
CHAPTER I 

BEGINNINGS 

The aim o f  t h i s  i n t r o d u c t o r y  c h a p t e r  i s  t w o - f o l d .  F i r s t  i t  

serves  to i n t r o d u c e  some o f  the bas i c  t e r m i n o l o g y  and n o t a t i o n  o f  

c o n t e x t - f r e e ,  EOL and ETOL grammars, wh ich  i s  a necessa ry  p r e r e q u i s i t e  

f o r  the reade r  to have any u n d e r s t a n d i n g  o f  the rema inde r  o f  t h i s  book. 

Any t e r m i n o l o g y  and n o t a t i o n  no t  found i n  S e c t i o n  I . I  w i l l  e i t h e r  be 

d e f i n e d  a t  the t ime o f  usage or  i s  assumed to be s t a n d a r d .  

Second in  S e c t i o n  1.2 the r e l a t i o n s h i p  between form t h e o r y  and 

g rammat ica l  s i m i l a r i t y  i s  d i s cussed  b r i e f l y .  Towards t h i s  end v a r i o u s  

approaches to g rammat i ca l  s i m i l a r i t y  t h a t  have been taken p r e v i o u s l y  

are d i s c u s s e d .  I t  c u l m i n a t e s  by p r o p o s i n g  form t h e o r y  as a n o t h e r  

approach to  g rammat ica l  s i m i l a r i t y  and demons t ra tes  how some o f  the 

problems t h a t  have been t a c k l e d  f i t  i n t o  t h i s  f ramework .  

Thus the s t u d y  o f  g rammat ica l  s i m i l a r i t y  can be seen to be 

one o f  the aims o f  form t h e o r y .  However i t  shou ld  be borne in  mind 

t h a t  form t h e o r y  has two f u r t h e r  e q u a l l y  i m p o r t a n t  a ims.  The f i r s t  

o f  these i s  s i m p l y  an a t t e m p t  to ga in  a b e t t e r  u n d e r s t a n d i n g  o f  

g e n e r a t i v e  dev i ces  and the  second i s  to o b t a i n  a deeper knowledge o f  

the  c o n t e x t - f r e e ,  EOL and ETOL l anguages .  

I t  i s  to be hoped t h a t  t h i s  book not  o n l y  serves to whet  the 

r e a d e r ' s  a p p e t i t e  bu t  t h a t  i t  a l so  c o n v i n c e s  the reader  t h a t  form 

t h e o r y  has a l r e a d y  made c o n t r i b u t i o n s  to each o f  these t h r e e  a reas .  



I . I  Bas ic  T e r m i n o l o g y  and N o t a t i o n  

Much o f  the t e r m i n o l o g y  r e q u i r e d  f o r  r e a d i n g  t h i s  book i s  

s t a n d a r d  and can be found in  Aho and Ul lman (1972 ) ,  B e r s t e l  ( 1979 ) ,  

G insburg  ( 1966 ) ,  H a r r i s o n  ( 1 9 7 8 ) ,  Herman and Rozenberg ( 1975 ) ,  

H o p c r o f t  and Ul lman (1979 ) ,  Rozenberg and Salomaa (1980) and Salomaa 

(1973) .  However the n o t a t i o n  d i f f e r s  in  one i m p o r t a n t  r e s p e c t ,  namely 

s e q u e n t i a l  and p a r a l l e l  r e w r i t i n g  are d i s t i n g u i s h e d  by the use o f  

and ~ r e s p e c t i v e l y ,  f o r  the r e w r i t e  r e l a t i o n s .  

Be fo re  i n t r o d u c i n g  the n o t a t i o n  and t e r m i n o l o g y  f o r  c o n t e x t -  

f r e e  and L grammars i n  S e c t i o n s  I . I . I  and 1 . 1 . 2 ,  r e s p e c t i v e l y ,  some 

o f  the bas i c  n o t a t i o n  and t e r m i n o l o g y  f o r  a l p h a b e t s ,  words ,  language 

f a m i l i e s  and o p e r a t i o n s ,  and p r o d u c t i o n  schemes i s  r e v i e w e d .  

