y  s - i n t e r p r e t a t i o n  o f  G, G' "~s G(~), 

then i t  i s  s t r a i g h t f o r w a r d  to c o n s t r u c t  a G' "4 G by c a r r y i n g  out  the 
s 

c Q n s t r u c t i o n  o f  the lemma f o r  G' r a t h e r  than G and f o r  a l l  A' in  ~(A) 

r a t h e r  than f o r  A o n l y .  The r e s u l t i n g  G' i s  an s - i n t e r p r e t a t i o n  o f  

and by s tandard  r e s u l t s  L ( G ' , ~ )  = L ( G ' , ~ ) .  

T h i r d ,  we app ly  C o r o l l a r y  2.10 to c h a r a c t e r i z e  when a grammar 

form g i ves  e x a c t l y  the r e g u l a r  languages and the c o n t e x t - f r e e  languages 

under g - i n t e r p r e t a t i o n .  In the l a t t e r  case we say such a form G 

i s  g - comp le te ,  i . e .  , ~ g ( G , ~ )  = , ~  (CF).  

Lemma 2.13 

Let G : (V,~,P,S) be an i n f i n i t e  grammar form. 

~ g ( G , ~ )  ~ ~ ( R E G ) .  

Then 

Proof: Since G i s  i n f i n i t e  t he re  e x i s t s  a non te rm ina l  A in  V such 

t h a t  
+ 

S ~+ uAv ~+ uwAyv ~ uwxyv w i t h  wy ~ k an~ x • k 

o t h e r w i s e  L(G,~)  would be f i n i t e .  

Cons t ruc t  G 1 = (V,Z,P u {A ÷ x ,  A ÷ wAy},S) then by C o r o l l a r y  2.10 

G 1 i s  g - fo rm e q u i v a l e n t  to G. Cons ider  G~ ~ G 1 d e f i n e d  by g 
! G~ = ( V , S , P I , S ) ,  where P~ consists o f  P, A ÷ a and e i t h e r  A ÷ aA i f  

w m k or A ÷ Aa i f  w = k. Wi thout  loss  o f  g e n e r a l i t y  assume P~ 

i n c l u d e s  A ÷ aA. 
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Now d e f i n e  a new grammar F ~y F = (V ,Z ,P~ ,A )  t hen ,  by Lemma 

2 .11 ,  , ~ g ( F , ~ )  S , ~ g ( g ~ , ~ ) .  F i n a l l y  c o n s i d e r  

F ' = ( { A , a } , { a } , { A  + a; A + a A } , A ) .  C l e a r l y  F' -4 F and f u r t h e r m o r e  g 
any r i g h t  l i n e a r  grammar is  a g - i n t e r p r e t a t i o n  o f  F ' ,  hence 

,C~(REG) ~ ~,¢ ( F ' , ~ )  S ,~ 'g (F ,~)  ~ ~ ' g ( G ~ , ~ )  ~ , ~ g ( G , ~ ) .  T h e r e f o r e  

~ g ( G , ~ )  ~ , ~ ( R E G ) .  

We now t u r n  to the c h a r a c t e r i z a t i o n  theorem. 

Theorem 2.14 

Let  G = ( V , Z , P , S )  be an i n f i n i t e  reduced grammar form. 

(G,~) = ,~(REG) i f f  G is  n o n - s e l f - s e m b e d d i n g .  g 

Then 

Proof: i f :  By the p r e v i o u s  lemma observe  t h a t  ~ g ( G , ~ )  ~ ,~(REG).  

To show the converse  observe  t h a t  each G' "~n G is  a l so  n o n - s e l f -  

embedding. [Assume o t h e r w i s e ,  then because d e r i v a t i o n s  in the i n t e r -  

p r e t a t i o n  grammar are images o f  d e r i v a t i o n s  in  the form grammar, G' 

is  s e l f - e m b e d d i n g  i m p l i e s  G is  s e l f - e m b e d d i n g ,  a c o n t r a d i c t i o n . ]  

Hence by a s t anda rd  r e s u l t  in language t h e o r y ,  L ( G ' , ~ )  is  r e g u l a r ,  

hence ~#g(G,~)  = ~ ( R E G ) .  

on l y  i f :  Assume G is  s e l f - e m b e d d i n g .  S ince G is  reduced t h e r e  e x i s t s  

a non te rm ina l  A such t h a t  
* + + 

S = uAv ~ uwAyv ~ uwxyv where w • I and y • I .  

W i thou t  loss  o f  g e n e r a l i t y ,  assume P c o n t a i n s  the p r o d u c t i o n s  A ÷ aAb 

and A + I by C o r o l l a r y  2.10 and p r e v i o u s  remarks.  Now G A = ( V , Z , P , A )  

has ~ g ( G A , ~ )  ~ ~ ' g ( G , ~ ) .  However 

G~ = ( { A , a , b } , { a , b } , { A  + aAb ,A+  X} ,A) ,  gene ra tes  the language 

L(G~) = { a i b i :  i m O} a we l l  known n o n - r e g u l a r  language.  This  y i e l d s  

a c o n t r a d i c t i o n .  

Our next resul t  gives necessary and su f f i c ien t  conditions for 

a grammar form to be g-complete. 

Theorem 2.15 

Let G = (V,~,P,S) be a reduced grammar form. 

~g(G,~) = ~(CF) i f f  G is expansive. 

Then 
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Proof: i f :  Since G i s  expans ive  the re  is  a non te rm ina l  A such t h a t  

A ~+ UlAU2Au 3 ~+ UlXU2XU 3, x • ~, hence by C o r o l l a r y  2.10 we can 

assume A ÷ x and A + UlAU2Au 3 are in P w i t h o u t  any loss  of  g e n e r a l i t y .  

Cons ider  G A and an i n t e r p r e t a t i o n  F ~ G A, where F i s  de f i ned  by: g 
F = ( { A , a } , { a } , { A  ÷ a,A + A A } , A ) ,  

c l e a r l y  ~ g ( F , ~ )  = ~ ' ( C F ) ,  hence ,~g (G ,~ )  = ~:~(CF) by Lemma 2.11.  

on l y  i f :  Since , ~ g ( G , ~ )  = ,~'(CF) then the re  is  an i n t e r p r e t a t i o n  G' 

w i t h  L ( G ' , ~ )  = D I ,  the Dyck se t  on one l e t t e r .  I t  i s  we l l  known 

t h a t  G' must be expans ive  hence G is  expans i ve .  D 

We can o b t a i n  a s i m i l a r  c h a r a c t e r i z a t i o n  theorem f o r  the 

l i n e a r  languages.  

Theorem 2.16 

Let  G be a reduced grammar form. Then ~ '  (G,~) = ~ ( L I N )  i f f  

G i s  se l f - embedd ing  and i f  S ~+ uAxBy then A and~B are not  both s e l f -  

embedding. 

ProoZ: L e f t  to the reade r .  

I t  i s  w o r t h w h i l e  remark ing  t h a t  none o f  the above c h a r a c t e r i z a -  

t i o n  r e s u l t s  hold under s - i n t e r p r e t a t i o n ,  s i nce  Lemma 2.11 does not  

ho ld  in t h i s  case. 

We may summarize the r e s u l t s  so f a r  i n :  

Theorem 2.17 

Given an a r b i t r a r y  grammar form G i t  i s  dec idab le  whether or not 

,~ 'g(G,~)  = ~ ( F I N ) ,  ~ ' (REG) ,  ~ ( k l N )  or o( ' (CF).  

We now c o n s i d e r  two-symbol forms under g - i n t e r p r e t a t i o n s ,  

t h a t  i s  forms which have a s i n g l e  t e r m i n a l  a and a s i n g l e  non te rm ina l  

S. Given a two-symbol  form we can c h a r a c t e r i z e  i t s  language f a m i l y  

as being one o f  f i v e  p o s s i b l e  language f a m i l i e s .  

Theorem 2.18 

Let  G = ( { S , a } , { a } , P , S )  be a two-symbol  fo rm,  then ,I~g(G,~) i s  

in  { { ~ } ,  ~ ( F I N ) ,  ~ (REG), ~ ( L I N ) ,  ~ ( C F ) } .  
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Proof: C l e a r l y  i f  L(G, ~)  = ~ o r  {~ }  then  ~ g ( G , ~ )  = { ~ } .  I f  G i s  

f i n i t e  then .~ (G,~)  = ~ ( F I N )  by Theorem 2 .8 .  I f  G i s  i n f i n i t e ,  g 
c l e a r l y  G is  reduced ,  t h e r e f o r e  ,~#g(G,~) : .~(REG) o n l y  i f  G i s  non- 

s e l f - e m b e d d i n g ,  t h a t  i s  a l l  p r o d u c t i o n s  must have a t  most one S on 

the  r i g h t  hand s i de  and e i t h e r  a l l  n o n t e r m i n a t i n g  p r o d u c t i o n s  are o f  

t ype  S ÷ a i S ,  i ~ 0 or  a l l  n o n t e r m i n a t i n g  p r o d u c t i o n s  are o f  t ype  

S ÷ Sa i ,  i m O. S i m i l a r l y  i f  G is  i n f i n i t e  and i t  c o n t a i n s  a p r o d u c t i o n  

o f  t ype  S ÷ aS~Sy, ~y i n  { S , a } * ,  then  ~ g ( G , ~ )  = , ~ ( C F ) .  O the rw i se  

-~" (G,~)  = ~ ( L I N ) .  D g 

Be fo re  l e a v i n g  t h i s  s i m u l a t i o n  s e c t i o n  we c o n s i d e r  two o t h e r  

t e c h n i c a l  r e s u l t s  wh ich  have a s i m u l a t i o n  f l a v o r .  

Lemma 2.19 -- Replacement Lemma 

Let  G : ( V , ~ , P , S )  be a grammar form and l e t  A in  V-~ be an 

a r b i t r a r y  n o n t e r m i n a l .  Let  E = (U ,A ,Q ,A )  be a grammar form wh ich  is  

s - f o r m  e q u i v a l e n t  to  the  subgrammar form G A o f  G, where 

(U-A)  n (V-S)  = { A } .  

Then the  grammar form H o b t a i n e d  by remov ing  a l l  A - p r o d u c t i o n s  

f rom P and add ing  a l l  the p r o d u c t i o n s  i n  Q is  s - f o rm  e q u i v a l e n t  to G. 

Proof: W i t h o u t  l o ss  o f  g e n e r a l i t y  assume G i s  reduced .  I f  A = S, 

then H = (U,S A , ( P - { S  ÷ ~: S ÷ a in  P}) u Q,S) i s  c l e a r l y  s - f o r m  

e q u i v a l e n t  to G as d e s i r e d ,  s i nce  the  p r o d u c t i o n s  i n  H taken from P 

are u n r e a c h a b l e .  T h e r e f o r e  we now assume A m S f rom hereon i n .  

Le t  t he  reduced subgrammar form G A = (VA,~A,PA,A)  and denote  by 

G_A, the  grammar form d e f i n e d  by:  

G_A = ( (V-V  A) u {A} u ~ ,Z ,P  - ( {A  ÷ a: A ÷ ~ i s  i n  P } ) , S ) .  

G_A is  the "complement "  subgrammar o f  G w i t h  r e s p e c t  to  G A. I t s  

impo r t ance  stems f rom the f o l l o w i n g  o b s e r v a t i o n :  

( * )  Each d e r i v a t i o n  S ~*  x i n  G can be u n i q u e l y  r e a r r a n g e d  

as S ~ a ~ x i n  G, f o r  some a i n  V*,  where S ~ 

and a ~*  x are d e r i v a t i o n s  i n  G_A and G A r e s p e c t i v e l y .  

Cons ide r  H = (V u U,S u A , (P  - {A ÷ a: A + a i s  i n  P}) u Q,S) .  

We o n l y  show t h a t  , ~ s ( G , ~ )  S , ( ~s (H ,~ ) ,  s i n c e  the  r e v e r s e  i n c l u s i o n  

f o l l o w s  by the  same argument  because G can be w r i t t e n  as 

G = (V u VA,S u ZA,(P - {A ÷ a: A ÷ a i s  i n  P}) u PA,S) .  Cons ide r  

an a r b i t r a r y  G' ~s G(~ ) ,  where G' = ( V ' , % ' , P ' , S ' )  and 

v (A)  = {A]  . . . . .  A n } say.  For each A i denote  the c o r r e s p o n d i n g  sub- 

grammar by Gt.1 Now by assumpt ion  t h e r e  i s  an E i "~s E such t h a t  
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L(Ei:,~) = L (G} ,~ ) ,  f o r  a l l  i ,  1 -< i -< n. Let each E i = ( U i , A i , Q i , A  i )  

be such tha t  (Ui -A i )  n ( V ' - Z ' )  = { A i } ,  l -< i <- n and also assume tha t  

(Ui-Z~ i )  n (U j -A j )  = ~ f o r  a l l  i ,  j ,  1 -< i < j -< n. 

Now cons t ruc t  an H' = ( V " , S " , P " , S ' )  as f o l l o w s :  

V" = V" u I .~ U i ,  ~" = %' u I_~ A. and 
i = l  i = l  I 

- . ÷ ~ i s  i n  P '  1 _< i _< n } )  u %.~ Q i "  p, = p, ( {A  i ÷ ~: A I , i=  1 

I t  shou ld  be c l e a r  t h a t  H' "~s H f rom the c o n s t r u c t i o n  and 

moreover  L ( H ' , ~ )  = L ( G ' , ~ )  by ( * )  a p p l i e d  to the  i n v e r s e  images o f  

the  d e r i v a t i o n s  i n  G' and H ' .  

Th i s  comple tes  the lemma. [] 

Given a grammar form G = ( V , Z , P , S )  i t  i s  s t r a i g h t f o r w a r d  to 

prove t h a t  G has an s - f o r m  e q u i v a l e n t  grammar form G' = ( V ' , Z , P ' , S ' )  

s a t i s f y i n g  ( i )  V' = V u { S ' } ,  where S' i s  a new n o n t e r m i n a l ,  

( i i )  G' d:l G and ( i i i )  P' i s  the same as P excep t  t h a t  f o r  each s 
p r o d u c t i o n  S ÷ a i n  P we a l so  take S '÷  ~ i n t o  P' 

We now prove a s i m i l a r  bu t  s t r o n g e r  r e s u l t  f o r  a n o n t e r m i n a l  

wh ich  is  no t  the sen tence  symbol .  

Lemma 2 . 2 0  - -  (A~a~B~B)-Partition Le,mma 

Let G = (V,Z,P,S) be a grammar form and l e t  A ÷ aB~ be an 

a r b i t r a r y  p roduct ion  in  P, where B is  a nonterminal  and aB is a word 

over  V. 

( i )  

( i i )  

( i i i )  

Then we may assume: 

t h i s  i s  the  o n l y  appearance o f  B on the r i g h t  hand s ide  o f  

p r o d u c t i o n s  i n  P, 

l e t t i n g  the reduced subgrammar form G B = (VB,ZB,PB,B)  then 

P-PB has o n l y  t he  n o n t e r m i n a l  B i n  common w i t h  V B, and 

~ has no n o n t e r m i n a l s  i n  common w i t h  V B. 

Proof: W i t h o u t  l oss  o f  g e n e r a l i t y  we may assume G i s  reduced and by 

Lemma 2.19 we may a l so  assume t h a t  the  reduced grammar forms 

G B = (VB,ZB,PB,B)  and G . B ( V _ B , Z . B , P . B , S ) ,  ( t h e  sub-grammar form and 
complement subgrammar form o f  G w i t h  r e s p e c t  to  B, r e s p e c t i v e l y )  have 

o n l y  B as t h e i r  common n o n t e r m i n a l .  Thus c o n d i t i o n  ( i i )  i s  s a t i s f i e d .  

D e f i n e  G B, = ( V B , , S B , P B , , B ' )  ~s GB(~) ,  where ~(C) = C' a new 

n o n t e r m i n a l ,  f o r  a l l  C in  VB-Z B, ~(a)  = a f o r  a l l  a i n  Z B and 

PB = ~(PB )" Th i s  renamed v e r s i o n  o f  G B i s  chosen such t h a t  

(VB, -Z  B) n (V-E)  : B. By a s l i g h t  g e n e r a l i z a t i o n  o f  Lemma 2 .19 ,  i f  
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we rep lace  any p roduc t ion  C ÷ 6By in P by C ÷ 6B'y and add a l l  the 

p roduc t ions  in P B ' '  then the r e s u l t i n g  grammar is s- form e q u i v a l e n t  

to G. 

Carry out t h i s  replacement  of  B by B' f o r  a l l  appearances of 

B in the p roduc t ions  of P-B except  f o r  the des ignated appearance in 

A ÷ ~B~. Let G' be the r e s u l t i n g  grammar form. C l e a r l y  

G' __'~ G, ~'~s(G',~) = ~s(~G,~) and moreover conditions ( i )  and ( i i i )  

are sat isf ied for G'. Letting G be the constructed G' we have the 

result .  D 
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I I . 3  Collections of Grammar Families 

In this section we are concerned solely with famil ies of 

grammars defined by grammar forms under various in terpretat ion 

mechanisms. Not only do we study g- interpretat ions and fu l l  g- 

in terpretat ions,  but we also introduce the notion of a quasi- 

in terpreta t ion.  This is an in terpretat ion in which the disjointness 

condition for nonterminals is dropped. We investigate compositions 

of these interpretat ions and the i r  "inverses" in Sections 3.1 and 3.2. 

Final ly,  for a given in terpretat ion the notion of strong form equiva- 

lence is studied. I t  is shown that the col lect ion of al l  grammar 

famil ies forms a l a t t i ce  in Section 3.3, and fur ther,  for each grammar 

form there is a unique, up to isomorphism, (production) minimal strong 

form equivalent grammar form in Section 3.4. 

11.3.1 Pre-orders and Closure Operators 

Recall that a relat ion is a p re-order i f  i t  is both re f lex ive 

and t rans i t i ve ,  for example the y ie ld re lat ion ~* is a preorder. 

Simi lar ly,  interpretat ions can be viewed as relat ions over the class 

of context-free grammars,~ . For example I is such a re lat ion and 

since G I G for  a l l  G and G' I G, G" I G' impl ies G" "~ G, g is 
a pre-order.  S im i l a r l y  ~ is a pre-order.  This observat ion fol lows 
from the fact  that  ( i )  an i d e n t i t y  s u b s t i t u t i o n  is a s u b s t i t u t i o n ,  
( i i )  f i n i t e  subs t i t u t i ons  are closed under composition and ( i i i )  d f l -  
subs t i t u t i ons  are closed under composit ion. 

A map e: 2:  ÷ 2 ~ is said to be a (..~.r.ammatical) opera..t.or. 
For example, consider the operator induced by I ,  denoted eg defined by: 

for  a l l  C _c ~ ,  eg(C) : {G' I G: G is in C}. 
Clearly ~g(G) = eg({G}). 

We say a grammatical operator e is:  

( i )  iLnclusion preser.ving i f  for al l  X, Y ~ ,  

X ~ Y implies e(X) ~ e(Y), 

( i i )  no ndec~easi~g ' i f  for al l  X ~ ~ ,  X ~ e(X), 

( i i i )  idempotent i f  for a l l  X ! ~ ,  e(e(X)) = e(X), that is,  

88 = e, and 

( iv) union preserving i f  for a l l  X, Y £ ~ ,  e(X u Y) = e(x) u e(Y). 

Consider eg. Clearly i t  is nondecreasing since "~a is re f lex ive ;  i t  is 

idempotent since "~a is t rans i t i ve ;  i t  is union preserving by de f in i t ion  

and hence inclusion preserving. When @ is a grammatical operator and 

e f u l f i l l s  ( i ) ,  ( i i )  and ( i i i )  above, we say e is a closure operator. 

Hence e is a closure operator. g 



48 

We make precise the r e l a t i o n s h i p  between pre-orders and c losure 
operators  by way of  the fo l l ow ing  d e f i n i t i o n .  

Definition 

Let p be a relation over ~ ,  then define the induced p-operator, 

ep, by: 

for all C = ~ ,  e (C) = {G': G' p G and G is in C). 
- p 

Similarly given an operator e define the induced O-relation Pe' by: 

for al l  G, G' in ~ ,  G' PO G i f f  G' is in e({G}). 

We now have: 

Lemma 3.1 

( i )  A relation p over ~ is a pre-order i f f  the induced 

p-operator e is a closure operator; in this case the 
P 

induced ep-relation equals p and 6p is union preserving. 

( i i )  An operator e over ~ is a union-preserving closure 

operator i f f  Pe is a pre-order and the induced p~operator 

equals e. 

Pro£f: This is l e f t  to the reader.  

Since the r e l a t i o n s  "~ "~ "~ "<~ are p re -o rders ,  then g '  fg ' s ' fs 
are c losure immediately the induced operators eg, efg, e s and efs_l  

opera to rs .  Moreover de f i n ing  the inverse operators @g , e t c . ,  by: 

fo r  a l l  C S ~ ,  8 ; I (C)  = {G: G' x ~ G and G' is in C}, 
where x is in { g , f g , s , f s } ,  then i t  fo l lows that  the inverse operators 

are also c losure opera tors .  

In the f o l l ow ing  we w i l l v x W r i t e ~  and ~ i l  ra the r  than ex 
and ex I ,  where i t  is  assumed ~ and 1 are-e tended to sets of 

grammars. 

11.3.2 Composit ion of Grammatical Closure Operators 

Having in t roduced in Sect ion 3.1 the not ion of c losure operators 

and ob6erved t h e i r  close r e l a t i o n s h i p  wi th pre-orders,  we now study in 

some de ta i l  composit ions of c losure operators of the form ~ x  and 
q ~ ; I ,  given by a pre,order ~x . Composit ion is  intended in the usual 

functional sense, for example ~x ~y l  ~ z I is defined by: 

f o r  a l ,  C C ,  = 
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Given a set of closure operators, ~7 , then we can define 

to be the free monoid generated b y ~  under composition, denoting the 

set of a l l  f i n i t e  compositions of operators from'(~" where the iden t i t y  

closure o p e r a t o r S ,  is defined by 

f o r  a l l  C c ~ , ~ (C)  = C. 

Let 01 and 02 be two members of ~ * ,  we say: 

01 = 02 i f f  for a l l  C £ ~  , Ol(C) = 02(C). 

We w i l l  address the following problem: 

Is ~;~q'*/- f i n i t e?  

and i f  i t  i s ,  then provide representatives of each equivalence class. 

To demonstrate that this is not always t r i v i a l  we w i l l  consider 

the closure operators defined by four new pre-orders, which are ei ther 

res t r i c t ions  or generalizations of g- interpretat ions.  

Let G = (V,Z,P,S) and G' = (V ' ,Z ' ,P ' ,S ' )  be two grammars. 

We say G' is a very f u l l  g- interpretat ion of G modulo ~, i f  

(a) G' ~ G(#), (b) #(X) • ~, for a l l  X in V and (c) P' = p(P). We 

denote th is by G' V'~#Q G(~). Notice that a vg- interpretat ion is a 

further res t r i c t i on  of a f u l l  g- in terpretat ion.  I f  p is a f i n i t e  

l e t t e r  substi tut ion on V - Z and a substitut ion on Z, we say G' is a 

quasi- interpretat ion of G modulo p, i f  (a) p(A) £ V' - Z', for a l l  A 

in V - z, (b) ~(a) ~ z ' * ,  for a l l  a in z, (c) P' ~ ~(P) and (d) S' is 

in p(S). This is denoted by G' ~ G(p). We also define a very f u l l  

quasi - in terpretat ion,  deno{ed G' ~ G(p), analogously to the very f u l l  

g- in terpretat ion.  A quasi- inzerpretation is s imi lar  to a g-interpr~ation 

except that d i f fe ren t  nonterminals can give r ise to the same nonterminal. 

I t  is convenient to define a special in terpretat ion,  the two-symbol 

in terpre ta t ion G' of a grammar G, denoted G' "~ G(~), i f  G' is a two- 

symbol form over { S ' , a ' } ,  p(A) = S', for a l l  A in V - %, p(a) = a' 

for a l l  a in Z, and P' = p(P). Note that when G' "~ G(#) we also have 

G' ~ G(p). 

The q- in terpretat ion,  by i t s  very nature, is much coarser than 

the g- interpretat ion in a sense we w i l l  now make precise. 

Notation 

For notational convenience in the remainder of this section we 

w i l l  use ~ synonymously with ~x and ~ synonymously with Ip,. x 

Lemma 3.2 

vq  C) = (~ ?q = (I : {] ~ .  
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Proof: Since {g ,  Gq, ~ and 2 are a l l  r e s t r i c t i o n s  o f  q, we have 

vq g, g vq,  g 2 ! q. Cons ide r  the converse  i n c l u s i o n s .  Le t  

G = ( V , S , P , S ) ,  G' = ( V ' , S ' , P ' , S ' )  and G' "~ G(~) .  

(a) ~ ~ ~q ~. C o n s t r u c t  G" = ( V " , Z ' , P " , S " ) ,  where V" = { [ A , B ] :  A in  

V - Z and B in  ~ (A ) }  u Z' and S" = [ S , S ' ] .  De f ine  ~" by ~ " (A )  

= { [ A , B ] :  [ A , B ] :  B in  ~ ( A ) } ,  f o r  a l l  A in  V - % and ~ " ( a )  = ~ ( a ) ,  

f o r  a l l  a in  Z and d e f i n e  ~' by ~ ' ( a )  = {a }  f o r  a l l  a in  Z' and 

~ ' ( [ A , B ] )  = { B } ,  f o r  a l l  [A ,B ]  in  V" F i n a l l y ,  choose P" ~ ~ " ( P )  

such t h a t  ~ ' ( P " )  : P ' ,  in  o t h e r  words P" = ~ , - l ( p , ) .  S ince ~" is  

a d f l - s u b s t i t u t i o n  on V - Z, G ~ G ( ~ " ) ,  and s ince  ~'  i s  not  a d f l -  

s u b s t i t u t i o n  on V' - ~ ' ,  but  P' = ~ ' ( P " )  we have G' v~o G " ( ~ ' ) .  Hence 

the r e s u l t .  

(b) q ! g ~- C o n s t r u c t  G" = ( { A , a } , { a } , P " , A )  such t h a t  G" "~  G, 

e s s e n t i a l l y  by i d e n t i f y i n g  a l l  the t e r m i n a l s  w i t h  a and a l l  the non- 

t e r m i n a l s  w i t h  A. Now d e f i n e  ~'  by ~ ' ( a )  = L . . . - ~ ( b )  and 
b in Z 

. . . .  " : G " ( ~ '  ) (A) = L . ~ ( B ) .  Immed ia te l y  P £ ~ (P" )  t h e r e f o r e  G g 
B in V-Z 

g i v i n g  the r e q u i r e d  r e s u l t .  

(c )  q S g vq" S ince 2 i vq the  i n c l u s i o n  f o l l o w s  from ( b ) .  

Corollary 3.3 

Let  G be a grammar form,  then ~ q ( G , ~ )  is  in  { { ~ } ,  ~ ( F I N ) ,  

=~'(REG), o ~ ( L I N ) , ~ ( C F ) } .  

Proof: By Lemma 3.2 and Theorem 2 .18 .  

Thus under q- in terpreta t ions only 5 language famil ies are 

obtainable. Inc iden ta l l y ,  we have also shown that _~vq and v~g commute. 
Since ~g i ~, vg i q and ~q ~ ~ we have immediately that 

~g ~ = ~ = ~ v~, ~g~ = ~ = ~ v~ and ~q ~ = ~ = ~ ~q. 

S i m i l a r l y  s i nce  ~g ! vq and ~g~q = ~q = ~q~g each compos i t i on  o f  two 

p r e - o r d e r s  and two o p e r a t o r s  commutes. Moreover  each compos i t i on  can 

always be reduced to one p r e - o r d e r  or  one o p e r a t o r .  Thus we have 

shown 

Theorem 3.3 

Le_t ~ = { ~x: x : vg,vq,g,q} then l ~ * / -  is f ini t ,e and is 

equal to { [ ~  ]~} u { [  ~x]___: x = vg, vq,g,q}. Moreover ~ "  is a 
commutative semigroup under composition (see Table 3.1). 
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~g ~q ~ 
~g ~g ~q ~ 

~q ?q 9q ~ 

Table 3.1: Mult ipl icat io.n Table for { ~.x: x = vg,vq,g,q}. 

By symmetry note that we have also shown that i f  ~ =  { ~ I  vg,vq,g,q} 

then ~ * / ~  is f i n i t e .  Continuing our invest igat ion we now turn to 

~ - I  and ~ I  ~ a l t e r n a t i v e l y ,  c o m p o s i t i o n s  o f  the  form x y y '  
~ and ~#. 

We demonstrate in the fol lowing that even when 

~v9 = {~x '  ~ ~l: x = vg,vq,g,q}, I~F*/- is f i n i t e .  However we wi l l  

discover that for some R and ~, ~ • ~R, in other words R and ~ do not 

commute. In this case, i t  is not even clear that e i ther R~ or ~ is a 

pre-order. For consider ~ ,  then ~ is a pre-order i f f  y E ~  For i f  

~ £ ~ ,  i t  follows that R ~  £ ~ = ~ and c lear ly ~ E xyxy, hence 

R~ is a pre-order. On the other hand i f  ~ is a pre-order, then 

~ = ~ and, since ~ £ R ~  then ~ E xY- Therefore for ~ and ~ to 

commute, in other words R~ y , i t  is both necessary and su f f i c ien t  

that ~ and ~ be pre-orders. Conversely, i f  ~ and ~ do not commute 

then at least one of R~ and ~R is not a pre-order. 

We f i r s t  obtain: 

Theorem 3.4 

~ = ~ x ~  , f o r  x ,  y i n  { g , q } .  

Proof: Let G i = (V i ,E i ,P i ,S) ,  i = I ,  2 be two arb i t rary  grammars and 

c l ,  c 2 be two new terminal symbols not in V l u V 2. Note that we have 

assumed S is common to G l and G 2. Since we age dealing with in ter -  

pretations this is no loss of general i ty.  Construct 

G = (V l u V 2 u {Cl,C2},Z l u E 2 u {Cl,C2},P,S), where 
P = {A ÷ ~ c i :  A ÷ ~ i s  in  P i '  i = I ,  2 } .  

D e f i n i n g  ~i by l ] i (X  ) = X, f o r  a l l  X in  V 1 u V2, i J i ( c i )  = ~ and 

~ i ( c j !  = ~, i ~ j ,  i ,  j = I ,  2, then G i I G( l~ i ) '  i = I ,  2. T h e r e f o r e  
~ ~ x  £ ~ ,  for a l l  x, y in {g,q},  since ~ £ ~, giving the desired 

r e s u l t .  [] 
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We say G' "~ G i f  G' is  a subgrammar of  G. C l e a r l y  ~ = sob ~g and sub 
~'= s~b #q, from the d e f i n i t i o n s .  We use t h i s  simple observa t ion  to 

s i m p l i f y  some of the f o l l o w i n g  p roo fs .  

Theorem ~.5 

~ ~ ~ fo r  a l l  x, y in { v g , v q , g , q }  

Pr..o~f: Throughout we have G i = ( V i , Z i , P i , S i ) ,  i = l ,  2, 3 with 

G2 "~x GI(P2) and G 3 ~ Gl(P3). We wish to show there exists 

G 4 = (V4,z4,P4,S 4) such that G 4 "~ G 2 and G 4 "~x G3" Diagrammatically 
we have 

G2f ",, G 3 

and we wish to construct G 4 such that  

~2 ~ ~3 

G 4 

(a) ~g ~q ~ v~ #g. Define a re la t ion  O ~ (V 2 Z2) x (V 3 S3 ) by: 

A 2 O A 3 i f f  there ex is ts  an A in V l E l 

with A i in u i (A) ,  i = 2, 3. 
i (a) = X for a l l  a in % i = 2, 3, and ' i = 2 ,  3 by Pi i "  ' Define u i '  

for  a l l  A 2 in V 2 - Z 2. 

p~(A2) = e i ther  {[B2,A3]: B 2 ~ A 3 and A 2 ~ A 3} i f  there is 

an A in V 3 - Z 3 such that A 2 ~ A or A 2 otherwise, 

and for  al l  A 3 in V 3 - Z3~ 

p'(A3) = e i the r  { [A2,A3]:  A 2 ~ A 3} i f  there is an A in 3 
~2 " Z2 such that A O A 3 or A 3 otherwise. 

We now claim that p~2(X)  = p~P3(X) for  a l l  X in V l which appear in 

at least  one production of G l ,  Since Pi and ~ are very fu l l  

i n te rp re ta t i ons  for  i = 2, 3, i f  the claim is true we le t  

P4 = P2~2(PI ) = ~3~3(PI )" Note that  p~(A i )  = A i ,  only when A i does 
not appear in any production of P i '  hence i f  there is an A in V l E l 

such that A i is in Pi (A) ,  then A does not appear in any production in 
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Pl e i ther  and fu r ther  A i does not appear in any production in P4' 

i = 2, 3. 

= '~ (a) = X, hence Z 4 = For a l l  a in  E l , ~ 2 ( a )  ~3 3 
Consider  [A2,A 3] in  ~ 3 ( A ) ,  then by d e f i n i t i o n  A 2 ~ A 3 and A 2 is  in 

~2(A) ,  hence [A2,A3]  is  in  ~ 2 ( A ) .  Converse ly ,  i f  [A2,A 3] is  in  
~ 2 ( A )  then by d e f i n i t i o n  there  e x i s t s  B 2 in  ~2(A) and A 3 in  ~3(A) ,  

t h e r e f o r e  [A2,A 3] is  in  ~ ( B  2) on ly  i f  A 2 ~ A 3, in  which case [A2,A 3] 

is in p~P3(A). 

F ina l l y  l e t  V 4 = ~ ( V  2 E2) u ~ ( V  3 - E3) and 

P4 = ~2~2(PI ) : ~3~3(PI ) '  then G 4 ~ G2(~ ~) and G 4 v~ G3(~3) by 
ca re fu l  s c r u t i n y  of  ~ and ~ .  

(b) ~g ~g ~ ~g #g. Modi fy  the p roo f  in  (a) r e p l a c i n g  the d e f i n i t i o n  
of  ~ on non te rm ina l s  by: 

For a l l  A 2 in  V 2 - E 2, 

~ ( A  2) = e i t h e r  { [A2 ,A3 ] :  A 2 ~ A 3} i f  there  is  an A in  

V 3 - E 3 such t ha t  A 2 ~ A or A 2 o the rw ise .  
I (c)  ~q ~q ~ ~q ~q. Def ine ~ i ( a )  = X, f o r  a l l  a in  E i ,  and 

! t I ~ i (A )  = S 4, f o r  a l l  A in  V i - E i ,  i = 2, 3. C l e a r l y  ~2~2(X) = ~3~3(X) 
fo r  a l l  X in  V I ,  hence l e t t i n g  G 4 = ( { S 4 } , O , ~ 2 ( P I ) , S  4) we have 

Gi ( ~ )  i : 2 3 G4 v ' ' " 
(d) ~q s~b ~ sbb #q. Since G 3 s~uub G I (~3 ) '  ~2 i s  wel l  de f ined  on 

V 3 ~ V I ,  hence l e t t i n g  G 4 = (V2,E2,~2(P3) ,S2)  imp l i es  G 4 v~ G 3 and 

G 4 "~ G 2 s ince ~2(P3) c ~2(PI )  = P2 sub " -- " 
(e) #g sbb c sbb 9g. As in (d). 

To complete the theorem we use the observation that ~ = s~b #q 

and g = s~b #q. For example, given 

G 1 

G24-f ~ ,G  3 

then we know there e x i s t s  G~ such t h a t  

G 1 
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Now by (c) above we ob ta in :  

G 1 

G4V \ G  3 

and by (d) we can complete t h i s  to give 

G l 

v0\  

G~V 

and the re fo re  G~ ~ G 2 and G~ v4:Io G 3 as desi red g iv ing  ~q ~ ~ ~ ~q. 
We can car ry  out the diagram chasing fo r  a l l  o ther  cases 

bar those #~, where x, y are in { g , q } .  However in any 
of these cases l e t  G 4 = ( { S } , ~ , ~ , S )  whence #~ ~ ~R. 

We summarize the r e s u l t s  so far  in Table 3.2. 

~}g vq g Cl 

v g  c c G c 

Gq c c c 

c c ~ 

C G 

T a b l e  3.2 

c i nd i ca tes  xy c_ ~ 

ind ica tes  

xy = = x , 

the  u n i v e r s a l  r e l a t i o n  
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We have used symmetry to f i l l  ou t  t h i s  t a b l e  and the f a c t  t h a t  

s ince  ~ = ~ ,  f o r  a l l  x ,  y i n  { g , q }  and ~ ~ ~ ,  then ~ : ~ = ~. 

We tu rn  now to the c o n s i d e r a t i o n  of  the r e l a t i o n s  Xy~ f o r  a l l  

x,  y i n  { v g , v q , g , q } .  

For c o n s i s t e n c y ,  we w i l l  assume t h a t  we are g i ven  

G 2 -G 3 , /  

~4 

i n  each o f  the f o l l o w i n g  theorems f o r  which the i n c l u s i o n  x~ ~ #~ i s  

to be p roved .  

Theorem 3.6 

vg # ~ # )g ,  f o r  y = vg and vq. 

Pro.of :  We f i r s t  prove a s t r o n g e r  r e s u l t ,  namely ~g~g #_ ~q~g. 

Le t  G 2, G 3, G 4 be d e f i n e d  by the p r o d u c t i o n s :  

G2: S ÷ BaC; S ÷ BC 

G3: S ÷ BaC; S ÷ BC 

G4: S ÷ BC; S ÷ ~C; S ÷ BC; S ÷ B~. 

C l e a r l y  G 4 v~ G i ,  i = 2, 3. 

Now assume the re  e x i s t s  G 1 such t h a t  G 2 v~ G I (~2  ) and G 3 ~g G I ( I~3) .  

~ l i t h o u t  l oss  o f  g e n e r a l i t y  we may assume G 1 i s  reduced.  C l e a r l y  V 1 

c o n s i s t s  o f  a t  l e a s t  4 n o n t e r m i n a l s  and one t e r m i n a l ,  s ince  assuming 

o the rw i se  i m p l i e s  

e i t h e r  ]~3(D) c o n t a i n s  a t  l e a s t  two n o n t e r m i n a l s  from 

V3 s3 f o r  some D in  V 1 E l ,  in  which case s ince  

G 1 i s  reduced,  both must appear in  the p r o d u c t i o n s  o f  

G 1 and hence ] ]3 (P I )  # P3' whatever  the c h o i c e ,  a 

c o n t r a d i c t i o n ,  

or G 1 has no t e r m i n a l s ,  in  which case P3 has no 

t e r m i n a l s ,  a c o n t r a d i c t i o n .  

Fu r t he r  V 1 c o n t a i n s  e x a c t l y  4 n o n t e r m i n a l s ,  s ince  G 1 i s  reduced 

and n o n t e r m i n a l s  are p rese rved  under v g - i n t e r p r e t a t i o n ,  hence l e t  them 

be denoted S, B, B, C where ~3 i s  the i d e n t i t y  on V 1 E l ,  w i t h o u t  

loss  o f  g e n e r a l i t y .  
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~2 (P I )  by d e f i n i t i o n .  I t  i s  c l e a r  t h a t  G 2 ~= GI(~ 2) i f  y = g and ' g 

G 2 ~ GI(~ 2) o t h e r w i s e .  

Our f i n a l  r e s u l t  i s :  

Theorem 3,8 

~q ~ ~ ~ ~q f o r  y = vq,  g and q. 

Proof: We w i l l  f i r s t  prove vq ~q ~ #q ~q. 

(a) Le t  W i = { x :  x in  ~ ,  A + axB is  in  P i '  a~ in VT},  i = 2, 3 

and l e t  G 1 = ( V I , % I , P I , S  I )  be d e f i n e d  as f o l l o w s :  

V 1 - Z 1 = { [ A 2 , A 3 ] :  A i i n  V i - S i "  i = 2, 3 } ,  

S 1 = { E x 2 , x 3 ] :  x i i n  W. i = 2 3} 

P1 = { [ A , B ]  + [ X o , Y o ] [ A i , B  I ]  . . .  [A n , B n ] [ x  n ,yn  ] :  
A ÷ xoA 1 . . .  x n is  in  P2' B ÷ YoBI . . .  B n is  in  P3 } ,  

and 

S 1 = [ $ 2 , $ 3 ] .  
Le t  ~2 and ~3 be d e f i n e d  by: 

~ i ( [ X 2 , X 3 ]  = X i ,  f o r  i : 2, 3, f o r  a l l  [X2,X 3] in  V I .  
Now f o r  each p: C ÷ zoC 1 . . .  CnZ n in P4 t he re  are p r o d u c t i o n s  

q: A ~ XoA 1 . AnX n and r :  B ÷ YoBl . . .  BnY n in P2 and P3 
r e s p e c t i v e l y ,  such t h a t  p is  in  ~ ( q )  n ~ ( r ) .  C o n v e r s e l y ,  g iven q 

in  P2' t h e r e  is  a p in  P4 and an r in  P3 s a t i s f y i n g  p i s  in  ~ ( q )  n ~ ( r ) ,  

and s i m i l a r l y  f o r  each r in  P3" Hence P1 as d e f i n e d  c o n t a i n s  encoded 

v e r s i o n s  o f  both P2 and P3 which are r ecove red  by the s u b s t i t u t i o n s  

~2 and ~3 '  r e s p e c t i v e l y .  T h e r e f o r e  

G i ~ G 1 (v i ) ,  i = 2, 3. 
(b) ~q ~ ~ ~ ~q. Proceed as in (a) e x c e p t  t h a t  P1 shou ld  a lso  i n -  

c lude  

{ [Ao ,B  O] + [ X o , Y o ] [ A i , B l ]  . . .  [ A n , B n ] [ X n , Y n ] :  

B 0 + YoBl . . .  BnY n i s  in  P3' Ai i s  in  V 2 - Z 2, and x i is  in  W 2, 

O ~ i ~ n } .  

C l e a r l y  G 3 v'~ GI(~3)  w i t h  ~3 as in ( a ) .  We need to show t h a t  

G 2 "~ G I .  We d e f i n e  ~2 as f o l l o w s :  
For each A in  V 2 E 2 which appears in a p r o d u c t i o n  in  P2" s e l e c t  j u s t  

one B in  V 3 - S 3 w i t h  ~ ( A )  n ~ ( B )  # ~; i f  A does no t  appear  i n  any 

p r o d u c t i o n  choose B a r b i t r a r i l y  from V 3 - z 3. Le t  ~ 2 ( [ A , B ] )  = A i f  B 

has been s e l e c t e d  f o r  A and ~ 2 ( [ A , B ] )  = ~ o t h e r w i s e ,  and l e t  

~ 2 ( [ x , y ] )  = { x } ,  f o r  a l l  [ x , y ]  in  %1" As in  ( a ) ,  f o r  each q in P2 

t h e r e  is  a p in  P4 w i t h  p in  ~ ( q )  and an r in  P3 w i t h  p in  ~ ( r ) ,  
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Cons ide r  P I '  S ince V 1 Z 1 c o n s i s t s  o f  f o u r  n o n t e r m i n a l s ,  

then P1 c o n t a i n s  on l y  p r o d u c t i o n s  o f  two t y p e s ,  namely,  

S ÷ xByCz 

and 

S ÷ u~vCw 

where u, v, w, x, y, z are terminal words. 