D,efinition: ,Alphabets, Wo,rds and L,en~th 

An a l p h a b e t  Z i s  a f i n i t e  non-empty  se t  o f  symbols or  l e t t e r s .  

A word x over  ~ i s  a f i n i t e ,  p o s s i b l y  empty,  sequence o f  l e t t e r s  from 

~. The empty word ,  t h a t  i s  the empty sequence,  i s  denoted by h. By 

2" we denote the se t  o f  words over  Z and by S + we denote Z* - { h } .  

The l e n g t h  o f  a word x ove r  2, denoted by I x l ,  i s  the number o f  symbols 

i n  x ,  hence l h l  = 0. For a i n  ~ and x a word over  ~ the a - l e n g t h  o f  x ,  

denoted by I X l a  i s  the num.ber o f  a ' s  i n  x .  S i m i l a r l y  f o r  A ~ 

the  A - l e n g t h  o f  x ,  denoted by I x l A ,  i s  d e f i n e d  as ~ I X l a ,  
a i s  i n  

= 0. hence i n  the  case t h a t  A = ~, the empty s e t ,  x I 0  S i 

For an a l p h a b e t  2 and an i n t e g e r  i _ 0, i s  the se t  o f  a l l  

words over  ~ whose l e n g t h  i s  e x a c t l y  i .  S i m i l a r l y  by S~I we denote the 

se t  o f  a l l  words over  Z whose l e n g t h  i s  a t  most i .  

Notation: 

Let  A be an a r b i t r a r y  s e t ,  then #A denotes the c a r d i n a l i t ~  

o f  A. 

De~initign:,,, Operatio,n on Words, 

Let  2 be an a l p h a b e t  and x a word over  E. Then by m i ( x )  we 

denote the  mirrro.r image o f  x ,  a l so  c a l l e d  the r e v e r s a l  o f  x.  

Le t  ~ and A be a l p h a b e t s .  Then a map h: Z* ÷ A* i s  a 

homomorphism i f  h (h )  = h and f o r  a l l  x , y  i n  Z*,  h ( x y )  = h ( x ) h ( y ) .  

I t  i s  a l _ _ e e t t e r - t o - l e t t e r  homomorp.hism i f  h (a )  i s  i n  A, f o r  a l l  a i n  

and an i somorph ism i f  i t  i s  l e t t e r - t o - l e t t e r  and o n e - t o - o n e  on to .  

A map f :  ~* ÷ 2 A* i s  a s u b s t i t u t i o n  i f  f ( h )  = {h} and f o r  a l l  x , y  i n  



~*,  f ( x y )  = f ( x ) f ( y ) .  I f  f ( a )  i s  f i n i t e  f o r  a l l  a in  Z then f i s  a 

f i n i t e  s u b s t i t u t i o n .  I f  f ( a )  c ~ f o r  a l l  a i n  S then f i s  a f i n i t e -  

l e t t e r  s u b s t i t u t i o n  and i f  f u r t h e r m o r e  f ( a )  n f ( b )  = ~ f o r  a l l  a ,b  

i n  ~, a • b, then f i s  a d i s j o i n t - f i n i t e - l e t t e r  s u b s t i t u t i o n  ( d f l -  

s u b s t i t u t i o n ) .  I f  f ( a )  i s  a r e g u l a r  language (see D e f i n i t i o n  be low)  

f o r  a l l  a i n  S then f i s  sa id  to be a r e q u l a r  s u b s t i t u t i o n .  

Definition: ,La,nguages and Operations 

A language is a subset of ~*, for  some alphabet Z. Let 

L c Z* be a language and h: ~* ÷ A* a homomorphism. Then 

h(L) = {h (x ) :  x is  in L}. S i m i l a r l y  i f  h: A* ÷ S* is a homomorphism, 

then h - l ( L )  = {y: y in A* such that h(y) is in L}. Let L l and L 2 be 

two languages then by LIL 2 we denote the catenation of L l and L 2, 

defined by: LIL 2 = {XlX2: x i is in L i ,  i = l ,  2} and by L l u L 2 

the union of L l and L 2, defined by: L l u L 2 = {x:  x is in L l or x is 

in L2}. Let L be a language, then i t s  (st____aar) c losure L* is defined 

as: L* = {XlX2...Xm: m ~ 0, x i is in L, l ~ i ~ m}. For a language 

L S ~* and a regular language R S Z* (see D e f i n i t i o n  below), we denote 

by L n R the language {x: x is in L and x is in R}. 

Definition: Finite State Acceptors, and Re~la, r Sets 

A f i n i t e  s t a t e  a c c e p t o r  ( f s a )  i s  a q u i n t u p l e  M = ( Q , ~ , S , q o , F )  

where Q is  a f i n i t e  se t  o f  s t a t e s ,  ~ i s  the i n p u t  a l p h a b e t ,  

6: Q x ~ ÷ 2 Q i s  the t r a n s i t i o n  f u n c t i o n ,  q0 i n  Q i s  the s t a r t  s t a t e  

and F ~ Q i s  the  se t  o f  a c c e p t i n g  s t a t e s .  

A c o n f i g u r a t i o n  o f  M i s  an o rde red  p a i r  ( q , x )  where q i s  the  

c u r r e n t  s t a t e  o f  M and x i s  the i n p u t  r e m a i n i n g  to be read ,  t h a t  i s  q 

i s  i n  Q and x i s  i n  ~* .  

Le t  ( p , x )  and ( q , y )  be two c o n f i g u r a t i o n s  o f  M, we say t h e r e  

i s  a move f rom ( p , x )  to ( q , y )  i n  M, denoted ( p , x ) l - - ( q , y ) ,  i f  x = ay 

f o r  some a i n  Z and q i s  i n  6 ( p , a ) .  

Th i s  i s  ex tended to move sequences in  the usua l  way to g i ve  
l .... i ,  | + * and ) ~  . A word x in ~* is acce.pted i f :  

(qo' x) t' * (q, ~) for  some q in F. 

The language of M, denoted L(M) is defined as: 

L(M) = {x: (q0' x) I * (q,~) for  some q in F}. 

The c o l l e c t i o n  of a l l  languages, which can be generated by fsa 

is denoted by ,~(REG) and is known as the fami ly  of .r.e.gular sets.  



Defini,,,t,,ign: A-transduce,rs and Gsms 

I t  is s t ra igh t fo rward  to general ize f i n i t e  state acceptors in 

such a way that  words can be read at each move rather than input 

symbols. Moreover each general ised fsa can always be replaced by an 

equiva lent  fsa (one accepting the same language) sa t i s f y i ng  the 

o r i g i na l  d e f i n i t i o n ,  When output is included however i t  is the 

generalised fsa which is consi.dered. 

An a-transducer is a sextuple M = (Q,Z,A,H,qo,F) where Q is 

a f i n i t e  set of s tates,  z is the input. ' alpha.be.t, A is the outp.ut 

alphabet,  H ~ Q x ~* x 4- x Q is a f i n i t e  set of t r a n s i t i o n s ,  qo 

in Q is the s ta r t  state and F S Q is the set of accepting states. 

A con f igu ra t ion  of M is a t r i p l e  (q ,x ,z )  in Q × ~* x A*, 

where q is the current  s tate,  x is the remaining input and z is the 

present output.  

Let (p,x,w) and (q ,y ,z )  be two con f igura t ions .  Then we say 

there is a move from (p,x,w) to (q,y,z) in M, denoted (p,x,w)L (q ,y ,z )  

i f  x = uy fo r  some u in Z*, z = wv for  some v in A* and (p ,u ,v ,q )  is 

in H. 