Turning to G 2 we now obtain a contradiction. Clearly S is in ~2(S) 

and {C,C} ~ ~2(C). Since G 2 v~ Gl(~2) then S ÷ BaC is in ~2(Pl) and 
further, there is a production p: S ÷ xXyCz in Pl such that 

S ÷ BaC is in ~2(p). 

However this implies that S ÷ BaC is also in ~2(p) and hence in P2' 

a contradiction. Therefore G l does not exist .  Hence 9g ~g ~ @q ~g. 

To complete the theorem observe that: 

~g ~g ~ ~q ~g t h e r e f o r e  ~g ~g ~ ~g ~g, and 

~g ~g ~ ~g ~q and therefore ~g ~q ~ ~q ~g. 

Having e s t a b l i s h e d  t h i s  n o n - i n c l u s i o n  r e s u l t ,  i t  then f o l l o w s  t h a t  we 

cannot  make use o f  d iagram e x t e n s i o n  to o b t a i n  r e s u l t s  f o r  #g ~ and 

~g ~. T h e r e f o r e  we t r e a t  these cases s e p a r a t e l y .  

Theorem 3.7 

~g ~ ~ ~ ~g f o r  y = g and q. 

Pro~: Withou t  l oss  o f  g e n e r a l i t y  we w i l l  assume G 4 has no t e r m i n a l  

symbols.  De f i ne  a homomorphism h by h(A) : A, f o r  a l l  n o n t e r m i n a l s  

A in  V 2 u V 3 and h(a)  = ~, f o r  a l l  t e r m i n a l s  a in  S2 u Z 3. S ince 

~ is  a ve ry  f u l l  i n t e r p r e t a t i o n  we can assume A is  in  ~ ( A ) ,  f o r  a l l  

A in V - ~2" Hence f o r  a l l  p in  P2 t h e r e  e x i s t s  q in P4 such t h a t  

h(p)  = q. 

C o n s t r u c t  G 1 : ( V I , Z I , P I , S I )  f rom G 3 as f o l l o w s :  

V1 Zl = V3 - E3' E1 = ~3 u { c } ,  where c i s  a new symbol no t  in  V 3, 

P1 = {A+mlCm2 . . .  mnC: A ÷ ml ' ' '  an i s  P3' n m I ,  ml is  in  Z~, 

mi i s  in  (V 3 - %3)Z~, 1 < i ~ n } ,  and S 1 = S 3. 

C l e a r l y  G 3 " ~  GI (~3)  where ~3(X)  = X f o r  a l l  X in  V 3 and ~3(c )  = h. vg 
De f i ne  ~2 by: 

~2(A)  = ~ ( A ) ,  f o r  a l l  A in  V 1 - E l = V 3 - %3' and 
~2(a)  = { x :  x i s  in  S~ and B ÷ mx8 is  in  P2' f o r  some 

m,B in  V~ }, f o r  a l l  a in  E I .  

Then P2 ~ ~2(PI ) s i nce  ~ is  in  ~2(a)  f o r  a l l  a and f o r  a l l  p in  P2 

t h e r e  e x i s t s  q in  P4 w i t h  h (p )  = q, which in  t u r n  i m p l i e s  t h e r e  i s  r 

in  P3 w i t h  q in ~½(r)  and r '  in  P1 w i t h  h ( r ' )  = h ( r ) ,  hence p i s  in  
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there fo re  q can be recovered from PI" Hence q is in ~2(P I ) ,  and 

G 2 ~ G I ( ~  2) by d e f i n i t i o n  of  ~2" 
(c) As in (b) de f in ing  u2 by: 

~2 ( [X ,Y ] )  = X fo r  a l l  [X ,Y]  in V I ,  

c l e a r l y  by the above arguments G 2 ~ GI(~2).  

We are now in a p o s i t i o n  to extend Table 3.2 cons iderab ly ,  complet ing 

our i n v e s t i g a t i o n  of  the composit ions of two p re -o rde rs .  The r e s u l t  

is  seen in Table 3.3. By our e a r l i e r  remarks t h i s  means tha t  the 

pa i rs  (~g,#g) ,  (~g,#q) and (~q,~g) are not commuting pa i r s .  S i m i l a r l y ,  

we know tha t  vg ~g is not a p re-order  

~g 

~q 

~g Gq ~ 

= = G G 

= = u 

where F means ~# ~ ~ 

but )~ ~ ~ .  

Table 3.3 

and ne i the r  are ~q ~g and ~g ~q. In terms of operators th i s  means 

tha t  -~vg'-I ~ vg do not commute, and s i m i l a r l y  for  the others .  
Let u~ turn to the composit ion of three p re -o rders .  Since by 

Table 3.1 we can always replace or s i m p l i f y  ~# by a s ing le  pre-o' rder,  

and s i m i l a r l y  wi th ~ (by symmetry), we only need consider composit ions 

of  the forms 

~ or ~ 
and by symmetry we only need consider one or the o ther .  

Consider x ~ .  I f  ~ and ~ commute (see Table 3.3) we can 

replace ~ by ~ and t h i s  in t u rn ,  using Table 3.1,  by ~ .  Simi-  

l a r l y  i f  ~ and ~ commute we obta in  ~ .  This only leaves those combina- 

t i ons  fo r  which ne i the r  ~, ~ nor ~, ~ commute. These are 

( i )  ~g ~g ~g; ( i i )  ~g ~g ~q; 
( i i i )  ~g ~q #g; ( i v )  ~q ~g #g; (v) £q ~g #q. 

Now using the general t rans fo rmat ion  ~ ~ yR~ which is  va l i d  by 

Table 3.2, we obta in  R~i ~ Y~ and i f  w = z then ~Y~ = Y~. This is  the 

case fo r  ( i ) ,  ( i i ) ,  ( i i i )  and ( v ) ,  g i v ing  ( i )  ~g #g ( i i )  ~g ~q 
( i i i )  ~q ~g and (v) vg ~q. However wi th ( i v )  we ob ta in :  

vq vg ~g c ~g ~q. 
Thus i t  remains to prove tha t  the reverse i nc lus ion  holds even in this case. 
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Let G = (V,S,P,S) be a grammar, then we say X in V is an extra 

symbol i f  i t  does not appear in any production in P. We say G has 

extra symbols i f  V contains at least  one extra symbol. To complete 

the i nves t i ga t i on  of compositions of three pre-orders we need: 

Theorem 3.9 

( i )  Let G = (V,Z,P~S) be a grammar form, then there ex is ts  a 

grammar form G l w i th  no extra symbols such that  G ~vg GI" 

( i i )  Let G i = ( V i , B , P i , S i ) ,  i = l ,  2 be two grammar forms wi th  no 

extra symbols and G. ~ G2(~). Then there ex is ts  a grammar 
I vq 

form G such that  G v~ G i ,  i = l ,  2. 

Proof: ( i )  Let G l = (V l ,%l ,P,S)  where V l ! V, E l ! E and V - V l is 

exac t ly  the extra symbols of V. Clear ly  G ~ G l ,  by the d e f i n i t i o n  

of i n t e r p r e t a t i o n .  

( i i )  Let G = (V,B,P,S) where V = { [A ,B ] :  A in V l ,  B in V 2 and A is 

in ~(B)} .  Define ~2 on V 2 by: 

~2(B) = { [ A , B ] :  A is  in p ( B ) } ,  

l e t  P = ~2(P2) and S = [ S I , $ 2 ] ,  then c l e a r l y  G ~ G2(~2).  
S i m i l a r l y  de f ine  ~I on V 1 by: 

~ I (A )  = { [ A , B ] :  A is  in ~ ( B ) } .  

We need to show t h a t  G v~ G I ( ~ I ) "  

I t  s u f f i c e s  to prove t h a t  ~ I ( P I )  = ~2(P2) .  Wi thou t  loss  of  g e n e r a l i t y  

we may assume P1 ~ B" 

(a) ~ I ( P I )  ! ~2(P2 ).  
Assume A 0 + A 1 . . .  A m is  in P I '  then there  e x i s t  B O, B I ,  . . . .  B m 

wi th  A i in  ~ ( B i ) ,  0 ~ i ~ m such t h a t  

A 0 ÷ A 1 . . .  A m is  in ~(B 0 ÷ B 1 . . .  Bm) 

hence [Ao,B O] ÷ [A I ,B  I ]  . . .  [Am,B m] is  in ~ l ( P l )  and a lso in ~2(P2) .  
(b) ~2(P2 ) S ~ I (P I  ) f o l l o w s  s i m i l a r l y .  D 

We now apply Theorem 3.9 to give: 

Theorem 3.10 

~q ~g ~g = v~ ~q 

P~roof: Since we have already shown that  vq vg vg S vg vq i t  remains 

to prove the reverse i nc l us i on .  
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C l a i m  i :  L e t  G i = - ( V i , E i , P i , S  i )  i = I ,  2 be such t h a t  G 1 "~x G 2 ( P ) '  
I : where  x : vg o r  vq ,  t hen  t h e r e  e x i s t s  G i (V ' . ,~  P' S ) i = 1 2 1 ' i '  i ' 

' v~ w i t h  G i G i G] "~ p' = V - Z. i = I ,  2. ' x G~( ) ,  and V i i l '  
S i m p l y  d e f i n e  P i '  i = 1, 2 by :  

P i ( a )  = h, a in  S i and P i ( A )  = A, A in  V i ~ i '  
t hen  .G~ ~ G i ( ~ i )  and m o r e o v e r  r e s t r i c t i n g  V to  the  n o n t e r m i n a l s  o f  

V 2 g i v i n g  ~'  i m p l i e s  

in  o t h e r  words p l ~ ( P 2 ) =  I J ' I ] 2 (P2 ) .  

C l a i m  2 :  Le t  G i = ( V i , ~ , P i , S i ) ,  i = I ,  2 be such t h a t  G 1 ~ G2(P) 
f o r  x = vg o r  vq ,  t hen  t h e r e  e x i s t s  G'~ = (V'~,~ P" ,S  ) i = 1 2 w i t h  1 1 ' i i ' " 
Gi -4vg G"i . . . .  i = 1 2 G ~x G ( ~ " )  and V i = V.1 - { t h e  e x t r a  non- 
t e r m i n a l s  in  G i } ,  i = I ,  2. 

By Theorem 3 .9  GV and G~ e x i s t ,  hence d e f i n e  ~" by :  

p " ( A )  = ~ ( A ) ,  f o r  a l l  A in  V~, 

and i m m e d i a t e l y  G~ ~x G " ( ~ " )  2 
Now c o n s i d e r  G i = ( V i , ~ i , P i , S i ) ,  i . =  I ,  2,  3 such t h a t  

G2 v~ G3(~3)  and G 2 v~ G l ( U l ) ,  t hen  d i a g r a m a t i c a l l y  we have :  

G 3 G 1 

wh ich  by the  above two c l a i m s  we can t r a n s f o r m  i n t o :  

G~ G" 

vg ~ v q  
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where the G"i have no te rm ina ls  and no .ext-ra symbols, G~ ¢ G~(~"),3 
G~ v~ G~(~V) and a l l  unmarked edges are v g - i n t e r p r e t a t i o n s .  

Since G~ and G~ f u l f i l l  the cond i t i ons  of par t  ( i i )  of 
Theorem 3.9 then we can cons t ruc t  G such tha t  

G 

We can now relate G 3 and G l as fol lows: 

G 3 G~ G 

I i l  I I  

1 

Let this composition be denoted by p, that is G3PG I .  Since ~g~g _c ~g~g 

and ~g~g = ~g we obtain 

vgvg p _c 

By construction ~g~q S P and ~g~q ~ ~q~g~g, hence the resul t .  D 

We have demonstrated as a resul t  of Theorem 3.10 the fol lowing: 

Theorem 3.11 

Let ~ = { x '  x : x = g, q, vg, vq}. Then ~9"*/--- is f i n i t e .  

To complete this invest igat ion i t  is necessary to exhib i t  the 

equivalence classes of ~ .  This involves proving that the various 

" i r reducib le"  compositions considered are indeed d is t i nc t .  This 

straightforward but laborious task we leave to the reader. 

To close this section we give an example of two pre-orders 

R, ~ for which R~ £ jR and ~ ~ ~ ,  thus demonstrating that l~ is not 
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always as n i c e l y  behaved as those cons ide red  in  t h i s  s e c t i o n .  Let  fg 

denote a f u l l  g - i n t e r p r e t a t i o n .  Cons ider  the p a i r  ~g and ~g. As in  

Theorem 3.6 we have ~gfg ~ fg~g.  Now c o n s i d e r  the grammars: 

G: S ÷ SS; S ÷ Sa 

GI: S + SS; 

G2: S ÷ SS; S + S 

Then G 1 ~g G and G 2 "=~ G but t he re  is  no F w i t h  F v~ G 1 and F ~ G 2 

hence fg~g ~ vg fg .  

11 .3 .3  St rong Form Equ iva lence  and L a t t i c e s  

Two grammar forms G 1 and G 2 are s t rong  x - f o rm  e q u i v a l e n t  i f  

~ x ( G l )  : ~ x ( G 2 ) .  We w r i t e  G 1 ~x G2" I m m e d i a t e l y  G 1 ~x G2 i f f  

G 1 ~ G 2 and G 2 x ~ G I .  I t  i s  e a s i l y  v e r i f i e d  t h a t  ~x i s  an e q u i v a l e n c e  

r e l a t i o n  over  ~_~, hence f o r  each grammar form G, l e t  [G] denote the x 
e q u i v a l e n c e  c lass  c o n t a i n i n g  G modulo m . For each grammar form G, x 
l e t  ~ x ( G )  = { [ G ' ] x :  G' "~x G} and ~ x  = { [ G ] x :  G in  ~ } .  Def ine  an 

" i n t e r p r e t a t i o n "  r e l a t i o n  ~x '  over  ~ x by: f o r  a l l  E l , E 2 in ~ x ,  

El ~x E2 i f  t he re  e x i s t  G 1 and G 2 w i t h  E i = [ G i ]  x ,  i = I ,  2 and 

G1 "~x G2" 
The r e l a t i o n  ~x is  again a p r e - o r d e r .  F u r t h e r  s ince  E l ~x E2 

and E 2 ~x El i m p l i e s  E l = E 2, ~x i s  a n t i - s y m m e t r i c  and t h e r e f o r e  a 

p a r t i a l  o r d e r .  We show in the f o l l o w i n g  t h a t  ( ~ x , ~ x )  and ( ~ x ( G ) , ~ x )  

are d i s t r i b u t i v e  l a t t i c e s .  

Definition 

Let M be a s e t ,  p a r t i a l l y  o rdered under ~. An e lement  z in M 

i s  sa id  to be a g r e a t e s t  lower  bound ( g l b )  o f  the e lements x ,  y in  M, 

denoted by z = x A y ,  i f  Z S X, Z ~ y and z '  ~ z f o r  eve ry  e lement  z'  

in  M s a t i s f y i n g  z '  ~ x and z '  ~ y .  An e lement  z in  M i s  sa id  to be 

a l e a s t  upper bound ( l u b )  o f  the e lements  x ,  y in  M denoted z = z v y 

i f  z ~ x ,  z ~ y and z '  ~ z - f o r  eve ry  e lement  Z' in  M s a t i s f y i n g  z'  ~ x 

and z '  ~ y .  A l a t t i c e  i s  a p a i r  (M ,~ ) ,  where M is  a se t  p a r t i a l l y  

o rdered  under ~ and each p a i r  o f  e lements  of  M have both a glb and an 

lub .  A l a t t i c e  (M,~) is  d i s t r i b u t i v e  i f  

x A (y v Z) : (X ^ y)  V (X A Z) 

holds f o r  a l l  e lements x ,  y and z in  M. 

In the rema inder  o f  t h i s  s e c t i o n  we assume x = s t h r o u g h o u t ,  

t h a t  i s  we on l y  deal w i t h  s t r i c t  i n t e r p r e t a t i o n s .  The i n t e r e s t e d  

reade r  can prove the analogous r e s u l t s  f o r  the o t h e r  i n t e r p r e t a t i o n s .  
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We begin by p rov ing  t ha t  the i n t e r s e c t i o n  o f  two grammar 

f a m i l i e s  is  a grammar f a m i l y .  

Lemma 3.12 

For a l l  grammar forms G 1 and G 2 there  e x i s t s  a grammar form G 

s a t i s f y i n g  ~ s ( G ) :  ~ s ( G I )  n ~ s ( G 2 ) .  

Proof: Let G i = ( V i , 2 i , P i , S i ) ,  i = I ,  2. Cons t ruc t  a grammar form 
G = (V ,S ,P ,S)  as f o l l o w s :  

V = ( ( V I - Z  I )  x (V2-E2))  u (~ i x22 )  
= Z 1 x ~2' 

S = [ S I , S 2 ] ,  and P c o n s i s t s  o f  the f o l l o w i n g  p r o d u c t i o n s :  

f o r  each p roduc t i on  A + X 1 . . .  X n of  P1 

and each p roduc t i on  B ÷ Y1 " ' "  Yn of  P2 

such t h a t  [ X i , Y  i ]  is  in V, 1 ~ i ~ n take the p r o d u c t i o n :  

[A ,B ]  ÷ [X I ,Y  I ]  . . .  [Xn ,Yn]  i n t o  P. 
The c o n d i t i o n  [ X i , Y i ]  in V ensures t h a t  non te rm ina ls  are pa i red  w i th  

non te rm ina ls  and t e r m i n a l s  w i th  t e r m i n a l s .  We now prove t h a t  ~s (G)  

is  indeed equal to ~ s ( G l )  n ~ s ( G 2 ) .  Consider  ~ s ( G ) ! ~ s ( G l  ) n ~ s ( G  ~. 
We show t ha t  G ~ G 1 which imp l i es  by t r a n s i t i v i t y  t ha t  

~ s  (G) ! ~ s ( G l  ) .  Cons ider  a f i n i t e  s u b s t i t u t i o ~  ~ def ined on V~ 

by ~(A) = {A} x (V2-Z2) and ~(a) = {a}  x z2, f o r  each A in V 1 - E l 
and each a in S I .  Observe t h a t  ~(X) n ~(Y) = ~ f o r  X • Y, and 

[ S I , S 2 ]  i s  in ~ ( S l ) .  Let p: [A ,B ]  ÷ [ X I , Y I ]  . .  [Xn ,Yn ]  be an 
a r b i t r a r y  p roduc t i on  of  P. Now Pl : A ÷ X 1 . . .  X n is  in P I '  by con- 

s t r u c t i o n ,  hence p is  in ~(p l  ). There fo re  G ~s GI (~) "  We can prove 

s i m i l a r l y  t h a t  G "~ G 2 hence ~ s ( G )  is  in both ~ s ( G l )  and ~ s ( G 2 ) .  
We tu rn  to the reverse  i n c l u s i o n .  Suppose G' = ( V ' , Z ' , P ' , S ' )  

is  in ~ s ( G l )  n 9 s ( G 2 ) .  There e x i s t  s u b s t i t u t i o n s  ~I and,~2 such 
t h a t  G' - ~ G i ( ~ i ) ,  i = l ,  2. Let  ~ be the s u b s t i t u t i o n  on V de f ined  
by: 

~ ( [ X , Y ] )  = ~ l (X )  n ~2(Y) f o r  a l l  [X ,Y ]  in V. 

Note t ha t  S' is  in ~ ( [ S I , $ 2 ] )  : ~ I ( S l )  n ~2($2) .  Moreover 

~ ( [ X I , Y I ] )  n ~ ( [ X 2 , Y 2 ] )  = ( P l ( X l )  n ~ 2 ( Y I ) )  n (P l (X2 )  n ~2(Y2))  

= ( ~ l ( X l )  n ~ I ( X 2 ) )  n ( v 2 ( Y I )  n ~2(Y2))  = 
f o r  [ X I , Y I ]  , [X2 ,Y2 ] .  

F i n a l l y ,  l e t  p ' :  C + Z 1 . . .  Z n be a p roduc t i on  in P ' ,  then 
by assumpt ion there  are p roduc t i ons  

PI :  A ÷ X 1 . . .  X n in P1 
and 

P2: B ÷ Y1 " ' "  Yn in P2 



such t h a t  p' i s  in  ~ l ( P l  ) n ~2(P2 ) .  Thus, C is  in v I ( A )  n v2(B) and 

Z i is  in V l ( X i )  n v 2 ( Y i ) ,  1 ~ i ~ n. Hence 

p: [A ,B ]  ÷ [X I ,Y  1 ] . . .  [Xn ,Yn ]  is  a p r o d u c t i o n  in P and p' is  in 

V(p) s ince  v ( [ A , B ] )  = v I ( A )  n v2(B) and v ( [ X i , Y i ] )  = ~ l ( X i )  n v 2 ( Y i ) ,  
1 ~ i ~ n. T h e r e f o r e  G' ~s G(~) .  D 

are now in a p o s i t i o n  to prove t h a t  ~ ~ s  and ~s (G)  are We 

d i s t r i b u t i v e  l a t t i c e s .  

Theorem 3.13 

~ ' s  is a d i s t r i b u t i v e  l a t t i c e  under ~s" 

For a l l  grammar forms G, ~ s ( G )  is  a d i s t r i b u t i v e  l a t t i c e  

under s" 

Proof: We w i l l  on l y  prove the f i r s t  s ta tement~  the second f o l l o w s  by 

s i m i l a r  arguments .  

We must f i r s t  show t h a t  ~s  is  a l a t t i c e .  S ince ~s is  

p a r t i a l l y  o rde red  under ~s i t  s u f f i c e s  to show the e x i s t e n c e  o f  a g lb  

and lub f o r  eve ry  p a i r  o f  e q u i v a l e n c e  c l asses  in ~ s .  Le t  E l and E 2 

be two e q u i v a l e n c e  c l a s s e s .  Then E i = [ G i ]  s,  f o r  some grammar form 

Gi :  i = I ,  2. Now by Lemma 3.12 t h e r e  e x i s t s  a grammar form G such 

t h a t  ~ s ( G )  = ~ s ( G l )  n ~ s(G2).  Hence [G] = E~ say, is  a lower  

bound o f  E l and E 2 .  Cons ide r  G' such t h a t  [ G ' ]  = E' is  a l so  a lower  

bound of  E l and E2o We show t h a t  E' ~ E. s 

Now s ince  E' <s E i '  i = I ,  2 we have G' "~ G i = 1 2 
- s i ~ ' " 

Immed ia te l y  ~ s ( G ' ) S  ~ s ( G l )  n ~ s ( G 2 ) ,  t h e r e f o r e  ~ s ( G ' ) S  ~ s(G) 

and [ G ' ]  s ~s [G]s"  Hence [G] s is the g lb  o f  [G I ]  and [G2] .  

Cons ide r  the l e a s t  upper bound. Let  G 1 = ( V I , Z I , P I , S I )  and 

G 2 = (V2 ,S2 ,P2 ,S  I )  where V 1 n V 2 = { S I } .  We may assume G 1 and G 2 
f u l f i l l  these  condi t ions w i t h o u t  any loss  o f  g e n e r a l i t y .  De f i ne  

G = (V ,S ,P ,S )  by:  

V = V 1 u V 2, S = Z 1 u Z 2, P = P1 u P2 and S = S I .  

C l e a r l y  G i "~s G, i= I ,  2. T h e r e f o r e  [ G i ]  s ~s [ G ] s '  i = I ,  2, and 
[G]s is  an upper bound. Cons ide r  a grammar form G' = ( V ' , Z ' , P ' , S ' )  

such t h a t  [ G ' ]  s is  an upper bound o f  [G I ]  s and [G2] s. We show 

[G] s ~ s [ G ' ] s .  Now t h e r e  e x i s t  s u b s t i t u t i o n s  ~I and V2 such t h a t  

Gi ~s G ' ( v i ) '  i = I ,  2. De f i ne  a new s u b s t i t u t i o n  ~ by: f o r  a l l  

X' in  V ' ,  v ( X ' )  = v I ( X ' )  u v 2 ( X ' ) .  We have S 1 in ~ ( S ' )  and f o r  a l l  

X ' ,  Y' in V ' ,  X' • Y' i m p l i e s  
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~ ( X ' )  n v ( Y ' )  = ( ~ I ( X ' )  U ~ 2 ( X ' ) )  n ( ~ I ( Y ' )  u ~ 2 ( Y ' ) )  

= ( ~ l ( X ' )  n ~ I ( Y ' ) )  u ( ~ l ( X ' )  n ~ 2 ( Y ' ) )  u ( ~ 2 ( X ' )  n ~ I ( Y ' ) )  
u ( ~ 2 ( X ' )  n ~ 2 ( Y ' ) )  

= ( ~ l ( X ' )  n ~ 2 ( Y ' ) )  u ( ~ 2 ( X ' )  n ~ I ( Y ' ) ) ,  
s ince  ~ i ( X ' )  n ~ i ( Y ' )  = B when X' # Y' 

= ~ s ince  V 1 n V 2 = {S I} and X' # Y ' .  

F i n a l l y  P = P1 u P2 S ~I (P ' )  u ~2 (P ' )  S ~ ( P ' ) ,  thus G ? G ' (~ )  and 

t h e r e f o r e  [G] s ~s [ G ' ] s  and [G] s is  the lub of  [G I ]  s and [G2] s. 
Consequent ly ,  ~s  is  l a t t i c e  under ~s" I t  remains to show t ha t  i t  is  

d i s t r i b u t i v e .  

Let G i = ( V i , S i , P i , S l ) ,  i = I ,  2, 3 be th ree  grammar forms 
w i th  a common sentence symbol and apar t  from S I ,  pa i rw i se  d i s j o i n t  

a lphabe ts .  There is  again no loss of  g e n e r a l i t y  in t h i s  assumpt ion 

s ince  we are i n t e r e s t e d  in [ G i ]  s. Def ine G : (V ,S ,P ,S)  by: 

V = (V I -Z  I )  × ( (V2-Z 2) u (V3-Z3) )  u (%1 × (~2 u Z3)) 

Z : S 1 x (S 2 u S3), 
S = [ S i , S l ] ,  and P is defined by: 

for each production A ÷ X 1 . . .  X n of Pl 

and each production B ÷ Yl " ' "  Yn of P2 u P3 with [Xi,Y i ]  in V 

take the production [A,B] ÷ [X I ,Y I ]  . . .  [Xn,Yn] into P. 

= ^ ([G2] s v [G3]s) and I t  is readi ly proved that [G] s [Gl] s 

[G]s = ( [Gl ]  s ^ [G2]s) v ( [Gl ]  s ^ [G3]s). Therefore ~s is 
d i s t r i b u t i v e .  D 

Corollary 3.14 

For a r b i t r a r y  grammar forms G 1 and G2: [G I ]  s ^ [G2] s = [G] s, 

where G is  such t h a t  I s ( G )  = ~ s ( G l )  n ~ s ( G 2 ) .  

However the co r respond ing  i m p l i c a t i o n  f o r  v is  not t rue  in 

genera l .  More p r e c i s e l y  i f  G I ,  G 2 and G are such t ha t  

[G I ]  s v [G2] s = [G]s then the s t r o n g e s t  i m p l i c a t i o n  is t ha t  

~ s ( G l )  u ~ s(G2) S ~ s(G) • In f a c t  e q u a l i t y  is  on ly  ob ta ined  when 

e i t h e r  G 1 -~ G 2 or G 2 ~ G I .  Consider  the s imple example 

GI: S ÷ a, G2: S + aa and G: S + a; S ÷ aa, then [G] s = [G I ]  s v [G2] s 
but  G is  not an i n t e r p r e t a t i o n  of  e i t h e r  G 1 or  G 2, hence 

~s(G) • ~ s ( G l )  u ~ s(G2),  Observe t ha t  when G 1 ~s G2 we ob ta in  

[G I ]  s v [G2] s = [G2]s ,  as expected.  
We are now in a p o s i t i o n  to s tudy m i n i m a l i t y ,  which we do 

in the f o l l o w i n g  s e c t i o n .  
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1 1 . 3 . 4  M in ima l  Grammar Forms 

Wi th  the n o t i o n  o f  s t r o n g  form e q u i v a l e n c e  i n  mind we can ask 

f o r  a g i ven  grammar form G w h e t h e r  G i s  the  " s m a l l e s t "  grammar form 

wh ich  g i ves  r i s e  to ~ x ( G ) ,  f o r  some x - i n t e r p r e t a t i o n .  In  t h i s  

s e c t i o n  we demons t ra te  t h a t  t h e r e  i s  an e s s e n t i a l l y  un ique  s m a l l e s t  

grammar form f o r  each grammar f a m i l y ,  modulo s t r o n g  x - f o r m  e q u i v a l e n c e .  

Th is  q u e s t i o n  may, o f  course  be asked f o r  form e q u i v a l e n c e  as w e l l .  

Is  t h e r e  a " s m a l l e s t "  grammar form g e n e r a t i n g  each g rammat ica l  f a m i l y ?  

For example,  S ÷ a g e n e r a t i n g  the f i n i t e  ~ e t s  and S ÷ ~laS g e n e r a t i n g  

the  r e g u l a r  s e t s ,  are s u r e l y  m i n i m a l .  However a p a r t  f rom these s imp le  

cases l i t t l e  seems to be known. 

M i n i m a l i t y  modulo s t r o n g  form e q u i v a l e n c e  i s  t h e r e f o r e  o f  

i n t e r e s t  and,  more so, s i n c e  "the c o n s t r u c t i o n  o f  the min imal  form o f  

a g i ven  form i s  e f f e c t i v e .  

Definition 

A grammar form G is  ( p r o d u c t i o n )  min ima l  i f  t he re  is  no 

grammar form F such t h a t  F m s G and F has fewer  p r o d u c t i o n s  than G. 

S i m i l a r l y  G is  symbol m in ima l  i f  t h e r e  i s  no grammar form F such t h a t  

F m s G and F has f ewer  symbols than G (by fewer  we mean #V F < #VG). 

We say G is  symbol t i g h t  i f  each symbol a p a r t  f rom the sen tence  symbol 

appears in  a p r o d u c t i o n  o f  G. 

We f i r s t  have:  

Theorem 3.15 

For eve ry  grammar form G = ( V , ~ , P , S )  t h e r e  e x i s t s  a p r o d u c t i o n  

m in ima l  grammar form G' = ( V , Z , P ' , S )  s t r o n g l y  s - f o r m  e q u i v a l e n t  to  G 

( s t r o n g l y  g - f o rm  e q u i v a l e n t  to  G) such t h a t  P' ~ P. 

Proof: C l e a r l y  t h e r e  e x i s t s  a t  l e a s t  one min ima l  grammar form 

G" = (V" ,%" P " , S " )  w i t h  G" m G. Now G" i s  an s - i n t e r p r e t a t i o n  o f  G 
' s 

modulo some v ,  t h e r e f o r e  f o r  each p r o d u c t i o n  p" i n  P" l e t  p be a 

p a r t i c u l a r  p r o d u c t i o n  in  P such t h a t  p" i s  in  v (p )  and l e t  P' be the 

se t  o f  a l l  such p r o d u c t i o n s  p. Cons ide r  the  grammar form G' .  G' i s  

a subgrammar o f  G, hence G' "~s G. However by c o n s t r u c t i o n  G" "~s G' 

and by assumpt ion  G ~s G", thus  G' m s G", and because G" i s  m in ima l  

and G' c o n t a i n s  no more p r o d u c t i o n s  then G", G' is  m i n i m a l .  The case 

o f  s t r o n g  g - f o rm  e q u i v a l e n c e  is  proved s i m i l a r l y .  D 
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We now ob ta in  the main theorem f o r  s - i n t e r p r e t a t i o n s .  

Theorem 3.16 

Let G = (V ,Z ,P ,S )  be a grammar form. For every two grammar 

forms F 1 and F 2 which are s - i n t e r p r e t a t i o n s  of  G and are p roduc t i on  

m in ima l ,  symbol t i g h t  and s t r o n g l y  s - fo rm e q u i v a l e n t  to G, F 1 and F 2 
are i somorph ic .  

Proof: Let F i = ( V i , % i , P i , S i ) ,  i = I ,  2 be two a r b i t r a r y  p roduc t i on  
m in ima l ,  symbol t i g h t ,  s t r o n g l y  s - fo rm e q u i v a l e n t  grammar forms o f  G. 

C l e a r l y  F 1 m s F 2. The re fo re  there  e x i s t s  V 2 such t ha t  F 1 "~s F2(~2)" 

C l e a r l y  P1 ~ ~2(P2 )" Since F 1 is  symbol t i g h t  every symbol X 1 in V 1 

apa r t  from S 1 appears in some p roduc t i on  in P I '  t h a t  i s ,  X 1 is  the 

image o f  some X 2 in V 2 under ~2" f o r  a l l  X 1 in V I .  Now observe t h a t  
~2(X) , ~, f o r  a l l  X in V 2. Otherwise a l l  p roduc t i ons  i n v o l v i n g  X 

could be removed from P2 y i e l d i n g  a grammar form s t r o n g l y  s - fo rm 

e q u i v a l e n t  to F 1 but  having fewer p r o d u c t i o n s ,  a c o n t r a d i c t i o n .  

Since ~2(X) n ~2(Y) = ~ f o r  a l l  X * Y in V 2 we have 

#V 2 ~ #V I .  S i m i l a r l y  there  e x i s t s  ~ I '  such t ha t  F 2 ~ F I ( ~ 2 ) .  By 

CV 2 Hence #V 1 = #V 2 There fo re  ~2 is an s i m i l a r  arguments #V 1 ~_ . 

isomorphism and Vl = ~2 Q 

We now extend t h i s  r e s u l t  to g - i n t e r p r e t a t i o n s .  In t h i s  case, 

e s s e n t i a l l y  unique is  pseudo- isomorph ism,  r a t h e r  than isomorphism. 

Definition 

Let G i = ( V i , S i , P i , S  i )  i : I ,  2 be two grammar forms.  Then 
G 1 and G 2 are pseudo- i somorph ic  w i th  respec t  to Pl and ~2 '  where 

G 1 "~g G2(~ 2) and G2" ~ GI(~ I ) ,  i f :  

( i )  ~1: Vl - Zl + V2 - ~2'  ~ 2 : V 2  Z2 ÷ V1 - El are s u r j e c t i o n s  and 
- l  

~2 = Vl on t h i s  r e s t r i c t e d  domain, and 

( i i )  ~ I :  P1 ÷ P2 de f ined  by ~ l ( p )  = ~ l ( p )  n P2 f o r  a l l  p in 
P I '  and ~2 de f ined  ana logous ly  are s u r j e c t i o n s .  Fu r t he r  

----I  
~2 : ~1 

We say G 1 and G 2 are pseudo- isomorph ic  i f  t he re  are s u b s t i t u t i o n s  

~I and ~2 such t h a t  G 1 and G 2 are pseudo- isomorph ic  w i th  respec t  to 

~I and v2" 
Let G i = ( V i , Z i , P i , S i ) ,  i = I ,  2 be two grammar forms w i th  

G 2 "~ G I ( ~ I )  and ~I de f ined  as above. We say ~I is  ~erminal  word 
p r e s e r v i n  B i f :  
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f o r  each p r o d u c t i o n  p: A + xoA 1 . . .  AnX n in  P1 (n=O is  i n t e r p r e t e d  

as A ÷ x O) ~ l ( p )  has the form B ÷ YoBl . . .  BnY n where x i = >, i f f  

y i  = ~, 0 _< i _< n. 
C o n d i t i o n  ( i )  in the d e f i n i t i o n  means t h a t  the n o n t e r m i n a l s  

o f  G 1 and G 2 are i somprph i c .  Cond i t i on  ( i i )  on the  o t h e r  hand i m p l i e s  

t h a t  P1 and P2 are a lmos t  i somorph i c .  When c o n d i t i o n  ( i )  holds f o r  

both t e r m i n a l s  and n o n t e r m i n a l s  o f  G 1 and G2, c o n d i t i o n  ( i i )  i s  

c l e a r l y  s a t i s f i e d  as in  Theorem 3.16 f o r  s - i n t e r p r e t a t i o n s .  Let  us 

cons ide r  two examples o f  pseudo- isomorph ism.  

Example 3.1 

Let  G 1 and G 2 be de f i ned  by the p r o d u c t i o n s :  

GI: A ÷ abAaa; A ÷ a 

G2: S ÷ aSb; S + aba 

C l e a r l y  G 1 "~g G2(~ 2) and 8 2 "  ~ Gl (~  I )  where: 

~ I (A)  = S; ~ l ( a )  = { k , a , b , a b a }  and ~ l ( b )  = { ~ } ;  

~2(S) = A; ~ 2 ( a )  = {~ ,ab }  and ~2(b) = { a , a a } .  
Hence c o n d i t i o n  ( i )  i s  s a t i s f i e d .  F u r t h e r  

~ I (A  ÷ abAaa) = S ÷ aSb; ~ I (A  ÷ a) = S ÷ aba; and 

~2(S ÷ aSb) = A + abAaa; ~2(S ÷ aba) : A ÷ a 

t h e r e f o r e  ~I and ~2 f u l f i l l  c o n d i t i o n  ( i i )  and G 1 and G 2 are pseudo- 

i somorph i c .  Note t h a t  they  are not  i somorph i c .  

Example 3.2 

Let  G 1 and G 2 be de f i ned  by the p r o d u c t i o n s :  

GI: S + aS; S ÷ bS~ and 

G2: S ÷ abS; S ÷ baS 

Then l e t t i n g  ~ l ( a )  = { a b } ,  ~ l ( b )  = {ba} and ~ I (S )  = S, G 2 " ~ G I ( ~  I )  

and l e t t i n g  ~2(a)  = { a , b ] ,  ~2(b) = {~} and ~2(S) = S we have 

G 1 ~ G2(~2).  However ~ I (S ÷ aS) = S ~ abS; ~ I (S  ÷ bS) = S ÷ baS; 

but  52(S + abS) = {S ÷ aS, S ÷ bS} and ~2(S + baS) : {S ÷ aS; S ÷ bS} 

hence ~2 is  not  l : l  onto and c o n d i t i o n  ( i i )  does not ho ld .  Moreover 

t he re  is  no ~2 such t h a t  ~2 f u l f i l l s  c o n d i t i o n  ( i i )  s i nce  

~2(ab) = ~2(a)~2(b)  = ~2(b )~2(a )  = ~2(ba) in  t h i s  s i t u a t i o n .  
Before  t u r n i n g  to the main theorem o f  t h i s  s e c t i o n ,  we need 

the f o l l o w i n g  s t r a i g h t f o r w a r d  r e s u l t .  

Lemma 3.1 7 

Let  G i = ( V i , ~ i , P i , S i ) ,  1 = I ,  2 be two pseudo- i somorph ic  grammar 

forms w i th  r espec t  to iJ 1 and !~ 2, then ~I and ~2 are terminal word preserving. 
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Proof: Since G 1 and G 2 are pseudo- isomorph ic  w i th  respec t  to Vl and 

~2 , the  n ~ l =  ~2" I f  ~l is  not t e rm ina l  word p r e s e r v i n g ,  then there  

is  a p r o d u c t i o n :  

p: A O ÷ XoA l . . .  AnX n in Pl 
and i t s  co r respond ing  p roduc t i on  

q: B 0 + YoBl , . .  BnY n in P2 
such tha t  ~ l ( p )  = q and there  is an x i # ~, Yi = ~ f o r  some i ,  O ~ i ~ n. 

- - I  
In which case Vl (q) = ~2 (q) ~ p '  s ince f o r  any s u b s t i t u t i o n  v, v (~)  

= {~ } .  This is  a c o n t r a d i c t i o n ,  t h e r e f o r e  ~l is  te rm ina l  word 

p r e s e r v i n g .  S i m i l a r l y  ~2 is  t e rm ina l  word p r e s e r v i n g .  D 

We now have: 

Theorem 3.18 

Let G l and G 2 be two symbol t i g h t ,  m in ima l ,  s t rong  g- form 

e q u i v a l e n t  grammar forms w i th  G 2 "~ G I ( ~ I )  and G 1 ~ G2(~2).  Then G 1 and 
G 2 are pseudo- isomorph ic  w i th  respec t  to Vl and v2" 

Proof: That c o n d i t i o n  ( i )  o f  pseudo- isomorphism holds f o l l ows  in a 

s i m i l a r  manner to the p roo f  of  Theorem 3.16,  except  on ly  non te rm ina ls  

are cons idered .  I t  remains to show c o n d i t i o n  ( i i )  ho lds.  Let 
P2 P1 

G i = ( V i , ~ i , P i , S i ) ,  i = I ,  2. Def ine ~ I :  P! ÷ 2 and ~ 2 : P 2  ÷ 2 by: 

~ l ( p )  = ~ l ( p )  n P2 fo r  a l l  p in P l '  and ~2(p) = ~2(p) n Pl f o r  a l l  p 

in P2" Now ~ ~ ~l (p) = P2 and ~ 52 (p) ~ P l '  s ince 
p in P p in P2 

G2 4:3 G l ( ~ l )  and G l "~a G2(v2)" Suppose ~ l ( p )  = ~ f o r  some p in Pl 

= "~ G l ,  G 2 Gp(~ I )  and Consider  Gp ( V I , ~ I , P I - { P } , S I ) .  Now Gp g . "~ 

G l "~ G2(~ 2) hence Gp is  s t r o n g l y  g- form e q u i v a l e n t  to G l and has 

fewer p roduc t i ons  than G l ,  a c o n t r a d i c t i o n .  Hence ~ l ( p )  m ~ f o r  each 

p in Pl" I t  now s u f f i c e s  to show t h a t  #~ l (p )  = l f o r  each p in Pl" 

Number the p roduc t i ons  of  Pl as p = Pl . . . . .  Pn" Def ine subsets  

M l ,  M 2 . . . .  o f  P2 r e c u r s i v e l y  by: 

M 1 : ~ (p l  ) and 

Mi+ 1 = M i u ~ l ( P i + l  ) ,  f o r  i ~ I .  
n 

Since #PI = #P2' P2 = ~ ~ I ( P j ) ,  Mj S Mj+ 1 f o r  each j < n, and 
#M 1 ~ 2 i t  f o l l o w s  tha t  Mi+ 1 = M i f o r  some i < n. Hence 

G = ( V l , ~ l , P l - { P i + l } , S  I )  i s  a lso  p roduc t i on  m in ima l ;  a c o n t r a d i c t i o n .  
P i+ l  
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Therefore ~l is su r jec t i ve .  Analogously ~2 is su r jec t i ve .  I t  remains 
=-I 

to show that ~2 = ~1 

Consider ~i~2 defined by ~l~2(p) = ~ l (~2(p))  for  a l l  p in P2" 

I t  suf f ices to prove ~lU2 is the i d e n t i t y  map on P2" Assume otherwise, 

that is there exists p in P2 such that ~l~2(p) = q and p , q. Now for  

nonterminals ~l and ~2 are sur jec t i ve  and ~2 = ~l l ,  therefore l e t t i n g  

p be A 0 ÷ xIA l . . .  AnX n, n ~ 0 then q is A 0 ÷ YoAl . . .  AnY n for  

some Y i '  0 ~ i ~ n. Moreover q is in ~ l (~2(p))  therefore Yi * ~ 

implies x i • ~, 0 ~ i ~ n. Consider Gq =(V2,E2,P2-{q},S2). As above 
G can be shown to be production minima ~} and strongly g-form equivalent q 
to G 2, giving a cont rad ic t ion.  D 
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11.4 Normal Form, C losure  and C h a r a c t e r i z a t i o n  Resu l t s  

Normal forms have always been a c e n t r a l  t o p i c  in  the s tudy  o f  

grammars and t h e i r  languages.  Grammar forms not on ly  enable the no t i on  

o f  normal form to be made r i g o r o u s  but  a l so  a l l o w  i t s  g e n e r a l i z a t i o n  

in  a n a t u r a l  way. Let  G be a grammar form f o r  which ~ s ( G , ~ )  = ~ ( C F ) ,  

then any grammar F i s  sa id  to be in G-normal form i f  F ~ G. We 

c o n s i d e r  a r e s t r i c t e d  v e r s i o n  o f  t h i s  no t i on  in  which G i s  a two- 

symbol form. We are ab le  to prove a super -normal  form theorem f o r  

c o n t e x t - f r e e  grammars and grammar fo rms,  which i n c l u d e s  Chomsky Normal 

Form and Greibach two -s tanda rd  form as s p e c i a l  cases.  Th is  we do in  

Sec t i on  4 .1 ,  where we a l so  d e r i v e  o t h e r  r e d u c t i o n  r e s u l t s .  