As before th is  is extended to I i ,  )~_+, and I * 

In th i s  case however we are not so much i~nterested in the word 

pairs accepted by M as the transformation of input  words to output 

words. For each x in %*, l e t  M(x) = {z: (qO,x,~) I---* ( q ,~ , z ) ,  

for  some q in F and z in 4*} and for  each language L S Z* l e t  

M(L) = ~ J M(x). The mapping M from 2 E* in to  2 A* so defined is 
,x in L 

ca l led an a-transduce.r...mappin 9. 

A ~sm (genera].ized sequential machine) is an a-transducer in 

which ( i )  a l l  states are accepting states (hence M is given as a 

qu in tup le )  and ( i i )  H ~ Q x z × 4" x Q, tha t  is i t  is based d i r e c t l y  

on the f i n i t e  state acceptor. Otherwise i t s  d e f i n i t i o n  is analogous 

to that  of the a-transducer. Note that there is no accepted standard 

d e f i n i t i o n  of a gsm. As w i l l  be seen we w i l l  use the most convenient 

d e f i n i t i o n  in our proofs, however i t  is s t ra igh t fo rward  though 

labor ious to convert these in to  gsms according to the present d e f i n i t i o n .  

Definition: Pushdown Agceptors 

A push.down ac.ceptor (pda) is a sextuple M = (Q,~,F,H,Zo,qo) 

where Q is a f i n i t e  set of s tates,  ~ is the input al.p...habet, F is the 

pushdown alphabet, H ~ Q × (~ u {~}) × F x F* x Q is a f i n i t e  set of 

moves or t.ran.s.itions, Z 0 in F is the .i....nit.ial. pu.shdown symbol and qo 

in Q i~ the start, s tate.  



A config..ur.ation of  M is a t r i p l e  ( q , x , y )  in Q x E* x F*, where 

q is  the cu r ren t  s t a t e ,  x is  the remaining inpu t  and ~ is  the cu r ren t  

pushdown. Note tha t  the l e f t  end of  X corresponds to the tope of the 

pushdown. 

Let ( p , x , y )  and ( q , y , y ' )  be two c o n f i g u r a t i o n s .  We w r i t e  

( p , x , x ) |  ....... ( q , y , x ' )  i f  x = zy ,x  = Z~ and X' = ~'~ where ( p , z , Z , 6 ' , q )  
+ * 

i s  in H. Note tha t  z is  in ~ u{~} .  We can de f i ne ;  i ,  I and 

i n  the usual way. The language accepted by M wi th  empty pushdown, 

N u l l ( M ) ,  i s  def ined by: 

Nul l (M)  = {x :  (qO,x,Zo) : ..... * ( q , ~ , ~ ) ,  f o r  some q in Q}. 
I t  i s  wel l  known t h a t  the c o l l e c t i o n  of  a l l  Nu l l (M)  fo r  a l l  

pda M is the f a m i l y  o f  c o n t e x t - f r e e  l a n g u . a g e s , ~ ( C F ) .  

A pda M is  a d e t e r m i n i s t i c  pda ( ~ )  i f  

( i )  f o r  a l l  ( p , z , Z )  in Q x (s u {~} )  x F there is  at  most one move 

( p , z , Z , y , q )  in H f o r  some y and q, and 

( i i )  f o r  a l l  p in Q and Z in F i f  there is  a move ( p , h , Z , y , q )  in 

H fo r  some X and q then fo r  a l l  a in E, there is  no move 

( p , a , Z , x ' , q ' )  in H fo r  any y '  and q' 

Definition: Language Families and Operations 

A language f a m i l y  - ~ i s  a c o l l e c t i o n  of  languages which 

s a t i s f i e s  the f o l l o w i n g  weak c o n d i t i o n :  

I f  L ! ~* is  a language in ~ ,  A is  an a r b i t r a r y  a lphabet  w i th  

#E = #A and h: Z* ÷ A* is  an isomorphism, then h(L) i s  in ~ . 

Thus ~ i s  closed under renaming. 

We s a y ~  i s  closed under: 

( i )  union i f  f o r  a l l  L l ,  L 2 i n ~  , L l u L 2 is in ~ ,  

( i i )  in . terse.ct ion w i th  r egu la r  se ts ,  i f  f o r  a l l  L in =Z" and 

f o r  a l l  r egu la r  languages R, L n R is i n ~ ,  

( i i i )  ca tena t ion  i f  f o r  a l l  L l ,  L 2 i n ,~  # ,  LIL 2 is  i n , ~ ,  

( i v )  s t a r  c losure is  f o r - a l l  L i n ~  -~ , L* is  in ~ ,  

(v)  hom.omp...rp.h.ism i f  f o r  a l l  E, f o r  a l l  L ~ E* i n ' a n d  

f o r  a l l  homomorphisms h: Z* ÷ A* f o r  some A, h(L) is  i n ~ ,  

( v i )  i n v e r s e  homomorphism i f  f o r  a l l  S, fo r  a l l  L ~ E* i n ~  -~m 
• -I(L ) and f o r  a l l  homomorphisms h: A* ÷ ~* f o r  some A, h 

is  i n ~ ,  

( v i i )  a-transduc..er mappings i f  f o r  a l l  ~, f o r  a l l  L ~ E* i n ~  

and fo r  a l l  a - t ransducers  M: ~* ÷ 2 A* fo r  some a lphabet  

A, M(k) is  i n ~ .  



I f ~ i s  c losed under ( i ) - ( v i )  then i t  i s  sa id  to be a f u l l  

AFL ( A b s t r a c t  Fami ly  o f  Languages).  

I f ~  i s  c losed  under ( i ) ,  ( i i ) ,  and ( v i )  then i s  sa id  to be 

a f u l l  semi-AFL; p~' i s  a f u l l  semi-AFL i f f  i t  i s  c losed  under 

a - t r a n s d u c e r  mappings.  

A f i n a l  o p e r a t i o n  i s  the wedge o p e r a t i o n  of" two language 

f a m i l i e s .  Le t  / I  and ~ 2  be two language f a m i l i e s ,  then ~-~l v ~ 2  

( the  wedge o f  ~ I  and,~" 2 ) i s  d e f i n e d  as: 

--~'I v ~ "  2 = { L I  u k 2 : k i i s  in--__~T i ,  i = I ,  2 } .  

Definition: Closure and Language Families 

L e t ~ b e  a f a m i l y  o f  languages and X be a subset  o f  the 

o p e r a t i o n s  ( i ) - ( v i i )  o f  the p r e v i o u s  d e f i n i t i o n .  Then the X -c l osu re  

o f  (9~. i s  the s m a l l e s t  f a m i l y  of  languages c o n t a i n i n g . ~  and c losed  

under each o f  the o p e r a t i o n s  in  X. In p a r t i c u l a r  we speak o f  the 

homomorphic c l o s u r e  o f , 4  ~ ' ,  d e n o t e d ~ ( ~ )  = { h ( k ) :  L i s  i n ~ ,  

L c 2* ,  h: ~* ÷ A* i s  a homomorphism f o r  some a l p h a b e t  A}.  This  no t i on  

is  o f t e n  we l l  de f i ned  f o r  a c o l l e c t i o n  of  languages ~#,  which i s  not  

a f a m i l y .  For example g i ven  a s i n g l e  language L S S* say,  then the 

f u l l  semi-AFL c l o s u r e  o f  L, denoted by ~ ( L ) ,  i s  the s m a l l e s t  f u l l  

semi-AFL c o n t a i n i n g  L. In t h i s  case we say t h a t - ~  = ~ (L) i s  a ful__ll 

p r i n c i p a l  semi-AFL, w i t h  f u l l  gene ra to r  L. L e t ~  be the f a m i l y  o f  a l l  

a l phabe ts  and X = { v , - , * }  where - denotes c a t e n a t i o n ,  then the 

X - c l o s u r e  o f~w~is  w e l l  known to be the f a m i l y  o f  r e g u l a r  languages,  

denoted ~ ( R E G ) .  Moreover ~ ( R E G )  i s  a f u l l  AFL. 