In Sec t ion  4.2 we demonst ra te  t h a t  aK~(G,~) is  a f u l l  semi-AFL 

f o r  every  i n f i n i t e  G and demonst ra te  t h a t  ~ s ~ G , ~  ) i s  in  the wors t  

case on ly  c losed  under i n t e r s e c t i o n  w i t h  r e g u l a r  sets  and d f l -  

s u b s t i t u t i o n s ,  Some f u r t h e r  s p e c i a l i z e d  c l o s u r e  p r o p e r t i e s  are to 

be found in  Sec t ion  6 .1 .  

F i n a l l y  in Sec t ion  4.3 t h r e e  r e s u l t s  are p roved :  f o r  every  

i n f i n i t e  G, =~'g(G,~) i s  a f u l l  p r i n c i p a l  semi-AFL, eve ry  g -g rammat ica l  

f a m i l y  a p a r t  f rom the f i n i t e  se ts  i s  s -g rammat i ca l  and we c h a r a c t e r i z e  

those grammar forms G f o r  which ~ s ( G , ~ )  = ~ (REG)  or 6~ (L IN ) .  

11.4.1 Reduct ion Resu l t s  

In o rde r  to prove t h a t  each g -g rammat i ca l  f a m i l y  i s  a f u l l  p r i n -  

c i p a l  semi-AFL, i t  i s  conven ien t  to f i r s t  d e r i v e  some s p e c i f i c  normal 

form theorems f o r  grammar forms under both g- and s - i n t e r p r e t a t i o n s .  

Most o f  t hese ,  which are o f  i n t e r e s t  in  t h e i r  own r i g h t ,  are s t a t ed  

only for s-interpretations since i f  ~'~' (GI,~) = ,~s(G2,~) then by 
Corollary 1.2, ~g(Gl,~ ) = ~g(G2,~ ) that is s-form equivalence 
implies g-form equivalence. Our f i r s t  result is stated without proof. 

Proposition 4.1 

For every grammar form G there exists an s-form equivalent 
grammar form G l which is reduced. 

Simply  d i s c a r d  from G the use less  t e r m i n a l s ,  n o n t e r m i n a l s  and 

p roduc t i ons  to g i ve  the reduced grammar form G I .  

Reca l l  t h a t  a s i n g l  e p r o d u c t i o n  is  a p r o d u c t i o n  o f  type A ÷ B. 

We say a grammar i s  s i n g l e - f r e e  i f  i t  has no s i n g l e  p r o d u c t i o n s .  
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Theorem 4.2 

For every  grammar form G = ( ~ , ~ , P , S )  the re  e x i s t s  a s i n g l e - f r e e  

s - f o rm  e q u i v a l e n t  grammar form G 1 = ( V , % , P I , S ) .  

Proof: We c a r r y  out  the s tandard  c o n s t r u c t i o n  to remove s i n g l e  pro-  

d u c t i o n s .  Wi thout  loss  o f  g e n e r a l i t y  assume G is  reduced.  For each 

A in  V-£, l e t  s(A) = {B: A + B by way of  s i n g l e  p r o d u c t i o n s } .  C l e a r l y  

G i s  s i n g l e - f r e e  i f  f o r  a l l  A in V-Z, s(A) = 9. In t h i s  case G 1 i s  

i d e n t i f i e d  w i t h  G. Otherw ise  c o n s t r u c t  G 2 = (V ,Z ,P2 ,S)  where 

P2 = P u {A + ~: B i s  in  s(A) and B ÷ B is  in  P}. By C o r o l l a r y  2 .10,  

, ~ s ( G 2 , ~ )  = ~ s ( G , ~ ) .  Now l e t t i n g  P1 = P2 - (V x V ) , ~ 7 * s ( G l , ~ ) S ~ s ( G 2 , ~  ) .  

I t  remains to show t h a t  ~ s ( G 2 , ~ )  £ . ~ s ( G l , ~ ) .  

Cons ider  G~ = ( V ' , Z ' , P ~ , S ' ) ' ~ s  G2(~).  I t  s u f f i c e s  to e x h i b i t  

an s - i n t e r p r e t a t i o n  G~ o f  G 1 w i t h  L(G~,~) = L (G~,=) .  We can assume 

t h a t  f o r  a l l  A ' ,  B' in  V ' - Z '  w i t h  B' in  s ( A ' )  t h a t  A' ÷ B' i s  in  P~ 

f o r  a l l  ~' such t h a t  B' ÷ B' i s  in  P~. This  f o l l o w s  by the d e f i n i t i o n  

o f  G 2 and by C o r o l l a r y  2.10 f o r  grammars r a t h e r  than grammar forms.  

Cons t ruc t  G~ = ( V ' , Z ' , P ~ , S ' )  by t a k i n g  P~ = P~ - (V' x V ' ) .  That 

L(G~,~) = L(G~,~) i s  a s tandard  r e s u l t .  

Reca l l  t h a t  a grammar ( fo rm)  is  ~ - f r e e  i f  no p r o d u c t i o n  in the 

grammar has the empty word on i t s  r i g h t  hand s i d e .  

Theorem 4.3 

Let  G = (V ,Z ,P ,S )  be a n o n t r i v i a ]  grammar form. Then the re  

e x i s t s  a grammar form H such t h a t  H is  ~ - f r e e  and H is  s - fo rm equ i va -  

l e n t  to G. 

Pr~gf: Since G i s  n o n t r i v i a l  L(G,~)  con ta i ns  at  l e a s t  one non-empty 

word. Th is  enables the s tandard  c o n s t r u c t i o n  to be c a r r i e d  out .  

F i r s t  d e f i n e  a s u b s t i t u t i o n  T on V* by: 

T(a)  = a, f o r  a l l  a in  Z, 

T(A) = e i t h e r  {A ,~ }  i f  A ~+ ~ in  G 

or {A} o t h e r w i s e .  

Cons ider  F = (V ,Z ,PF,S)  d e f i n e d  by: 

PF = {A + ~: A+ ~ i s  in  P and ~ i s  in  T(a)  }. 

By C o r o l l a r y  2.10 , ~ s ( F , ~ )  = , ~ s ( G , ~ ) .  

Second, c o n s i d e r  H = (V,Z,PH,S)  de f i ned  by: 

PH = P F  - (V × { h } ) .  
Since H is  a subgrammar of  F i t  i s  c l e a r  t h a t  ~ s ( H , ~ )  ~ ~ s ( F , ~ ) .  
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We now show t h a t  ~ s ( G , ~ )  S~J~s(H,~) comp le t ing  the p roo f .  

Cons ider  an a r b i t r a r y  i n t e r p r e t a t i o n  G' "~s G(V),  where G' = ( V ' , S ' , P ' , S ' ) .  

I t  i s  s u f f i c i e n t  to c o n s t r u c t  an i n t e r p r e t a t i o n  H' " ~ H ( v )  With s 
k ( H ' , ~ )  = L ( G ' , ~ ) .  

However the c o n s t r u c t i o n  d e t a i l e d  above to ob ta in  H from G is  

the s tandard  ~- removal  c o n s t r u c t i o n .  S ince ,  under s - i n t e r p r e t a t i o n ,  

A' ~+ ~ in  G' on ly  i f  v - I ( A ' )  ~+ h in  G, then we can de f i ne  %', 

giving F''~s F with L(F' ,~) : L(G',~).  Now H' "~s H, since 

PH' = PF' - (V' × {h}) and L(H',~) = L(G',~) by standard techniques. D 

( i )  

( i i )  

( i i i )  

( i v )  

We say that G = (V,~,P,S) is c-reduced i f  i t  is :  

reduced, 

h- f ree,  

s ing le - f ree ,  and 

for  a l l  A in V-E, A # S, there ex is ts  a production A ÷ xAy 

in P such that xy • h. 

Lemma 4.4 

Each n o n t r i v i a l  grammar form G = (V ,~ ,P ,S )  has an s - fo rm 

e q u i v a l e n t  c - reduced grammar form H. 

Proof: We may assume G i s  reduced,  ~ - f r e e  and s i n g l e - f r e e .  A in V-Z 

is  sa id  to be p a r t i a l ]  ¥ se l f - embedd in9  in G, i f  e i t h e r  A = S or t he re  

e x i s t s  x and y ,  xy • ~ such t h a t  A ~+ xAy. 

Assume each non te rm ina l  A • S i s  p a r t i a l l y  s e l f - e m b e d d i n g ,  then 

the re  is  a d e r i v a t i o n  A ~+ xAy w i t h  xy # ~ and by C o r o l l a r y  2.10 we 

can assume A ÷ xAy is  in  P w i t h o u t  any loss  o f  g e n e r a l i t y .  In t h i s  

case take  H to be equal to G. 

Otherw ise  suppose t h a t  t he re  are k > 0 n o n t e r m i n a l s  which are 

n o n - p a r t i a l l y  s e l f - e m b e d d i n g .  Car ry  out  an i t e r a t i v e  c o n s t r u c t i o n  

based on the number o f  n o n - p a r t i a l l y  se l f - embedd ing  n o n t e r m i n a l s .  

Cons ider  G 1 = ( V I , ~ , P I , S )  d e f i n e d  as f o l l o w s :  

V 1 = V - { A } ,  where A is  a n o n - p a r t i a l l y  se l f - embedd ing  n o n t e r m i n a l ,  

and 

P1 = {B ÷ ~: B ÷ ~ i s  in  P, B # A, and ~ i s  ob ta ined  from 

by r e p l a c i n g  each occur rence  o f  A in B by some 

word in  r ( A ) } ,  

where r (A )  = {a :  A ÷ a is  in  P}.  

C l e a r l y  G s i m u l a t e s  G I ,  t h e r e f o r e , ~ s ( G  I , ~ )  ~ ~ ( G , ~ ) .  That 

c ( G I , ~  ) ~ 's (G,~)  _~-w~ s follows from the b a c k - s u b s t i t u t i o n  lemma Lemma 2.12.  

Note t h a t  G 1 i s  reduced i f  G i s  reduced,  G 1 i s  h - f r e e  and G 1 i s  s i n g l e -  
f r e e .  
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F u r t h e r ,  G 1 has k - I  n o n - p a r t i a l l y  s e l f - e m b e d d i n g  n o n t e r m i n a l s .  

T h e r e f o r e ,  i t e r a t e  the c o n s t r u c t i o n  k t imes to  o b t a i n  G k a l l  o f  whose 

n o n t e r m i n a l s  are p a r t i a l l y  s e l f - e m b e d d i n g .  Let  H be G k to comple te  

the  lemma. 

A grammar G = ( V , Z , P , S )  i s  s e q u e n t i a l  i f  i t s  n o n t e r m i n a l s  can 

be numbered S = A l . . . . .  A n , so t h a t  A i ÷ aAj~ be longs  to P i m p l i e s  

i ~ j .  

We say G is  s - reduced  i f  i t  both c - reduced  and s e q u e n t i a l .  

I t  i s  w e l l  known t h a t  not  a l l  c o n t e x t - f r e e  languages are 

s e q u e n t i a l  ( t h a t  i s ,  can be genera ted  by a s e q u e n t i a l  grammar).  The 

language genera ted  by the grammar G, d e f i n e d  by the p r o d u c t i o n s :  

S ÷ aAa; S ÷ 

A ÷ aAa; A ÷ bBb 

B ÷ aBa; B ÷ bSb 

i s  an example o f  such a n o n - s e q u e n t i a l  l anguage .  

Under the  two i n t e r p r e t a t i o n  mechanisms we are d i s c u s s i n g  we 

c o n s i d e r  whe the r  each g- or  s - g r a m m a t i c a l  f a m i l y  i s  s e q u e n t i a l ,  t h a t  

i s ,  gene ra ted  by a s e q u e n t i a l  grammar form.  Our f i r s t  r e s u l t ,  f o r  

s - i n t e r p r e t a t i o n s  is  n e g a t i v e ,  w h i l e  our  second,  f o r  g - i n t e r p r e t a t i o n s  

is  p o s i t i v e .  

Theorem 4.5 

Let G be d e f i n e d  by the p r o d u c t i o n s :  

S ~ baAab; S ÷ bacadedacab 

A ÷ aAa; A ÷ caBac 

A ÷ aAa; A ÷ caBac 

B ÷ aBa; B ÷ dSd 

Then Q~'s(G,~) i s  no t  a s e q u e n t i a l  s - g r a m m a t i c a l  f a m i l y .  

Proof: F i r s t  no te  t h a t  L (G,~ )  = { x e m i ( x ) ;  x i s  in  ( b a + c a + d ) * b a c a d } .  

I t  i s  s t r a i g h t f o r w a r d  us i ng  a r e s u l t  due to Shamir to demons t ra te  

t h a t  L (G,~)  i s  no t  s e q u e n t i a l .  Second, observe t h a t  every  word in  

in  , ~ ' s ( G ~ )  has at  l e a s t  5 d i s t i n c t  symbols .  Th is  eve ry  language 

f o l l o w s  from the f a c t  t h a t  the  o n l y  t e r m i n a t i n g  p r o d u c t i o n  

S ÷ bacadedacab,  c o n t a i n s  each symbol o f  L (G,~)  a t  l e a s t  once. T h i r d ,  

observe t h a t  i f  L i s  i n  :<~s(G,~) and L S { a , b , c , d , e } *  then t h e r e  

e x i s t s  a p e r m u t a t i o n  ~ o f  the symbols a, b, c,  d, e such t h a t  

L ~ ~ ( L ( G , ~ ) )  

where ~ ( L ( G , ~ ) )  denotes the  language  o b t a i n e d  from L(G,~)  by a p p l y i n g  
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the pe rmu ta t i on  ~ to a l l  i t s  words.  The v a l i d i t y  o f  t h i s  o b s e r v a t i o n  

f o l l o w s  by examin ing  the p r o d u c t i o n s  o f  G. Since L = L ( G ' , ~ )  f o r  some 

G' "~s G, each o f  the symbols a, b, c, d, e in  L must be an i n t e r p r e t a -  

t i o n  o f  e x a c t l y  one o f  the symbols a, b, c, d, e in the a lphabe t  of  

G. The i n c l u s i o n ,  L c ~ ( L ( G , ~ ) )  now f o l l o w s  because d e r i v a t i o n s  in 

G' must f o l l o w  the same p a t t e r n  as those accord ing  to G, t h a t  i s  an 

i n t e r p r e t a t i o n  o f  S y i e l d s  t h a t  o f  A, wh ich ,  in  t u r n ,  y i e l d s  t h a t  o f  

B, a f t e r  which we r e t u r n  to an i n t e r p r e t a t i o n  o f  S. 

We now e s t a b l i s h  the Theorem by c o n t r a d i c t i o n .  Assume the re  

i s  a grammar form F, which is  s e q u e n t i a l  and s - f o rm  e q u i v a l e n t  to G. 

There i s  an F' ~s F(v )  such t h a t  F' i s  reduced and L ( F ' , ~ )  = L (G ,~ ) .  

Let  F 1 be the s m a l l e s t  subgrammar o f  F such t h a t  F' "~s F I ( P ) '  t h a t  i s  

every  p r o d u c t i o n  o f  F 1 i s  used in  d e f i n i n g  some p r o d u c t i o n  in  F' 

Immed ia te l y  i t  f o l l o w s  t h a t  the t e r m i n a l  a l phabe t  o f  F 1 c o n s i s t s  of  a t  

most 5 symbols .  Since each L in ~;#'s(G,~) has at  l e a s t  5 symbols ,  F 1 
has e x a c t l y  5 t e r m i n a l  symbols.  Rename the t e r m i n a l  a l phabe t  o f  F 1 

w i t h o u t  changing i t s  g e n e r a t i v e  c a p a c i t y ,  in such a way t h a t  v becomes 

the i d e n t i t y  on { a , b , c , d , e }  and i s  everywhere e l se  unchanged. Hence 

L(G,~) = L ( F ' , ~ )  £ L ( F I , ~ ) .  Since L £ ~ ( L ( G , ~ ) )  f o r  a l l  L S { a , b , c , d , e } *  

and L i n ~ s ( G , ~ ) ,  we have L ( F I , ~ )  = L ( F ' , ~ ) .  F i n a l l y ,  s ince  F is  

s e q u e n t i a l  so is  F I ,  thus L(G,~)  i s  s e q u e n t i a l ,  a c o n t r a d i c t i o n ,  D 

However under g - i n t e r p r e t a t i o n  we can ob ta i n  a s e q u e n t i a l  

g - fo rm e q u i v a l e n t  grammar form when g iven  an a r b i t r a r y  grammar form. 

Theorem 4.6 

Let  G = (V ,E ,P ,S )  be a grammar form. 

e q u i v a l e n t  grammar form H which i s  s - reduced .  
There e x i s t s  a g- form 

Proof: By p rev ious  r e s u l t s  we can assume G i s  c - reduced .  Def ine  a 
r e l a t i o n  ~ on V-% by: 

A ~ B i f  A ~+ alB~ 1 and B ~+ a2A~2 , 

f o r  some ~ i "  ~ i '  i = I ,  2. 

C l e a r l y  ~ is  an e q u i v a l e n c e  r e l a t i o n  o f  f i n i t e  i ndex .  Let  [A ]  denote 

the e q u i v a l e n c e  c lass  o f  A and X[A ] be a d i s t i n g u i s h e d  e lement  o f  [A ]  

w i t h  X[S ] = S. Let  V = { X [ A ] :  A is  in V-E} .  Def ine a grammar form 

H = (VH,E,PH,S) as f o l l o w s :  V H = ~ u E and PH is  ob ta ined  by r e p l a c i n g  

eve ry  non te rm ina l  in eve ry  p r o d u c t i o n  o f  P by i t s  co r respond ing  d i s -  
t i n g u i s h e d  e lement .  

I m m e d i a t e l y  G "4 H, and in  f a c t  G ~s H. Hence 

• ~ g ( a , ~ )  £ ~ g ( H , ~ )  an~ ~ s ( G , ~ )  £ o(~Ds(H,~) • 
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Cons ider  the converse i n c l u s i o n  f o r  g - i n t e r p r e t a t i o n s .  Def ine  

a new grammar form F = (V,Z,P u {A ÷ B: A • B and A ~ B } , S ) .  F simu- 

l a t e s  H, t h e r e f o r e  ~ g ( H , ~ )  S ~ g ( F , ~ ) .  We need to show t h a t  

~ g ( F , ~ )  S ~ ' g ( G , ~ )  to complete the p roo f .  

Since f o r  each A, B in V-E w i t h  A • B and A ~ B the re  are 

d e r i v a t i o n s  A ~+ alBBI and B ~+ a2A~2 in G, f o r  some ~ i '  B i '  i = I ,  2, 

t he re  are d e r i v a t i o n s  A ~+ UlBV l and B ~+ u2Av 2 in G, f o r  some u i ,  

v i in Z*,  i = I ,  2. Hence we can assume A ÷ UlBV 1 and B + u2Av 2 are 

in P by C o r o l l a r y  2.10.  Hence F ~g G and =<~g(F,~) E ~ g ( G , ~ ) .  D 

We now prepare the way f o r  demons t ra t i ng  t h a t  l e f t  r e c u r s i o n  

may be removed from a grammar form w i t h o u t  d i s t u r b i n g  i t s  grammat ica l  

f a m i l y .  This  r e s u l t  w i l l  then be used l a t e r  to d e r i v e  a super -normal  

form r e s u l t .  

Lemma 4.7 

Let G = (V ,Z ,P ,S )  be a grammar form and A + ~iBa2 a p roduc t i on  

in P, where B i s  a non te rm ina l  in V-E. Then G 1 = ( V , Z , P I , S ) ,  where 

P1 = (P - {A ÷ ~iBa2 } )  u {A + ~IB~2: B + B i s  in P},  is  s - fo rm 

e q u i v a l e n t  to G. 

Proof: Observe t h a t  G s i m u l a t e s  G I ,  hence we have i m m e d i a t e l y  t h a t  

• ~ s ( G l  ,~) S c<~Ss(G,~) . C o n v e r s e l y ,  g iven an a r b i t r a r y  i n t e r p r e t a t i o n  

G' -4s G i t  i s  s t r a i g h t f o r w a r d  to c o n s t r u c t  G~ ~s G l such t h a t  

L ( G ' , ~ )  = L(G~,~) by the co r respond ing  s tandard  r e s u l t  f o r  grammars. 

Hence the lemma f o l l o w s .  

We a lso  need: 

Lemma 4, 8 

Let G = (V ,Z ,P ,S )  be a c - reduced grammar form and A a non- 

t e r m i n a l  in V. Let  the A - p r o d u c t i o n s  in P be denoted by: 

a ÷ A~II  . . .  I A ~ r I ~ l l  . . .  I~ s, 
where the ~ i  do not  begin w i t h  an A. Cons t ruc t  G 1 = ( V I , ~ , P I , S )  

where V 1 = V u {X } ,  X a new non te rm ina l  and P1 i s  the same as P except  

t h a t  the A - p r o d u c t i o n s  are rep laced  by the p r o d u c t i o n s :  

a ÷ E l i  . . .  I ~ s I B i x  I . . .  IBsX 

x ÷ ~ l l - - .  I~ r l~ lX l  " ' "  l a r X "  

Then ~ s ( G l , ~ )  : ~ s ( G , ~ ) .  
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Proof: F i r s t  observe t h a t  we cannot use s i m u l a t i o n  techn iques  to prove 

t h i s  lemma s ince  we have i n t e r changed  l e f t  l i n e a r  p roduc t i ons  w i t h  

r i g h t  l i n e a r  ones. 

Claim I= ,<~s(G,~) ~ ~ s ( G l , ~ ) .  
Consider an a r b i t r a r y  i n te rp re ta t i on  G' ~ G(v), where 

G' = ( V ' , ~ ' , P ' , S ' )  and v(A) = {A l . . . . .  At} say. We may assume that 

G' is reduced since G is reduced. Construct a grammar G~ = (V~,E' ,P' ,S')  

where V~ = V' u { A I J ) :  1 ~ i ,  j ~ t }  and the A IJ )  are new n o n t e r m i n a l s .  

Def ine P~ to be the same as P' except  f o r  the images o f  A - p r o d u c t i o n s ,  

which are rep laced  by the f o l l o w i n g  p r o d u c t i o n s :  

( i  i f  A i ÷ ~' i s  in  P' then take  A i ÷ B' i n t o  P~, 

A.m' i s  in  P' then take A (k)  ÷ a ' A l  k) i n t o  P~, ( i i  i f  A i ÷ J j 
f o r  a l l  k, 1 ~ k ~ t 

Aj~ ( i )  ÷ ~, i n t o  P~, ( i i i  i f  A i ÷ ' i s  in  P' then take Aj 

( i v )  i f  Aj ÷ B' i s  in P' and A i ~+ Aj , then take 

A i)J intoP . 
This is essen t ia l l y  the standard l e f t  l i near  to r igh t  l i near  grammar 

construct ion, modified to take into account the fact  that any one of 

the A i may be the s ta r t i ng  symbol. Hence we keep track of which A i 

began the der ivat ion in G by use of the superscript i .  We claim that 

L(G~,~) = L ( G ' , ~ ) .  

Cons ider  an a r b i t r a r y  G ' - d e r i v a t i o n  f o r  x in  ~ ' * ,  

S ~ * x .  

Either no A i ,  l ~ i ~ t occurs in th is  der iva t ion ,  in which case 

xin 
since a l l  productions in P' which are not images of A-productions are 

taken unchanged into P~ or some A i occurs in the der iva t ion.  In th is  

l a t t e r  case consider the f i r s t  appearance of an A{, l ~ i ~ t ,  

S ~* uA. a. ~* x in G' .  
1 0 1 0 

Now t h i s  A i y i e l d s ,  v i a  images o f  A - p r o d u c t i o n s  o f  the type A ÷ A~j ,  
0 

a sequence o f  A k symbols ,  1 ~ k ~ t t e r m i n a t e d  by the a p p l i c a t i o n  o f  

the image of  an A - p r o d u c t i o n  o f  the type A ÷ B~. We w r i t e  t h i s  as: 

sk   Ai0 iokuA  . k k uA i . . . .  

' l  I I  10 " ' "  m-1 Im-I I I  1 0 

k u i2 i . " x 
m-l " " ml l 0 

in  G' Now by d e f i n i t i o n  o f  G~ the d e r i v a t i o n  
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L ..  L A m . . . .  a" =~ ~i a . . . .  a. 
( , )  Ai 0 L A i l ~ i l  " im-I  lm-I  11 m Im-I  11 

in G' can be " s i m u l a t e d "  by the  d e r i v a t i o n  

liol !io> !i o) 
~ B i A i R B . a .  A ~ R ~. a . . . .  m. A 

( * * )  Aio m m-I Im Im-I  Im-2 " ' "  Im lm-I  12 I0 

m m-I 11" 

C l e a r l y  we can prove by i n d u c t i o n  on the number of  such A k sequences 

in a G ' - d e r i v a t i o n  S ~* x in  Z ' *  t h a t  S ~*  x in  G~. Hence 

L ( G ' , = )  ~ L (G~ ,~ ) .  

Moreover ,  f o r  each r i g h t m o s t  d e r i v a t i o n  S ~*  x in  G~, x in  Z ' * ,  

i t  can be observed t h a t  i f  any A k sequence occurs  then i t  must,  by 

d e f i n i t i o n  o f  G~, be o f  t ype  ( * * ) .  Immed ia te l y  such a ( * * ) - d e r i v a t i o n  

can be " s i m u l a t e d "  in G' by the  c o r r e s p o n d i n g  ( * ) - d e r i v a t i o n .  C r u c i a l  

to t h i s  s i m u l a t i o n ,  in  both d i r e c t i o n s ,  is  the  i n f o r m a t i o n  c a r r i e d  

in the s u p e r s c r i p t  p o s i t i o n  o f  the A ( j )  symbols in  ( * * )  i 
Hence L(G~,~)  = L ( G ' , ~ )  and Claim 1 is  p roved.  

Claim 2:  ~ s ( G l , ~ )  ~ ~7~s(G,~). 
Th is  p r o o f  is  s i m i l a r  to t h a t  o f  Claim l ,  t h e r e f o r e  we mere ly  

ske tch  the t e c h n i q u e  l e a v i n g  the d e t a i l s  to the r e a d e r .  Cons ide r  an 

a r b i t r a r y  i n t e r p r e t a t i o n  G~ ~s G I ( ~ ) '  where G~ : ( V ~ , % ' , P ~ , S ' ) ,  p(A) 

= {A 1 . . . . .  Ap} and ~(X) = {X l . . . . .  Xq} ,  say,  f o r  some p, q > O. As in 

Cla im 1 we c o n s t r u c t  an i n t e r p r e t a t i o n  G' '~s G(~ ' )  such t h a t  

L(G~,~)  = L ( G ' , ~ ) .  Th is  is  accompl i shed  by d e f i n i n g  ~' to be i d e n t i c a l  

to w excep t  t h a t  f o r  X, w ' (X )  = { x I J ) :  1 ~ i ~ q, 1 ~ j ~ p} and 

i n t r o d u c i n g  a p p r o p r i a t e  p r o d u c t i o n s  in  P' such t h a t  

(+) a i ~ B i ~ ~ X. ~ ~ 810 .~. X. ~ ., .a oXio i o a i o  1 1 . . . . . .  i m Im_ 1 Bi o i m 

i f  G~, i f f  

(++) A i & x !  i)  & . .  &BiO  i I m lm_ l~ im • 1 0 3 1 ' ' ' ~ i  . . . ~ .  m l 
in G' Q 

We can now s t a t e  and prove the l e f t  r e c u r s i o n  removal theorem,  

namely:  

Theorem 4.9 

Let  G = ( V , S , P , S )  be a c - r e d u c e d  grammar form.  Then t h e r e  

e x i s t s  a c - r e d u c e d  grammar form G 1 such t h a t  G 1 is  n o n - l e f t  r e c u r s i v e  
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and ~ s ( G l , ~ )  = ~ s ( G , ~ ) .  

Proof: Based on Lemmas 4.7 and 4 .8  the  s t anda rd  t e c h n i q u e  f o r  removing 

l e f t  r e c u r s i o n  from G can be used. Because o f  Lemmas 4.7 and 4 .8  the 

r e s u l t i n g  grammar form H is  s - f o r m  e q u i v a l e n t  to G and moreover  H is  

n o n - l e f t  r e c u r s i v e ,  aga in  by s t anda rd  t e c h n i q u e s .  C l e a r l y  an s - f o rm  

e q u i v a l e n t  grammar form G 1 wh ich  is  c - reduced  and n o n - l e f t  r e c u r s i v e  

can be o b t a i n e d  f rom H, c o m p l e t i n g  the  p r o o f .  D 

We now prove a powe r f u l  normal form r e s u l t  f o r  grammar forms 

wh ich  is  a l so  a normal form r e s u l t  f o r  c o n t e x t - f r e e  grammars encompassing 

Chomsky and Gre ibach  t w o - s t a n d a r d  normal forms and g e n e r a l i z i n g  them 

both c o n s i d e r a b l y .  

A grammar form G = ( V , Z , P , S )  i s  sa id  to be a unary  ' form i f  

= {a }  f o r  some t e r m i n a l  a. Note t h a t  eve ry  grammar form G has a 

g - f o rm  e q u i v a l e n t  unary  fo rm,  s i m p l y  by i d e n t i f y i n g  a l l  the t e r m i n a l s  

i n  G. S i m i l a r l y  a grammar form G = ( V , Z , P , S )  i s  sa i d  to be a two-  

symbol form i f  2 = {a}  f o r  some t e r m i n a l  a and V = { S , a } .  

Theorem 4.10 -- The Super-Normal Form Theorem 

Let G = ( { S , a } , { a } , P , S )  be a two-symbol  form such t h a t  

( i )  L (G,~)  = a * ,  and 

( i i )  t h e r e  e x i s t s  S + m in  P w i t h  Iml m 2. 
s 

Then o¢~s(G,~) = ~ ' ( C F ) .  

P r o o f :  We e s t a b l i s h  the  theorem i n  t h r e e  s t e p s ,  making use o f  the 

f o l l o w i n g  r e s u l t  f rom Salomaa and S o i t t a l a  (1978) .  

Proposition: Let E = ( { S , a } , { a } , P E , S )  be a two-symbol  form f o r  wh ich  

PE i n c l u d e s  the p r o d u c t i o n s  S ÷ aSa and S + aSaSa and L (E ,~ )  = a* 

Then ~-~Ss(E,~) = ~ ( C F ) .  

Claim I :  '_et i ~ 0 be an i n t e g e r ,  F = ( { S , a } , { a } , P F , S )  be a two-  

symbol fo rm,  L (F ,~ )  = a* and PF c o n t a i n  the p r o d u c t i o n s  S ÷ aiSa i 

and S ÷ a iSa iSa  i Then ~ s ( F , : )  = ~ ( C F ) .  

Proof of Claim 1: W i t h o u t  l o ss  o f  g e n e r a l i t y  we may assume S ~ a 

i n  PF' 1 ~ i ~ 2 i .  We proceed in  t h ree  s teps .  

i is  
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Step 1: I f  L S Z* is  an a r b i t r a r y  c o n t e x t - f r e e  language w i t h  the 

p r o p e r t y  t h a t  x i s  in  L i m p l i e s  I x l  ~ 0 (mod i )  then we show t h a t  L 

i s  in - ~ s ( F , : ) .  

De f ine  a new a lphabe t  A = { [ a l , a  2 . . . . .  a i ] :  a j  i s  in Z, 1 ~ j ~ i }  

and a homomorphism h from A to 2" by: 

h ( [ a l , a  2 . . . . .  a i ] )  = a l . . . a  i .  

Let  L' = h - l ( L ) .  Now L ~ is  in ~ ( C F )  s ince  ~ ' (CF)  is  c losed  under 

i n v e r s e  homomorphism. The re fo re  by the P r o p o s i t i o n  the re  is  an 
i i i E' = ( V ' , A , P E , S )  "~s E such t h a t  L ( E ' , ~ )  = L 

Now extend h to a l l  symbols o f  V' by d e f i n i n g  h(A) = A, f o r  
i ! a l l  A in  V ' -A  and d e f i n e  F' = ( V " , Z , P F , S )  by: V" = ( V ' - A )  u E and 

P" = {A ÷ h ( a ) :  A ÷ a in PE}. Since E' ~s E i t  should be c l e a r  t h a t  

F' "~ Fo Moreover L ( F ' , ~ )  = h ( L ( E ' , ~ ) )  = h(L ) : L. Hence L i s  in 
S 

~ s ( F , ~ )  as d e s i r e d .  

Step ~:  I f  L is  an a r b i t r a r y  language in ~'Ss(F,~) and x,  y ,  z, w 

are a r b i t r a r y  words over  some a l phabe t  ~ w i t h  I x l  = I z l  = lwl = i and 

lY l  = J,  f o r  some j ,  0 ~ j ~ i I ,  then we show t h a t  L' = xyzLw i s  

a l so  in  - I~s(F ,~) .  

By assumpt ion the re  i s  an F' = ( V ' , ~ ' , P ~ , S ' )  "~s F w i t h  

L ( F ' , ~ )  = L. Let  A and S be two new n o n t e r m i n a l s  and cons ide r  

F" = (V' u {~ ,A}  u k, ~' u k,  PF, , ,~) ,  where P~ = P~ u {S ÷ xAzS'w; A ÷ y } .  

C l e a r l y  F" "~s F and L ( F " , ~ )  = xyzLw = L' 

Step 3: We now show t h a t  i f  L is  an a r b i t r a r y  c o n t e x t - f r e e  language 

then L i s  in  ~ s ( F , ~ ) .  
i - I  

We can w r i t e  L = [ u JvoLJLJ' where each L. i s  the f i n i t e  union 
• = J 

of  languages L' = xyzLw, where I x l  = I z l  = lwl = i ,  lY l  = J and u i s  

in  L i m p l i e s  lu l  -= 0 (mod i ) .  Since a l l  such languages L' are in 

~ s ( F , ~ )  by Step 2, ~<~s(F,~) con ta i ns  a l l  f i n i t e  languages and ~-~s(F,~) 

is  c losed  under union the r e s u l t  f o l l o w s .  

Th is  completes the p roo f  o f  Cla im I .  

Claim 2: Let i ,  j ~ 0 be integers, H = ( {S,a} , {a} ,PH,S),  L(H,=) = a* 
and PH contain S ÷ aiSaJSa k. Then ~ s(H,~) = ~-~(CF). 

Proof of Olaim 2 :  We reduce t h i s  c l a i m  to the p r e v i o u s  one. H con- 

t a i n s  the p r o d u c t i o n s  S ÷ a and S ÷ aiSaJSa k, f o r  some i ,  j ,  k m O. 

Hence we have: 
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(*) 

L e t  t = m a x ( { i  l . . . . .  i 6 } )  and m = 4 t  + 3. 

t h e r e  e x i s t  d e r i v a t i o n s  

i 1 i 
a Sa 2 ~ ,  a m ' and 

i " i i 
a 3Sa l4Sa 5Sa 6 ~ *  a m i n  H. 

T h i s  f o l l o w s  because  i i + i 2 ~ 4 t  and i 3 + i 4 + i 5 + i 6 ~ 4 t .  

Hence S ~ *  amsa m in  H i s  o b t a i n e d  f r om ( * ) .  

Second,  t h e r e  e x i s t  d e r i v a t i o n s  

i I i a Sa 2 ~ ,  a m, 

i i 4 
a 3Sa ~*  a m and 

i i 6 
a 5Sa ~ *  a m in  H. 

Hence,  f rom ( * )  we o b t a i n :  

S ~*  amsamsa m in  H. 

We have shown t h a t  H s i m u l a t e s  E. 

f o r e  ~ s ( H , ~ )  = ~'~°(CF). 

i . . . .  i 6 
S ~ *  a I sa12Sa13Sa14Sa15Sa i n  H, f o r  some i I . . . . .  i 6.  

S i n c e  S ~ *  a k f o r  a l l  k > 1 

Thus 6 ~ s ( E , ~ )  S ~ s ( H , ~ )  and t h e r e -  

C l a i m  2 i s  t h e r e b y  e s t a b l i s h e d .  D 

R e t u r n i n g  to  t h e  p r o o f  o f  t he  t h e o r e m ,  we c o n s i d e r  t h e  grammar 

f o rm  G. 

Now S ÷ ~ i s  i n  P w i t h  !S lS  ~ 2. 

f o r  some t ~ 2 and i ~ O, i ~ p ~ t + I .  
P 

d e r i v a t i o n :  

S =*  a iSaJSa  k i n  G 

f o r  some i ,  j ,  k ~ O. T h e r e f o r e  G s i m u l a t e s  t h e  grammar fo rm H o f  

C l a i m  2 g i v i n g  t he  d e s i r e d  r e s u l t .  D 

i " " ' ' a  i 
Hence a = a I s a  12 tSa i t + l ,  

I m m e d i a t e l y ,  we o b t a i n  t h e  

We now e x t e n d  Theorem 4 .10  to  g - g r a m m a t i c a l  f a m i l i e s .  

We say F = ( { S , a } , { a } , P , S ) ,  a t w o - s y m b o l  f o r m ,  i s  a no rma l  

fo rm grammar i f  L ( F , ~ )  = a* and t h e r e  i s  a p r o d u c t i o n  S ÷ a i n  P w i t h  

i l  im S 
a = a S . . . a  , w i t h  m ~ 2. 

Our m a j o r  t h e o r e m  f o r  g - i n t e r p r e t a t i o n s  now f o l l o w s .  

Theorem 4.11 

L e t  F be a norma l  f o rm grammar and G a grammar f o rm .  

t h e r e  e x i s t s  H, g - f o r m  e q u i v a l e n t  t o  G such t h a t  H ~s F. 

Then 
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Proof: W i t h o u t  l o s s  o f  g e n e r a l i t y ,  we may assume G = ( V G , { a } , P G , S G ) .  

There  a re  two cases to  c o n s i d e r .  

Case 1:  G i s  f i n i t e .  Then ~ g ( G , ~ )  = {~ }  o r  = ~ ( F I N ) .  In  bo th  cases 

t h e r e  e x i s t s  H ~ F g - f o r m  e q u i v a l e n t  to  G s i n c e  F can be assumed to  

c o n t a i n  t he  p r o d u c t i o n  S ÷ a. 

Case 2: G is  i n f i n i t e .  There  a re  two subcases .  

Case 2 . 1 :  G i s  a t w o - s y m b o l  f o rm .  Then ~ g ( G , ~ )  = : ~ ' ( R E G ) , ~ ( L I N )  

o r  = ~ ( C F ) ,  by Theorem 2 . 1 8 .  I f  ~ g ( G , ~ )  = ~ ( C F )  t ake  H t o  be equa l  

to  F. I f  =~g (G ,~ )  = ~ ( R E G )  l e t  t he  p r o d u c t i o n s  

i i i iAa  i 
S ÷ a;  A ÷ a;  S ÷ a IAa 2 . . . a  m- ms d e f i n e  H. 

C l e a r l y  H "~s F and a<~g(H,:)  = ~ ( R E G )  s i n c e  H i s  n o n - s e l f - e m b e d d i n g .  

In  t he  case ~ g ( G , ~ )  = = ~ ' ( L I N )  t ake  t he  f o l l o w i n g  p r o d u c t i o n s  i n  H: 

i " " i i l A i  2 i m _ i A a i m s .  S ÷ a;  A + a;  S ÷ a I B I 2 A a I 3 A . . . a  mA; and B + a . . . a  The 

two s t e p  d e l a y  i n  r e p r o d u c i n g  S e n s u r e s  S i s  s e l f - e m b e d d i n g ,  even when 

= 0 i 1 = . . . = i  m 

Case 2.2: G is  n o t  a t w o - s y m b o l  f o rm .  S i n c e  G i s  una ry  t h i s  i m p l i e s  

G has a t  l e a s t  two n o n t e r m i n a l s .  By Theorems 4 .6  and 4 .9  we can assume 

G is  bo th  s - r e d u c e d  and n o n - l e f t  r e c u r s i v e .  Observe  t h a t  i f  G i s  

e x p a n s i v e  t hen  ~ g ( G , ~ )  = =~'(CF) and we can take  H equa l  to  F. Hence 

we o n l y  need dea l  w i t h  t he  case o f  G b e i n g  n o n - e x p a n s i v e .  L e t t i n g  

# ( V G - { a } )  = n we p roceed  by i n d u c t i o n  on n. The b a s i s  n = 1 has been 

d e a l t  w i t h  unde r  Case 2 . 1 .  Assume the  theo rem is  t r u e  f o r  a l l  G w i t h  

1 ~ # ( V ~ - { a } )  ~ ~, f o r  some ~ ~ I .  C o n s i d e r  the  case o f  G w i t h  

# ( V G - { a } )  = n = ~ + I .  
By the  d i s c u s s i o n  above each reduced  subgrammar G A f o r  A # S Gand 

A a p p e a r i n g  on the  r i g h t  s i d e  o f  an S G - p r o d u c t i o n  has f e w e r  t han  n 

n o n t e r m i n a l s .  T h e r e f o r e  by t he  i n d u c t i v e  a s s u m p t i o n  t h e r e  i s  an 

FA "~s F w i t h  ~ g ( F A , ~ )  = ~ g ( G A , ~ )  and by Lemma 2 .19  we can assume 

G A and F A a re  i d e n t i c a l .  

We c o n s t r u c t  H by f i r s t  t a k i n g  a l l  p r o d u c t i o n s  o f  PG i n t o  PH 

w i t h  t he  e x c e p t i o n  o f  t he  S G - p r o d u c t i o n s .  Second f o r  each S G - p r o d u c t i o n  

S G + a we add a p p r o p r i a t e  p r o d u c t i o n s  to  PH as f o l l o w s :  

( i )  I f  a = a j f o r  some j ~ 1 t ake  S G ÷ a i n t o  PH" 

JlAlaJ2 aJk Jk+l ( i i )  I f  a = a . . .  Aka f o r  some k ~ 1 add s u f f i c i e n t  

p r o d u c t i o n s  to  PH to  " s i m u l a t e "  t h i s  p r o d u c t i o n .  L e t t i n g  
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p be t he  l e a s t  i n t e g e r  such t h a t  p ( m - l )  -> 2k c o n s i d e r  t he  

p - s t e p  d e r i v a t i o n  

i l  i 2  im S R i l  i +i  im S R S R a Sa . . . a  a S . . . a  m I s . . .  a . . .  

i l  S . . . .  im s . . .  ~ a .a 

i I s . .  im s in  F u s i n g  t he  p r o d u c t i o n  S ~ a .a . An i s o l a t e d  

v e r s i o n  o f  t h i s  d e r i v a t i o n  i s  used to  " s i m u l a t e "  S ÷ m. G 
F i r s t  add t he  f o l l o w i n g  p r o d u c t i o n s  to PH: 

i I a i 2  a im_ iD  i 
S G ÷ a D 1 . . .  m_l a mB I ,  

i I i . "a i i 
• ID2m - mB 2 B 1 ÷ a Dm a 2 m- 2a , 

i I i 2 im_ 1 i 
Bp_ 2 ÷ a D ( p _ 2 ) ( m . l ) + l a  . . . a  D ( p _ l ) ( m _ l ) a  mBp. I .  

Second ,  t he  p r o d u c t i o n  

it D i2 lai2k-l-(p-1)(m-l)Cl 
Bp_ 1 ÷ a ( p _ l ) ( m . l ) + l  a . . . D 2 k  - . . .  

• i 

. . .  ÷ alm-lCp(m_t)_2k+t a mD2k, 
i f  Jk+ l  = 0 and t he  p r o d u c t i o n  

ilD i2 
Bp_ 1 ÷ a ( p _ l ) ( m _ l ) + l  a D ( p . l ) ( m _ l ) + 2 . . .  

i 2 k + l - ( p - l ) ( m - l ) C l  
• . .  D2k+ la  . . .  

• i 

• . .  aim-1Cp(m_l ).2k_l a mCp(m_l)_2k, 
i i 

a m- ICp(m_T)  mCp 
" ' "  - 2 k - I  a ( m - l ) - 2 k ,  

o t h e r w i s e .  

T h i r d ,  add the  p r o d u c t i o n s :  

C ÷ a, f o r  a l l  new n o n t e r m i n a l s  C q q 
and 

D2q_l ÷ a,  f o r  a l l  new n o n t e r m i n a l s  D 2 q _ l ,  q ~ I .  

The Bq a re  a l s o  new n o n t e r m i n a l s ,  however  t he  even s u b s c r i p t e d  D2q a re  

no t  new, in  f a c t  D2q : Aq, 1 ~ q ~ k. 

The b a s i c  i dea  b e h i n d  t h i s  c o n s t r u c t i o n  i s  t h a t  the  D2q_l  

r e p r e s e n t  t he  a j q ,  t h e  a re  t he  A and i f  j : 0 t hen  we must D2q q k+l 
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ensure t h a t  D2k = A k a l so  appears r i g h t m o s t  in the s i m u l a t i o n ~  in 

case A k = S G. On the o the r  hand i f  Jk+l ~ 0 then A k must not  appear 

r i g h t m o s t  in  the s i m u l a t i o n ,  hence in  t h i s  case we a lso  add D2k÷l to 
Jk+l 

r e p r e s e n t  a We can do t h i s  s ince  the re  are at  l e a s t  p+l ~ 2k+l 

n o n t e r m i n a l s  in the u n d e r l y i n g  p -s tep  d e r i v a t i o n  in  F. 

C l e a r l y  H'~s F by c o n s t r u c t i o n .  The re fo re  i t  on l y  remains to 

prove t h a t  H and G are g - fo rm e q u i v a l e n t .  

F i r s t  c o n s t r u c t  H' "~m H in which a l l  the p roduc t i ons  in PH 

which occur in  PG are taken unchanged i n t o  PH,. Th is  leaves  the pro-  

duc t i ons  in  PH which are used to " s i m u l a t e "  the SG-product ions  o f  G. 

For each p roduc t i on  S G ÷ a in G: 

( i )  I f  a = a j f o r  some j > I then take S G ÷ a i n t o  PH 

This  i s  p o s s i b l e  s ince  S G ÷ a is  in PH" 

J IA I  Jk÷l  ( i i )  I f  m = a . . . A k a  f o r  some k m 1 take i n t o  PH' the 

s i m u l a t i n g  p roduc t i ons  i n t r o d u c e d  above except  t h a t  a 

is  r ep laced  by k, C ÷ h i s  taken f o r  a l l  q and 
jq q 

i s  taken f o r  a l l  q. D2q_l ÷ a 
I t  should be c l e a r  t h a t - H '  s i m u l a t e s  G, hence 

,~ 'g(G,=)  S ~ ' g ( H ' , ~ )  S C g ( H , ~ ) .  We now prove t h a t  ~-'-'-'-'-'-'-'-'7~g(H,~) ! ~ g ( G , ~ ) .  

We do t h i s  in two s teps .  

Step 1: C o n s t r u c t  N from H be removing a l l  the n o n t e r m i n a l s  not  in  

VG-{a} us ing the b a c k - s u b s t i t u t i o n  lemma. Hence R = (VG, {a } ,P ,S  G) and 

by Lemma 2.12 is  g - fo rm e q u i v a l e n t  to H. Horeover  a l l  the non-S G- 

p roduc t i ons  in  P are i d e n t i c a l  to those in PG and the SG-produc t ions  

in  P are " s i m i l a r "  to those in PG" 

Step 2: Consider  the " s i m i l a r i t y "  o f  the SG-product ions  in P and PG" 

Let  S G ÷ a be a p r o d u c t i o n  in P. Then e i t h e r  

( i )  m = a and t he re  i s  some p roduc t i on  S G + a i ,  i m I in  PG' 

or C1 Lk+l 
( i i )  a = a A l . . . A k a  f o r  some k m 1 and by the c o n s t r u c t i o n  

each of  the ~q, 1 ~ q ~ k + 1 are non-ze ro .  By the con- 

s t r u c t i o n  the re  is  some p roduc t i on  S G ÷ B in PG w i t h  

JlA1 ~Ak ajk+l jq B = a . .  and ~ O, 1 ~ q ~ k + I .  

I f  jq > O, 1 ~ q ~ k + I ,  then we have found the co r -  

respond ing p roduc t i on  in PG" Otherwise  we mod i fy  

S G ÷ ~ in  P so t h a t  t he re  i s  a co r respond ing  p r o d u c t i o n  

S G ÷ a in  P. We need the f o l l o w i n g :  
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&l ~k+l 
Olaim: Let S G ÷ ~ = a A l . . . A k a  , k >- I ,  1 <~ q -< k + I ,  be a 

p r o d u c t i o n  i n  H, and r an i n t e g e r  l _< r ~ k + I .  Replace 

~IA S G ÷ ~ by S G ÷ a l ' ' ' A r - I A r  a~k+l where a r has been erased in  B. 

Let  t h i s  be H' Then H and H' are g - f o rm  e q u i v a l e n t  i f  e i t h e r  A r - l  
or  A r i s  not  equal  to  S G. 

Proo f of Claim: Assume A r i s  no t  equal  to S G. Then,  by the assumpt ions  

o f  the theorem the subgrammar form HAr d e f i n e s  a g -g rammat i ca l  f a m i l y ,  

wh ich  i s  a f u l l  semi-AFL (see S e c t i o n  4 . 2 )  and such f a m i l i e s  are 

c l osed  under  p re -  or  p o s t - p r o d u c t  w i t h  a f i n i t e  s e t .  Hence t a k i n g  a r 

i n t o  the  subgrammar d e f i n e d  by A r does not  l ose  any g e n e r a t i v e  

c a p a c i t y ,  hence R and H' are g - f o rm  e q u i v a l e n t .  The f u l l  d e t a i l s  o f  

t h i s  p r o o f  are l e f t  to the reade r .  D 

R e t u r n i n g  to  s tep  2 c o n s i d e r  a p r o d u c t i o n  S G + ~ wh ich  c o n t a i n s  

J l  i k + l  
A 1 . . . . .  A k in  t h i s  o r d e r ,  t h a t  i s  a = a A l . . . A k a  S ince S G ÷ a 

does not  co r respond  to S G ÷ ~ t h i s  immedia te ' l y  i m p l i e s  t h e r e  are some 

J r  = O, 1 ~ r ~ k + I .  Replace S G ÷ ~ i n  P by the p r o d u c t i o n  S G ÷ 

where ~ is  the same as B excep t  t h a t  a r i s  r e p l a c e d  by ~ i f  
J r  

a = ~. Now s i nce  B can c o n t a i n  a t  most one appearance o f  S G then 

such an a r w i l l  be a d j a c e n t  to  a non-S G n o n t e r m i n a l  w i t h  the e x c e p t i o n  

o f  the f o l l o w i n g  two cases:  (a)  r = 1 and A l = S G and (b)  r = 2, 

A 1 = S G and k = I .  However case (a)  wou ld  imp l y  i I = 0 and A 1 = S G 

in  S G + a in  G. But  by assumpt ion  S G is  n o n - l e f t  r e c u r s i v e  hence t h i s  

case w i l l  not  occu r .  S i m i l a r l y  i n  case (b)  s i n c e  

L2 J2 
a • ~ the c o n s t r u c t i o n  must have g i ven  e i t h e r  a ~ ~ or  t h e r e  

e x i s t s  a n o t h e r  S G , p r o d u c t i o n  in  G o f  the form S G ÷ aqISG aq2 w i t h  

q l '  q2 > O. 
Hence in  a l l  cases we can mod i f y  the  S G - p r o d u c t i o n s  i n  R w i t h -  

ou t  l o s i n g  any g e n e r a t i v e  c a p a c i t y  to  o b t a i n  a p r o d u c t i o n  wh ich  has 

a c o r r e s p o n d i n g  p r o d u c t i o n  i n  G. 

I t  shou ld  be c l e a r  t h a t  G "~ R and we have a l so  shown t h a t  

R "~ G, hence G and H are strong g-form equivalent. Therefore H and g 
G are g - f o rm  e q u i v a l e n t ,  c o m p l e t i n g  the  p r o o f .  
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Immediate consequences o f  Theorem 4.11 are the  f o l l o w i n g  normal form 

r e s u l t s .  

Let  F 1 be d e f i n e d  by: S + a; S + aS; S ÷ aSS, 

F 2 be d e f i n e d  by: S ÷ a; S ÷ SS 

and F 3 be d e f i n e d  by:  S ÷ a; S ÷ aS; S ÷ aSaSaS 

then each F i i s  a normal form grammar, 1 ~ i ~ 3. F 1 i s  the Gre ibach 

t w o - s t a n d a r d  form grammar, and F 2 the Chomsky normal form grammar. 

Hence 

Theorem 4.12 

Let  G be a non-empty  grammar fo rm,  then t h e r e  e x i s t  grammar 

forms H l and H 2 g - fo rm e q u i v a l e n t  to  G such t h a t  

( i )  H l i s  in  Gre ibach  t w o - s t a n d a r d  normal form.  

( i i )  H 2 i s  i n  Chomsky normal form. 
i However c o n s i d e r  F 4 d e f i n e d  by S ÷ a , l ~ i ~ 4; S ÷ aSaSa, 

the G r i e b a c h - N i v a t  "normal  form" grammar. Note t h a t  F 4 does not  f u l f i  

the c o n d i t i o n s  o f  Theorem 4 .11 .  A l t h o u g h  ~ g ( F 4 , ~ )  = ~ ( C F )  not  a l l  

g -g rammat i ca l  f a m i l i e s  can be c h a r a c t e r i z e d  by s - i n t e r p r e t a t i o n s  o f  

F 4. S ince  eve ry  i n f i n i t e  i n t e r p r e t a t i o n  F~ T F4 i s  s e l f - e m b e d d i n g ,  

then  ~ g ( F ~ , ~ )  * ~ ' ( R E G ) .  Hence -~(REG) canno t  be o b t a i n e d  as the 

g -g rammat i ca l  f a m i l y  o f  a gramma r form H w i t h  H in  F4-normal  form.  

Whether t h i s  i s  the o n l y  f a m i l y  t h a t  cannot  be o b t a i n e d  f rom F 4 i s  an 

open q u e s t i o n .  Moreover  whe the r  t he re  e x i s t  normal form grammars F 

wh ich  miss an a r b i t r a r y  g -g rammat i ca l  f a m i l y  a l so  remains an open 

question. 

11.4.2 Closure Properties 

In this section we demonstrate that ~s (G, - )  is closed under 

intersect ion with regular sets and, in general, is not closed under 

any of the other AFL operations. In contrast we prove that ~g(G,~) 

is a fu l l  semi-AFL for al l  i n f i n i t e  grammar forms G. 

Consider the grammar form G defined by the production S ÷ ab, 

then ,~s(G,~) * ,~'(FIN) by Theorem 2.5 and further for each L in 

~s (G,~ ) ,  L contains only words of length two in each word of which 

the f i r s t  symbol is not equal to the second symbol. Moreover for 

each ala 2, blb 2 in L, a I * b 2 and a 2 . b I because s- interpretat ions 
are given by d f l -subs t i tu t ions .  Hence ~#s(G,:) is not closed under 

homomorphism, since {aa} is not in ~s (G,= ) ,  and is not closed under 

union since {ab,ba} is not in ~s (G,~) .  Since G only gives rise to 

f i n i t e  sets =K~ms(G,=) is not closed under inverse homomorphism. 
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s ince a l l  words in each L in ~'~'s(G,~) are of  length two, F i n a l l y ,  

~ s ( G , ~ )  is not c losed under ca tena t i on .  C l e a r l y  m~'s(G,~) is  closed 

under i n t e r s e c t i o n  w i th  r egu la r  se ts .  

These p r e l i m i n a r y  remarks g ive r i s e  to the f o l l o w i n g :  

Theorem 4.13 

Let G = (V,E,P,S) be a grammar form. Then ~ ( G , ~ )  is  closed 

under i n t e r s e c t i o n  w i th  r egu la r  sets and under d f l - s u b s t i t u t i o n ,  but 

in genera l ,  under no other  AFL opera t ions .  

Proof: Since the standard cons t ruc t i on  assumes c losure  under union 

i t  has to be modi f ied  s l i g h t l y .  Assume G is  in Chomsky normal form 

w i t hou t  any loss of  g e n e r a l i t y  (Theorem 4 .12) .  Let 

G' = ( V ' , S ' , P ' , S ' )  "~s G and M = ( Q , ~ ' , ~ , q o , F )  be an a r b i t r a r y  f i n i t e  

s ta te  acceptor .  We cons t ruc t  an i n t e r p r e t a t i o n  G" "~s G(~) such t ha t  

k ( G " , ~ )  = L ( G ' , ~ )  n L ( M ) .  

Let V" = {S ' }  u S' u { [ p , A , q ] :  A in V' ~ ' ,  p, q in Q} 

and G" = ( V " , ~ ' , P " , S ' ) .  Def ine P" as those product ions obta ined by 

t ak i ng :  

(a) f o r  each product ion  S' ÷ AB in P ' ,  a l l  p roduct ions 

S'+ [ q o , A , p ] [ p , B , q ]  w i th  p in Q and q in F, 

(b) f o r  each product ion  S' ÷ a in P ' ,  the product ion  

S' ÷ a only  i f  a is  in L(M), 

(c) f o r  each product ion A ÷ BC in P ' ,  the product ions 

[ p , A , q ]  ÷ [ p , B , r ] [ r , C , q ]  f o r  a l l  p, q, r in Q, and 

(d) f o r  each product ion A ÷ a in P ' ,  the product ions 

[ p , A , q ]  ÷ a f o r  a l l  p, q in Q w i th  ~(p ,a)  = q. 

C l e a r l y  L(G",~)  = L (G ' ,~ )  n L(M) by standard methods, and moreover 

l e t t i n g  ~(a) : { a } ,  f o r  a l l  a in ~ ' ,  ~(A) = {A} u { [ p , A , q ] :  p, q in Q} 

then G" "~s G'(~)  and t he re fo re  L(G",~) is  in ~'s (G,~) as requ i red .  

Closure under d f l - s u b s t i t u t i o n  f o l l ows  d i r e c t l y  from the 

d e f i n i t i o n  of  s - i n t e r p r e t a t i o n .  The t h i r d  pa r t  of  the Theorem fo l l ows  

from the preliminary remarks, completing the proof. D 

In con t r as t  we now prove tha t  every g-grammatical  f a m i l y  is 

not on ly  closed under i n t e r s e c t i o n  w i th  r e g u l a r  sets but a lso under 

union and homomorphism. 
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Theorem 4.14 

Let G = (V,Z,P,S) be a grammar form. Then ~" (G,~) is closed 

under intersect ion with regular sets, union and homomorphism and, in 

general, under no other AFL operations. 

ProoZ: By C o r o l l a r y  1.2 o~'g(G,~) = ~.  ( ~ s ( G , ~ ) ) ,  t h e r e f o r e  

~ ( ~ g ( G , ~ ) )  = ~:{ ( ~ ( ~ s ( G , ~ ) ) )  = ~ g ( G , ~ ) .  Let G i = ( V i , Z i , P i , S i ) ,  
i = I ,  2 be two g - i n t e r p r e t a t i o n s  o f  G, G i ? G ( ~ i ) ,  i = I ,  2. Wi thout  

loss  o f  g e n e r a l i t y  we may assume S 1 = S 2 and (V I -Z  I )  n (V2-Z 2) = { S l } ,  
and f u r t h e r  assume t ha t  S 1 does not appear on the r i g h t  hand s ide of  

any p roduc t i on  in P1 u P2 ( t h i s  t r a n s f o r m a t i o n  can e a s i l y  be 
accompl ished w i t h i n  I g  (G) ) .  Now l e t t i n g  

G' = (V 1 u V 2, E l u Z 2, P1 u P2,SI) we have G' "~ G and L(G',~) = 
L(G l, ~)u L(G2,~). We can prove closure under intersect ion with regular 

sets using a s l i gh t l y  modified version of the construction given in 

Theorem 4.13. 

Consider G defined by S ÷ a, then ~g(G,~) = ~ (F IN)  and is 

therefore not closed under catenation closure nor under inverse 

homomorphism. F inal ly ,  G defined by S + a and S ÷ aSa has 

• ~g(G,~) =,~'(LIN) by Theorem 2.18 and ~X'(LIN) is not closed under 

c a t e n a t i o n .  

However i f  we now r e s t r i c t  our a t t e n t i o n  to i n f i n i t e  grammar 

forms,  we ob ta in  f u l l  semi-AFLs under g - i n t e r p r e t a t i o n ,  a l though under 

s - i n t e r p r e t a t i o n  we cannot s t r eng then  Theorem 4.13 in t h i s  case. For 

example,  l e t  G be de f ined  by the p roduc t i ons  

S ÷ ab; S ~ abSab 

then by simi lar arguments to those used previously ~s(G,~)  is not 

closed under union nor under homomorphism, and since ,~s(G,~) S,~(LIN)  

and contains non-regular languages, ~s(G,~) is not closed under ei ther 

catenation or catenation closure. Let h be defined by h(a) = ab and 

= I then h-l(ab) = b*ab* is not in ~'Ws(G,~), hence,~'s(G,~) h(b) 

is not closed under inverse homomorphism. 

Theorem 4.15 

Let G = (V,E,P,S) be an i n f i n i t e  grammar form, then .~o(G,~) 
. 7  

is a fu l l  semi-AFL. 
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Proof: Because o f  Theorem 4 .14  i t  s u f f i c e s  to show t h a t  ~ g ( G , ~ )  i s  

c l osed  under  r e g u l a r  s u b s t i t u t i o n .  By Theorem 4.6 we may assume t h a t  

G is  s - r educed  and t h a t  G is  a unary  form w i t h o u t  loss  o f  g e n e r a l i t y .  

We proceed by i n d u c t i o n  on the number o f  n o n t e r m i n a l s  i n  V - ~. 

Suppose G has k n o n t e r m i n a l s ,  k m I .  I f  k = 1 then G is  a two-symbol  

fo rm,  hence =c'~'g(G,~) = ~ ( R E G ) ,  ~ ' ( L I N )  or  ~ ( C F )  by Theorem 2 .18 .  

In each case ~ g ( G , ~ )  i s  c l osed  under  r e g u l a r  s u b s t i t u t i o n .  

Assume the r e s u l t  ho lds  f o r  a l l  k ~ t ,  t ~ I ,  we now prove t h a t  i t  

ho lds  f o r  the case k = t + I .  

Le t  V-Z = {A 1 . . . . .  A k} where A 1 = S and A i ~+ aAjB in  G i m p l i e s  

i ~ j .  Let  G' = ( V ' , S ' , P ' , S ' )  "~a G(~) and assume G' i s  reduced.  Let  

T be a r e g u l a r  s u b s t i t u t i o n  on ~ ' *  and Z T be the image a l p h a b e t .  Our 

aim is  to c o n s t r u c t  a G T = ( V T , Z T , P T , S ' )  such t h a t  L(GT,~)  = T ( L ( G ' , ~ ) )  

and G T ~ G. Observe t h a t  f o r  a l l  i ,  2 ~ i ~ k, G i = ( V , ~ , P , A  i )  has 

a t  most k - 1 n o n t e r m i n a l s  when reduced and hence ~ g ( G i , ~ )  i s  c l o s e d  

under  r e g u l a r  s u b s t i t u t i o n ,  by the i n d u c t i v e  assumpt ion .  A lso  note 

t h a t  f o r  a l l  S ÷ a in  P we can assume a c o n t a i n s  at  most one S, o t h e r -  

w ise  ~'~g(G,~) = ~  (CF) by Theorem 2.15 and the r e s u l t  f o l l o w s  

t r i v i a l l y .  

S ince  f o r  each i ,  2 ~ i ~ k, ~ a ( G i , ~ )  i s  c l osed  under r e g u l a r  

s u b s t i t u t i o n ,  i t  i s  a f u l l  semi-AFL and t h e r e f o r e  i t  i s  c losed  under 

p re -  and p o s t - p r o d u c t  w i t h  a r e g u l a r  s e t ,  t h a t  is  f o r  a l l  L i n  

~-"Pg(Gi,~) and R a r e g u l a r  s e t ,  LR and RL are in  ~ ' g ( G i , ~ ) .  

I f  t h e r e  i s  a d e r i v a t i o n  S ~+ x Sy, xy # I i n  G then we may 

assume t h e r e  are p r o d u c t i o n s  S ÷ xSy and S ÷ h i n  G, and t h e r e f o r e  

l e t t i n g  G S = ( {S,a} , {a} , {S÷~,S÷xSy} ,S) ,  ,~g(8S,~) 2 ~(REG) by 

Lemma 2.13 and i f  x * h and y • ~, ~ 'g(Gs,~)  2,~*(LIN) by Theorem 2.16. 

We use each of these remarks in the const ruct ion of G . Given 
T 

G' and T, consider the e f fec t  of replacing P' by T(P ' ) ,  where 

T(A) = {A}, fo r  a l l  A in V ' -S ' ,  and %' by S T , g iv ing T(G') say. 

Clear ly  L(T(G' ,~))= T(L(G' ,~) .  However G' has an i n f i n i t e  set of pro- 

duct ions. We now modify T(G') to give a G with a f i n i t e  set of 
T 

product ions. 

Let A ÷ ~ belong to P',  where A is in p(S). Now A ÷ a may 

be w r i t t en  as: 

e i t he r  ( i )  A ÷ x, x is in Z '*  

or ( i i )  A ÷ ~ l . . .am,  m ~ l and ai = x iB iY i "  
Construct ~T and PT such tha t :  

Case ( i )  
÷ 

gives r ise  to der iva t ions A =~ y in G T, y in T(x) .  

This can be done since G is i n f i n i t e .  
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Case ( i i )  g i ves  r i s e  to d e r i v a t i o n s  

A ~ Z l . . . z  m in G T, where z i is  in  T ( X i ) T ( L ( B i , ~ ) ) T ( y i ) ,  
1 ~ i ~ m. I f  B i i s  no t  in  ~(S) then by 

the i n d u c t i v e  assumpt ion and the remarks above,  

r e p l a c e  mi by m~1 the  sen tence  symbol o f  a sub-grammar 

g e n e r a t i n g  T ( X i ) T ( L ( B i , = ) ) T ( y i ) .  Th is  sub-grammar can 

be o b t a i n e d  as a g - i n t e r p r e t a t i o n  o f  Gj,  where B i is  

in  ~ ( A j ) ,  j ~ 2, s i n c e  ~-~g(Gi ,~ )  i s  a f u l l  semi-AFL 

by the  i n d u c t i v e  assumpt ion .  

I f  B. is  in ~ ( S ) ,  then f o u r  cases occu r :  
1 

(a x i = Yi = ~ then take  m~ = B i 

(b x i  * ~' Yi = ~'  then we may assume t h e r e  is  a 

p r o d u c t i o n  S ÷ xS in P, x * ~. Take m!l = B i '  where 

Bi ~ Y B i '  y in  ~ ( x i ) ,  v ia  i n t e r p r e t a t i o n s  o f  S ÷ xS, 

(c x i = ~, Yi ~ ~'  s i m i l a r  to ( b ) ,  

(d x i  ¢ ~ # Y i '  then we may assume t h e r e  is  a p r o d u c t i o n  

S ÷ xSy in P, w i t h  x * ~ and y # ~. Take ~ = B i '  

where Bl" ~+ x ' B i Y ' '  x '  in  T(X i ) ,  y '  in  T(y  i ) ,  v ia  
i n t e r p r e t a t i o n s  o f  S ÷ xSy. In a l l  .cases we have 

r e p l a c e d  A ÷ ml . . .mm by A + m l ' ' 'm 'm '  where the mtl 

are new n o n t e r m i n a l s  equal to e i t h e r  B i ,  Bi or  the 

sen tence  symbol o f  the  sub-grammar g e n e r a t i n g  

T ( x i ) ~ ( L ( B i , ~ ) ) T ( Y i ) .  
Thus the accumula ted  p r o d u c t i o n s  form PT' and ~T is  d e f i n e d  by the 

c o n s t r u c t i o n ,  hence G T ' ~ G ( ~  z) and L(G ,~) = T ( L ( G ' , ~ ) )  as d e s i r e d  

c o m p l e t i n g  the  theorem. 

11 .4 .3  C h a r a c t e r i z a t i o n  Theorems 

I t  i s  the  aim o f  t h i s  s e c t i o n  to demons t ra te  t h r e e  r e s u l t s .  

F i r s t  we e s t a b l i s h  t h a t  every  i n f i n i t e  grammar form genera tes  a f u l l  

p r i n c i p a l  semi-AFL under  g - i n t e r p r e t a t i o n .  Th is  enab les  us to 

e x h i b i t  many s u b - c o n t e x t - f r e e  f a m i l i e s  which are not  g - g r a m m a t i c a l .  

Second we show t h a t  the  g -g rammat i ca l  f a m i l y  o f  every  i n f i n i t e  grammar 

form is  a l so  an s -g rammat i ca l  f a m i l y .  Hence the on l y  f a m i l y  no t  

gene ra ted  under  s - i n t e r p r e t a t i o n s  i s  ~ ( F I N ) .  S ince t h e r e  are 

s -g rammat i ca l  f a m i l i e s  which are not  g -g rammat i ca l  t h i s  r e i n f o r c e s  

our  e a r l i e r  remark t h a t  s - i n t e r p r e t a t i o n  is  more genera l  than 

g - i n t e r p r e t a t i o n .  T h i r d ,  we c o n s i d e r  when ~ ' s ( G , ~ )  equa ls  ~ (REG) 

o r  ~ ( L I N ) .  
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We now t u r n  to our  f i r s t  r e s u l t .  L e t t i n g  L~be in  ~-~g(G,~) 

f o r  some i n f i n i t e  grammar form G, i t  f o l l o w s  t h a t  ~ ' ( L )  £ ~ g ( G , ~ )  

where ~ ( L )  i s  the s m a l l e s t  f u l l  semi-AFL c o n t a i n i n g  L. When e q u a l i t y  

occurs  we say L i s  a f u l l  g e n e r a t o r  f o r  ~ g ( G , ~ ) .  

I t  i s  easy to see t h a t  under  g - i n t e r p r e t a t i o n s  chang ing  an 

appearance o f  a t e r m i n a l  symbol i n t o  an appearance o f  a new t e r m i n a l  

symbol does not  a f f e c t  the g e n e r a t i v e  c a p a c i t y  o f  a grammar form.  L i k e -  

w i se  chang ing  a nonempty t e r m i n a l  word i n t o  a s i n g l e  t e r m i n a l  symbol 

on the  r i g h t  hand s i d e  o f  some p r o d u c t i o n  does not  a f f e c t  the  genera -  

t i v e  c a p a c i t y .  S i m i l a r l y  i n  an s - reduced  n o n - e x p a n s i v e  grammar form 

G = ( V , Z , P , S )  g i ven  a p r o d u c t i o n  S ÷ a we can assume t h a t  o n l y  the  

f o l l o w i n g  p o s s i b i l i t i e s  occu r  f o r  S - p r o d u c t i o n s :  

( i )  ~ i s  i n  Z u {~}  

( i i )  a i s  i n  (S u { ~ } ) { S } ( Z  u { ~ } )  

( i i i )  m = A I . . . A m S a ,  m > 0 where a l l  the  A i are n o n t e r m i n a l s  

d i f f e r e n t  f rom S and a i s  t e r m i n a l ,  

( i v )  m = a S B I . . . B  n, n > O, where a l l  the Bj are n o n t e r m i n a l s  

d i f f e r e n t  f rom S and a i s  t e r m i n a l ,  

( v )  m = A I . . . A m S B I . . . B  n, m + n > 0 where a l l  A i and Bj are 

n o n t e r m i n a l s  d i f f e r e n t  from S, and 

( v i )  m = A I o . . A m ,  m > 0 where the A i are n o n t e r m i n a l s  

d i f f e r e n t  f rom S. 

Now each n o n t e r m i n a l  d i f f e r e n t  f rom S d e f i n e s  a sub-grammar 

form wh ich  genera tes  a f u l l  semi-AFL(compare Theorem 4 . 1 5 ) .  Hence in  

an S - p r o d u c t i o n  c o n t a i n i n g  such a n o n t e r m i n a l ,  X say ,  X can be 

r e p l a c e d  by aX, Xb or  aXb where a and b are t e r m i n a l s  w i t h o u t  any 

i n c r e a s e  in  the g e n e r a t i v e  c a p a c i t y  o f  G. Th is  g i ves  the f o l l o w i n g  

p r o p o s i t i o n .  

Proposition 4.16 

Let  G = ( V , ~ , P , S )  be an i n f i n i t e  s - r educed  n o n - e x p a n s i v e  

grammar form w i t h  a t  l e a s t  two n o n t e r m i n a l s .  Then t h e r e  e x i s t s  a 

g - fo rm e q u i v a l e n t  grammar form H = (VH,ZH,PH,S) wh ich  is  a l so  i n -  

f i n i t e ,  s - r e d u c e d ,  n o n - e x p a n s i v e  and s a t i s f i e s  the  f o l l o w i n g  c o n d i t i o n s :  

a) There e x i s t s  d i s j o i n t  t e r m i n a l  a l p h a b e t s  z a, Z b and Z c such 

t h a t  ZH = s u S a u Z b u Sc" 

b) VH = SH u (V - ~ ) .  
c) Each p r o d u c t i o n  S + x i n  PH w i t h  x in  ~ has x i n  Zc u { I } .  

d) Each symbol i n  ~a u Z b u Z c occurs  i n  one and o n l y  one p r o d u c t i o n  

in  PH and t he re  o n l y  once. 
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(e)  Each p r o d u c t i o n  S ÷ mS# in PH s a t i s f i e s  m is  in  Z a u ( S a ( V - Z ) ) *  

and B is  in Z b u (Zb (V-%) ) *  

( f )  Each p r o d u c t i o n  S ÷ a in  PH' where S i s  not in a s a t i s f i e s  

is  in (Xc (V -Z ) )  + 

(g) A l l  p r o d u c t i o n s  f o r  a l l  n o n t e r m i n a l s  d i f f e r e n t  f rom S are 

taken unchanged i n t o  PH" 

E s s e n t i a l l y  the t e r m i n a l s  from Z c are used to mark the t e r m i n a t i n g  

( w i t h  r e s p e c t  to S) S -p roduc t i ons  and each o f  the t e r m i n a l s  in  

Za u Sb u Z c is  used to e i t h e r  u n i q u e l y  mark the appearance o f  a non- 

t e r m i n a l  d i f f e r e n t  from S or the absence o f  such n o n t e r m i n a l s .  

We now s t a t e  and prove our  main theorem. 

Theorem 4.17 

Let  G = (V ,Z ,P ,S )  be an i n f i n i t e  grammar form. Then ~ g ( G , ~ )  

is  a f u l l  p r i n c i p a l  semi-AFL and f u r t h e r m o r e  a f u l l  gene ra to r  f o r  

__~S'Pg(G,~) can be e f f e c t i v e l y  c o n s t r u c t e d  from G. 

P r o o f :  We may assume t h a t  G is  an s - reduced grammar form w i t h o u t  any 

loss  o f  g e n e r a l i t y .  Now i f  G is  expans ive  , ~ g ( G , ~ )  = ~T°(CF) and 

hence ~ 'n (G ,~ )  i s  a f u l l  p r i n c i p a l  semi-AFL. Fu l l  gene ra to rs  f o r  

,<~'(CF)~are w e l l  known and an i n t e r p r e t a t i o n  G' o f  G can e a s i l y  be 

c o n s t r u c t e d ,  which d e f i n e s  such a g e n e r a t o r .  

Having so lved  the case o f  G being expans ive  assume from now 

on t h a t  G i s  non -expans i ve .  

Case I :  S i s  the on ly  n o n t e r m i n a l .  Then -J~g(G,~) : ~ ( R E G )  or ~ ( L I N ) .  

Both <'m(REG) and ~ ( L I N )  are f u l l  p r i n c i p a l  semi-AFLs and f u l l  gene ra to rs  

f o r  them are we l l  known. Hence we are l e f t  w i t h :  

Case 2: V-Z con ta i ns  at  l e a s t  two n o n t e r m i n a l s .  We proceed by i n -  

d u c t i o n  on the number o f  n o n t e r m i n a l s .  The bas is  #(V-E) = l i s  sub- 

sumed under Case I .  Hence assume the theorem is  t r u e  f o r  a l l  G w i t h  

#(V-E) ~ k - l ,  f o r  some k > I .  Cons ider  the case t h a t  G has k 

n o n t e r m i n a l s ,  

R e c a l l i n g  t h a t  ~ ( L )  is  the s m a l l e s t  f u l l  semi-AFL generated 

by L, i t  s u f f i c e s  to show t h a t :  

( * )  t he re  e x i s t s  a language L in  ~ ( G , ~ )  such t h a t  

.~g(G,~) S ~ ( L ) "  
Moreover this can be further reduced to showing that 

(**) there exists a language L in ~'Is(G,~) such that 
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~s(G,~) ~ ~(L), since this implies that 
° j~w(O~'s(G,~)) = ~ g ( G , ~ )  ! ~ ( ~ ( L ) )  = ~ ( L ) .  

Let  us assume t h a t  G s a t i s f i e s  the c o n d i t i o n s  f o r  H in P r o p o s i t i o n  

4 .16,  not on l y  f o r  S but  a lso  f o r  each n o n t e r m i n a l .  In o t h e r  words 

each t e r m i n a l  symbol in Z appears once and on ly  once in some p roduc t i on  

in P and moreover we can s p l i t  Z i n t o  th ree  d i s j o i n t  subse ts ,  namely 

those t e r m i n a l s  used in " t e r m i n a t i n g "  p r o d u c t i o n s ,  those depos i t ed  to 

the l e f t  by each r e c u r s i v e  non te rm ina l  and those depos i t ed  to the 

r i g h t .  We say a p r o d u c t i o n  A + ~  f o r  a non te rm ina l  i s  t e r m i n a t i n  9, 

f o r  the purpose o f  t h i s  p r o o f ,  i f  ~ does not  con ta i n  A. That we can 

assume G to be in t h i s  " t e r m i n a l - d i s t i n c t "  form f o l l o w s  from the 

o b s e r v a t i o n  t h a t  each A • S d e f i n e s  a subgrammar form which s a t i s f i e s  

the c o n d i t i o n s  o f  P r o p o s i t i o n  4 .17.  

Wi thout  loss  o f  g e n e r a l i t y  assume A ÷ ~ is  in P f o r  each A in  

V-S. 

L e t t i n g  the l e f t ,  m idd le  and r i g h t  t e r m i n a l s  be denoted by 

S~, E m and S r where S = S~ u S m u S r we add to G: 

( i )  the t e r m i n a l s  ~ = {a :  a in  S~}and ~r = {~:  a in Z r }  

g i v i n g  Z = S u Z~ u ~ r '  and 

( i i )  the p r o d u c t i o n s  A ÷ ~A~ f o r  a l l  A ÷ ~AB in P f o r  a l l  

A in  V-Z, where ~(~) i s  ~(B) w i t h  each l e f t  and r i g h t  

t e r m i n a l  rep laced  by i t s  " b a r r e d "  v e r s i o n .  

Let  the r e s u l t i n g  grammar form be ~ = ( V , ~ , P , S ) ,  where V = (V-~) u ~. 

C l e a r l y  G <s G and a lso  G ~ G, hence G and G are s - f o rm  e q u i v a l e n t  

( i n  f a c t  s t r ong  s - f o rm  e q u i v a l e n t ) .  

We c l a i m  t h a t  L(G,~)  is  a f u l l  gene ra to r  f o r  ~ a ( G , ~ ) .  

To show t h i s  c o n s i d e r  an a r b i t r a r y  i n t e r p r e t a t i o n  

G' = ( V ' , S ' , P ' , S ' )  ~ G(~).  We need to prove t h a t  L ( G ' , ~ )  i s  in  

~ ( L ( G , ~ ) ) .  We do t h i s  by s k e t c h i n g  the c o n s t r u c t i o n  of  an a - t r a n s d u c e r  

M G, which s a t i s f i e s  L ( G ' , ~ )  = MG, (L (G ,~ ) ) .  

-~ A' ~ r e p r e s e n t  an a - t r a n s d u c e r  w i t h  a s i n g l e  Let  

i n p u t  s t a t e  ~ ( A ' )  and a s i n g l e  accep t i ng  s t a t e  Oa(A ' )  t h i s  is  no 

loss  o f  g e n e r a l i t y ) .  

F i r s t  observe t h a t  f o r  each A in  V - (Z u {S} )  by the i n -  

d u c t i v e  assumpt ion L(GA,~) is a fu l l  genera tor  for ,~'~g GA,~). Al- 
though t h i s  has not  been proved d i r e c t l y  under Case I ,  the p roo f  

sketch we now o u t l i n e  can be adapted f o r  t h i s  purpose.  Hence f o r  each 

A' in  V' - Z' w i t h  A' in  ~ (A ) ,  A • S the re  i s  an a - t r a n s d u c e r  M G, 
A' 
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such t h a t  L ( G ' A , , ~ )  = MG,A , (L (GA ,~ ) ) .  The c o n s t r u c t i o n  we now g ive  

f o r  M G, i s  i n d u c t i v e  and whenever  we r e f e r  to a copy o f  the  a - t r a n s d u c e r  

f o r  an A ' ,  A' not  in ~ (S ) ,  we assume t h a t  i t s  s t a t e  se t  is un ique .  To 

c o n s t r u c t  M G, we on ly  c o n s i d e r  the S " - p r o d u c t i o n s  o f  G' f o r  a l l  S" 

in I~(S). Assume i n i t i a l l y  the e x i s t e n c e  o f  an i n i t i a l  s t a t e  a and 
I an a c c e p t i n g  s t a t e  a a in M G Let  the l e f t ,  midd le  and r i g h t  t e r m i n a l  

symbols f o r  the S - p r o d u c t i o n s  be ~a u ~a'  F'c and z b u ~b r e s p e c t i v e l y .  

Enumerate the  images o f  the  S - p r o d u c t i o n s  from 1,2 . . . . .  n S say. 

For each p r o d u c t i o n  j :  S" ÷ ~ in P ' ,  where S" is  in  ~(S) and 

1 -< j ~ n S, add the f o l l o w i n g  t r a n s i t i o n s  to MG,: 

( i )  i f  ~ = c' then ( a , c , c '  a ) ,  where S ÷ c is in  P ' ' a " 

( i i )  i f  ~ = a l A i ' ' ' a ' A ' S " b m  m IBI " ' ' b 'B ' n  n where m, n -> O, ap, 
bq are in Z' and the Ap and B'q are n o n t e r m i n a l s  then 

t h e r e  e x i s t s  a p r o d u c t i o n  S + a l A l . . . a m A m S b l . . . b n B n  

in P and a l so  the  p r o d u c t i o n  S ÷ a l . . . a m A m S b l . . . b n B n  . 
S ince  A+  k is  in  P f o r  each A in  fi - ~, we can encode 

the p r o d u c t i o n  j :  ~" ÷ ~ w i t h  the  f o l l o w i n g  t r a n s i t i o n s :  

( c ~ , a l . . .  a m ( a l . . ,  am)Jal , a ~ , a ( a ~ ) ,  
(Oa (A~ ) ,a2 ,a  ~ , a ( A ~ ) ) ,  

and 

( a a ( A ~ _ l ) , a m , a ~ , a ( A ~ ) )  

( O a ( A ~ ) , k , k , a )  

( O , B l . . . B n ( b l . . . b n ) J B l  , b~ ,a (B~)  

B' ',~(B~)) (aa(  n _ l ) , b n , b n  
B I ~ 

(aa( n ) k,k a) ,  
B' , , (aa(  n ) k,k Oa). 