Definition: Production Schemes 

The no t i on  u n d e r l y i n g  c o n t e x t - f r e e ,  EOL and ETOL grammars i s  

t h a t  of  a p r o d u c t i o n  scheme. 

A p r o d u c t i o n  scheme i s  a ( n + 3 ) - t u p l e  G : (V ,2 ,P 1 . . . .  Pn ,S) ,  

f o r  some n ~ I ,  where V is  an a l p h a b e t ,  2 ~ V i s  the t e r m i n a l  a l phabe t  ' , 

V - S i s  the non te rm ina l  a l p h a b e t ,  Pi i s  a f i n i t e  subset  o f  V x V*, 

f o r  a l l  i ,  1 ~ i ~ n and S in  V - 2 i s  the s t a r t  or sentence symbol .  

Each member of  each P. i s  c a l l e d  a p r o d u c t i o n  and each (X ,a )  
1 

in  Pi i s  u s u a l l y  w r i t t e n  as X ÷ a.  

For c o n t e x t - f r e e  grammars we have n = 1 and P = P1 i s  f u r t h e r  

r e s t r i c t e d  so t h a t  P c (V-2)  × V*. For EOL grammars we a lso  have 

n = 1 and P = E l s a t i s f i e s  a " comp le teness "  c o n d i t i o n ,  namely f o r  a l l  

X in  V the re  i s  some p r o d u c t i o n  X ÷ ~ in  P f o r  some ~ in  V*. Apar t  



from t h i s  basic di, s t i ngu i sh ing  feature contex t - f ree  and EOL grammars 

are only d is t ingu ished by t h e i r  rewr i te  r e l a t i o n s .  

Let G = (V,Z,P,S) be a production scheme, then a production 

X + m in P is ca l led an X-product ion. The X-productions of G are a l l  

X-productions in P. This notion is eas i l y  extended to production 

schemes with n > I .  When spec i fy ing the X-productions of a scheme G 
we often wr i te  them as: X ÷m l l a21 . . . Im r ,  that  is in BNF notat ion.  

F i n a l l y  we introduce two conventions, which are used through- 

out these notes. 

Convention: h-convention 

Given two languages L l and L 2 we say that  they are equal 

(modulo ~) i f  L l {~} = L 2 {X}. S im i l a r l y  we say two language 

fami l ies  "~I and ~ 2  are e.qual (modulo ~ and 0) i f  for  every 

L l - {~} ~ 0 in ~ l  there is an L 2 i n , ~ '  2 such that  L l {~} = L 2 

and vice versa. 

Notational Convention: 

In the fo l l ow ing  unless spec i f ied otherwise we have assumed the 

fo l low ing  nota t iona l  conventions: 

Terminal symbols are represented by ear ly  lower case Roman 

l e t t e r s  and 

Nonterminal symbols by ear ly  upper case Roman l e t t e r s .  

Symbols which may be e i t he r  terminal or nonterminal are 

represented by la te  upper case Roman l e t t e r s .  

Terminal words are represented by la te  lower case Roman l e t t e r s  

and words which may or may not be terminal by lower 

case Greek l e t t e r s .  

I I . I . I  C onte.xtTFree ' Grammars and Languages 

Definition: C,o,ntext-free Grammars 

A contex t - f ree  grammar is an ordered pa i r  (G,~) where G is a 

production scheme (V,S,P,S) with P S (V-S) x V* and ~ is the sequential 

rewr i te  r e l a t i o n  defined as fo l lows :  

For a l l  m,B in V* we wr i te  m ~G ~ (or simply m ~ ~ i f  G is 
understood) i f :  

= ~iC~2 , ~ = ~iY~2 for  some ~ i ,~2,~ in  V*, C in V - 
and C ÷ y in P. 