. a ' A '  Because o f  the s t r u c t u r e  of  G a word u d e r i v e d  from a~A~.,  m m 

w i l l  be o u t p u t  by M G, i f f  a word v d e r i v e d  from b ib  I '  ' . . . b ' B ' n  n is  o u t p u t  

by MG,. Moreover  t h i s  w i l l  on l y  occur  when t h e r e  is  a d e r i v a t i o n  

S' ~+ xS"y ~ x~y ~+ xuS"vy  in G' 

The encod ing  t e c h n i q u e  is  c r u c i a l  to the c o n s t r u c t i o n ,  s i nce  o t h e r w i s e  

M G, w i l l  c r e a t e  e r roneous  o u t p u t .  
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( i i i )  m a'S" a 'S"b '  S "b ' ,  'S"b~B~ b~B~ = , , a . . .  , 

a l A l . . . a  m '  ' 'A'S"b'm or m = c~C~ .... c'C'.r r 
Each of  these is  dea l t  w i th  in a s i m i l a r  way to case ( i i ) .  

F i n a l l y  add the t r a n s i t i o n s  (Oa,~,~,o)  and ( { , ~ ,~ ,Qa )  to MG,. 

Note tha t  not a l l  words in L (G ' ,~ )  are accepted by M G, and secondly 

note tha t  there is  a l - t r a n s i t i o n  ( o u t p u t t i n g  I )  not only  from ~a 

to a but a lso from ~ to o a, and t h i s  is  t rue  f o r  each a - t ransducer  

corresponding to each subgrammar of  G'. 

Consider each word w in L ( G ' , ~ ) .  There is a d e r i v a t i o n  

S' ~+ w' ~* w in G' 

such tha t  S' der ives  w' using only images of  S-product ions and f u r t h e r  

w' does not conta in  any image of  S. There is a corresponding 

d e r i v a t i o n  S ~+ x in G of which S' ~÷ ' ~+ w is  the image. Since S' w' 

can only  conta in  the image of  e x a c t l y  one t e r m i n a t i n g  S-p roduc t ion ,  

the o ther  product ions used are images o f  r e c u r s i v e  S-produc t ions .  Now 

the encoding suggested above r e s u l t s  in using some m u l t i p l e  of  each 

r e c u r s i v e  S-p roduc t ion ,  r a t h e r  than the o r i g i n a l  s i n g l e  a p p l i c a t i o n s .  

This c l e a r l y  can always be c a r r i e d  out and each word of  L(~,~)  e i t h e r  

g ives r i s e  to a unique decoding i n to  a word of  L (G ' ,~ )  or i t  cannot be 

decoded. In the former case M G, accepts the word and gives the co r rec t  

output  and in the l a t t e r  case M G, r e j e c t s  the word. 

This completes the proof  sketch tha t  f o r  G" an a r b i t r a r y  

s- in te rpre ta t ion  of G, L(G',~) is in ~ ' (L(G' ,~) ) .  D 

As immediate a p p l i c a t i o n s  of  t h i s  Theorem we have: 

Corol lary 4.18 

The f a m i l i e s  of  m e t a l i n e a r ,  nonterminal  bounded and d e r i v a t i o n  

bounded languages are not g-grammatical  f a m i l i e s .  

We now cons ider  our second r e s u l t  namely the comparison of  

the c o l l e c t i o n s  of  g-grammatical  and s-grammat ica l  f a m i l i e s .  By 

Lemma 2.8 and Theorem 2.5 we know tha t  ~ ( F I N )  is  both a g-grammatical  

f a m i l y  and not an s-grammat ical  one. Since the only  o ther  g-grammatical  

f a m i l y  "below" ~ ( F I N )  is  { ~ } ,  which is a lso s -g rammat ica l ,  we turn 

our a t t e n t i o n  to g-grammatical  f a m i l i e s  generated by i n f i n i t e  grammar 

forms. 
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Theorem 4.19 

Let G = (V ,Z ,P ,S)  be an i n f i n i t e  grammar form.  

i s  s - g r a m m a t i c a l .  

Then ,~g(G,~) 

Proof: The bas ic  idea of  the p roo f  i s  to c o n s t r u c t  a grammar from H 

from G such t h a t  H and G are g - fo rm e q u i v a l e n t  a n d ~ s ( H , ~ )  = ~ g ( H , ~ ) .  

Wi thout  loss  of  g e n e r a l i t y  we can assume z = {a}  and hence ~ s ( G , ~ )  

i s  c losed  under union and i n t e r s e c t i o n  w i t h  r e g u l a r  s e t s .  Let  

H = (VH , {a } ,PH ,S )  where V H = V u {A } ,  where A i s  some new non te rm ina l  

and PH con ta i ns  the p r o d u c t i o n s  o f  P m o d i f i e d  by r e p l a c i n g  each 

appearance o f  a w i t h  an A. F i n a l l y  the p roduc t i ons  A ÷ ~ and A ÷ aA 

are added to PH" By s i m u l a t i o n  ,~*s(G,  ~) S , ~ s ( H ,  ~) and 

~ ' g ( G , ~ )  S ~ g ( H , ~ ) .  We now show t h a t  f o r  each H' = ( V ~ , S ' , P ~ , S ' ) ' ~ s  H(~ 

the re  is  a G' = ( V ' , Z " , P ' , S ' )  ~s G(~ ' )  and a r e g u l a r  s u b s t i t u t i o n  T 

such t h a t  L ( H ' , ~ )  = T ( L ( G ' , ~ ) ) .  In o t h e r  words O~'s(H,:)  ~ ~ g ( G , ~ )  

which shows t h a t  -~mg(H,~) = ~ g ( G , ~ ) .  

Cons ider  Such an H' E s s e n t i a l l y  we l e t  G' c o n s i s t  o f  the 

G - p o r t i o n  o f  H' t o g e t h e r  w i t h  a d i f f e r e n t  t e r m i n a l  symbol f o r  each 

image of  A. Let  Z" = { [ A ' ] :  A' i s  in  ~ (A) }  and V' = V~ - (~(A) u ~ ' )  u S". 

For each p r o d u c t i o n  B ÷ ~ in  P~ where B i s  not  in ~(A) take the 

p r o d u c t i o n  B ÷ [ ~ ]  i n t o  P' where [ a ]  denotes a w i t h  each image A' o f  

A rep laced  by [A~ ] .  

For each A' in  ~(A) the language { x :  A' ~*  x in  H ' }  i s  c l e a r l y  

r e g u l a r ,  s i nce  i t  i s  ob ta ined  from i n t e r p r e t a t i o n s  o f  A ÷ aA and A ÷ ~. 

Let t h i s  be ~ ( [A ' ] )  f o r  each A' in  ~ (A) .  By c o n s t r u c t i o n  i t  should be 

c l e a r  t h a t  k ( H ' , ~ )  = T(L(G'  ~ ) ) ,  hence ,<~g(G,~) = ~-~*q(H,~). 

I t  remains to prove t h a t  ~-~'s(H,~) = ~ g ( H , = ) .  I t  i s  s u f -  

f i c i e n t  to show t h a t ' ~  (O~'s(H,~)) ~ ~W's(H,~). Let  

H' = ( V ~ , Z ' , P ~ , S ' )  "~s H(~) and h: Z ' *  ÷ Z"*  be a homomorphism. We 

c o n s t r u c t  an H" ~s H(~ ' )  such t h a t  L (H" ,~ )  = h ( L ( H ' , ~ ) ) .  

Let  ~(A) = {A 1 . . . . .  Am}, m ~ 1 and S' = {a I . . . . .  an} ,  n ~ I .  

Let  h(a n) = b l . . . b n l ,  n I ~ O, b i in  ~" .  The t e r m i n a l  a n appears in  a t  

most two k inds o f  p r o d u c t i o n s ,  e i t h e r  A i ÷ a n or A i ÷ anA j ,  f o r  some 

i and j .  

( i )  Replace each p roduc t i on  o f  the form A i ÷ a n by e i t h e r  

A I, ÷ ~ i f  nl = 0 or A i ÷ b l B i ,  I ,  B i ,  1 ÷ b2B i ,2  . . . . .  B i , n l _ l  ÷ b n l '  
where the B i ,  k are new n o n t e r m i n a l s ,  o t h e r w i s e .  

( i i )  For each p roduc t i on  o f  the form A i ÷ anA j e i t h e r  remove i t  

and r ep l ace  A i everywhere by Aj i f  n I = 0 or r ep l ace  i t  

by A i ÷ b l B i , j , l , B i , j ,  1 ÷ b 2 B i , j ,  2 . . . . .  B i , j , n l _ l  ÷ b n l A j ,  
where the B i , j ,  k are new n o n t e r m i n a l s ,  o t h e r w i s e .  
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Let  the r e s u l t i n g  grammar form be H I , then we c la im t h a t  

L ( H I , ~ )  = h I ( L ( H ' , ~ ) )  where h l ( a  i )  = a i ,  1 ~ i < n and h l ( a  n) = h ( a n ) .  
I f  h (an)  = h then we have indeed e rased  a n in L ( H ' , ~ )  to g i ve  L ( H I , ~ ) ,  

o t h e r w i s e  we have i n c l u d e d  un ique p r o d u c t i o n s  to gene ra te  h(a n) r a t h e r  

than a n at each p o s i t i o n  t h a t  a n would have been gene ra ted  in H' 

Hence L ( H I , ~ )  = h I ( L ( H ' , ~ ) ) .  Assuming w i t h o u t  loss  o f  g e n e r a l i t y  

t h a t  E' n ~" = ~ we can i t e r a t e  the c o n s t r u c t i o n  to o b t a i n  H" such 

t h a t  L ( H " , ~ )  = h ( L ( H ' , ~ ) )  o b t a i n i n g  the d e s i r e d  r e s u l t .  D 

We have t h e r e f o r e  demons t ra ted  t h a t  each g -g rammat i ca l  f a m i l y  

a p a r t  from ~'£(FIN) i s  a l so  s - g r a m m a t i c a l .  

To c l ose  t h i s  s e c t i o n  we c o n s i d e r  our  f i n a l  area f o r  d i s c u s s i o n ,  

t h a t  is  when does ~ s ( G , ~ )  = ~ ( R E G )  o r ~  (L IN)?  We f i r s t  have:  

Theorem 4.20 

Let  G = ( V , E , P , S )  be a grammar form. 

i f f  t h e r e  i s  an a in  E such t h a t  a* c L (G ,~ ) .  
Then ~<#'s(G,~) £,,~(REG) 

Proof: ij_f: Le t  R £ A* be.an a r b i t r a r y  r e g u l a r  language.  We show 

t h a t  R is  in  ~ s ( G , ~ ) .  S ince a* £ L(G, ~) f o r  some a in E, t h e r e  

e x i s t s  G 1 -~  G w i t h  L ( G I , ~ )  = a* ,  s i n c e  ~'~s(G,~) i s  c l osed  under 

i n t e r s e c t i o n  w i t h  r e g u l a r  se ts  by Theorem 4 .13 .  S ince a* i s  in  

~ s ( G , ~ ) ,  A* is  in  ,Z 's (G,~)  s i nce  s -g rammat i ca l  f a m i l i e s  are c losed  

under d f l - s u b s t i t u t i o n  (Theorem 4 . 1 3 ) .  F i n a l l y ,  s i n c e  R = A* n R, 

then R is  in ~ s ( G , ~ )  by Theorem 4 .13 .  

o n l y  i f :  S ince  OW~s(G,~) 2 ~ ( R E G ) ,  b* must be in  , ~ s ( G , : )  f o r  some b, 

hence by Lemma 2.1 a* c L(G,~)  f o r  some a in E. Q 

Th is  a l so  y i e l d s  

Corollary 4.21 

Let  G be a grammar form. 

Then , ~ s ( G , ~ )  £ ~!~(REG) i f f  ~ s ( G , ~ )  £ ~ ( F I N ) .  

We can now c h a r a c t e r i z e  those  grammar forms which g i ve  e x a c t l y  

~.(REG) under s - i n t e r p r e t a t i o n s .  
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Theorem 4.22 

Let  G = (V ,S ,P ,S)  be a reduced grammar form. 

Then ~ s ( G , ~ )  = ~ (REG)  i f f  ( i )  G i s  non -se l f - embedd ing  and 

( i i )  a* c L(G,~) f o r  some a in Z. 

Proof: i__f_f: C o n d i t i o n  ( i i )  i m p l i e s  , ~ s ( G , ~ )  2 ~'~m(REG) and c o n d i t i o n  

( i )  i m p l i e s  ~<'~'s(G,~) ~ ,~(REG). 

on ly  i f :  Since , ~ s ( G , ~ )  ~ ~'(REG) c o n d i t i o n  ( i i )  must hold and s ince  

. ~ s ( G , ~ )  S ~ (REG)  c o n d i t i o n  ( i )  must ho ld .  Q 

We now tu rn  to the ques t i on  of  when ~'~s(G,~) = ~ ( L I N ) .  For 

t h i s  case we w i l l  not  g i ve  any p r o o f s ,  but  on l y  the main theorems 

and a p p r o p r i a t e  d e f i n i t i o n s .  

We w i l l  f i r s t  c o n s i d e r  unary reduced grammar forms.  

A non te rm ina l  A in  a unary reduced grammar form G = ( V , { a } , P , S )  

i s  l e f t  pumping ( r e s p e c t i v e l y ,  r i g h t  pumping) i f  f o r  some f i x e d  

m, n ~ O, the re  are i n f i n i t e l y  many va lues  i such t h a t :  
A 4"  i+mAa n a ( r e s p e c t i v e l y ,  A 4"  amAan+i) .  

A non te rm ina l  i s  pumpin 9 i f  i t  i s  both l e f t  and r i g h t  pumping. 

Let  A 1 . . . . .  A m be a l l  the pumping n o n t e r m i n a l s  in  G. For each 

i ,  1 ~ i ~ m, the l eng ths  j o f  the t e r m i n a l  words a j generated by A i 

c o n s t i t u t e  an u l t i m a t e l y  p e r i o d i c  s e t .  Denote i t s  pe r i od  by p(A i )  

and l e t  p be the l e a s t  common m u l t i p l e  o f  the pe r i ods  p(A I )  . . . . .  P(Am). 

Denote the r e s i d u e  c l asses  modulo p by R O, R 1 . . . . .  Rp_ I .  

We say the r es i due  c l a s s  Rj i s  ~ i  reachab le  i f  t he re  are 

i n t e g e r s  r ,  s and t such t h a t :  
S ~*  r a s * t+np a A i , A i ~ a , f o r  a l l  n ~ O, 

where r + s + t m j modulo p. 

The pumping spectrum of  G c o n s i s t s  o f  a l l  i n t e g e r s  in  a l l  

A i - r e a c h a b l e  r es i due  c l a s s e s ,  where 1 ~ i ~ m. 

For l i n e a r  grammar forms we now o b t a i n :  

Theorem 4.23 

Let  G = ( V , { a } , P , S )  be a reduced unary l i n e a r  grammar form. 

T h e n . Z ' s ( G , ~ )  : , ~  (k IN)  i f f  ( i )  L(G,~)  = a* and ( i i )  the pumping 

spectrum of  G c o n s i s t s  o f  a l l  n o n - n e g a t i v e  i n t e g e r s .  
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Th i s  can now be ex tended to a r b i t r a r y  grammars by way o f  the 

f o l l o w i n g  d e f i n i t i o n .  

Let  G = (V ,%,P,S)  be a grammar form and a be in  Z, then G , a 
the a - r e s t r i c t i o n  o f  G, i s  the  subgrammar form G a = ( V a , { a } , P a , S )  o f  G 

c p i s  the  se t  o f  a l l  those  p r o d u c t i o n s  i n  P wh ich  do not  where Pa - 

c o n t a i n  the l e t t e r  a. 

We now have: 

Theorem 4.24 

Let  G = ( V , Z , P , S )  be a grammar form. 

~ s ( G , ~ )  = ~ ( L I N )  i f f  ( i )  and ( i i )  ho l d .  Then 

( i )  ~ s ( G , ~ )  ~ , ~ ' ( k l N ) .  

( i i )  There e x i s t s  an a i n  ~ such t h a t  a* c Z L (G,~)  and the pumping 

spect rum o f  the reduced a - r e s t r i c t i o n  o f  G c o n s i s t s  o f  a l l  

n o n - n e g a t i v e  i n t e g e r s .  
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11.5 Syn tax  A n a l y s i s  

The e x i s t e n c e  o f  " u n i v e r s a l "  p a r s i n g  a l g o r i t h m s  f o r  a g i ven  

grammar f a m i l y  i s  the f o c a l  p o i n t  o f  t h i s  s e c t i o n .  Given a grammar 

form G, can a p a r s i n g  a l g o r i t h m  M f o r  the  grammar G be s u p p l i e d  such 

t h a t  whenever  G' "~x G(~) ,  f o r  some grammar G ' ,  a p a r s i n g  a l g o r i t h m  

f o r  G' i s  immed ia te .  In S e c t i o n  5.1 we examine a t e c h n i q u e  f o r  

s - i n t e r p r e t a t i o n s ,  w h i l e  i n  S e c t i o n  5.2 some r e s u l t s  on c o n f l i c t  

f r eeness  are p resen ted  wh ich  are a necessary  a d j u n c t  to a s tudy  o f  

precedence p a r s i n g  f o r  grammar fo rms.  F i n a l l y ,  in  S e c t i o n  5.3 we 

c o n s i d e r  the pushdown a c c e p t o r  app roach ,  showing t h a t  eve ry  g rammat ica l  

f a m i l y  i s  a pushdown a c c e p t o r  f a m i l y  and v i c e  ve rsa .  

11.5 .1  Syn tax  A n a l y s i s  o f  s - g r a m m a t i c a l  F a m i l i e s  

We are concerned in  t h i s  s e c t i o n  w i t h  the f o l l o w i n g  p rob lem:  

Given a p a r s i n  9 method M G f o r  a grammar G can M G be used 

as a p a r s i n  9 method f o r  G ' ,  where G' "~x G(~) ? I f  so,  then how economic 

i s  t h i s  i n d i r e c t  p a r s i n g  t e c h n i q u e ?  

Under s - i n t e r p r e t a t i o n  we demons t ra te  t h a t  t h i s  i s  indeed the 

case and,  f u r t h e r ,  when o n l y  r e c o g n i t i o n  i s  r e q u i r e d  f o r  G' ,  the t ime 

taken to r e c o g n i z e  an a r b i t r a r y  word x '  in  %'* i s  o f  the same o r d e r  

as the t ime taken to parse words y ,  IYl  = I x ' I ,  y in  s * ,  by M G. 

Under g - i n t e r p r e t a t i o n  on the o t h e r  hand the r e l a t i o n s h i p  

between words in  ~ ' *  and words i n  Z* i s  not  as p l e a s a n t  as f o r  

s - i n t e r p r e t a t i o n s .  The se t  { x :  x '  is  in  ~ ( x ) } ,  f o r  a r b i t r a r y  x '  i n  ~ ' *  

i s  a s i n g l e t o n  se t  i n  the  case o f  s - i n t e r p r e t a t i o n s ,  whereas in  the 

case o f  g - i n t e r p r e t a t i o n s  i t  may be i n f i n i t e ,  s i nce  e r a s i n g  and 

i d e n t i f i c a t i o n  i s  a l l o w e d .  T h e r e f o r e  i n  the  f o l l o w i n g  a t t e n t i o n  i s  

r e s t r i c t e d  to s - i n t e r p r e t a t i o n  f a m i l i e s  o n l y .  

The c e n t r a l  idea is  based upon Lemma 2 . 1 ,  namely ,  i f  a word 

x' over S' is in L(G',~) then there is a der iva t ion  S 4 + ~ - l ( x ' )  in G. 

Of course, the converse does not hold, therefore the major d i f f i c u l t y  

occurs when ~ - l ( x ' )  is found to be in L(G,~), since i t  is s t i l l  

necessary to decide whether x' is in L(G',~) or not. However in th is 

case the extra informat ion that  ~ - l ( x ' )  is in L(G,~) is s u f f i c i e n t  

to al low a fast  recogni t ion procedure to be carr ied out on a bracketed 

version of x ' ,  based upon the fast  recogni t ion of parenthesis languages. 

Let G = (V,Z,P,S) be a grammar form and M G a parsing method for  

G, which for  each word x in z* e i t he r  y ie lds  a l l  lef tmost der ivat ions 

of x, one a f t e r  another, i f  x is in L(G,~) or rejects x i f  i t  is not 

in L(G,~). Let G' = ( V ' , S ' , P ' , S ' )  s ~ G(~). Then a parsing method M G, 

for  G' can be obtained as fo l lows.  For each word x' in ~ ' * ,  M G, 
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c o n s i s t s  o f  a t  most t h ree  major  s teps .  These a re :  
- l (x , ) ,  ( I )  M G, de te rmines  the unique word x = 

(2) MG, parses x us ing M G, and 

(3) M G, checks to see i f  t he re  are G - d e r i v a t i o n s  o f  x,  which v i a  

i n t e r p r e t a t i o n  y i e l d  G ' - d e r i v a t i o n s  o f  x ' .  

For the purposes o f  the a l g o r i t h m  we need to i n t r o d u c e  b racke ted  

v e r s i o n s  o f  G and G' Assume the e lements o f  P are a r b i t r a r i l y  but  

u n i q u e l y  numbered from 1 to #P. Let  ~ = { ( i , ) i :  1 ~ i ~ #P} and l e t  

the b racke ted  v e r s i o n  o f  G, G be d e f i n e d  by: 

= (v u ~ , z  u ~ , ~ , s )  

where ~ = {A ÷ ( i ~ ) i  : A ÷ ~ is in P and A ÷ ~ is numbered i } .  The 

bracketed version of G', G' is defined as: 

~' : ( v '  u ~ , z '  u n , ~ ' , s ' )  

where ~' = {A'  ÷ ( i ~ ' ) i :  A' ÷ a '  i s  in  ~(A ÷ ~) f o r  some A ÷ a and 
A ÷ a i s  numbered i } .  

F i n a l l y ,  d e f i n e  ~ by ~(X) = p (X ) ,  f o r  a l l  X in V, ~ ( ( i  ) : ( i  and 

P( ) i  ) = ) i '  1 ~ i ~ #P. C l e a r l y  G' ~ G(~) .  

We now expand the th ree  s teps o f  M G, ment ioned above. 

Step 1: 

M G, de te rmines  the unique word 

a l i n e a r  ( i n  I x ' l )  t ime o p e r a t i o n .  

- I  x = p ( x ' ) .  Note that  th is  is 

Step 2: 

M G, parses x by M G. I f  x i s  r e j e c t e d  by M G then x '  i s  r e j e c t e d  

by MG,, o t h e r w i s e  suppose M G de te rmines  t h a t  61 . . . . .  6 m, m > O, are the 

l e f t m o s t  d e r i v a t i o n s  o f  x in  G. 

Step 3.: 

For 6: = 81 . . . . .  ~m do 

(a)  M G, de te rmines  the d e r i v a t i o n  ~ ob ta ined  by r e p l a c i n g  each 

occur rence  o f  a p r o d u c t i o n  A + a in  ~ by A ÷ ( i a ) i  from ~. Let  

denote the b racke ted  v e r s i o n  o f  x generated by ~. 

(b) M G, de te rmines  x '  the b racke ted  v e r s i o n  of  x '  from x by c o n s u l t i n g  

x' Observe that x' i s in  L(G',~) i f f  x' is in L(G' ,~) .  

(c) M G, now parses R' in a bottom-up manner. Furthermore, i t  

simultaneously performs a l l  parses of ~' which conform to the 
shape of the der iva t ion  tree determined by ~. 

I f  during these bottom-up reductions the "senten t ia l  form" 
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(d)  

a ( i Y o Y I Y l  " " "YqYq) iS  
o c c u r s ,  where q -> O, Y1 . . . .  ,Yq are se ts  o f  n o n t e r m i n a l s ,  YO . . . .  'Yq 

are t e r m i n a l  words and m, S are words over  V' u A, then we o b t a i n  

a X  6 

i f  X = {AG: AG ÷ ( iWoAIY l  " ' ' a ' q y q ) i  i s  i n  ~' and Aj' is  in  Y j ,  

1 ~ j <_ q } .  

C l e a r l y  x '  i s  i n  L ( G ' , = )  i f f  ~' de te rm ines  a se t  o f  n o n t e r m i n a l s  

i n c l u d i n g  S' 

I f  S' i s  in  the  se t  o f  n o n t e r m i n a l s  de te rm ined  by x', then M G, con- 

s t r u c t s  a l l  lef tmost G ' - d e r i v a t i o n s  from x ' ,  wh ich  conform w i t h  

by r e p e a t e d l y  t r a v e r s i n g  in  a top-down manner the o u t p u t  o f  ( c ) .  

At  each t r a v e r s a l  s i n g l e  n o n t e r m i n a l s  are chosen from the sets  

o f  n o n t e r m i n a l s ,  wh ich  conform w i t h  those  a l r e a d y  chosen.  I f  

t h e r e  are a t  most k n o n t e r m i n a l s  i n  each se t  o f  n o n t e r m i n a l s  and 

the parse t r e e  produced by (c )  has r i n t e r n a l  nodes,  then a t  most 

k r d i s t i n c t  d e r i v a t i o n  t r ees  can be produced by ( d ) .  

Let  us c l a r i f y  t h i s  a l g o r i t h m  by w o r k i n g  t h r o u g h  an example.  

Example 5: Let  G be d e f i n e d  by the  f o l l o w i n g  numbered p r o d u c t i o n s :  

I :  S ÷ AB: 2: S + CD; 3: A ÷ aAb; 4: A ÷ ab; 5: B + cB; 

6: B + c ;  7: C + aC; 8: C ÷ a;  9: D ÷ bDc; I 0 :  D ÷ bc 

Let  A = { ( i , ) i :  1 ~ i ~ I 0 }  and G' ~s G(~) be d e f i n e d  by: 

S' + A ' B ' ;  S' ÷ A 'B"~ S' ÷ C ' D ' ;  A' ÷ dA"e;  A' ÷ d f ;  

A" + dA 'e ;  A" + d f ;  B' ÷ gB ' ;  B' ÷ h; B" ÷ hB" ;  

B" ÷ gB ' ;  C' ÷ dC ' ;  C' ÷ d;  D' ÷ f D ' h ;  D' ÷ eg'; D' ÷ f 9 ;  

where v (S)  = S ' ,  v (A)  = { A ' , A " } ,  ~(B) = { B ' , B " } ,  ~(C) = C ' ,  

v(D) = D ' ,  ~(a)  = d, .v(b)  = { e , f }  and ~ (c )  = { g , h } .  Now 

L(G,~)  = { a i b l c J :  i , j  m I }  u { a i b J c J :  i , j  m I } ,  a w e l l  known i n h e r e n t l y  

ambiguous l anguage .  Note t h a t  f o r  each word in  L ( G , ~ ) ,  G g i ves  at  most 

two d i s t i n c t  d e r i v a t i o n  t r e e s .  

Cons ide r  x '  = dd fegh .  

Step 1:  X = ~ - I ( x ' )  = aabbcc.  

Step 2: M G produces two l e f t m o s t  d e r i v a t i o n s  f o r  x ,  namely 

~ I :  S ~ AB ~ aAbB ~ aabbB & aabbcB ~ aabbcc 

and 

6 : S ~ CD ~ aCD ~ aaD ~ aabDc ~ aabbcc 
2 

wh ich  may be r e p r e s e n t e d  as I ,  3, 4, 5, 6 and 2, 7, 8, 9, I0  

r e s p e c t i v e l y .  
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#tep 3:  Consider  6 = 61 . 

(a) Determine ~: S ~ (IAB) l ~ ( l ( 3aAb )3B ) l  

( l ( 3a (4ab )4b )3B )  l ~ ( l ( 3 a ( 4 a b ) 4 b ) 3 ( 5 c B ) 3 )  1 

( l ( 3 a ( 4 a b ) 4 b ) 3 ( 5 c ( 6 c ) 6 ) 5 ) l  = x. 
(b) Determine 2' from ~. 

x' = ( l ( 3 d ( 4 d f ) 4 e ) 3 ( s g ( m h ) 6 ) 5 ) l  
(c)  We leave i t  to the reader  to c o n s t r u c t  ~ ' .  Consider  the "parse 

t ree "  ob ta ined  from x' us ing ~' 

{S} 

(I (3 d (4 d f )4 e )3 ( 5 g (6 h )6 )5 )I 

(d) 

Since S' is  in  the se t  of non te rm ina ls  determined by R ' ,  R' is  

in  L ( G ' , ~ ) ,  t h a t  i s ,  x '  is  in  L ( G ' , ~ ) .  
Cons t ruc t  a l l  poss ib l e  l e f t m o s t  d e r i v a t i o n s  in G'. 

Observe t h a t  a l though S' ~ A'B'  and S' ~ A'B" are v a l i d  

i n i t i a l l y ,  the combinat ions  S' ~ A"B' or S' ~ A"B" g iven by 
the "parse t r ee "  are i n v a l i d ,  s ince they do not correspond to any 
p roduc t i ons  in P ' .  Hence we ob ta in  

s' &A'B' &dA"eB' &ddfeB' &ddfegB' &ddfegh 
and 

s' & A'B" & dA"eB" & ddfeB" & ddfegB' & ddfegh 
We leave to the reader the c o n s i d e r a t i o n  of  ~ = 6 2 . 
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Note t h a t  i f  we mere ly  r e q u i r e  the r e c o g n i t i o n  o f  x ~ r a t h e r  than 

the p a r s i n g  o f  x ' ,  then Step 3(d) is  unnecessary .  

Let  us now s t a t e  and prove the theorems govern ing  the t ime 

and space c o m p l e x i t y  o f  M G, re la t i ve  to  t h a t  of  M G. 

Theorem 5.1 

Let  G be an a r b i t r a r y  grammar form and suppose t h a t  there  is  a 

p a r s i n g  method M G f o r  G and a f u n c t i o n  t ( n ) ,  n ~ O, such t h a t  f o r  each 
word x o f  l eng th  n M G outputs a l l  l e f t m o s t  d e r i v a t i o n s  o f  x in  no more than 

t ( n )  s teps .  Let  G' "~ G(~) and p ( n ) ,  n ~ O, be a f u n c t i o n  such t h a t  

f o r  each word x '  o f  l eng th  n in L ( G ' , ~ )  t h e r e  are at  most p(n)  

e q u a l l y  shaped d e r i v a t i o n s  o f  t h a t  word. Then f o r  some cons tan t  c 

and each word x '  in  S ' * ,  I x ' I  = n, MG,, as de f i ned  above, y i e l d s  

e i t h e r  a l l  l e f t m o s t  d e r i v a t i o n s  o f  x '  i f  x '  i s  in  L ( G ' , ~ )  or r e j e c t s  

x '  i f  x '  i s  not  in L ( G ' , ~ )  in at  most c . t ( n ) . p ( n )  s teps .  

Proof: The number of  s teps r e q u i r e d  by M G, f o r  ( I )  and (2) i s  n and 

t ( n )  r e s p e c t i v e l y .  Assuming  x is  in L (G ,~ ) ,  l e t  ~I . . . . .  ~m be the 

l eng ths  of  61 . . . . .  6m the leftmost d e r i v a t i o n s  of  x. Since 61 . . . . .  6 m 

are produced in  t ime at  most t ( n ) ,  we have 
m 

h i s t ( n ) .  Cons ider  the number o f  s teps r e q u i r e d  in  ( 3 ) .  Now 
i : l  

(3a) i n v o l v e s  a s i n g l e  scan o f  each 6 i '  each rep lacement  o f  a produc-  

t i o n  i n v o l v i n g  c I s t eps ,  say.  Hence (3a) takes a t  most 
m 

~i c] s t e p s ,  t h a t  i s  at  most c l . t ( n )  s teps .  Now (3b) takes c2.n 
i = l  

s t eps ,  w h i l e  in s tep (3c) each r e d u c t i o n  can be c a r r i e d  out  in cons tan t  

t i m e ,  c 3 say ,  s ince  the number of  p o s s i b l e  " r i g h t h a n d  s i des "  i s  

bounded. Reca l l  t h a t  the r e d u c t i o n  process i n t r o d u c e s  sets  of  non- 

t e r m i n a l s  in g e n e r a l .  C l e a r l y  t he re  are a t  most (#V ' )  q such r e d u c t i o n s  

a t  each s tep (3c) where q i s  the maximum number o f  n o n t e r m i n a l s  in 

the r i g h t  s ide  o f  a p r o d u c t i o n .  Thus f o r  each 6 i ,  ~' can be parsed 

us ing a number o f  s teps p r o p o r t i o n a l  to h i .  Hence the number o f  s teps 

in  (3c)  i s  at  most 
m 

c3.~ i s c 3 t ( n )  s teps .  F i n a l l y  in  (3d) M G, need on ly  t r a v e r s e  the 
i = l  

ou tpu t  o f  (3c) a t  most p(n)  t imes and the number o f  s teps r e q u i r e d  

f o r  each t r a v e r s a l  i s  p r o p o r t i o n a l  to the l eng th  of  ~ i "  Step (3d) 

r e q u i r e s  t h e r e f o r e  a t  most 
m 

c 4 . ~ i . P ( n  ) ~ c 4 . P ( n ) . t ( n )  s teps .  
i = l  
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Thus by adding the bounds for steps (1), (2) and (3) we obtain 

the resul t .  D 

Eliminating step (3d) from M G, we obtain a recognizer for G' 

In this case we have: 

Corollary 5.2 

Let G be an arb i t ra ry  grammar form and suppose that there is a 

parsing method M G for G and a function t (n ) ,  n z O, such that for each 

word x of length n M G outputs a l l  leftmost derivations of x in no more 

than t(n) steps and le t  G' "~s G(~). Then for some constant c and 

each word x' in ~' I x ' l  = n, MG,, as defined above, ei ther accepts 

x' i f  x' is in L(G',~) or rejects x' i f  x' is not in L(G',~) in at most 

c . t (n)  steps. 

In par t icu lar  i f  G is unambiguous this Corollary indicates that 

the time taken to recognize whether a word x' is in L(G',~) or not, 

is of the same order as the time taken to reco.gnize that ~ - l ( x ' )  is 

or is not in L(G,~). 

We now consider the space requirements of MG,. 

Theorem 5.3 

Let G = (V,S,P,S) be an arb i t ra ry  grammar form. Suppose there 

exist  functions s(n) and ~(n), n ~ 0 and a parsing procedure M G for G 

with the fol lowing properties: 

(1) For each word x in S* and using at most s ( I x l )  space, M G 

consecutively determines each leftmost G-derivation of x 

i f  x is in L(G,~) and rejects x i f  x is not in L(G,~). 

(2) The length of each G-derivation of each word x in 

L(G,~) is at most ~ ( I x I ) .  

Then for each G' ~s G(v)  there exists a constant c such that for each 

word x' in %'*, M G, using at most s ( I x ' I )  + c . ~ ( I x ' I )  space, yields 

ei ther a leftmost derivation of x' i f  x' is in L(G',~) or rejects x' 

i f  x' is not in L(G',~). 

Proof: Without loss of general i ty assume that step (3) is executed for 

each derivation 6 i of x as soon as 6 i is determined in Step (2). 

Steps ( ] )  and (2) of M G, require I x ' l  and s ( I x '  I) space 

respect ively.  Step (3a) requires at most C l~ ( I x ' I )  space since each 
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d e r i v a t i o n  s tep adds e x a c t l y  one p a i r  o f  pa ren theses .  Step (3b) can 

a lso  be c a r r i e d  out  in  C l . ~ ( I x '  I )  space, w h i l e  Step (3c) r e q u i r e s  a t  

most c 2 . ~ ( I x '  I )  space s i nce  a t  each d e r i v a t i o n  s tep  M G, has on ly  to 

record  a f i n i t e  se t  o f  n o n t e r m i n a l s .  Now Step (3d) can be c a r r i e d  

out  in  a t  most c 3 . ~ ( I x '  I )  space, s ince  to genera te  a l l  p o s s i b l e  

G ' - d e r i v a t i o n s  o f  x ' ,  M G, adds at  each d e r i v a t i o n  s tep on ly  a f i n i t e  

se t  of  p o i n t e r s .  F i n a l l y  by adding the above bounds and no t i ng  t h a t  

I x ' I  ~ c 4 . ~ ( I x '  I )  f o r  some c 4, the upper bound 

s(Ix'l)  + c.~(Ix']) 
on the space requirement of M G, is obtained. 0 

11.5 .2  Precedence R e l a t i o n s  

I t  has a l r e a d y  been ment ioned in Sec t i on  5.1 t h a t  under g- 

i n t e r p r e t a t i o n s  the r e l a t i o n s h i p  of  a pa rs i ng  method M G f o r  a master  

grammar G to an " i n d i r e c t "  pa r s i ng  method M G, f o r  a g - i n t e r p r e t a t i o n  

grammar G' " :  G is  u n c l e a r .  In t h i s  s e c t i o n  the p r o p e r t y  o f  c o n f l i c t  g 
f reeness  is  cons ide red  and i t  i s  demonst ra ted t h a t  a t  l e a s t  f o r  p rece-  
dence p a r s i n g ,  on l y  s - i n t e r p r e t a t i o n s  make sense in  the p a r s i n g  

c o n t e x t .  We c o n s i d e r  non -dec reas ing  and l e n g t h  p r e s e r v i n g  i n t e r p r e -  

t a t i o n s  as we l l  as g- and s - i n t e r p r e t a t i o n s .  

We f i r s t  need to d e f i n e  some r e s t r i c t e d  k inds o f  g - i n t e r p r e t a -  

t i o n .  

Definition, 

Let G = ( V , S , P , S ) ,  G' = ( V ' , S ' , P ' , S ' )  and G' .c~ G ( V ) .  Then 
n 

( i )  G' is a nondecreasing interpretat ion G ' ' : I  G(~) i f  for a l l  
' n d  " 

X in V and f o r  a l l  a in ~ (X ) ,  laj ~ I .  

( i i )  G' i s  a l eng th  p r e s e r v i n g  i n t e r p r e t a t i o n ,  G' r p  G(~) ,  i f  

~(X) c V' f o r  a l l  X in  V. 

( i i i )  G' i s  a u n i t a r y  i n t e r p r e t a t i o n ,  G' u~ G(p) i f  #~(X) = 1 f o r  

a l l  X in  V, ~(A) = A, f o r  a l l  A in V - S and P' = ~ (P) .  

( i v )  G' i s  a unarx  i n t e r p r e t a t i o n ,  G' u~nn G(~) i f  G' u~ G(p) and 

#~' = I ,  t h a t  i s  G' i s  a unary grammar. 

(v )  G' i s  a unary l eng th  p r e s e r v i n g  i n t e r p r e t a t i o n ,  G' "=~ G(~) i f  u~p 
i t  i s  both a unary and a leng th  p r e s e r v i n g  i n t e r p r e t a t i o n .  

I f  G is  a reduced grammar fo rm,  then f o r  each a the re  is  

e x a c t l y  one u ~ p - i n t e r p r e t a t i o n  w i t h  %' : {a }  F u r t h e r  when G' ~ G " u~p ' 

G' is strong form equivalent to G. 

The notion of unitary interpretat ion is commonly encountered in 

the def in i t ion  of programming languages. Usually a programming 
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language is defined in terms of reference symbols, which in a par t icu,  

la r  implementation become implementation symbols. Hence the imple- 

mentation grammar is a uni tary in te rpre ta t ion  of the reference grammar. 

This can be seen in ALGOL 60 or PASCAL, where beqin, end, i f  and so 

on occur in the reference language, and BEGIN, END, IF for example, 

appear in some implementation languages. 

We now recal l  the notions of (Wirth-Weber) precedence re lat ions 

on context free grammars. 

Definition 

Let G = (V,Z,P,S) be a grammar (form). For a l l  X, Y in V, 

wr i te 

( i )  

( i i )  

( i i i )  

X ~ Y i f  t h e r e  i s  a p r o d u c t i o n  A ÷ ~XYB in  P, f o r  some A 

i n  V - Z and a ,  B in  V* .  

X ~ Y i f  t h e r e  i s  a p r o d u c t i o n  A ÷ aXC~ i n  P and a d e r i v a t i o n  

C ~+ Yy ,  f o r  some A, C i n  V - Z and a ,  B, ~ i n  V* .  

X ~ Y i f  Y i s  i n  Z, t h e r e  i s  a p r o d u c t i o n  A ÷ ~BUB i n  P, 

and d e r i v a t i o n s  B ~+ yX and U ~ *  Y~,  f o r  some A, B i n  

V - Z, U in V, ~, ~, y, 6 in V*. 

The re lat ions ~, G, ~ are cal led (Wirth-Weber) precedence re la t ions.  

A grammar G is said to be c o n f l i c t  free i f  at most one prece- 

dence re la t ion  holds between every ordered pair (X,Y) of symbols in V. 

A co l lec t ion  ~ of grammars is said to be c o n f l i c t  free i f  each grammar 

in ~ is c o n f l i c t  free. 

The importance of th is notion of c o n f l i c t  freeness stems from 

the fo l lowing de f i n i t i on  of a simple precedence grammar. A grammar 

G is said to be a simple precedence grammar i f  i t  is c o n f l i c t  free and 

uniquely i n v e r t i b l e .  A grammar G is uniquely i nve r t i b l e  i f  each r igh t  

hand side of a production in G does not occur as the r i gh t  hand side 

of more than one production in G. 

However in the remainder of th is section we only study the 

re la t ion of c o n f l i c t  free grammar forms to the i r  x - in te rp re ta t ion  

grammars. 

We say a grammar is separated i f  the r igh t  hand side of each 

production is e i ther  a terminal word or a nonterminal word, but not 

a mixture. Formally, l e t t i n g  G = (V,Z,P,S), G is separated i f  for  a l l  

A ÷ ~ i n  P, a i s  i n  .Z* u ( V - Z ) *  
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Theorem 5.4 

L e t  G = ( V , Z , P , S )  be a g rammar  f o r m  w i t h  t h e  p r o p e r t y  t h a t  f o r  

each n o n t e r m i n a l  A i n  V - Z t h e r e  e x i s t s  a wo rd  x i n  Z + such t h a t  
+ 

A ~ x.  Then t h e  f o l l o w i n g  t h r e e  c o n d i t i o n s  a r e  e q u i v a l e n t .  

( i )  _ ~ g ( G )  i s  c o n f l i c t  f r e e .  

( i i )  ~ n d ( G )  i s  c o n f l i c t  f r e e .  

( i i i )  G i s  s e p a r a t e d  and w h e n e v e r  a p r o d u c t i o n  A ÷ a i s  i n  P w i t h  

i n  (V - Z) + ,  t h e n  ~ i s  i n  V - %. 

Proof: C l e a r l y  ( i )  i m p l i e s  ( i i ) .  

( i i )  i m p l i e s  ( i i i ) .  L e t  x be a wo rd  i n  S + such t h a t  S ~+ x i n  G, 

and l e t  a be some symbo l  i n  x .  C o n s i d e r  G' -c= G(~)  whe re  nd 
G' = ( V ' , { a } , P ' , S ) ,  v ( A )  = A f o r  a l l  A i n  V - Z,  v ( b )  = { a , a a }  f o r  

a l l  b i n  %, P' = ~ (P)  and V'  = (V - Z) u { a } .  Then t h e r e  i s  a p r o d u c -  

t i o n  A + aaa~ in  P' f o r  some A i n  V - S and a ,  B i n  V ' * .  T h e r e f o r e  

a ~ a .  

D e f i n e  a homomorph i sm h on V* by h (A)  = A f o r  a l l  A i n  V - Z 

and h ( b )  = a f o r  a l l  b i n  ~.  We f i r s t  d e m o n s t r a t e  t h a t  G i s  s e p a r a t e d .  

Assume o t h e r w i s e ,  i n  w h i c h  case t h e r e  i s  a p r o d u c t i o n  B ÷ aCb~ o r  

B ÷ abC~ i n  P f o r  some B, C i n  V - Z,  b i n  S, and a ,  B i n  V* .  From 

t h e  h y p o t h e s i s  t h e r e  i s  a d e r i v a t i o n  C ~+ y f o r  some nonempty  t e r m i n a l  

w o r d  y .  Then e i t h e r  

B ~ h ( ~ ) C a h ( ~ )  ~+ h ( a ) a ] Y ] a h ( ~ )  i n  G' 

o r  

B ~ h ( a ) a C h ( ~ )  ~+ h ( ~ ) a  a ] Y ] h ( B )  i n  G' 

T h e r e f o r e  e i t h e r  a ~ a o r  a ~ a a l s o  h o l d s  i n  G ' .  Hence G' has 

c o n f l i c t s ,  a c o n t r a d i c t i o n ,  t h e r e f o r e  G i s  s e p a r a t e d .  Now assume 

t h e r e  i s  a p r o d u c t i o n  B ÷ ~CD8 i n  G, f o r  some B, C, D i n  V - S and ~,  
+ 

i n  V* .  By t h e  h y p o t h e s i s ,  t h e r e  a r e  d e r i v a t i o n s  C ~ x I and 
+ 

D ~ x 2 i n  G, w h e r e  b o t h  x I and x 2 a r e  n o n e m p t y .  Then 

B ~ h ( ~ ) C D h ( B )  ~+ h ( ~ ) h ( X l ) D h ( B )  ~+ h ( a ) h ( X l ) h ( x 2 ) h ( B )  

Ixit 
= a = I ,  2 we have a .> a.  Thus G' has i n  G ' .  S i n c e  h ( x  i )  , i 

c o n f l i c t s ,  a c o n t r a d i c t i o n ,  t h e r e f o r e  w h e n e v e r  t h e r e  i s  a p r o d u c t i o n  

X + ¥ i n  P w i t h  y i n  (V - S ) + ,  t h e n  y i s  i n  V - Z. 

( i i i )  i m p l i e s  ( i )  

Assume ( i i i )  h o l d s .  L e t  G' = (V '  S ' , P ' , S ' )  ~ G ( ~ ) .  By t h e  ' g 

h y p o t h e s i s ,  t h e r e  a r e  no A, B in  V' - Z '  and a i n  %' such t h a t  A ~ B, 

a ~ A o r  A ~ a.  However  i t  i s  p o s s i b l e  t h a t  a ~ b ,  f o r  some t e r m i n a l s  

a and b. Now s i n c e  t h e r e  a r e  no p r o d u c t i o n s  o f  t y p e  A ÷ ~ i n  P ' ,  

i n  (V - %)+, ] a ]  > I ,  t h e r e  a r e  no r e l a t i o n s  X <. Y o r  X ,> Y f o r  any 
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symbols X, Y in  V ' .  The re fo re  G' i s  c o n f l i c t - f r e e .  

Cons ider  the grammar G d e f i n e d  by the p r o d u c t i o n s :  

S + AB; A ÷ a;  B ÷ ~. 

Then Z) z~g(G)  is  c o n f l i c t  f r e e ,  but  G has a p r o d u c t i o n  C ÷ X w i t h  X in  

( V -  This  demonst ra tes  t h a t  the c o n d i t i o n :  f o r  a l l  A in V - Z, 
+ 

the re  is  a nonempty t e r m i n a l  word x such t h a t  A = x ;  cannot be removed 

and s t i l l  have Theorem 5.4 v a l i d .  

Cond i t i on  ( i i i )  in Theorem 5.4 is  ve ry  s t rong  and i m p l i e s  G 

has no se l f - embedd ing  v a r i a b l e .  The re fo re  ~ g ( G , ~ )  = ~ ( F I N ) .  In 

f a c t  i s  can be proved t h a t  ~g(G,=*) =~2 ~ (FIN) i f  e i t h e r  ~g(G)  or 

~ nd(G) i s  c o n f l i c t  f r e e  and L(G,=~) con ta i ns  a t  l e a s t  one non-empty 

word. 

Turn ing  to  s - i n t e r p r e t a t i o n s  we s t r e n g t h e n  our c l a i m  t h a t  

t h i s  is  the a p p r o p r i a t e  i n t e r p r e t a t i o n  mechanism in the pa rs i ng  con- 

t e x t ,  s ince  the c h a r a c t e r i z a t i o n  r e s u l t  i s  p a r t i c u l a r l y  s imp le .  

Theorem 5.5 

For each grammar form G, ~ s ( G )  i s  c o n f l i c t  f r e e  i f f  G is  

c o n f l i c t  f r e e .  

C l e a r l y  i f  ~ s(G) i s  c o n f l i c t  f r e e  then G i s  c o n f l i c t  f r e e ,  Proof: 

t h e r e f o r e  c o n s i d e r  the converse .  

Let  G' -4 G(p) where G = (V ,S ,P ,S)  and G' = (V' Z ' , P ' , S ' )  
S ~ ~ " 

Now f o r  each word x '  in  p ( V * ) ,  the se t  p - l ( x ' )  = { x :  x in  V* and x '  is  

in p ( x ) }  con ta ins  e x a c t l y  one e lement .  Then f o r  each d e r i v a t i o n  in G ' ,  

A' ~+ ~' 

t he re  is  a d e r i v a t i o n  in G 

- I  + - I  p ( A ' )  p ( ~ ' ) .  

I t  i m m e d i a t e l y  f o l l o w s  t h a t  i f  X' ~, ~ , ~ Y' in  G', then 
~ - I ( x ,  ) ~, < . . >  - l ( y , )  i n  G, r e s p e c t i v e l y .  The re fo re  i f  G' 

has c o n f l i c t s  so does G, a c o n t r a d i c t i o n .  Hence Cs(G) i s  c o n f l i c t  

f r e e .  

Having demonst ra ted t h a t  s - i n t e r p r e t a t i o n s  p rese rve  c o n f l i c t  

f reeness  we now tu rn  to ~ p - i n t e r p r e t a t i o n s .  

Theorem 5.6 

For each grammar form G , _ ~ p ( G )  is  c o n f l i c t  f r e e  i f f  t he re  is  

some c o n f l i c t  f r e e  G ' ,  where G ~:~ G u~p " 
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Proof: C l e a r l y  i f  --~P(G) is  c o n f l i c t  f r e e  then f o r  a l l  G ~ u~p'=: G, 

G' ~n  G hence G' i s  c o n f l i c t  f r e e .  Consider  the converse i m p l i c a t i o n .  

First~~ note t h a t  when G' "=~ G then G ~ G' hence G' and G are u~p ..~ 
s t r o n g l y  ~p- form e q u i v a l e n t .  Since G' has on ly  one t e r m i n a l  symbol ,  

~ p ( G ' )  = ~ s ( G ' ) ,  t h e r e f o r e  by Theorem 5.5 ~ p ( G ' )  i s  c o n f l i c t  

f r e e .  

I t  i s  we l l  known t h a t  f o r  each c o n t e x t - f r e e  language L t h e r e  

e x i s t s  a c o n f l i c t  f r e e  grammar G w i t h  L(G,~)  = L. We now s t r e n g t h e n  

t h i s  r e s u l t .  

Theorem 5.7 

For each c o n t e x t - f r e e  language L, t he re  e x i s t s  a grammar form 

G such t h a t  L = L(G,~)  and ~ ~s(G)  (and ~ { ~ p ( G ) )  i s  c o n f l i c t  f r e e .  

Proof: Without  loss  o f  g e n e r a l i t y  assume L is  ~ - f r e e .  Now L = L (F ,~ )  

f o r  some ~ - f r e e  grammar F and the re  e x i s t s  a grammar G which f u l f i l l s  

the f o l l o w i n g  c o n d i t i o n s :  

( i )  L (F ,~ )  = L(G,~)  and G is  ob ta ined  e f f e c t i v e l y  from F, 

( i i )  G is  c o n f l i c t  f r e e ,  and 

( i i i )  G on ly  has p r o d u c t i o n s  of  types A ÷ a and A ÷ BC, and f u r t h e r  

f o r  each p r o d u c t i o n  o f  type A ÷ BC, the non te rm ina l  B does not 

appear in  the second p o s i t i o n  of  the r i g h t  hand s ide  of  any 

p r o d u c t i o n  in G. 

Such a G i s  c o n s t r u c t e d  in Theorem 5.9,  Cons ider  a unary ~p- 

i n t e r p r e t a t i o n  G' o f  G. Since n e i t h e r  a -'- b nor a <. b are p o s s i b l e  in  

G, then G' i s  c o n f l i c t  f r e e .  The r e s u l t  f o l l o w s  by Theorems 5.5 and 

5.6 .  

In the above p r o o f  we have used the f a c t  t h a t  f o r  each grammar 

t he re  i s  an e q u i v a l e n t  c o n f l i c t  f r e e  grammar. We tu rn  to the con- 

s i d e r a t i o n  o f  when t h i s  r e s u l t  can be g e n e r a l i z e d  f o r  s t rong  x - f o r m  

e q u i v a l e n c e  and x - f o r m  e q u i v a l e n c e ,  x = g, nd, ~p and s. F~r s t r ong  

x - f o r m  e q u i v a l e n c e  we g i ve  necessary  and s u f f i c i e n t  c o n d i t i o n s ,  w h i l e  

f o r  x - f o rm  e q u i v a l e n c e  we show t h a t  eve ry  grammar has a g - fo rm e q u i v a -  

l e n t  c o n f l i c t  f r e e  grammar. 

Theorem 5.8 

For each grammar form G, the f o l l o w i n g  ho ld :  

( I )  Let  F be the grammar ob ta ined  by r e p l a c i n g  each occur rence o f  
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a terminal by a new terminal in some minimal grammar form G' 

strongly g-form equivalent to G. Then G has a strongly g-form 

equivalent con f l i c t  free grammar form i f f  F is con f l i c t  free. 

(2) For x =nd or £p, G has a strongly x-form equivalent con f l i c t  

free grammar form i f f  the grammar form obtained from G by 

replacing each occurrence of a terminal by a new terminal is 

con f l i c t  free. 

(3) G has a strongly s-form equivalent con f l i c t  free grammar form 

i f f  G is con f l i c t  free. 

Proof: In a l l  cases the " i f "  case is obvious, therefore we only 

consider the "only i f "  cases in the fol lowing. 

(1) Suppose G l = (V l ,Z i ,P i ,S l )  is strongly g-form equivalent to G and 

is con f l i c t  free. Then by Theorem 3.15 there exists a minimal 

grammar form G 2 = (Vl,21,P2,Sl) strongly g-form equivalent to G l 

with P2 S Pl" Since G l is con f l i c t  free so is G 2. Let G 3 be the 

grammar form obtained by replacing each occurrence of a terminal by 

a new terminal in the productions of G 2. Clearly G 3 is con f l i c t  

free, minimal and strongly g-form equivalent to G. Let G 4 be the 

form obtained from G 3 by deleting a l l  terminals immediately to the 

r ight  of a terminal in P3" Clearly G 4 is confl i 'ct  free. Since 

both F and G 4 are minimal, symbol t igh t  and strongly g-equivalent 

they are also pseudo-isomorphic by Theorem 3.18. Consider the 

following transformation: 

(*) Let H l be a grammar with each occurrence of a terminal a d i f -  

ferent symbol. Let H 2 be obtained from H l by ei ther replacing 

one terminal a by either ab or b, b a new terminal or conversely 

replacing an appearance of ab by a. 

Clearly H 2 is con f l i c t  free i f f  H l is con f l i c t  free. Consider 

F and G 4. Since they are pseudo-isomorphic there exists a 

sequence of (*) transformations which applied to G 4 yields F. 

Hence F is con f l i c t  free. 

(2) Let G l = (Vi ,21,Pi ,Sl )  be the form obtained from G by replacing 

each occurrence of a terminal by a new terminal. F i rs t  consider 

the length preserving s i tuat ion.  Assume G has some strongly 

£p-form equivalent con f l i c t  free grammar form G 2 = (V2,~2,P2,S2). 

Because of the t r a n s i t i v i t y  of strong form equivalence we have 

G l ~p G2(~). Let V 3 be the symbols occurring in the productions 

of PI" Since ~ is length preserving, for each production 

p: X 0 ÷ XI. . .X m, X i in V l ,  
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(3) 

t he re  i s  a p r o d u c t i o n ,  say 

h ( p ) :  YO ÷ Y I ' ' ' Y m  ' Yi in  V 2, 

such t h a t  X i i s  in  ~ (Y i  ) f o r  a l l  i .  Let  h(X i )  = Y i '  0 ~ i ~ m. 

The f u n c t i o n  h i s  w e l l  d e f i n e d  on V 3 s i n c e  ( i )  f o r  each non- 

t e r m i n a l  A i n  V 3 t h e r e  i s  e x a c t l y  one n o n t e r m i n a l  B in  V 2 such 

t h a t  A i s  in  v ( B ) ,  and ( i i )  each t e r m i n a l  i n  V 3 occurs  i n  ex-  

a c t l y  one p r o d u c t i o n  i n  P1 and o n l y  once i n  t h a t  p r o d u c t i o n .  

Hence h i s  a homomorphism on V~. I t  i s  s t r a i g h t f o r w a r d  to  

v e r i f y  t h a t  i f  X ~, < - ,  ~ Y then h(X) ~, <- , ~ h ( Y ) ,  f o r  a l l  

X, Y i n  V 3. T h e r e f o r e  G 2 has c o n f l i c t s  i f  G 1 has c o n f l i c t s  and 

s i n c e  G 2 is  c o n f l i c t  f r e e  G 1 must a l so  be c o n f l i c t  f r e e .  

Second c o n s i d e r  the n o n d e c r e a s i n g  s i t u a t i o n .  Assume G has a 

s t r o n g l y  nd - fo rm e q u i v a l e n t  c o n f l i c t  f r e e  grammar form G 2. Let  

G 3 be the grammar form o b t a i n e d  from G 2 by r e p l a c i n g  each t e r m i n a l  

o c c u r r e n c e  by a new t e r m i n a l .  As i n  the l e n g t h  p r e s e r v i n g  case 

G 3 is  c o n f l i c t  f r e e  and a l so  s t r o n g l y  nd - fo rm  e q u i v a l e n t  to G I .  

Now in  both  G 3 and G 1 r e p l a c e  t e r m i n a l  subwords i n  t h e i r  p roduc -  

t i o n s  by the l e f t m o s t  symbol in  the t e r m i n a l  subword g i v i n g  G 4 

and G 5 r e s p e c t i v e l y .  S ince  t h i s  may be accomp l i shed  by a 

sequence o f  ( * ) - t r a n s f o r m a t i o n s  G 4 i s  c o n f l i c t  f r e e  and G 5 is  

c o n f l i c t  f r e e  i f f  G 1 i s  c o n f l i c t  f r e e .  C l e a r l y  G 4 and G 5 are 

s t r o n g l y  nd - fo rm e q u i v a l e n t ,  moreover  they  are s t r o n g l y  ~p- fo rm 

e q u i v a l e n t  s i nce  no p r o d u c t i o n  i n  e i t h e r  G 4 or G 5 c o n t a i n s  t e r m i n a l  

subwords o f  l e n g t h  g r e a t e r  than  one. Hence by the ~p case above,  

G 5 i s  c o n f l i c t  f r e e  and t h e r e f o r e  G 1 i s  c o n f l i c t  f r e e .  

Suppose G has a s t r o n g l y  s - f o r m  e q u i v a l e n t  c o n f l i c t  f r e e  grammar 

form G' .  By Theorem 5.5 ~ s ( G ' )  i s  c o n f l i c t  f r e e  and moreover ,  

s i nce  G is  in  ~s (G ' ) ,  G i s  c o n f l i c t  f r e e .  D 

For the f i n a l  r e s u l t  o f  t h i s  s e c t i o n  we show t h a t  each grammar 

form has a g - f o rm  e q u i v a l e n t  c o n f l i c t  f r e e  grammar fo rm,  t h e r e b y  

s t r e n g t h e n i n g  a w e l l  known r e s u l t  f o r  c o n t e x t  f r e e  grammars. 

Theorem 5.9 

Every  grammar form G = ( V , Z , P , S )  has an x - f o r m  e q u i v a l e n t  

c o n f l i c t  f r e e  grammar form F, where x = g, nd,  ~p or  s. 

Proof: I f  L (G,~ )  = {X},  then  l e t  F = ( { S } , ~ , { S ÷ h } , S ) .  C l e a r l y  F i s  

c o n f l i c t  f r e e  and x - f o r m  e q u i v a l e n t  to  G. Cons ide r  the case t h a t  G 

is  n o n t r i v i a l .  Then by Theorem 4.12 we may assume G is  in  Chomsky 

Normal Form. C o n s t r u c t  F : (VF ,S ,PF,S)  as f o l l o w s :  
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Let  V F = V u {A: A i s  i n  V - S} ,  and 

PF = {A + a, A ÷ a: A ÷ a i s  i n  P, a i n  S} 

u {A ÷ BC, A ÷ BC: A ÷ BC is in P}. 

I t  is wel l  known that  F is c o n f l i c t  f ree.  Since F ~ G, immediately 

,~x(F,~) ~ ~-~x(G,~). Conversely l e t  G' = ( V ' , Z ' , P ' , S ' )  "~ G(p). For 

each nonterminal A in V',  l e t  A be a new nonterminal. Define a sub- 

s t i t u t i o n  ~' on V F by ~'(X) = ~(X), fo r  a l l  X in V and 

~'(A) = {B: B is in ~(A)} for  a l l  A in V - Z. Let 

P~ = {A ÷ w, A ÷ w: A ÷ w is in P ' ,  w in Z*} 

u {A ÷ §C, A ÷ BC: A ÷ BC is in P',  B, C in V' - S'} 
| 

and F' = (V~,S' ,PF,S')  where V~ = V' u {A: A is in V' - Z ' } .  Then 

F' ~ F(p')  and L(F ' ,~)  = L(G' ,~) .  Hence ,Z°x(G,~) ~ ~ x ( F , ~ )  

completing the proof. D 

11 .5 .3  P ushdown A c c e p t o r  Forms 

We deve lop  the  n o t i o n  o f  a pda form under  both  g- and s-  

i n t e r p r e t a t i o n s .  

Reca l l  t h a t  a pushdown a c c e p t o r  (pda) i s  a s e x t u p l e  

M= ( Q , Z , F , H , Z o , q o )  where Q is  a f i n i t e  se t  o f  s t a t e s ,  z i s  the i n p u t  

a l p h a b e t ,  ? is the pushdown a l p h a b e t ,  H is  a f i n i t e  subse t  o f  

Q x:(~ u {~}) x r x ? x Q of moves, Z 0 is the i n i t i a l  pushdown symbol 

and qo is the i n i t i a l  s tate.  Often a set of f i na l  states is also 

given, but fo r  our purposes th is  is an unncessary add i t ion  as w i l l  be 

seen. Also H the move set is usual ly  given as a t r a n s i t i o n  func t ion  

6: Q x (z u {~}) x r ÷ 2 r xQ, however th is  is c l ea r l y  an equivalent  

formulat ion.  

Given a pda M define the re la t i ons - -on  Q × ~ x ? by: 

( p , x , y ) ~ ( q , x ' , y ' )  i f  x = z x ' ,  y = Z6 and 

y' = ~'a where ( p , z , Z , 6 ' , q )  is in H. 

Observe that  the stack y is being read from l e f t  to r i g h t .  Let e--- 

be the r e f l e x i v e  t r a n s i t i v e  closure of l---and l e t  

x in ~ , (qO,x,Zo)~-~ (q,~,~) for  some q in Q}. I t  Null(M) {x:  

is wel l  known that  the fami ly  of a l l  N u l l ( M ) i s  i den t i ca l  to ,~'(CF). 

A pda form is a pda, in the same way that  a grammar form is a 

grammar. 
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Definitign 

Let M 1 and M 2 be pda forms, where M i = ( Q i , % i , P i , H i , Z i , o , q i , o )  
i = I ,  2. We say M2 is an s - i n t e r p r e t a t i o n  of  M 1 modulo v, where ~ is a 

d f l - s u b s t i t u t i o n  from Q1 u z I u F 1 in to  Q2 u %2 u ? 2, i f  

( i )  ~(Ql ) ~ Q2" 
( i i )  P(Zl) ~ %2' 

( i i i )  p(F l )  S F 2, 
( i v )  H 2 S ~(Hl) ,  where ~(H l )  = L ] v(h) and 

h in H l 
~ ( (p , x ,Z , y ,q ) )  = ~(p) x ~(x) x ~(Z) x ~(y) x ~(q), 

(v) Z2, 0 is in ~ (Z l ,o ) ,  and 

( v i )  q2,0 is in ~(q l ,O ).  
We denote t h i s  by M 2 s ~ M l (P ) ,  or s imply M 2 "~s Ml when ~ is understood.  

The f am i l y  o f  pda forms de f ined  by a pda form M is denoted ~ s ( M )  and 

def.ined by: 

~ s ( M )  = {M' ~s M(~): f o r  some s u b s t i t u t i o n  ~ and pda M' } .  

S im i l a r y  by ~ 's (M)  we denote the fam i l y  of  languages given by 

M, de f ined  by: 

~ s ( M )  : { N u l l ( M ' ) :  M' is in ~ s ( M ) } .  

These are known as the s-pda fam i l y  and the s-pda language ' f am i l y  of  M, 

r e s p e c t i v e l y .  

Before p rov ing  our major r e s u l t ,  namely t ha t  f o r  each grammar 

form G there  is a pda form M such t ha t  ~ s ( G , ~ )  = ~'s(M) and v ice  

versa,  we prove a normal form r e s u l t  f o r  s-pda f a m i l i e s .  For each 

l - s t a t e  pda form M and each s - i n t e r p r e t a t i o n  M' of  M there  is an 

s - i n t e r p r e t a t i o n  M" of  M such tha t  M" is a l - s t a t e  pda and 

Nu l l (M" )  = N u l I ( M ' ) .  

Notation 

For each pda M = (Q,Z,F,H,Zo,q O) and for Z 1 . . . . .  Z k in F, k ~ I ,  
and q, q' in Q le t  

<q,Z l . . .  Zk,q'> = { (q ,Z l ,q l ) (q l ,Z2 ,q2)  . . .  ( qk_ l ,Zk ,q ' ) :  
ql . . . . .  qk-l  in Q}. 

Let M = (Q,Z,(QxrxQ) u {Zo}, R,Zo,qo) be the pda in which R is defined 

by: 

( i )  
( i i )  

( i i i )  

( iv) 

i f  h = (qO,x ,Zo ,~ ,q )  is in H then h is in H. 

i f  ( q , x , Z , ~ , q ' )  is in H then ( q , x , ( q , Z , q ' ) , ~ , q ' )  is in H. 

i f  ( qO ,x ,Zo , y ,q )  is in H, y • h, then ( q O , x , Z o , y ' , q )  is in 
R f o r  a l l  y '  in < q , y , q ' >  and a l l  q' in Q. 

i f  ( q , x , Z , y , q ' )  is in H, y • h, then ( q , x , ( q , Z , q " ) , y ' , q ' )  is in 

R f o r  a l l  y '  in < q ' , y , q " >  and a l l  q" in Q. 
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Let  ~ = ( { q o } , Z , ( Q x r × Q )  u { Z 0 } , H , Z o , q  0) be the  pda in which ( q 0 , x , Z , y , q 0 )  

i s  in  R i f  ( q , x , Z , T , q ' )  i s  in  R f o r  some q, q '  in  Q. 

Observe t h a t ,  by c o n s t r u c t i o n ,  in  B a move o f  the type  

( q , x , ( p , Z , p ' ) T )  ~ - - - ( q ' , x ' , y ' )  may on l y  take  p lace  when p = q and, 

s e c o n d l y ,  y = y ' ,  t h a t  is  an e r a s i n g  move takes p l a c e ,  on l y  when 
p, = q , .  

We r e l a t e  M, M and M in the f o l l o w i n g  lemmao 

Lemma 5.10 

Let  M, B and M be d e f i n e d  as above.  

= N u l l ( M ) .  

Then Nu l l (M )  = N u l l ( ~ )  

proof: We f i r s t  ske tch  a p r o o f  t h a t  Nu l l (M)  = N u l l ( M ) .  Cons ide r  an 

a c c e p t i n g  move sequence in M: 

( q 0 , x l . . . X m , Z 0 ) ~ - - - ( q l , x 2 . . . X m , T l ) F - - . . . F - - ( q m _ l , X m , T m _ l ) ~ - - - ( q m , ~ , ~ )  
where x i i s  in Z u { ~ } ,  1 ~ i ~ m. 

Now Xm_ 1 is  in  r and s i n c e  i t  i s  e rased ,  then e i t h e r  Ym-I = ZO 

in  which case (qm_ l ,Xm,Tm_ l ) I - - - ( qm,~ ,h )  i s  in  M a l so  or  Tm_ 1 ~ Z 0 in  

which case (qm_ l ,Xm, (qm_ l ,Tm_ l , qm) ) J - - - ( qm ,~ ,~ )  is  in  M by the  p r e v i o u s  
o b s e r v a t i o n s .  Moreover ,  in  both cases ,  the  c o r r e s p o n d i n g  move in ~ is  

u n i q u e l y  de te rm ined .  By i n d u c t i o n  on i t h e r e  is  a unique ~i in 

< q i , ~ i , q m  > f o r  each i ,  l ~ i ~ m- l .  Hence in B t h e r e  is  a u n i q u e l y  

de te rm ined  a c c e p t i n g  move sequence:  

( q 0 , x l . . . X m , Z 0 ) t - - - ( q l , x 2 . . . X m , ~ l ) F - - . . . b - - - ( q m _ l , X m , a m _ l ) 1 ~ - - ( q m , ~ , ~ )  
w i t h  ~i in  < q i , x i , q m > .  Thus N u l l ( M )  ~ N u l l ( M ) .  

C o n v e r s e l y ,  g i ven  an a c c e p t i n g  move sequence:  

(qo ,X l  . . .  Xm,Z 0) ~ - - - . - . ~ ( q m _ l , X m , 6 m _ l ) ~ ( q m , ~ , ~ )  
in  M, then 6i is  in  < q i , ¥ i , q m  > f o r  some un ique ¥i  and t h e r e f o r e :  

( q 0 , x l  . . .  Xm,Z 0) i - - - . . . ~ r - - ( qm_ l ,Xm,?m_ l )~ - - - ( qm,~ ,~ )  
is  an a c c e p t i n g  move sequence in M. We have now shown t h a t  

Nu l l (M)  c Nu l l (M)  and hence Nu l l (M )  = N u l l ( M ) .  

We c lose  by d e m o n s t r a t i n g  t h a t  N u l l ( R )  = N u l l ( M ) .  By d e f i n i t i o n  

o f  ~, f o r  each a c c e p t i n g  move sequence:  

( q 0 , x l  . . .  x ~ , Z 0 ) l - - - ( q l , x  2 . . .  X m , 6 1 ) F - - . . . ~ ( q m , ~ , ~ )  
in  B t h e r e  is  an a c c e p t i n g  move sequence;  

_(qOox] . . .  Xm,Z0) l - - - (qO,x  2 . . .  X m , 6 1 ) ~ - - - . . . $ - - ( q o , ~ , ~ )  
in  B. C o n v e r s e l y ,  g iven  an a c c e p t i n g  move sequence in ~ the 

~ i '  1 ~ i ~ m-I u n i q u e l y  de te rm ine  the c o r r e s p o n d i n g  q i '  1 ~ i ~ m, 

Hence t h e r e  is  a u n i q u e l y  de te rm ined  a c c e p t i n g  move sequence in B. This 

g ives  the r e s u l t .  D 
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Lemma 5.11 

Let M, M and ~ be given as above. Then M "~s M, M ~ ' ~  and 

moreover i f  M is a l - s t a t e  pda and M' ~s M(~) f o r  some pda M' ,  

then ~ ' ?  M. 

Proof: ( i )  M ~: M. Def ine a d f l - s u b s t i t u t i o n  V by: 
S 

v(q) = q, f o r  a l l  q in Q, 

v(a) = a, f o r  a l l  a in z, 

~(Z O) = {Z O} u (Q x {Zo} x Q) and 
~(Z) = Q x {Z} x Q, f o r  a l l  Z in F - {Zo} .  

C l e a r l y  R L ~(H) ,  hence M ~ M(~). 

( i i )  M ~ ~. Def ine a d f l - s u b s t i t u t i o n  ~ by: 

~(qo ) : Q, 
v(X) : X f o r  a l l  X in Z u P. 

Then R S ~(R) by c o n s t r u c t i o n ,  hence M "~s ~(~) "  

( i i i )  I f  #Q > 1 then ~,and hence M',  cannot be an s - i n t e r p r e t a t i o n  of  

M. When M is a l - s t a t e  pda de f ine  a d f l - s u b s t i t u t i o n  ~ by: 

_ ~ ( q o  ) : qO' 
~(a) = ~ (a ) ,  f o r  a l l  a in Z, 

~(Zo) = {Z~} x (Q' x v(Zo) × Q') and 

~(Z) = Q' × ~(Z) x Q' ,  f o r  al,] Z in F - {Zo} .  

Immediate ly  H' ~ ~(H) ,  hence ~' ~ M(~). Q 

Our promised "normal form" r e s u l t  now f o l l o w s :  

Theorem 5.12 

Let M be a l - s t a t e  pda form. Then f o r  a l l  M' ~ M there  
S 

e x i s t s  an ~' ~s M w i th  N u l ] ( ~ ' )  = N u l I ( M ' )  and ~' a l - s t a t e  pda. 

This r e s u l t  f o r  pda f a m i l i e s  corresponds to the wel l  known 

r e s u l t  t ha t  the fam i l y  of  l - s t a t e  pda~ generates the fami l y  of  a l l  

pda languages, t ha t  is  a l l  c o n t e x t - f r e e  languages. We now proceed 

to s t reng then  t h i s  correspondence to show tha t  every pda language 

fami l y  is a grammatical f am i l y  and v ice  versa.  

Consider  the f o l l o w i n g  we l l  known l - s t a t e  pda M G cor respond ing 

to a given grammar G. 

Definitio n 

L e t G = ( V , Z , P , S )  be a grammar. Let  M G, the cor respond ing  

l - s t a t e  pda of G, be the pda ( { q o } , Z , V , H , S , q o )  where 
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H = { ( q o , a , a , ~ , q o ) :  a in  Z} u { ( q o , I , A , a , q o ) :  A ÷ a i s  in  P}.  
I t  i s  we l l  known t h a t  Nu l I (M G) = L ( G , ~ ) ,  f o r  a l l  c o n t e x t - f r e e  

grammars G. 

Theorem 5.13 

For every  grammar G, ~ s ( G , ~ )  = ~ s ( M G ) .  

Proof: L e t t i n g  G' "~s G(~) ,  where G' = ( V ' , S ' , P ' , S ' )  the pda 

c o r r e s p o n d i n g  to G' is  g iven  by: 

M' = ( { q o } , Z ' , V ' , H ' , S ' , q o ) ,  where H' = { ( q o , a ' , a ' , l , q o ) :  a in S ' }  

u { ( q o , I , A ' , ~ ' , q o ) :  A' ÷ ~' is  in P}. 
Le t  ~ be a d f l - s u b s t i t u t i o n  d e f i n e d  by: 

5 (qo)  = qo and 
~(X) = ~(X), for al l  X in V. 

Clearly M' ~s MG(~) and Null(M') = L(G',~) as pointed out above. 

Therefore ,~s(G,~) S~s(MG).  
Consider the reverse inclusion. Since M G is a l -s ta te  pda we 

need only consider l -s ta te  s- interpretat ions of M G by Theorem 5.12. 

Let  M' = ( { q o } , Z ' , r ' , H ' , Z ~ , q o )  and M' ~s M(~ ) .  S ince  H' ! ~(H) each 
move in  H' i s  e i t h e r  o f  the  fo rm:  

( i )  ( q o , a ' , a " , ~ , q o ) ,  where a' and a" are in ~ ( a ) ,  f o r  some a in Z, 

or  o f  the form 

( i i )  ( q o , I , A '  ~ ' , q o  ) where A' ÷ a'  is  in  ~(A ÷ a) f o r  some A÷  ~ i n  P 

Type ( i )  moves mean t h a t  a" on the pushdown can match a symbol a' in  

the  i n p u t .  De f i ne  T ( a " )  = { a ' :  ( q o , a ' , a " , l , q o )  is  in  H ' } ,  f o r  a l l  

a" in  Z' and T(X) = X, f o r  a l l  X in  {qo } u r .  Note t h a t  c i s  no t  

n e c e s s a r i l y  a d f l - s u b s t i t u t i o n  but  T ( ~ ( a ) )  ! ~ (a )  f o r  a l l  a in Z, 

hence z~ is  a d f l - s u b s t i t u t i o n .  Le t  G' = (Y' u S ' , Z ' , P ' , Z ~ )  where 

P' = {A'  ÷ a " :  ~" is  in  T ( ~ ' ) ,  ( q o , I , A ' , a ' , q o )  is  in  H ' } .  Then 

G' ~s G(T~) .  The p r o o f  t h a t  N u l I ( M ' )  = L ( G ' , ~ )  is  s t r a i g h t f o r w a r d  

and is  o m i t t e d .  Thus ,~s(MG) S ~ s ( G ,  ~)  c o m p l e t i n g  the p r o o f .  D 

We now turn to the converse resul t .  

Definition 

Let  M = ( Q , ~ , ? , H , Z o , q o )  be a pda and S a new symbol.  De f ine  

the c o r r e s p o n d i n g  grammar G M : ( {S }  u Z u (Qx~xQ) ,Z ,P ,S)  by s p e c i f y i n g  

P as f o l l o w s :  

( i )  i f  ( q O , x , Z o , h , q ' )  is  in  H, then S ÷ x i s  in  P. 

( i i )  i f  ( q , x , Z , l , q ' )  is  in  H, then ( q , Z , q ' )  + x is  in P. 
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( i i i )  i f  ( q O , x , Z o , Z l . . . Z r , q )  is  in  H, then 

S ÷ x ( q , Z l , q l ) ( q l , Z 2 , q 2 )  . . .  ( q r _ l , Z r , q r )  is  in P, f o r  a l l  

ql . . . . .  q r  in  Q. 
( i v )  i f  ( q , x , Z , Z l . . . Z r , q ' )  is  in  H, then 

( q , Z , q " )  ÷ x ( q ' , Z l , q l ) ( q l , Z 2 , q 2 )  . . .  ( q r _ l , Z r , q " )  
is  in  P f o r  a l l  q " ' q l  . . . . .  q r  in  Q. 

I t  i s  we l l  known t h a t  L(GM,~ ) = N u l l ( M ) .  

Theorem 5.14 

For every  pda M, ~ s ( G M , ~ )  : =~s(M).  

proof: Let  M' : ( Q ' , Z ' , F ' , H ' , Z ~ , q ~ )  and M' ~s M(~) .  Then 

G' = ( {S }  u S' u ( Q ' × F ' x Q ' ) , s ' , P ' , S )  can be c o n s t r u c t e d  in  the manner 

s p e c i f i e d  above and i t  i s  c l e a r  t h a t  G' ~s GM(~), where ~ is  d e f i n e d  by: 

5(S) = S, 5 (a)  = ~ ( a ) ,  f o r  a l l  a in  Z, and 

~ ( ( p , Z , q ) )  : { ( p ' , Z ' , q ' ) :  p'  in  9 ( p ) ,  Z' in  ~(Z)  and q'  in 

~ ( q ) } ,  f o r  a l l  ( p , Z , q )  in  QxFxQ. 

Hence ~-~s(M) S "~s(GM,~)  • Cons ide r  the converse  r e s u l t .  Le t  

G' ~s GM(~) where G' = ( V ' , S ' , P ' , S ' ) .  A lso l e t  

= (Q,s , (QxFxQ)  u { Z o } , H , Z o , q o )  be the  s p e c i f i c  s - i n t e r p r e t a t i o n  pda 

o f  M i n t r o d u c e d  e a r l i e r .  S ince M ~s M i t  s u f f i c e s  to demons t ra te  a 

pda M' "~ M(~) w i t h  N u l I ( R ' )  = L ( G ' , ~ )  D e f i n e  ~ as f o l l o w s :  s 
~(X) = X, f o r  a l l  X in  Q u s, 

5(Z O) = ~(S) and 5 ( (P ,Z ,q ) )  = ~ ( ( p , Z , q ) )  f o r  a l l  ( p , Z , q )  in  Qxrxq.  

C l e a r l y  ~ is  a d f l - s u b s t i t u t i o n .  Le t  M' = ( Q , ~ ' , V ' , H ' , S ' , q o ) ,  where 

H' c o n s i s t s  o f  the f o l l o w i n g  moves: 

( i )  i f  S' + x '  is  in  P ' ,  S' ÷ x '  i s  in  ~(S ÷ x) and S ÷ x is  

type (~i) (by which we mean S ÷ x is  o b t a i n e d  from the move 

( q O , x , Z o , ~ , q ' )  in  H, f u l f i l l i n g  c o n d i t i o n  ( i )  in  the 

d e f i n i t i o n  o f  GM), then l e t  ( q O , X ' , S ' , ~ , q ' )  be in H' 

( i i )  i f  A ÷ x '  i s  in  P ' ,  A ÷ x '  is  the image o f  a type  ( i i )  

p r o d u c t i o n  coming from ( q , x , Z , ~ , q ' )  then l e t  ( q , x ' , A , ~ , q ' )  

be in H ' .  

( i i i )  i f  S' ÷ x 'A  1 . . .  A r is  in  P ' ,  the  image o f  a type ( i i i )  

p r o d u c t i o n  coming from ( q O , x , Z o , Z l , . . Z r , q )  then l e t  

( q O , X ' , S ' , A l . . . A r , q )  be in  H' 
( i v )  i f  A ÷ x ' A I . . . A  r is  in  P ' ,  the image o f  a type ( i v )  

p r o d u c t i o n  coming f rom ( q , x , Z , Z l . . . Z r , q ' )  in  H, l e t  

( q , x ' , A , A l . . . A r , q ' )  be in H' 
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Clear ly B ' ~  B(C). F i n a l l y ,  note that  in G M, S only appears on the 
s 

le f thand side of product ions, a l l  other nonterminals are in QxFxQ. 

I t  fo l lows that  in a lef tmost  der i va t ion  in G', S' L * .  in G' implies 

that ~ = uB fo r  some u in Z '*  and 5 in ~(QxFxQ)*. By induct ion on the 

length of the de r i va t i on ,  n m l ,  i t  can be shown tha t :  

S' ~n u~ in G' i f f  there is an n-step move sequence from 

(qO,U,S') to (q,~,B) for  some q in Q. 

Thus N u l I ( M ' )  = L ( G ' , ~ ) ,  c o m p l e t i n g  the p r o o f .  D 

We can summarize the  r e s u l t s  so f a r  in  the f o l l o w i n g  theorem. 

Theorem 5.15 

For each f a m i l y  o f  languages ~ ,  ~ i s  an s-pda language f a m i l y  

i f f , ~ i s  an s -g rammat i ca l  f a m i l y .  

We now tu rn  to g - i n t e r p r e t a t i o n s  o f  pda forms.  

F i r s t  observe  t h a t  the  d e f i n i t i o n  o f  g - i n t e r p r e t a t i o n  f o r  pda 

fo rms,  which is  ana logous to t h a t  f o r  grammar fo rms,  w i l l  n o r m a l l y  

produce a c c e p t o r s  as i n t e r p r e t a t i o n s  which are not  pdas. Th is  is  

because the image o f  an i n p u t  symbol may be a word.  We t h e r e f o r e  

a l l o w  a more genera l  d e f i n i t i o n  o f  a pda in which ( p , x , Z , x , q )  is  an 

a l l o w a b l e  move even when Ix l  > I .  We c a l l  t h i s  a g e n e r a l i z e d  pda 

o r  s imp ly  9pda. The d e f i n i t i o n  o f  a move sequence is  a p p r o p r i a t e l y  

m o d i f i e d ,  in  which case i t  i s  c l e a r  t h a t  i f  M 1 is  a gpda then t h e r e  

e x i s t s  a pda M 2 such t h a t  Nu l l (M  I )  = N u l l ( M 2 ) .  In o t h e r  words no 

g e n e r a t i v e  power is  added. 

We say M 1 is  a g , i n t e r p r e t a t i o n  ..... o f  M 2 modulo ~, denoted 

M 2 "~ M l ( ~ ) ,  i f  M i = ( Q i , Z i , F i , H i , Z i , o , q i , o ) ,  i = l ,  2 and ~ is  a 
f i n i t e  s u b s t i t u t i o n  f rom Ql u E l u F 1 to Q2 u ~ u F 2, which f u l f i l l s  

c o n d i t i o n s  ( i ) ,  ( i i i ) ,  ( i v ) ,  (v )  and ( v i )  in  the  d e f i n i t i o n  o f  

s - i n t e r p r e t a t i o n s  and ( i i )  i s  r e p l a c e d  by:  

( i i ' )  ~ ( Z l )  £ Z~. 
We o b t a i n  ~ g ( M )  and ~ g ( M )  a n a l o g o u s l y  to ~ s ( M )  and =~s(M).  

The f o l l o w i n g  r e s u l t s  are s t r a i g h t f o r w a r d  and are l e f t  to 

the  r e a d e r .  

Proposi t ion 5.16 

For each gpda form M 1 t h e r e  i s  a s t r o n g  g- fo rm e q u i v a l e n t  

pda form M 2 . 
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Proposition 5,17 

For each pda form M, and hence each gpda form, 

~ g ( M )  = J~-(,C~s(M)). 

Our main r e s u l t  now f o l l ows  s t r a i g h t f o r w a r d l y .  

Theorem 5.18 

For each language fam i l y  ~ the f o l l o w i n g  are e q u i v a l e n t  

s ta tements :  

( i )  . ~  is a g-grammatical  f am i l y .  