I f  a l  i s  i n  2"  t h e n  we may w r i t e  a ~ 6,  t h a t  i s  5 i s  o b t a i n e d  by a 

l e f t m o s t  r e w r i t e  o f  a and i f  a2 i s  i n  S* t h e n  we may w r i t e  ~ ~ 6, t h a t  

i s  6 i s  o b t a i n e d  by a r i g h t m o s t  r e w r i t e  o f  a .  We w i l l  w r i t e  G r a t h e r  

t h a n  ( G , ~ )  when i t  i s  c l e a r  t h a t  a c o n t e x t - f r e e  g rammar  i s  m e a n t .  

Definition: Derivations 

Given  a c o n t e x t - f r e e  grammar  ( G , ~ ) ,  whe re  G = ( V , 2 , P , S )  we 

e x t e n d  ~ ,  L and R to  s e q u e n c e s  o f  r e w r i t e  s t e p s .  

Fo r  a l l  i _> 1 and f o r  a l l  a , B  i n  V* we w r i t e  a i 6 i f :  

e i t h e r  i = 1 and a ~ 6 

o r  i > 1 and t h e r e  e x i s t s  X i n  V* such t h a t  ~ ~ Y and 

i - I  
+ 

For  a l l  a , 6  i n  V* ,  we w r i t e  a ~ 6 i f  t h e r e  e x i s t s  an i >- 1 

such t h a t  a i 6. By c o n v e n t i o n  we w r i t e  a _0 a f o r  a l l  a i n  V* and 
, + 

we w r i t e  ~ ~ 6 i f  e i t h e r  ~ ~ 6 o r  a = 6. 
In  a s i m i l a r  manner  we can d e f i n e  L i ~+ L*  Ri R+ R* , , :~ , , , and . 

Whenever  ~ =~ B f o r  some a , B  i n  V* we say  t h a t  B i s  d e r i v e d  
+ I~  f r o m  ~ and when a ~ 6 we say t h a t  6 i s  p r o p e . r l y  d e r i v e d  f r o m  a.  

. + 
b o t h  cases  we say t h a t  ~ ~ 6 o r  a ~ 5 i s  a d e r i v a t i o n  i n  G. I f  

= S we say t h a t  i t  i s  a s e n t e n t i a l  d e r i v a t i o n  and t h a t  B i s  a 

s e n t e n t . i a l  f o r m .  
O c c a s i o n a l l y  we need to  s p e c i f y  t h e  s e n t e n t i a l  f o r m s  i n  

d e r i v a t i o n s  more p r e c i s e l y  i n  w h i c h  case we w r i t e  a d e r i v a t i o n  

as a d e r i v a t i o n  s e q u e n c e :  

= 6 O~ = C~ 0 ~ o~ 1 ~ . . . .  ~ C~ r 

w~ere ~ r 6 in G, fo r  some r >- O. 

DefinCti,on: Sub-grammars 

L e t  G = ( V , ~ , P , S )  be a g rammar .  We say G' = ( V ' , Z ' , P ' , S )  i s  

a s u b - g r a m m a r  o f  G i f  V' ~ V, Z' ~ Z and P' ~ P. For a n o n t e r m i n a l  A 

in  V-Z we say t h a t  t h e  s u b - g r a m m a r  o f  G i n d u c e d  ~ by A., d e n o t e d  by G A, 

i s  t h e  g rammar  G A = ( V , S , P , A ) .  

Definition: Derivation Trees and Di#tinct Derivatign~ s 

Let G = (V,~,P,S) be a con tex t - f ree  grammar and T be a tree 

wi th or ien ted and d i rec ted  edges and wi th node labels  taken from 

V u {~} .  Then % is said to be a G-der iva t ion  t ree or a de r i va t i on  

t ree in G i f  the f o l l ow ing  condi t ions hold: 



( i )  the r o o t  i s  l a b e l l e d  w i t h  S, 

( i i )  the l eaves  are l a b e l l e d  from V u { ~ } ,  

( i i i )  the n e n - l e a f  o r  i n t e r n a l  nodes are l a b e l l e d  from V - S, and 

( i v )  f o r  a l l  n o n - l e a f  nodes u: i f  u is  l a b e l l e d  w i t h  some A 

from V - Z and the sons o f  u in  l e f t  to  r i g h t  o r d e r ,  

u I . . . . .  u r ,  r m 1 are l a b e l l e d  w i t h  X 1 . . . . .  X r r e s p e c t i v e l y ,  

then A ÷ X I . . . X  r is  in  P. 