( i i )  =w~ is a g-pda language f am i l y .  

( i i i )  ~ is a g-gpda language fam i l y .  

prgof: ( i i )  ~ ( i i i )  f o l l ows  from P ropos i t i on  5.16.  We show tha t  

( i )  ~ ( i i ) .  Now by Theorem 5.15 a language f a m i l y ~ i s  s-grammat ical  

i f f  i t  is  an s-pda language f am i l y .  

Now,~ : ~ ( G , 4 ,  f o r  some grammar form G 

i f f  ~ g ( ~ s  (G,~))  

i f f  = ~ ( ,~ 's (M)) ,  f o r  some pda form M. by Theorem 5.15 

i f f  = ~ g ( M ) .  Hence the r e s u l t .  

We have demonstrated in t h i s  sec t i on  t ha t  the analogue f o r  

pda's of s-  and g - i n t e r p r e t a t i o n s  f o r  grammar forms y i e l d s  e x a c t l y  the 

same f a m i l i e s  of  languages. This means tha t  pda forms correspond to 

grammar forms in the same way tha t  pdas corresponds to grammars. Thus 

f o r  each s- or g-grammat ical  f am i l y  we immediate ly  have a v a i l a b l e  a 

pars ing  a l go r i t hm  f o r  the whole f am i l y .  In the same way t ha t  

d e t e r m i n i s t i c  pda (dpda)  have been s tud ied  as models o f  r e a l i s t i c  

pars ing  techn iques ( l i n e a r  in the leng th  of  the inpu t  word) f o r  

grammars, so the study of  dpda w i t h i n  an s- or g-pda f am i l y  may now 

be i n v e s t i g a t e d  w i th  the same end in view. This is  an area o f  i n -  

v e s t i g a t i o n  f o r  which l i t t l e  is known at the t ime of  w r i t i n g .  

In c l o s i n g  we mention one f u r t h e r  r e s u l t  which the i n t e r e s t e d  

reader  may prove f o r  h imse l f .  

prgRosition 5.19 

For every gpda M 1 there  is a pda M 2 such tha t  

~ s ( M l )  = ~ s ( M 2 ) .  

Thus even under s - i n t e r p r e t a t i o n s  gpda's are no more powerfu l  than pda 's .  
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11.6 Dense Co l l ec t i ons  of  Grammatical Famil ies 

The framework of grammar forms provides us not only wi th the 

twin not ions of a fami l y  of grammars and a grammatical fami ly  wi th 

respect  to a given grammar but also i t  provides us wi th c o l l e c t i o n s  

of these in a natura l  way. In Sect ion 11.3 the c o l l e c t i o n  of the 

f am i l i es  of grammars def ined by c o n t e x t - f r e e  grammar forms was s tud ied.  

In the present sect ion we study the corresponding c o l l e c t i o n  of con tex t -  

f ree grammatical f am i l i es  under s - i n t e r p r e t a t i o n s .  We show, in 

Sect ion 6.2,  tha t  the c o l l e c t i o n  of s-grammatical f am i l i es  is dense in 

the --sense tha t  given two f am i l i es  ~ I  and ~ 2  such tha t  ~ I  # ~ 2  

and ~ I  contains a l l  f i n i t e  sets then there always ex i s t s  a fami ly  ,~T 3 
p roper l y  in between, tha t  is  

Second, in Section 6.3 we abs t rac t  the not ions that  enable such a 

dens i t y  r e s u l t  to be proved using the techniques of  the f i r s t  sec t ion .  

This leads in a natura l  way to c o l l e c t i o n s  of language fam i l i es  f u l -  

f i l l i n g  some basic p r o p e r t i e s ,  which we ca l l  MSW spaces. We demonstrate 

that  such c o l l e c t i o n s  are not a rare occurrence, in tha t  given an 

a r b i t r a r y  c o l l e c t i o n  ~ we can always obtain an MSW space by c los ing  

under some operators  in a f i xed  f i n i t e  sequence, which is  exac t l y  

the c losure of ~ under these p a r t i c u l a r  opera tors .  F ina lTy ,  in 

Sect ion 6.4,  we demonstrate a dens i t y  r e s u l t  fo r  two-symbol-s-  

grammatical f a m i l i e s ,  which leads to the d e c i d a b i l i t y  of form equiva- 

lence for  sub - l i nea r  two-symbol-s-grammatical  f a m i l i e s .  These two 

dens i t y  r e s u l t s  are of  i n t e r e s t  since they are es tab l i shed  in two very 

d i f f e r e n t  ways and also because such resu l t s  have not been forthcoming 

in the past when generat ive  devices have been s tud ied.  

11.6.1 P re l im ina ry  Notions 

In order to prove the r e s u l t s  on dens i ty  i t  is  convenient to 
in t roduce some nota t ion  and also a number of language and language 
fami ly  opera t ions .  

We say tha t  a c o l l e c t i o n  ~ of  language f a m i l i e s  is  dense i f  

fo r  any two language fam i l i es  "~I  and ~-#2 in ~ wi th ~ I  ~ 2  there 
e x i s t s  a language fami ly  ~ in ~ s t r i c t l y  in between, tha t  is  

~ 1 ~ w~. 2 # ~  ~ 2" Two language f am i l i es  ~ '  1 a n d ~  2 o f ~  wi th 
~ 1 ~ are said to be a dense pa i r  wi th respect  to ~_  i f  

~ ( ~ i , ~ 2  ) = { ~  in ~ : ~ i  c_~  _~ ~ 3 } is  dense, we normal ly  

wr i te  ( . ~ l , , I ~ 2 ) i s  a dense pa i r .  I f ~  1 #w~2 and there is no,~' 3 in ~ ,  

such t ha t .~ '  1 # '~3 ~ '~2 '  then ~ 2  is a successor o f ~  I .  We say i n ~  1 
in ~ is  dens i t y  f o rc ing  wi th respect  t o , i f  
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~I~ [ wl~ I ]  = { . ~  in  ~ :  o~' 1 i ~l~ } i s  dense. 

In the nex t  s e c t i o n  we w i l l  prove t h a t  ~ ' (REG) i s  d e n s i t y  

f o r c i n g  w i t h  r e s p e c t  to the c o l l e c t i o n  of  a l l  s -g rammat i ca l  f a m i l i e s  

and a lso  t h a t  ( ~ ( R E G ) ,  ~ ( C F ) )  i s  a dense p a i r .  

We now i n t r o d u c e  some necessary  language and language f a m i l y  

o p e r a t i o n s .  

Let  L 1 and L 2 be two languages over  d i s j o i n t  a l p h a b e t s .  Then 

the s u p e r d i s j o i n t  union of  L 1 and L 2, denoted by L 1 ~ L 2, i s  s imp l y  

the union o f  L 1 and L 2. Note t h a t  the s u p e r d i s j o i n t  union i s  on l y  

de f i ned  i f  the two languages are over  d i s j o i n t  a l p h a b e t s .  S i m i l a r l y  

we de f i ne  a k ind  o f  i n v e r s e  o f  t h i s  o p e r a t i o n .  Let  L be a language 

over  some a l p h a b e t  Z. Then a language L 1 i s  ob ta ined  by b reak ing  L 

w i t h  r e s p e c t  to an a l phabe t  E l ! S i f  L 1 = L n S~ and L - L 1 ! ( S - S l ) * ,  

t h a t  i s  L - L 1 does not  c o n t a i n  any word c o n t a i n i n g  a symbol o f  E I -  

We say t h a t  L i s  cohe ren t  i f  i t  cannot  be broken in  a n o n - t r i v i a l  

manner. So i f  L 1 i s  ob ta ined  by b reak ing  L then e i t h e r  L 1 = L or L 1 = 0. 

The o p e r a t i o n  o f  s u p e r d i s j o i n t  union can be extended to 

language f a m i l i e s  as f o l l o w s .  

The s u p e < d i s j o i q t  wedge of  two language f a m i l i e s  =~'I and ~7~ 2, 

denoted~l and bYL2~lin _.~ 2 } ~ 2 "  i s  d e f i n e d  by: E l  ~/r : ~ 2  = { L I ~  L :2 LI in  

Another  use fu l  o p e r a t i o n  f o r  both languages and language 

f a m i l i e s  i s  t h a t  o f  removing a l l  words o f  a g iven l eng th  from a 

language or from a l l  languages in  a f a m i l y .  Let  L be a language and 

a language f a m i l y .  Then f o r  i ~ 1 we denote by L ( i )  the language 

d e f i n e d  by {x i s  in  L: I x l  • i } .  S i m i l a r l y  by ~ ( i ) ,  we denote the 

language f a m i l y  { L ( i )  = L i s  i n ~ } .  We c a l l  L ( i )  an e x t r a c t i o n  o f  L 

and ~ ( i )  an e x t r a c t i o n  o f ~  # . 

A language f a m i l y ~ i s  c losed  under c o v e r i n ~  i f  f o r  eve ry  

i n f i n i t e  language L, the f a c t  t h a t  L ( i )  i s  in,w~ f o r  i n f i n i t e l y  many 

i i m p l i e s  t h a t  L i s  in  ~!~. 

We w i l l  p r o v i d e  a grammat ica l  c h a r a c t e r i z a t i o n  o f  s u p e r d i s j o i n t  

wedge by way o f  the f o l l o w i n g  o p e r a t i o n  on grammars. 

Le t  G i = ( V i , Z i , P i , S i )  be two ( c o n t e x t - f r e e )  grammars such 

t h a t  S i does not  occur  on the  r i g h t  hand s ide  o f  any p r o d u c t i o n  in  Pi 

f o r  i = I ,  2 and suppose t h a t  V 1 n V 2 = ~. De f ine  a new grammar 

G 1 ~ G 2 = ((V 1 u V 2 ) - { S 2 } , Z  1 u Z2, ~ u P ~ , S l ) ,  where P~ i s  P2 w i t h  S 2 
rep laced  by S I .  We say G 1 ~ G 2 i s  the d i r e c t  sum of  G 1 and G 2. 

Note t h a t  we can a lways rename the a l phabe t  of  a grammar form 

w i t h o u t  changing i t s  g rammat ica l  f a m i l y  and moreover w i t h o u t  any loss  

o f  g e n e r a l i t y  we may assume i t s  sentence symbol does not appear on the 
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r i g h t  hand s ide o f  any p r o d u c t i o n .  There fo re  f o r  any two grammar forms 

we can always de f i ne  t h e i r  d i r e c t  sum. 
Let  us now s t a t e  some s t r a i g h t f o r w a r d  but  impo r tan t  r e s u l t s  

about grammar forms w i t h  respec t  to the o p e r a t i o n s  de f ined  above. 

Lemma 6.1 

Let G i + = ( V i , ~ i , P i , S i )  f u l f i l l  the above condi t ions for 
i = l ,  2. Then 

( i )  O~s(G 1 ~ G2,~) = ~ ' s (G l ,~ )  VJ ~s (G2 ,~ )  ' L(GI ~ G2,~ ) 
= L(GI,~) ~ L(G2,~) and i f  L is a coherent language in 

~ s ( G I  ~ G2,~) then L is  e i t h e r  in ~ s ( G I , ~ )  or  in ~-~s(G2,~). 
( i i  I f~G i ~s G f o r  some G, i = I ,  2, then G 1 ~ G 2 "~s G. 

( i i i  O~'s(G,~) is  c losed under s u p e r d i s j o i n t  union f o r  each grammar 
form G. 

= { ~ s ( G , ~ ) :  G i s  a c o n t e x t - f r e e  grammar form} is  c losed ( iv 
under s u p e r d i s j o i n t  wedge. 

(v ~ ' s ( G , ~ )  is  c losed under both break ing  and e x t r a c t i o n  fo r  each 
grammar form G. 

( v i  ~ is  c losed under e x t r a c t i o n .  

Proof: 

( i i  

( i i i  

(iv) 

(v) 

( i )  Fol lows from the d e f i n i t i o n s ,  no t ing  t ha t  i f  G ~s G 1 ~ G2 
then G can be decomposed i n t o  the d i r e c t  sum o f  G~ and G~ such 

t h a t  G~ ~ G I ,  G~ ~s G2 and G = G~ ~ G~. The f i n a l  s ta tement  
f o l l o w s  d i r e c t l y  from the no t ion  o f  a coherent  language. 
C lear .  

Let  L I ,  L 2 be a r b i t r a r y  languages in -~s (G,~)  over d i s j o i n t  

a lphabets  and G i ~s G be two grammars such t h a t  L ( G i , ~ )  = L i ,  

i = I ,  2 and G 1 and G 2 f u l f i l l  the d i r e c t  sum c o n d i t i o n s .  Then 

G 1 ~ G 2 is  w e l l - d e f i n e d ,  L(G 1 ~ G2,~ ) = L 1 ~ L 2 and G 1 ~ G 2"4s G 
by ( i i ) .  

Cons ider  two a r b i t r a r y  s -grammat ica l  f a m i l i e s  ~ s ( G I , ~ )  and 

~ s ( G 2 , ~ ) .  We may assume by the p rev ious  remarks t h a t  G 1 and G 2 
f u l f i l l  the d i r e c t  sum c o n d i t i o n s  hence 

~ s ( G l  ~ G2,~) : - ~ s ( G l , ~ )  ~ ~ s ( G 2 , ~ )  by ( i ) .  
Let  L 1 ~ S~ be an a r b i t r a r y  language in ,~s(G,~)  and E 2 S Z I .  
Since s -grammat ica l  f a m i l i e s  are c losed u.nder i n t e r s e c t i o n  w i t h  

r e g u l a r  se t s ,  L 2 = L 1 n S~ is  in ~ s ( G , : ) .  Hence s-grammat ica l  
f a m i l i e s  are c losed under b reak ing .  L e t t i n g  L c S* be an 

a r b i t r a r y  language in ~ s ( G , ~ )  and i ~ 1 be an i n t e g e r  then 

L ( i )  = L n (% ,_~ i ) .  Hence s -grammat ica l  f a m i l i e s  are c losed 
under e x t r a c t i o n .  
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( v i )  Cons ide r  an a r b i t r a r y  grammar form G = (V ,Z ,P ,S )  and an i n t e g e r  

i ~ I .  L e t t i n g ~  = , ~ s ( G , ~ )  then i t  shou ld  be c l e a r  t h a t  
~ ( i )  = ~ s ( G i , ~ ) ,  where G i is  o b t a i n e d  from G by the usual 

i n t e r s e c t i o n  w i t h  r e g u l a r  se ts  c o n s t r u c t i o n ,  t h a t  i s  

k ( G i , ~ )  = L (G,~)  n ( E * - ~ I ) .  D 

11 .6 .2  Denseness and s -g rammat i ca l  Fam i l i es  

We have now p repared  the way f o r  the main r e s u l t  o f  t h i s  

s e c t i o n ,  namely ~ ( R E G )  is  d e n s i t y  f o r c i n g  f o r  s -g rammat i ca l  f a m i l i e s .  

Theorem 6.2 

Let  ~ be the c o l l e c t i o n  o f  s -g rammat i ca l  f a m i l i e s  and ~ in 

be a f a m i l y  c o n t a i n i n g  a l l  the  f i n i t e  s e t s .  T h e n ~ i s  d e n s i t y  

f o r c i n g .  

Proo f :  We have to show t h a t  i f  K'#I and ~ 2  are a r b i t r a r y  f a m i l i e s  

in  ~)~ w i t h  " ~ = ~ I  ~ ~ "  2 '  then t h e r e  e x i s t s  ~ 3  in r ~  such t h a t  

~ l  ~ ~ 3 ~ ,~C 2. We proceed by a number o f  c l a i m s .  

Claim 1: ~ 2  - ~ I  c o n t a i n s  an i n f i n i t e  c o h e r e n t  language L. 

Proo f  o~ Cla im:  C l e a r l y : ~  2 - E l  c o n t a i n s  on l y  i n f i n i t e  l anguages ,  

s ince  both E l a n d ~  2 conta i ln  a l l  the f i n i t e  l anguages .  Moreover  s ince  

"Z°I ~ " ~ 2  t h e r e  must be a t  l e a s t  one such language ,  say L, L e t  

L c Z* and assume L is  not  c o h e r e n t ,  s ince  i f  i t  is  cohe ren t  L i s  the 

r e q u i r e d  language.  S ince L is  not  c o h e r e n t  we can break i t  in  a 

n o n t r i v i a l  way i n t o  L 1 S Z~ and L 2 S Z~ such t h a t  Z 2 = Z - E l ,  L 1 u L 2 = L 

and hence L 1 ~ L 2 = L. Moreover  21 ~ E • Z 2 and a t  l e a s t  one o f  L 1 

and L 2 must be i n f i n i t e ;  l e t  t h i s  be L I .  Now #z I < #2 by d e f i n i t i o n  

and l e t t i n g  L 1 be L we can r e p e a t  t h i s  process i f  L 1 i s  no t  c o h e r e n t .  

C l e a r l y  t h i s  c o n s t r u c t i o n  must t e r m i n a t e  a f t e r  a f i n i t e  number o f  s teps 

w i t h  an L which i s  c o h e r e n t .  Fur thermore  the r e s u l t i n g  L must be in 

"~*2 - ~ ' I  s ince  s -g rammat i ca l  f a m i l i e s  are c l osed  under b r e a k i n g •  

Claim 2: Le t  L be a language in ~ 2  - ~ I '  then t h e r e  e x i s t s  an 

i n t e g e r  p ~ 1 such t h a t  L(p)  ~ L and L(p)  is  not  in  - ~  I "  

Proo~ of Claim 2: Since L is  i n f i n i t e  t h e r e  e x i s t  i n f i n i t e l y  many 

va lues  o f  p such t h a t  L (p)  # L. Now assume f o r  each such p t h a t  L (p )  

i s  in  ~ I "  Le t  G 1 = ( V I , Z I , P I , S  I )  be a grammar form such t h a t  
" ~ s ( G l  '~ )  = "~ ' I  and l e t  A be the a l p h a b e t  o f  L. Now t h e r e  are on l y  
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f i n i t e l y  many df l -subst i tu t ions mapping %1 into the set of subsets of 

~. Since every L(p) • L is i n -~  l and there are i n f i n i t e l y  many'such 
L(p), then there are two d is t inc t  integers m and n such that L(m) and 

L(n) are obtained by the same df l -subst i tu t ion as far as terminals are 

concerned. Let H m and H n be the interpretations of G l generating L(m) 

and L(n) respectively. We may assume that the nonterminal alphabets 

of H m and H n are d is jo in t  without any loss of generality. Now con- 

struct the sum of H m and H n as for the direct sum except that the 

terminal alphabets are identical and let  H be the result ing grammar. 

Clearly L(H,~) = L m u L n = L, H ~ G l and therefore L is in ~ l "  This 

is in contradiction to the assumption that L is not in ~'~l , D 

We are now able to establish the theorem by way of our f inal 

claim. 

Claim S: Let L be a coherent language in ~ 2  - ' ~ l '  p -> l be an integer 

such that L(p) • L and L(p) is not in ~ ' l  and Hp ~ G 2 has 

L(H ,~) = L(p). Then,~'3 = ~s(Gl  (B H ,~) is s t r i c t l y  in between 

,~iVand ~ 2  " P 

Proof of Claim 3: First observe that we can always assume G l ~ Hp is 

well defined, by suitably renaming the alphabet of G l i f  necessary. 

Sec°nd'~l = "~s(Gl '~) ~ "~3 follows from the def in i t ion of the direct 

sum. Proper inclusion follows since L(p) is in "~3 " "~'l" Third, 

consider the relationship o f :~  2 and ~'~3' Consider an arbi t rary 

language L' in "~3" L' can be expressed as L" ~ L"' where L" is in 

"~'l and L"' is in ,~s(Hp,~), since "~3 = "~l ~ "~ s(Hp '~)" However 
L" and L'" are both in ~ p ,  since ~'~l 2 ~ p  and H n "~ G 2 implies 

~s(Hp '~) ~ ~'2" Hence L ' ~  L"' = L ~ is in J~' 2 because s-grammatical 

families are closed under superdisjoint union (Lemma 6.1). Thus we 

have shown that "~3 ! ~ 2 "  Proper inclusion follows from Lemma 6.1( i )  

since L is coherent and is neither in '~ l  nor in ,~s(Hp,~) .  D 

This completes the proof of the theorem. 

While we conjecture that the condition that ~contain all 

f i n i te  languages is a necessary and suf f ic ient  condition for~'~Sto be 
density forcing in ~ this remains an open question. Assuming this 

conjecture to be true implies that ~ ( ~ ( R E G ) , ~ ( C F ) )  forms a maximal 

dense pair with respect to ~ . In other words there is no ,~ ~ ~'(REG) 

such that ~ (,~, ~'(CF)) is a dense pair. 
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We now show t h a t  the problem of max ima l i t y  fo r  9 ,  the 

c o l l e c t i o n  of  s -grammat ica l  f a m i l i e s ,  is  r e d u c i b l e  to a p a r t i c u l a r  

ques t ion  about f i n i t e  forms. 
Consider any grammar form F 1 such that ~ s ( F l , ~ )  ~ ~(REG). 

Let t ing the terminal alphabet of F l be {a I . . . . .  an}, n > O, then by 
Lemma 4.22 we know that there are pos i t i ve  integers k i ,  i = l ,  . . . .  n 

such that:  
k i 

a i is not in L (F I ,~ ) ,  for  i = l . . . . .  n. 

Let k = max({ki :  l ~ i ~ n}) + 1 and add to F l new nonterminals and 

r i gh t  l i near  productions generating the language 

. . . . .  } *  - {a  I , .  
{a I a n . .  , 

t h i s  can always be done s ince we may assume the sentence symbol o f  F 1 

does not appear on the r i g h t  hand s ide of any p r o d u c t i o n .  
Let the r e s u l t i n g  grammar form be denoted by F. C l e a r l y  

, ~ ' s ( F i , 4 )  ~ Z s ( F , ~ )  ~ ~ (REG). 
Now l e t  d, d I . . . . .  dn+ 1 be new te rmina l  symbols and l e t  

= {d I . . . . .  d n + l } .  Def ine the f i n i t e  forms D 1 and D 2 by: 

k I k k. 
L(DI,~ ) = E u , . .  u ~ n _ {diJ : 1 ~ i ~ n+l, 1 ~ j ~ n} and 

k. 
L(D2,~) = {d J: l ~ j ~ n}. 

For f i n i t e  forms i t  is easy to show that the language of the form com- 

p le te l y  speci f ies the form as far  as i t s  language fami ly  is concerned. 

Consider F ~ D l and F ~ D 2. Clear ly  ~ s ( F , ~ )  ! ~s (F ~ Dl,~) 

.~#s(F ~ D2,~) ~ ~(REG), since F ~ D i ,  i = l ,  2 and D l ~ D 2. "All 

these containments are proper i f  we assume that  at least  one k i is 

d i f f e r e n t  from one. For considering each of them in turn we have: 

(a) L(DI,~) is not in ~ s ( F , ~ ) .  For assume otherwise, in which 

case there is an F' ~ F(~) for  some ~ such that L(F' ,~)  = L(DI ,~) .  
S 

However th is  means ~ maps {a I . . . . .  a n } onto {d I . . . . .  dn+l}, that 

is there ex is ts  an a i with #~(a i )  ~ 2. Without loss of genera l i ty  

assume that d I and d 2 are in ~ (a i ) .  Now there is a word x in 

{d l ,d2} *  n L(DI,~) such that  IxI = k i and hence 

k. -I  1 (x) = a i is in L(F,~). This is a cont rad ic t ion,  hence 

~ S  (F '~ )  ~ ~ s  (F ~ D I , ~ ) .  
(b) Observe t h a t  L(D2,~) is  not in  ~-~ms(F ~ D I , = ) ,  s ince i t  i s  not  

in  ~ s ( F , ~ )  and i t  i s  not in  ~ s ( D l , ~ ) .  There fore  

~ s ( F  ~ D l ,~ )  ~ ~-~ms(F ~ D2,~).  
+ " (F,~) nor in (c) ~ s ( F  ~ D2,~) ~ ~ (REG) since a Is nei ther in ~ s  

~ s ( D 2 , ~ ) .  
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In  the  case t h a t  k I = k 2 = . . .  = k n = l we have 

L ( F , ~ )  : {a I . . . . .  an } *  - {a I . . . . .  a n } ,  L ( D I , ~ )  = ~ and L (D2 ,~ )  = { d } .  

Thus ~ s ( F , ~ )  : ~ s ( F  ~ D l , ~ )  bu t  ~ s ( F , ~ )  : ~ s ( F  ~ D l , ~ )  

~ s ( F  ~ D2,~) ~ ~ ( R E G ) .  
However in  the f o l l o w i n g  c o n s t r u c t i o n  i t  i s  o f  no consequence 

whether  or  no t  ~ s ( F , = )  i s  p r o p e r l y  c o n t a i n e d  i n  ~ s ( F  ~ D I , ~ ) .  We 
proceed by d e f i n i n g  two f i n i t e  forms H I and H 2 o b t a i n e d  by t a k i n g  a l l  

words o f  l e n g t h  ~ k f rom L(F ~ D I , ~ )  and L(F 8 D2,~) r e s p e c t i v e l y .  
We have the  p rope r  i n c l u s i o n :  

~ s ( H l  ,~) ~ ~ s ( H 2 , ~ ) ,  
s i nce  L(F ~ D I , ~ )  and L(F ~ D2,~) agree f o r  a l l  words o f  l e n g t h  > k. 
L e t t i n g  F (k )  be the f i n i t e  form o b t a i n e d  f rom F by t a k i n g  a l l  words 

o f  l e n g t h  ~ k from L ( F , ~ ) ,  then H i = F (k)  ~ D i ,  i = I ,  2. Note t h a t  
p rope r  i n c l u s i o n  a lways h o l d s ;  even f o r  the e x c e p t i o n a l  case.  We now 
have the f o l l o w i n g  p r e l i m i n a r y  lemma. 

Lemma 6.3 

I f  the p a i r  ( ~ l ~ s ( H l , ~ ) ,  ~ s ( H 2 , ~ )  i s  no t  dense then the p a i r  

(Rms(F $ D I , ~ ) ,  - ~ s ( F  m D2,~) )  i s  no t  dense.  

Proof: By the assumpt ion  of  the lemma the re  are two forms E l and E 2 
such t h a t  

• ~W's(Hl,~) S , ~ s ( E I  ,~)  ~ ~ s(E2 ,~)  ! ~ s ( H 2 , ~ )  
and moreover  E 2 i s  a successo r  o f  E l . 

= ' i = 1 2,  where We c l a i m  t h a t  E i F (k)  ~ E i ,  , 

• <~#s(Dl ,~) ~ ~ s ( E ~ ,  ~) ~ ~'~ms(E2,~) ~ ~ s ( D 2 , ~ )  • 
Cons ide r  L ( E ~ , ~ ) .  I t  can be w r i t t e n  as 

L (E2 ,~ )  = k ( ~ ( k ) C ~ )  I~JL(E~,~) ,  

where F ( k ) ' : ~  F ( k ) s  and E~ ~s D2" But we a l so  have:  

F(k)  ~ Dl "=~s ~(k )  ~ E~. 

Now L ( D I , ~ )  i s  no t  in  . ~ s ( F , ~ )  un less  L ( D I , ~ )  = ~. In  e i t h e r  case we 

i ki have D 1 ~s E~. S ince L ( F ( k ) , ~ )  = {a . . . . .  an } ~ k - { a  i : 1 ~ i ~ n } ,  

i s  no t  i n  ,~¢s(D2,~)  and hence not  i n  ~--~s(E½,~) Moreover  
L ( F ( k ) , ~ )  i s  c l e a r l y  c o h e r e n t ,  t h e r e f o r e  L ( F ( k ) , ~ )  i s  i n , ~ m s ( F ( k ) , ~ ) .  
But t h i s  i m p l i e s  F (k )  -4 [ ( k )  -~0 F (k )  Thus we have demons t ra ted  t h a t  s s 
E 2 = F (k)  ~ E~, where D 1 "~s E~ s ~ D 2. 

By a s i m i l a r  argument  we o b t a i n  

E l = F (k)  ~ E l ,  
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where D 1 "~s E~ "~s D2" Since E l "~s E2 we also have E~ "~ E~ and hence 

~ s ( D I  ,~) ~ , ~ s ( E ~ ,  ~) ~p~'s(E~, ~) ~ ~ s ( D 2 , ~ )  • 

Since ,~s(F (k) ~ E~,~) ~ ~ s ( F  (k) ~ E~,=) we conclude tha t  

Moreover we claim that  E~ is a successor of E~. For i f  th is  
is not the case there is a form E~ such tha t  ~'m (E~,=) ~ =~ s(E~,~) 

' ~ rm F ( k )  8 ~ E ~  ~ s ( E 2 ,  ) and th is  impl ies that  the fo l i es  p roper ly  in 
between ~ s ( E l , ~ )  and,w~s(E2,~),  a c o n t r a d i c t i o n .  

Having es tab l i shed the claim we now proceed wi th the lemma 
by de f i n i ng :  

G i ' i = 1 2. = F ~ E i , 

This gives 

~ s ( F  $ D I , ~ )  ~ ~'/ 's(Gl,~) ~ ~ s(G2 ,~) ~ , ~ s  (F $ D2,~). 
That G 2 is a successor of G 1 fo l l ows  by es tab l i sh ing  the fo l l ow ing  
c la im.  

Claim: Let G be a grammar form s a t i s f y i n g  

~s (G ]  ,~) ~ :~'s (G,~) ~ ~ s ( G 2  ,~)"  

Then there is a grammar form G (k) s a t i s f y i n g  

• ~ 's(F (k) ~ E~,~) # , ~ s ( G ( k ) ,  ~) C , ~ s ( F  (k) ~ E~, : ) .  

Proo~ o f  Claim: I t  is convenient to in t roduce some a u x i l i a r y  no ta t i on .  
For a language L and a pos i t i ve  in teger  t ,  we denote by L~t (L>t)  the 
subset of L cons is t i ng  of a l l  words of length ~t (> t ) .  

For a grammar form H, the fami l i es  ,~ 's(H,~)~t  and ~7"s(H,~)>t 
are def ined by: 

,~#s(H,~)~t = {k~t: k in ~-~s(g,~)} 
and 

, ~ s ( H , ~ ) > t  = {L>t :  L in  ~ s ( H , ~ ) }  
For the G I ,  G and G 2 of the claim we have: 

.~s(Gl,~)>k = ,~s(G,~)>k : ,~ms(G2,~)>k. 

I t  is also clear that: 

"~s (G l ' ~ )~k  S ~s(G,~)~K ~ ~ s ( G z , ~ ) ~ k  ' 
Now assume the claim is f a l s e ,  in other words e i t h e r  

, ~ s ( G l , ~ ) ~ k  = ,~ms(G,~)~k or ,~s(G,~)~k = , ~ s ( G 2 , ~ ) ~ k .  
We w i l l  only consider  the f i r s t  a l t e r n a t i v e  since the second 

can be dea l t  w i th  analogously.  
Thus .~s (G,~)~k  = - ~ s ( G l , ~ ) ~ k  : ~ s ( F  (k) ~ E~,~) and because 
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we have both ~#s(Gl ,~)>k = ~ s  (G'~)>k and ~ s ( G l , ~ ) ~ k  = ~ s ( G ' = ) ~ k  
the inc lus ion  ~ s ( G l , ~ )  ~ ,~ 's(G,~) can be proper only i f  some 
combination of  the "h igh"  and " low" languages is possible in the 
fami l y  ~ s ( G , ~ ) ,  which is not possib le in the fami ly  ~7's(Gl,~).  How- 
ever, th is  con t rad i c t s  the d e f i n i t i o n  of G and the choice of k, because 
of the d i r e c t  sum no new dependencies can be created in ~ s ( G , ~ ) .  
That is  -~s(G,~) = ~ s ( G l , ~ ) ,  a c o n t r a d i c t i o n .  Thus the claim has 
been es tab l i shed .  D 

The lemma now fo l lows  since G 2 is a successor of G 1 and hence 
the pa i r  ( ~ ' s ( F , ~ ) ,  ~'~(REG) is not dense. D 

This lemma immediately y ie lds  the fo l l ow ing  " reduc t ion"  theorem. 

Theorem 6.4 

The pa i r  ( , ~ s ( H I , ~ ) , ~ s ( H 2 , ~ ) )  is dense i f f  the pa i r  
( -~s(F ~ D l ,~ ) ,  ,~s (F  ~ D2,~)) is  dense. 

P__rroof: i_f_: Assume the pa i r  ( , ~ s ( H l , ~ ) ,  ~ s ( H 2 , ~ ) )  is dense, then for  
a l l  H 3 and H 4 such tha t  

~ s ( H l  ,~) £ - C s ( H 3 , ~ )  ~ ~-  s(H4 '~) £ ~ s ( H 2  ,~) 
there is an H 5 wi th 

• ~s(H3 ,~) ~ -~# s(H5,~) ~ "~s(H4 ,~)"  

Now since H i : F (k) ~ D i ,  i = I ,  2, we must have 

H i = F (k) ~ C i ,  i = 3, 4, 5 
by s i m i l a r  arguments to those used in the proof of Lemma 6.3,  where 

D1 ~s Ci "~s D2' i = I ,  2, 3 and C 1 "~s C3 ~s C2" Thus we have 

~ s ( F  ~ D I , ~ )  £ ~ s  (F ~ C I , ~ )  £ ~s (F (~ C3,=~) £ , ~ s ( F  (~ C2,~) £ 

• ~s (F  @ O2,~). 
Moreover ~ s ( F  ~ C I , ~ )  # . ~ s ( F  (~ C3,~ ) # . ~  s(F ~ C2,~), since 

.~s(F (k) ~ C I , ~ )  ~ , ~  s(F (k) ~ C3,~) ~ ~ s(F ~ C2,~). In other words 
the pa i r  (,~#s(F ~ D I , :~ ) , ,~  s(F $ D2,~)) is  dense. 
only i f :  Assume the pa i r  ( .~s(F ~ DI ,~ ) ,  ~-~s(F (B D2,~)) is dense and 
the pa i r  ( ~ s ( H I , ~ ) ,  ~ s(H2,~))  is not dense. Then Lemma 6.3 provides 
a c o n t r a d i c t i o n .  

This completes the theorem. D 
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Now the pa i r  ( ~ ( R E G ) ,  ~ ( C F ) )  is  maximal dense i f f  t he re  is  

no s u b - r e g u l a r  grammatical f a m i l y  =~ ~ such t ha t  the pa i r  (~ ,~V~(REG))  

is dense. Al though we have not s e t t l e d  t h i s  quest ion  we have reduced 

i t  v ia the above theorem to the problem of  the denseness of a pa i r  of  

s p e c i f i c  f i n i t e  forms. 

The techn iques developed in t h i s  sec t i on  to e s t a b l i s h  the 

denseness of  the p a i r  ( ~ - ~ ( R E G ) , ~  (CF)) are i n a p p l i c a b l e  i f  we 

r e s t r i c t  our a t t e n t i o n  to the c o l l e c t i o n  of  two-symbol s-grammatical  

f a m i l i e s .  Thus Sect ion  4 is devoted to e s t a b l i s h i n g  the denseness 

of  t h i s  l a t t e r  c o l l e c t i o n  by use o f  a l t e r n a t i v e  techn iques .  

11.6 .3  MSW Spaces 

Theorem 6.2 can be cons ide rab l y  gene ra l i zed  by cons ide r i ng  

a r b i t r a r y  c o l l e c t i o n s  o f  language f a m i l i e s  s a t i s f y i n g  c e r t a i n  basic 

p r o p e r t i e s  necessary f o r  p rov ing  a r e s u l t  ak in to i t ;  such c o l l e c t i o n s  

are termed MSW spaces. A f t e r  d e f i n i n g  an MSW space we w i l l  prove the 

analogue o f  Theorem 6.2 and then show how an a r b i t r a r y  c o l l e c t i o n  can 

be turned i n t o  an MSW space in a p a r t i c u l a r l y  simple manner. This 

demonstrates not on ly  t ha t  such spaces are e a s i l y  ob ta ined ,  but a lso 

tha t  the a b s t r a c t i o n  is meaningfu l  in t ha t  "most" MSW spaces are 

not  generated by grammar forms. 

A c o l l e c t i o n  o f  ~)~ o f  language f a m i l i e s  is  an MSW-space i f  i t  

s a t i s f i e s  the f o l l o w i n g  th ree  c o n d i t i o n s :  

( i )  Each ~ i n  ~ is c losed under s u p e r d i s j o i n t  union and b reak ing .  

( i i )  ~ ,  is c losed under s u p e r d i s j o i n t  wedge. 

( i i i )  For each i n f i n i t e  language L occu r r i ng  in  some language f a m i l y  

of  ~ there  e x i s t  subsets L i o f  L f o r  i = I ,  2 . . . .  such t h a t  

(a) and (b) ho ld:  

(a) L is  in a language f a m i l y  ~ o f  ~)~ i f f  L i is i n ~  fo r  

a l l  i w i t h  L i # L, 

(b) I f  L belongs t o ~  in ~ , then f o r  every i w i t h  L i • L 

there  e x i s t s  an ~'~#i i n ~  such tha t  ~)Pi ~ , L i is  i n ~  i 

and L is  not in~{~ i .  

Corollary 6.5 

~/~ , the c o l l e c t i o n  of  s-grammat ical  f a m i l i e s  is  an MSW space. 

P_ropf: Cond i t ions  ( i )  and ( i i )  are conta ined in Lemma 6.1 .  Consider  

c o n d i t i o n  ( i i i ) .  Let L i = L ( i )  f o r  i m I ,  then e s s e n t i a l l y  c o n d i t i o n  

( i i , a )  has been proved under Claim 2 of  Theorem 6 .2 .  S i m i l a r l y  ~ ' i  
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of cond i t ion  ( i i i , b )  is def ined by H i in Claim 3 of the proof  of 

Theorem 6.2. Assuming H ~ s G 2 is a grammar form wi th L (H, : )  = L 

and H i is the grammar form f u l f i l l i n g  L (H i ,~ )  = L n (A*-A i )  when 

L S A*, then ~ s ( H i , ~ )  is the e x t r a c t i o n  O f ~ s ( H , ~ )  wi th  respect to 
i .  C lea r l y  L is not in ~ s ( H i , : )  i f  L • L ( i ) ,  s ince words of length 

i do not appear in languages i n ~ s ( H i , ~ ) .  D 

I t  is now possible to generalize Theorem 6.2 considerably, 

namely: 

Theorem 6.6 

Let ~ be an MSW space and l e t  ~ be the c o l l e c t i o n  of a l l  

f i n i t e  languages occur r ing  in language fam i l i es  of ~ . I f  ~"  is any 

fami l y  of ~ c o n t a i n i n g ~ ,  then ~ is dens i ty  f o r c i ng .  

Proof: This is l e f t  to the reader.  

The not ion of  an MSW space together  wi th Theorem 6.6 enables 

many "dense" f am i l i es  to be e x h i b i t e d .  Le t t i ng  7)~be a c o l l e c t i o n  of 

language f a m i l i e s ,  denote by ~ ( i )  f o r  i m l ,  the c o l l e c t i o n  
{ ~ ( i ) :  ~ is i n ~  } .  

Let ~ denote the c o l l e c t i o n  of a l l  f i n i t e  languages, ~L 1 be 
the c o l l e c t i o n  of  a l l  con tex t - f r ee  s-grammatical f a m i l i e s ,  ~ 2  the 

c o l l e c t i o n  of a l l  s-grammatical f am i l i es  (see Section I V . I ) ,  ~ 3 

the c o l l e c t i o n  of  a l l  l i n e a r  s-grammatical f am i l i es  and ~ 4  the 

c o l l e c t i o n  of a l l  synchro-EOL grammatical f am i l i es  (see Section 111.2).  

The fo l l ow ing  c o r o l l a r y  can eas i l y  be shown. 

Corollar~ 6.7 

For a l l  i ,  1 ~ i ~ 4, fo r  a l l  j ~ l ,  i f  =~ is a language fami ly  

in ~ i ( j )  conta in ing  ~ ( j )  then ~ is dens i ty  fo rc ing  with respect  

t o  ~ i ( j ) .  

We now turn  {o the problem of  " cons t r uc t i ng "  MSW spaces. F i r s t  

we es tab l i sh  an " i nva r i ance "  theorem concerning c losure under super- 

d i s j o i n t  wedge and e x t r a c t i o n .  

Theorem 6.8 

Let ~ be a c o l l e c t i o n  of  language f am i l i es  such tha t  each 

fami ly  (~  of ~/~ is closed under s u p e r d i s j o i n t  union, i n t e r s e c t i o n  wi th 
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r e g u l a r  sets and cove r ing .  Let  ~ be the c losu re  of  ~ under super-  

d i s j o i n t  wedge and e x t r a c t i o n .  Then each ~ '  in ~ is c losed under 

s u p e r d i s j o i n t  un ion,  i n t e r s e c t i o n  w i th  r e g u l a r  sets and cover ing  and 

~ , t i s  in MSW space. 

Proof: We f i r s t  show tha t  each ~ in ~ has t h e s p e c i f i e d  c losure  

p r o p e r t i e s .  Consider  two a r b i t r a r y  language f a m i l i e s  ~ 1 a n d S 2  

in ~m~. By the assumptions of  the theorem both ~ I  and ~ 2  have the 

des i red  c losu re  p r o p e r t i e s .  We f i r s t  e s t a b l i s h  the e f f e c t  of  Closure 

under s u p e r d i s j o i n t  wedge by demonst ra t ing  t h a t  ~ = ~ I  ~ "  2 has 

the des i red c losu re  p r o p e r t i e s ,  t h a t  is these c losu re  p r o p e r t i e s  are 

i n v a r i a n t  under s u p e r d i s j o i n t  wedge. 

Now each L in ~ c a n  be expressed as L : L 1 ~ L 2 by the d e f i n i -  

t i o n  of s u p e r d i s j o i n t  wedge ( r e c a l l  t ha t  L 1 and L 2 are over d i s j o i n t  

a l phabe t s ) .  

( i )  Closure under ~ : Consider  a r b i t r a r y  languages L and M in 

~ ,  where L = L 1 ~ L 2 and M = M 1 ~ M 2 wi th  L i and M i in 
~ i '  i = I ,  2. We need to show t h a t  L ~ M is i n , ~  This 

imp l ies  L I ,  L 2, M l and M 2 are over pa i rw i se  d i s j o i n t  a lphabets .  

Now L ~ M = (L 1B L 2) ~ (M 1 ~ M2), hence t h i s  can be expressed 

as (L 1 ~ M I )  @ (L 2 ~ M2), and because L i ~ Mi/ is in o~" i ,  
i = I ,  2, then L @ M is in 

( i i )  Closure under n R: Consider  an a r b i t r a r y  r e g u l a r  set  R, then 

L n R = (L 1 n R) • (L 2 n R) and s i n c e , ~ "  1 and ~ 2 are c losed 

under i n t e r s e c t i o n  w i th  r e g u l a r  se ts ,  L i n R is in -~ i '  

i = I ,  2. Hence L n R is in ~ . 

( i i i )  C losure under cove r ing :  We need to show tha t  ~ is  c losed 

under cover ing  in o rder  to demonstrate the i n v a r i a n c e  of the 

th ree  c losu re  p r o p e r t i e s  under s u p e r d i s j o i n t  wedge c losu re .  

Again cons ider  an a r b i t r a r y  L ~ ~* such tha t  L ( i )  m L is in 

~L ' f o r  i n f i n i t e l y  many i .  We need to show tha t  L is i n ~ .  

C l e a r l y ,  f o r  a l l  i ,  L ( i )  = L I ,  i ~ L2~ i w i th  L j ,  1 in ~ ' j ,  j = I ,  2. 
F i r s t  observe tha t  the re  are on ly  a f i n i t e  number of  p a r t i t i o n s  

of  Z i n to  Z 1 ~ %2" Hence there  is one p a r t i t i o n  S = Z 1 ~ Z 2 

say, such tha t  f o r  i n f i n i t e l y  many i we have: 

L ( i )  = L I ,  i ~ L 2 ,  i where L ] ,  i S S~ and L2, i S ~ ,  
t h a t  is  where L I ,  i = M l ( i )  w i th  M 1 = L n ~ and s i m i l a r l y  

L2, i = M2( i )  w i th  M 2 : L n Z~. 
Since f o r  i n f i n i t e l y  many i , M j ( i )  is in ~ j ,  f o r  j = I ,  2 then 

Mj is  in  ~ j ,  f o r  j = I ,  2 s ince ~ I  and ,~# 2 are c losed under 

cove r ing .  But L : M 1 ~ M 2 hence L is in ~ as c la imed.  
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( iv) 

(v) 

(vi) 

this follows immediately from the construction of ~r~ . 

In the second part of the proof we consider the effect of 

extraction closure on the three closure operations. Thus for 

each ~¢ in ~ ,  we need to show that for all p > O, ~ ( p )  

sat isf ies the required closure properties. 

Closure under ~: Consider two languages L and M in ~ ( p ) .  

Now L = L'(p) and M = M'(p) for some L' and M' in ~ . Since 

we wish to form L ~ M we may assume that L and M are over dis- 

jo in t  alphabets, that is L'(p) and M'(p) are over d is jo int  

alphabets. Since ~ is closed under intersection with regular 

sets, then not only are L' and M' in #I~ but also L'(p) and 

M'(p) are in ~ . Thus L'(p) ~ M'(p) is in ,~ and hence in 

~ ( p )  as desired. 

Closure under n R: Consider a language L in ~ ( p )  and a 

regular language R. Now L = L'(p) for some L' in ,~C, 

L n R = (L' n R)(p) and the result follows. 

Closure under covering: Consider an arbitrary language L such 

that L(i)  • L is in ~ ( p )  for i n f i n i t e l y  many i. Now 

L(i) = Li(P) for some L i in ~ ,  where L i may or may not contain 

words of length p. However since ~!~ is closed under intersection 

with regular sets Li(P) is also in=~,  that is L(i) is in ~I~ 

for i n f i n i t e l y  many i .  But this implies that L is i n ~ '  and 

hence L(p) is in ~(p)  as desired. 

Finally we need to show that ~'~ is indeed an MSW space. But 

D 

Corollary 6.9 

Consider an arbitrary family ~ of languages and the collection 

~I~= {{L}: L is in ,~'}. Close each language family {L} in ~ with 

respect to the operations of ~ ,  intersection with regular sets and 

covering yielding a collection ~ of language families. Close 

under superdisjoint wedge and extraction to obta in~ . Then ~ is an 

MSW space. 

aorol~ary 6.10 

Let ~ be the collection of all language families consisting 

of context-free languages, such that each ~ in ~ is closed under ~ , 

intersection with regular sets and covering. 

Then ~ is an MSW space. 

Proof: The closure of ~ under ~and extraction is ~ i t se l f .  D 
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Corollary 6.11 

Let ~ be an a r b i t r a r y  fami l y  of languages closed under union 

and i n t e r s e c t i o n  wi th regu lar  sets.  Let ~ be the c o l l e c t i o n  of a l l  

subsets ~ of ~ which are closed under ~ , i n t e r s e c t i o n  wi th regu la r  

sets and cover ing.  

Then ~ is an MSW space. 

Proof: 

and e x t r a c t i o n .  Consider two f am i l i es  ~ I  and ~ 2  in ~ . Since 

• ~ i  ~ ~ 2  = {LI ~ L2: Li i n ~  i = I ,  2} ,  ~ I ,  ~ 2  S ~ and 
~ l  V ~ 2 c ~ we have ~ I  2 S % • However s ince "~ I  and ~ 2  
are closed under ~ , i n t e r s e c t i o n  wi th regu lar  sets and cover ing,  by 

Theorem 6.8,  ~ I  ~ ~ 2 has these c losure p rope r t i es .  But by 

d e f i n i t i o n  ~ contains a l l  such subsets of  ~ , hence "~I ~ ~ 2  

is in ~ . 
By a s i m i l a r  argument we can show that  i f  ~ is  in ~ then 

~ ( p )  is in ~ fo r  a l l  p > O. Hence ~ is an MSW space. 

By Theorem 6.8 i t  su f f i ces  to show that  ~ is closed under 

In Co ro l l a r y  6.9 beginning wi th an a r b i t r a r y  language fami ly  

~ we f i r s t  formed i t s  c losure under ~ , i n t e r s e c t i o n  wi th regu la r  sets 

and cover ing to give a c o l l e c t i o n  ~ . Secondly we closed ~ under 

and e x t r a c t i o n  to give a new c o l l e c t i o n  ~ which is an MSW space. 

We now show that  these c losure operat ions need be appl ied only once in 

the prescr ibed order :  i n t e r s e c t i o n  wi th regu la r  se ts ,  cover ing,  ~ , 

e x t r a c t i o n  and ~ ' .  This provides us wi th a simple means for  con- 

s t r u c t i n g  MSW spaces. 

Lemma 6.12 

Let ~ be an a r b i t r a r y  language fami ly  and ~ i t s  c losure 

under ~ .  Then ~ is closed under i n t e r s e c t i o n  wi th regu la r  sets and 

cover ing i f f  ~ is so closed. 

Proof: suppose L is in ~ and R is an a r b i t r a r y  regu la r  set .  Then 

L = L l ~ . . .  ~L  n fo r  some n -> 1 wi th L i in ~ , 1 ~ i -< n. Immediately,  

L n R : (L 1 n R ) ~  . ~ ( L  n n R) 
and since L. n R is in ~ ' ,  1 -< i -< n, i t  fo l lows  that  L n R is in ~!~ , 

1 
by cons t ruc t i on .  Since ~ S ~ the converse fo l lows immediately.  
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Second, suppose f o r  some L £ Z*,  L ( i )  • L is  in  ~I~ f o r  

i n f i n i t e l y  many i .  We need to show t h a t  L is  in 

S ince S has on l y  a f i n i t e  number o f  p a r t i t i o n s  

z = £I ~ Z2 ~ " ' "  ~ Zk f o r  k ~ 1 and Z i # B, 1 ~ i ~ k, t h e r e  e x i s t s  

one p a r t i t i o n  Z = %1 ~ " ' "  ~ Zk say,  such t h a t  f o r  i n f i n i t e l y  many i ,  

L ( i )  = L l , i  ~ " ' "  ~ L k , i  w i t h  L j , i  _c Z~3 and L j , i  in  ~ ,  1 -< j -< k. 
Fu r the rmore  ~o r  t h i s  p a r t i t i t i o n  L j ,  i = M j ( i )  f o r  Mj ~ Z~ n L 

3 
1 ~ j ~ k. But f o r  each j ,  1 ~ j ~ k, M j ( i )  is  in  ~ f o r  i n f i n i t e l y  

many i ,  hence Mj i s  in  ~ and t h e r e f o r e  L = M 1 ~ . . .  ~ M k i s  in  ~ .  

Again the converse  is  immedia te .  D 

Lemma 6.13 

Let  ~ be an a r b i t r a r y  language f a m i l y  and ,~  i t s  c l o s u r e  under  

c o v e r i n g .  I f  ~ is  c l o s e d  under  i n t e r s e c t i o n  w i t h  r e g u l a r  se ts  then 

is  so c l o s e d .  

Proof: Assume t h a t  ~ is  c l o s e d  under  i n t e r s e c t i o n  w i t h  r e g u l a r  s e t s .  

Given an a r b i t r a r y  L in o(~ and an a r b i t r a r y  r e g u l a r  se t  R we need to 

show t h a t  L n R is  in  ~ . C l e a r l y  i f  L is  in  ~ then by assumpt ion  

L n R is  in  ~ , t h e r e f o r e  c o n s i d e r  the  case L is  not  in  ~ Now 

L ( i )  # L is  in ~ f o r  i n f i n i t e l y  many i and f o r  these i ,  

L ( i )  n R = L ( i )  n R ( i )  = (L n R ) ( i )  i s  in ~ . But by the con- 

s t r u c t i o n  t h i s  i m p l i e s  L n R is  in  =~ as r e q u i r e d .  D 

Lemma 6.14 

Let ~ be a collection of language families and ~ be i ts  
closure under ~ .  I f  ~ is closed under extraction, then so i s ~ , .  

Proof: Let ~ be an arbitrary language family of ~ Then 
= ~ l  ~ "'" ~ k '  for some k > 0 and ~ j  in >~Z • l s j ~ k. 

Clearly ~ ( i )  = ~ # l ( i ) ~  . . .  ~/,~ k( i ) ,  for all i 0 and since 
is closed under extraction, ~ j ( i )  is in ~)~ , l ~ j ~ k and hence 
by construction ~ ( i )  is i n ~  . 

We now combine these t h r e e  t e c h n i c a l  lemmas i n t o  our  main 

theorem, namely:  

D 
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Theorem 6.15 

Let I~. be an a r b i t r a r y  c o l l e c t i o n  o f  language f a m i l i e s .  Close 

each f a m i l y  o(~ i n , f i r s t  under i n t e r s e c t i o n  w i t h  r e g u l a r  s e t s ,  second 

under c o v e r i n g  and t h i r d  under s u p e r d i s j o i n t  un ion.  Close the re -  

s u l t i n g  c o l l e c t i o n  ~ under e x t r a c t i o n  and then under s u p e r d i s j o i n t  

wedge. Then ~ ,  the r e s u l t i n g  c o l l e c t i o n ,  i s  an MSW space. 

Proof: By Lemmas 6 .12,  6.13 and 6.14.  

For example,  l e t  ~ =  { { ~ * :  Z an a l phabe t  o f  n s y m b o l s } } ,  

f o r  some n m I .  Then ~ = { : ~ }  where ~ c o n t a i n s  a l l  languages o f  the 

fo rm : 

R = R 1 ~ . . .  ~ R k 
f o r  some k ~ I ,  where the R i are r e g u l a r  sets  over  d i s j o i n t  a lphabe ts  

• < n. Note t h a t  no R in ~ con ta ins  a word w i t h  more than Z i and #E 1 _ 
n d i f f e r e n t  l e t t e r s .  

C los ing  ~ u n d e r  e x t r a c t i o n  gives ~{, '  = { ~ ' i l  . . . . .  i : 

1 ~ i I < i 2 < . . .  < i q ,  q m 0 } ,  where ~ i l  . . . . .  iq  q 

i s  d e f i n e d  . ( i q ) ,  t h a t  i s  G~'il iq  i s  ob ta ined  by a s ~ 1  1 . . . . .  iq_ 1 . . . . .  

e x t r a c t i n g  a l l  words o f  l eng ths  i 1 . . . . .  iq  f r o m ~ .  F i n a l l y  c l o s i n g  

' under s u p e r d i s j o i n t  wedge g ives  an MSW space ~ by Theorem 6.15.  

No t i ce  t h a t  the remark about the s t r u c t u r e  o f  words in  a 

language R i n , ~  a lso holds f o r  any word in  a language o f  a language 

f a m i l y  in  ~ , hence ~ m i s s e s  many r e g u l a r  s e t s .  

11 .6 .4  Two-s£mbol Grammat ical  F a m i l i e s  

In t h i s  s e c t i o n  we are concerned w i t h  two-symbol grammar forms 

and t h e i r  a s s o c i a t e d  f a m i l i e s .  As we have a l r e a d y  seen the f a m i l i e s  

~ ( R E G ) ,  ~ ( L I N )  and ~ (CF) are two-symbol  g rammat i ca l .  Indeed the 

grammar forms G I ,  G 2 and G 3 de f i ned  by the p r o d u c t i o n s :  

GI: S ÷ a; S ÷ aS, 

G2: S ÷ a; S ÷ aS; S ÷ Sa, 

G3: S ÷ a;  S ÷ SS 
genera te  the f a m i l i e s  ~I~(REG), ~-'#(LIN) and , ~ ( C F ) ,  r e s p e c t i v e l y .  

Fur thermore f o r  an a r b i t r a r y  two-symbol  form G the supernormal  theorem 

t e l l s  us t h a t  ~s(G,=~)  : ~ ( C F )  i f f  L(G,=~) = a + and the re  is  a produc-  

t i o n  S ÷ m in G such t h a t  m con ta ins  at  l e a s t  two appearances o f  S. 

Also ~ s ( G , ~ )  _~ ~ (REG)  i f f  . ~ s ( G , ~ )  ~ ~ ( F I N )  i f f  L(G,~)  : a +. 
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Dual to the  n o t i o n  o f  d e n s i t y  are the n o t i o n s  o f  p r e d e c e s s o r  

and s u c c e s s o r ,  t h a t  is  f o r  two f a m i l i e s  t,~ 1 and~ 2 with ~1 ~ %  2' 
we say "~ 1 is  a p redecesso r  o f  ~_ 2 or  ~ .  2 is  a successo r  o f  l i f  

t h e r e  i s  no f a m i l y  ~ 3  p r o p e r l y  in  between.  

W i th i n  the f ramework o f  c o n t e x t - f r e e  two-symbol  grammat ica l  

f a m i l i e s ,  we can observe  t h a t  ~ ( C F )  is  a successo r  o f  ~ ( L I N )  and in 

f a c t  the on l y  s u c c e s s o r .  For assume t h a t  t h e r e  i s  a two-symbol  form 

G such t h a t  

X(LIN) ~'s (G, ~ )  (CF) 
÷ 

Now by the o b s e r v a t i o n s  above L(G,~)  = a and e i t h e r  t h e r e  is  a 

p r o d u c t i o n  S ÷ ~ in G w i t h  ~ c o n t a i n i n g  at  l e a s t  two appearances o f  

S or  t h e r e  is  no t .  In the l a t t e r  case we o b t a i n  , ~ s ( G , ~ )  : ~ ( L I N ) ,  

and in the  fo rmer  case we have ~ ' s ( G , ~ )  = ~ ( C F ) .  Hence t h e r e  is  no 

G w i t h  ~ s ( G , ~ )  p r o p e r l y  in  between ~ ( L I N )  and ~ ( C F ) .  

Note t h a t  on the o t h e r  hand ~ ( L I N )  is  not  the  on l y  p r e d e c e s s o r  

o f  , ~ ( C F ) .  For example ,  G d e f i n e d  by the  p r o d u c t i o n s :  

S ÷ aa; S + aaa; S ÷ SS 

has ~'#s(G,~) ~ ~ ' ( C F )  and t h e r e  is  no o t h e r  f a m i l y  ( two-symbol  f a m i l y ,  

t h a t  i s )  in  between.  

Second observe  t h a t  i f  G is  a two-symbol  form such t h a t  

~ s ( G , ~ )  ~ ;~ (REG), then ~ s ( G , ~ )  and ~ ( R E G )  do not  form a dense 

p a i r .  Th is  f o l l o w s  a lmost  i m m e d i a t e l y ,  s i nce  L(G,~)  ~ a +, by the 
i remarks above.  Le t  i ~ 1 be the  s m a l l e s t  i n t e g e r  such t h a t  a is  no t  

in  L ( G , ~ ) .  De f i ne  a new two-symbol  form G 1 by: 
S ÷ a ; .  ;S ÷ a i - I  " 2i  • . ; S ÷ alS; S ÷ a 

then L(GI,~) = a + - { a i } ,  hence 

oC~°s(G,~) ~ .~ s ( g l , ~ )  ~ ~ (REG) 
and ,~'(REG) is  a successo r  o f  o(~'s(Gl,~).  

These p r e l i m i n a r y  o b s e r v a t i o n s  lead us to c o n s i d e r  the p a i r  

~ ( R E G )  and ~ (LIN) o f  two-symbol  f a m i l i e s .  We w i l l  demons t ra te  t h a t  

these form a dense p a i r  and as a b y - p r o d u c t  o f  the p r o o f  we w i l l  a l so  

show t h a t  i t  i s  d e c i d a b l e  whe the r  two l i n e a r  two-symbol  forms are form 

e q u i v a l e n t .  

S ince we are on l y  d e a l i n g  w i t h  l i n e a r . t w o - s y m b o l  forms in 

the sequel  we can assume t h a t  we on l y  have two types o f  p r o d u c t i o n s :  
( I )  S ÷ a i , i - > 0 

and 
(2) S ÷ alsa J, i ,  j _> O. 

Those of  type (1) are te rm ina t in  9 productions and those of  type (2) 

are nonterminat..in 9 product ions. Since a type (2) production is 

uniquely determined by the exponents i and j ,  we w i l l  of ten speak of 
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the p r o d u c t i o n  ( i , j ) .  We can always assume t h a t  i + j > 0 w i t h o u t  

loss  of  g e n e r a l i t y ,  t h a t  i s  the p r o d u c t i o n  S + S can always be o m i t t e d ,  

w i t h o u t  changing the language f a m i l y .  

I f  G i s  a l i n e a r  two-symbol  form and p and q are n o n - n e g a t i v e  

i n t e g e r s  w i t h  p + q > O, we say t h a t  the p a i r  ( p , q )  i s  genera ted  bY G 

i f  f o r  some n > O, 

S ~*  anPsa nq 

i s  a d e r i v a t i o n  acco rd ing  to G. 

To e s t a b l i s h  the denseness o f  the p a i r  ( ~ ( R E G ) ,  ~ ( L I N ) )  

f o r  the two-symbol  grammat ica l  f a m i l i e s  we f i r s t  need th ree  t e c h n i c a l  

lemmas, which demonst ra te  some bas ic  p r o p e r t i e s  of  p a i r s  ( p , q ) .  

Lemma 6.16 

Let G be a l i n e a r  two-symbol  form whose n o n t e r m i n a t i n g  produc- 

t i o n s  are ( i l , J  I )  . . . . .  ( i t , J  t )  where the numbering is  chosen so t h a t  

i 1 i t .  
= - ~  ~ ° • • ~ 

J l  i v J t  
= -=-- i s  cons ide red  to be ~) .  (For  Jv O, JV 

Then a p a i r  ( p , q )  o f  nonnega t i ve  i n t e g e r s  w i t h  p + q > 0 is  generated 

by G i f f  t he re  i s  a v such t h a t  

i i 
(3) _vv ~ £ ~ v+l . 

Jv P Jv+l  

Proof: i_j_f: Assume the re  i s  a v s a t i s f y i n g  ( 3 ) .  C l e a r l y  i f  one o f  the 

i n e q u a l i t i e s  in  (3) i s  not  s t r i c t  then (p ,q )  i s  generated by G. More- 

over  i f  t = l  t h i s  i s  the on ly  case to cons ide r .  Hence cons ide r  the 

case t h a t  t > 1 and both i n e q u a l i t i e s  in  (3) are s t r i c t ~  In t h i s  

case the d e t e r m i n a n t s :  

P q 

C v +  l = 

iv Jv 

, C v = 

iv+] Jv+l 

P q 

, n = 

I v + l  Jv+l  

iv Jv 

are all positive integers. 

+ Cv+liv+ l =np CvU v 

and 

CvJ v + C v + l J v +  1 = nq 

Using the identities 
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we are ab le  to c o n s t r u c t  a d e r i v a t i o n  
S ~* anPsa nq 

in  G by a p p l y i n g  c v t imes the p r o d u c t i o n  ( i v , i v )  and Cv+ 1 t imes the 

p r o d u c t i o n  ( i v + l , J v + l ) .  Thus ( p , q )  i s  generated by G. 

on ly  i f :  Assume the re  i s  no index  v s a t i s f y i n g  (3)  then e i t h e r  

_ <il or!t<  
q Jl  J t  q 

p i l  
With loss  o f  g e n e r a l i t y  we assume - < .---, s i nce  the o t h e r  a l t e r n a t i v e  

q J l  
can be d e a l t  w i t h  by i n t e r c h a n g i n g  the r o l e s  o f  p and q. 

I f  the p a i r  ( p ,q )  i s  generated by G, the re  are nonnegat i ve  

i n t e g e r s  c v,  v = 1 . . . . .  t and a p o s i t i v e  i n t e g e r  n s a t i s f y i n g  

t t 
Z Cvi =np and Z CvJ v = nq. 

v= 1 v v=l 

p i l  
~-- a c o n t r a d i c t i o n .  But t h i s  i s  p o s s i b l e  on ly  i f  ~-m J l '  

Therefore (p,q) is not generated by G. {] 

Lemma 6.17 

Assume t h a t  F and G are l i n e a r  two-symbol forms and (p ,q )  

i s  a p a i r  o f  n o n - n e g a t i v e  i n t e g e r s  w i t h  p + q > O. I f  F does not  

genera te  ( p , q ) ,  G possesses a p r o d u c t i o n  (p ,q )  and a l so  genera tes  a 

non-regular language, then ~s(G,~) is not contained in ~s(F,~).  

Proof: Let  the n o n t e r m i n a t i n g  p roduc t i ons  o f  F be ( i l , J  1 ) . . . . .  ( i t , J  t )  

o rdered so t h a t  

i I i 2 i t .  
.r.- ~ -~-- ~ . . .  ~ -:-- 
J l  J2 J t  

m The assumpt ions f o r  G imp ly  t h a t  t he re  i s  an m > 0 such t h a t  S ~*  a 

in  G. By C o r o l l a r y  I I . 2 . 1 0  we may assume t h a t  S ÷ a m is  a p roduc t i on  

o f  G. 

Now i f  F has no n o n t e r m i n a t i n g  p r o d u c t i o n s ,  t h a t  i s  t=O, 

then ~ s ( F , ~ )  on l y  con ta i ns  f i n i t e  languages.  Since ~ s ( G , ~ )  con ta i ns  

a n o n - r e g u l a r  language we have ~ s ( G , ~ )  ~ ~ s ( F , ~ )  as c la imed .  Assume 

t m I .  By Lemma 6.16 s i nce  (p ,q )  i s  not  genera ted  by F we may assume 

p i l  
- < ~ ( the  o t h e r  a l t e r n a t i v e  can be t r e a t e d  s y m m e t r i c a l l y ) ,  in  which 
q J l  
case i 1 > O. 
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Since G generates a non-regular language, there are pos i t i ve  

integers r and s such that  
S ~* arsa s 

in G. I f  in the given pa i r  (p,q) we have p=O, then we have a 

der i va t ion  
S ~* arsa s+qv 

in G for  a l l  v ~ O. Now choose v large enough so that  

r ~ ! I ,  
s+qv J l  

t h i s  must be p o s s i b l e  s i n c e  i 1 > O. By a n o t h e r  a p p l i c a t i o n  o f  

C o r o l l a r y  11 .2 .10  we may assume t h a t  the p r o d u c t i o n  S ÷ arsa s+qv i s  in  

G, and moreover  we can r e p l a c e  ( p , q )  by ( r , s + q v )  both  o f  whose com- 

ponents  are p o s i t i v e .  Aga in  i f  we have q=O in  the o r i g i n a l  p a i r  

( p , q )  we c o u l d  proceed in  a s i m i l a r  manner. Thus we may assume by the 

above argument  t h a t  bo th  p and q are p o s i t i v e .  

F i n a l l y ,  c o n s i d e r  the  language L = {a lPbma lq :  i ~ 0 } .  C l e a r l y  

L i s  in  , ~ s ( G , = ) .  We c l a i m  i t  i s  no t  i n  ~ s ( F , ~ ) .  

Assume t h a t  L i s  i n  , ~ s ( F , ~ ) ,  then t he re  i s  an F' "~s F such 

t h a t  L = L (F ' ,~ ) .  Now F' i s  a l i n e a r  grammar, s i n c e  F i s  l i n e a r .  

Because L i s  i n f i n i t e  t h e r e  must be at  l e a s t  one " l o o p i n g "  n o n t e r m i n a l  

A in  F ' ,  t h a t  i s  t h e r e  are d e r i v a t i o n s :  

S =*  uAv, A ~+ xAy and A ~*  w 

in  F ' ,  where u, v, x ,  y and w are t e r m i n a l  words and xy i s  no t  the 

empty word.  
n n Now f o r  a l l  n, ux wy v i s  i n  L and s i n c e  F' i s  an i n t e r p r e t a -  

t i o n  o f  F we must have:  

i l  < I xJ < i t .  

+ n n However,  xy must be in  a and s i n c e  ux wy v i s  in  L f o r  a l l  n ~ O, 

~ - P Thus have o b t a i n e d  a c o n t r a d i c t i o n  s i n c e  assumed then q. we we 

i 1 E < -:--. Hence L i s  no t  =<_s(F,~).. and t h e r e f o r e  O(s(G,~)__ is  not  
q J l  

c o n t a i n e d  in  __ ~ s ( F , ~ ) .  D 

Lemma 6.18 

Let  F be a l i n e a r  two-symbol  form and S ÷ aPsa q be a p r o d u c t i o n  

i n  F, where p + q > O. C o n s t r u c t  G f rom F by t a k i n g  i n t o  G: 
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( i )  a l l  p r o d u c t i o n s  in  F a p a r t  f rom S ÷ aPsa q, 

( i i )  the p r o d u c t i o n  S ÷ aPnsa qn, f o r  some n _> 2, and 

( i i i )  s u f f i c i e n t  p r o d u c t i o n s  o f  the form S ÷ a i ,  i > 0 such t h a t  

L (F ,~ )  : L (G ,~ ) .  

Then F and G are form e q u i v a l e n t .  

Proof: C l e a r l y  , ~ s ( G , ~ )  ~ ~ s ( F , ~ ) ,  by the s i m u l a t i o n  lemma. Hence 

we on ly  need c o n s i d e r  the r e v e r s e  i n c l u s i o n  , /~s(F,~)  ~ ,¢~s(G,~). Let  

F' = ( V , E , P ' , S ' )  be an a r b i t r a r y  i n t e r p r e t a t i o n  o f  F, F' ~s F(V) .  We 

demonst ra te  t h a t  t he re  i s  an i n t e r p r e t a t i o n  G' "~ G w i t h  
s 

L ( G ' , ~ )  = L ( F ' , ~ )  to complete the p roo f .  

In the case t h a t  both S ÷ a iS and S ÷ Sa j are in  F f o r  some 

i ,  j > O, then by Theorem 4.24 we have , ~ s ( F , ~ )  equals  the f a m i l y  o f  

l i n e a r  languages whose l eng th  se t  i s  con ta ined  in  LS(F ,~ ) .  This  same 

o b s e r v a t i o n  holds f o r  G a l s o ,  s ince  e i t h e r  both p and q are non-zero 

in which case S ÷ aiS and S ÷ Sa j are in G or one o f  p and q i s  ze ro ,  

in  which case e i t h e r  S ÷ aiS and S ÷ Sa nj or S ÷ an is  and S ÷ Sa j are 

in  G. In a l l  cases ,~ 's (G,~)  = ~ s ( F , ~ ) .  

Re tu rn ing  to F' we nex t  observe t h a t  i f  P' con ta i ns  no i n t e r -  

p r e t a t i o n  o f  S ÷ aPsa q then i t  i s  t r i v i a l l y  an i n t e r p r e t a t i o n  o f  G and 

t h e r e f o r e  L ( F ' , ~ )  i s  in  ~ s ( G , ~ ) .  So we assume t h a t  F' does indeed 

con ta i n  some i n t e r p r e t a t i o n s  o f  S ÷ aPsa q. 

We w i l l  f o r  the purposes o f  t h i s  p r o o f  cons i de r  a p r o d u c t i o n  

A ÷ uBv an ( i , j )  p r o d u c t i o n  i f  i t  i s  an image o f  a p r o d u c t i o n  S ÷ aiSa j .  

The idea behind the c o n s t r u c t i o n  of  G' i s  as f o l l o w s .  For any 

d e r i v a t i o n  D in  F' the co r respond ing  d e r i v a t i o n  D' in  G' w i l l  c o r r e -  

spond e x a c t l y  u n t i l  the f i r s t  appearance of  a (p ,q )  p r o d u c t i o n  in  

D, A 0 ÷ U lA lV l  , say ,  s ince  G' cannot  c o n t a i n  a ( p , q )  p r o d u c t i o n .  So 

we examine the p r o d u c t i o n  a p p l i e d  to A 1 in  D. There are now th ree  

p o s s i b i l i t i e s :  

( i )  The p r o d u c t i o n  a p p l i e d  to A 1 i s  t e r m i n a t i n g ,  A 1 ÷ w say. 

In t h i s  case D a l so  t e r m i n a t e s  and in  D' we app ly  the p roduc t i on  

A 0 ÷ UlWV 1 to AO. We may assume t h a t  t h i s  p r o d u c t i o n  i s  in  G ' ,  

s i nce  the d e r i v a t i o n  S ~*  a iaJa  k i s  in F where i = l u l l ,  

j = lwl and k = I V l l  and moreover F and G genera te  the same 

language.  

( i i )  The p r o d u c t i o n  a p p l i e d  to A 1 i s  n o n t e r m i n a t i n g  and i s  not  a 

( p , q )  p r o d u c t i o n .  Let  i t  be A 1 ÷ u2A2v2, then in  D' we app ly  
the p r o d u c t i o n  

A 0 ÷ X l [X2A2Y2]y  I 
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( i i i )  

to A O, where IXl l  = lu21, i y l l  = Iv2! ,  Ix21 = p, 

ly21 = q, XlX 2 = UlU 2, y2y I = v2v l ,  and [x2A2Y2] 
is a new nonterminal. Note that th is  production is an i n te r -  

pretat ion of the same production as A l ÷ u2A2v 2. The new 

nonterminals carry along terminal words to be deposited as soon 

as possible. One s i tua t ion  in which they can be deposited is 

when a terminating production is met, the other s i tua t ion  is 

when terminal words of s u f f i c i e n t  length have been accumulated 

in the nonterminals. 

The production applied to A l is nonterminating and is also a 

(p,q) production, A l ÷ u2A2v 2 say. In th is  case we examine the 

production applied to A 2 in D. Again we have three cases to 

consider, case ( i )  is the same as above and case ( i i )  has a 

minor modif icat ion namely Ix21 = 2p, ly21 = 2q. In case ( i i i )  

we proceed in the same manner, however when we f ind n (p,q) 

productions A 0 ÷ UiAlV l . . . . .  An_ l ÷ UnAnV n, then we replace 

them by A 0 ÷ Ul.. .UnAnVn...v I in D'. This we can do since 

lU l . . .Un l  = np, IVn . . .V l l  = nq and G has an (np,nq) production. 

I t  shou ld  be c l e a r  how to mod i f y  the above p rocedure  when d e a l i n g  w i t h  

one o f  the new n o n t e r m i n a l s  [ xAy ]  in  D ' ,  namely ,  the case a n a l y s i s  

is  the same excep t  t h a t :  in  case ( i )  x and y must a l so  be d e p o s i t e d ;  

in  case ( i i )  a new n o n t e r m i n a l  w i l l  c a r r y  t e r m i n a l  i n f o r m a t i o n  o f  

lengths Ixl + p and ly l  + q (unless Ixl + p = np in which case 

introduce an (np,nq) production to deposit the terminal words before 

cont inuing);  in case ( i i i )  terminal information w i l l  be accumulated 

unless i t s  length equals np and nq, when i t  is deposited. This 

informal descr ipt ion of the construction of G' we now formal ize. 

Let the nonterminals of G' be t r i p l e s  of the type 

[xAy] 

where x and y are in  Z* ,  l× I  = rp ,  IYl = rq f o r  some r ,  0 ~ r < n 

and A i s  i~  V-~. Let  [ S ' ]  be the  sentence symbol o f  G'. E s s e n t i a l l y  

a n o n t e r m i n a l  [A ]  co r responds  e x a c t l y  to a n o n t e r m i n a l  A in  F' and a 

n o n t e r m i n a l  [ x A y ] ,  xy m ~ c o n t a i n s  the accumula ted  t e r m i n a l  i n f o r m a t i o n  

as ment ioned  above. 

For each n o n t e r m i n a l  A 0 in  F' and each n o n t e r m i n a l  [xAoY] in  G ' ,  where 

Ixl = rp and IYl = rq for  some r ,  0 ~ r < n, define the fo l lowing sets 

of der iva t ions :  
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C r (Ao )  = {A 0 ~ U l A l V  1 ~ . . .  ~ U l . . . U s A s V s . . . v  I i n  F ' :  s ~ I ,  

A i ÷ u i + i A i + i v i +  1 i s  a ( p , q )  p r o d u c t i o n ,  0 ~ i < s 
and s + r : n } ,  

D r (Ao )  = {A 0 ~ U l A l V  1 ~ . . .  ~ u I . . .  U s + i A s + i V s +  1 . . .  v I i n  
F ' :  s ~ O, A i ÷ u i + i A i + i v i +  1 i s  a ( p , q )  p r o d u c t i o n ,  

÷ As+ iVs+  1 i s  no t  0 ~ i < s ,  s + r < n and A s Us+ 1 

a ( p , q )  p r o d u c t i o n } ,  

T r ( A o )  = {A 0 = U l A l V l  ~ . . .  ~ u I . . .  UsAsV s . . .  v 1 

u I . . .  UsWVs . . .  v I i n  F ' :  s ~ O, A i ÷ u i + I A i + i v i +  1 
i s  a ( p , q )  p r o d u c t i o n ,  0 ~ i < s and r + s < n } .  

These t h r e e  se ts  e x h a u s t  t he  p o s s i b l e  d e r i v a t i o n s  f rom A 0 w h i c h  i n v o l v e  

an i n i t i a l ,  p o s s i b l e  empty ,  sequence  o f  ( p , q )  p r o d u c t i o n s  when the  

t e r m i n a l  words  x and y a c c u m u l a t e d  so f a r  a re  o f  l e n g t h  rp  and rq 

r e s p e c t i v e l y .  We can now d e f i n e  t he  p r o d u c t i o n s  o f  G' as f o l l o w s :  

For a l l  n o n t e r m i n a l s  [ x A o Y ]  i n  G' where I x l  : rp and IY l  = rq f o r  

some r ,  0 ~ r < n we i n c l u d e  the  f o l l o w i n g  p r o d u c t i o n s :  

( i )  [ x A o Y ]  ÷ X U l . . . U s [ A s ] V s . . . v l Y ,  where the  d e r i v a t i o n  

A 0 ~+ U l . . . U s A s V s . . . v  I i s  i n  C r ( A o ) ,  

( i i )  [ x A o Y ]  ~ w [ x ' A s + l Y ' ] Z ,  where  the  d e r i v a t i o n  

A 0 ~+ U l . . . U s + i A s + i V s + l . . . v  I i s  i n  D r ( A o ) ,  

wx '  = X U l . . . U s +  I ,  y '  = V s + l . . . v l Y ,  lw l  = l U s + l l  

and I z l  = I V s + l l ,  

( i i i )  [XAoY]  + X U l . . . U s W V s . . . V l Y ,  where  t he  d e r i v a t i o n  

A 0 ~+ U l . . . U s W V s . . . V l  i s  i n  T r ( A o ) .  
Note t h a t  p r o d u c t i o n s  o f  t ype  ( i )  a re  p o s s i b l e  to  o b t a i n  f rom G s i n c e  

G has the  p r o d u c t i o n  S ÷ anPsa nq,  t h o s e  o f  t y p e  ( i i )  s i n c e  

A s ÷ U s + i A s + i V s +  1 i s  n o t  a ( p , q )  p r o d u c t i o n  and t h o s e  o f  t y p e  ( i i i )  

s i n c e  t he  l a n g u a g e  o f  G e q u a l s  t h a t  o f  F. 

Hence we have c o n s t r u c t e d  a G'-=:~ G and the  m o t i v a t i o n  g i v e n  
s 

above f o r  t he  c o n s t r u c t i o n  i m p l i e s  t h a t  L ( G ' , ~ )  = L ( F ' , ~ ) .  A d e t a i l e d  

p r o o f  o f  t h i s  i s  l e f t  to  t he  r e a d e r .  

T h e r e f o r e  we have shown t h a t  ~ s ( G , ~ )  = ~ s ( F , ~ )  as 

d e s i r e d .  

We a re  now a b l e  to  e s t a b l i s h  the  r e q u i r e d  t h e o r e m ,  name l y :  

Theorem 6.19 

The p a i r  ( ~ ( R E G ) ,  ~ ( L I N ) )  i s  dense .  
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Proof: Assume t ha t  G 1 and G 2 are two-symbol forms such t ha t  

(REG) ~ ~ f s ( G l , ~ l  ~ ~ s ( G 2 , ~ )  ~ ~ ( L I N ) .  
Note t ha t  L (G I ,~ )  = L(G2,~)  = a must ho ld ,  Let ( i l , J  I )  . . . . .  ( i t , J  t )  
be the n o n t e r m i n a t i n g  p roduc t i ons  of  G I ,  ordered by i n c r e a s i n g  r a t i o s  

as above. By the p rev ious  lemma, Lemma 6.18,  and by the assumpt ions 

f o r  G 1 and G 2 we must have a (p ,q )  p roduc t i on  in G 2 such t h a t  (p ,q )  

is  not generated by G 1 ( o the rw i se  G 1 and G 2 are form e q u i v a l e n t ,  a 

c o n t r a d i c t i o n ) .  

By Lemma 6.16 we e i t h e r  have 

IL < i l  i t  _ 
- -  o r  - - <  P 

q J l J t q 

As before we assume the former holds since the l a t t e r  can be treated 

symmetrical ly.  

Now each of ( i k , J k ) ,  l -< k ~ t are generated by G 2 (Lemma 6.17). 

Therefore for  some n > 0 
ni 

S ~* a Isa nJl 

is a der ivat ion in G 2. 

Now le t  G 3 be the two-sy.mbol form obtained from G l by adding 

the production 

ni nj 
S ÷ a l+Psa l+q 

Clearly ~'ms(Gl,~) ~#s(G3,~) and since E < i l  c =-- we a lso have 
- q J l  

n i l+P  i l  thus the i n c l u s i o n  is  p roper .  On the o ther  hand 
nJl+q Jl  

ni l nJ 1 n i l +PsanJ l+q  
S ~*  a Sa ~ a is  a d e r i v a t i o n  in G 2, hence 

i 1 P n i l+P  < - ~ - ,  thus (p ,q )  is  not 
~ s ( G 3 , ~ )  c ~ s ( G 2 , ~ ) .  Now q < n i l +  q 91 

generated by G 3 and the i n c l u s i o n  is  once again a proper  one. 

To summarize: we have cons t r uc ted  a G 3 such t ha t  

• ~ s ( G l  ,=~) # ~ s ( G 3  ' ) ~ ~ s ( G 2  ,~) 
f o r  a r b i t r a r y  G 1 and G 2 s a t i s f y i n g  the c o n d i t i o n s  o f  the theorem. 

There fo re  ( ~ ( R E G ) , ~ ' ( L I N ) )  is dense. [] 

We now use the techniques developed above to give a surpr is ing 

dec idab i l i t y  resu l t .  

Theorem 6.20 

Given two-symbol forms G 1 and G 2, where G 1 is  a l i n e a r  two-symbol 

f o r m ,  Then i t  is  dec idab le  whether or n o t , ~ s ( G l , ~ )  = ~ s ( G 2 , ~ ) .  
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Progf: Without  loss  o f  g e n e r a l i t y  we may assume both G 1 and G 2 con- 

t a i n  a t e r m i n a t i n g  p r o d u c t i o n .  F i r s t  dec ide whether  or not  

L (G I ,~ )  : L (G2 ,~ ) .  Since L ( G i , ~ )  i s  a r e g u l a r  language,  i = I ,  2, 

t h i s  can be accompl i shed .  I f  L ( G I , ~ )  ¢ L(G2,~)  then G 1 and G 2 cannot 

be form e q u i v a l e n t .  On the o t h e r  hand i f  e q u a l i t y  holds we can con- 

s i d e r  the f o l l o w i n g  p o s s i b i l i t i e s .  

( i )  G 2 i s  n o n l i n e a r .  C l e a r l y  G 1 and G 2 cannot be form e q u i v a l e n t .  

( i i )  G 1 and G 2 are e i t h e r  l e f t  or  r i g h t  l i n e a r .  In t h i s  case both 

genera te  a l l  r e g u l a r  languages whose l eng th  se ts  are con ta ined  

in  those o f  G 1 and hence o f  G 2. The re fo re  they  are form e q u i v a -  

l e n t  in  t h i s  case. 

( i i i )  N e i t h e r  ( i )  nor ( i i )  ho ld .  Hence both G 1 and G 2 are l i n e a r .  

Moreover (a) both are f i n i t e ,  (b) both are p r o p e r l y  l i n e a r  or 

( c )  n e i t h e r  (a) nor (b) ho ld .  In case (a) G 1 and G 2 are form 

e q u i v a l e n t  and in  (c )  they  cannot  be form e q u i v a l e n t ,  s i nce  

e i t h e r  one is  f i n i t e  and the o t h e r  i n f i n i t e  or one i s  s u b r e g u l a r  

and the o t h e r  i s  p r o p e r l y  l i n e a r .  This  on ly  leaves  case ( b ) ,  

but  by the p rev i ous  r e s u l t s  G 1 and G 2 are form e q u i v a l e n t  i f f  

f o r  each p r o d u c t i o n  (p ,q )  in  G 1 (p ,q )  i s  generated by G 2 and 

v i c e  ve rsa .  Th is  t e s t  i s  e f f e c t i v e  by the p rev ious  lemmas and 

t h e r e f o r e  form e q u i v a l e n c e  i s  d e c i d a b l e .  D 

In Theorem 6.20 the r e s t r i c t i o n  t h a t  G 1 be l i n e a r  cannot be 

removed a t  the p resen t  t ime .  However the f o l l o w i n g  c o n j e c t u r e ,  which 

we s t r o n g l y  b e l i e v e  to ho ld ,  would enable i t s  removal to be 

accompl i shed .  

Conjecture: 

Assume G i s  a n o n - l i n e a r  two-symbol  form. Then every  c o n t e x t -  

f r e e  language whose l eng th  se t  i s  con ta ined  in  LS(G, : )  i s  in  ~ s ( G , ~ ) .  