The l e a f  nodes o f  T when read in  l e f t  to r i g h t  o r d e r  y i e l d  a s e n t e n t i a l  

form o f  G i f  T i s  a d e r i v a t i o n  t r e e  f o r  G. We c a l l  t h i s  the f r o n t i e r  

o f  • and r e f e r  to  the s p e c i f i c  f r o n t i e r  by f . r ( T ) .  

S ince each A in  V - Z d e f i n e s  a sub-grammar G A o f  G we a l so  

a l l o w  any n o n t e r m i n a l  to  be the l a b e l  o f  a r o o t  node, i n  t h i s  case 

we w r i t e :  z is  a G A - d e r i v a t i o n  t r e e .  

We say two der i va t ion  trees T 1 and T 2 for  two grammars G 1 and 

G 2 (not necessar i ly  d i s t i n c t )  are equal ly  shaped i f  the non- leaf  nodes 

of T l can be re labe l led  to give T 2 and vice versa. 

Let  d l :  A ~ ~I ~ " ' "  ~ ar - I  ~ ~ and d2: A ~ ~I ~ " ' "  ~ Bs-I  ~ ~ 

be two d e r i v a t i o n s  in  G. Then d I and d 2 are d i s t i n c t  i f  t h e i r  c o r -  

r e s p o n d i n g  G A - d e r ~ v a t i o n  t r e e s  z and T B s a t i s f y  the f o l l o w i n g  

c o n d i t i o n :  

T is not a t r e e - p r e f i x  of T~ and T B is not a t ree-  

p re f i x  of T . 

Dqfinition: Ambiguity 

Let G = (V,S,P,S) be a contex t - f ree  grammar. A word x in S* is 

said to be ambiguous wi th  respect to G i f  there are two d i f f e r e n t  

G-der ivat ion trees %1 and T 2 with f r ( z l )  = f r (~2)  = x. 

G is said to be ambiguous i f  there is a word in Z*, which is 

ambiguous with respect to G, otherwise G is said to be unambiguous. 

Definition: Context-free Lang,,~ages and Length Se~s 

Given a c o n t e x t - f r e e  grammar G : (V ,~ ,P ,S )  the language 

g e n e r a t e d  by LG, denoted L ( G , ~ ) ,  i s  d e f i n e d  by: 

L(G,~)  = { x :  x i s  in  S* and S ~* x } .  

S i m i l a r l y  the l e n g t h  se t  gene ra ted  bY G, denoted LS(G,~ ) ,  i s  d e f i n e d  by: 

LS(G,~) = { I x I :  x is in Z* and S ~* x} .  

Let S be an alphabet and L be an a r b i t r a r y  subset of  Z*, then we say 

tha t  L is a contex t - f ree language i f  there ex is ts  a contex t - f ree  grammar 
G such that  L(G,~) = L. 
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Definition: Famil,ie,s,,o~,,~,,,Context-free Grammars 

Let  G = ( V , S , P , S )  be a c o n t e x t - f r e e  grammar. G i s  a l i n e a r  

grammar i f  P ~ (V-Z ', x <Z* u S * ( V - % ) S * ) ,  a r i g h t  l i n e a r  grammar i f  

p c (V-S)  x (#*  u ~ * ( V - Z ) )  and a l e f t  l i n e a r  grammar i f  

p a (V-~)  x (~*  u ( V - S ) S * ) .  

We say G i s  an empty or  t r i v i a l  grammar i f  L (G,~ )  = 0 or  {~}  

and o t h e r w i s e  G i s  nonempty or  n o n t r i v i a l .  G i s  sa id  to be f i n i t e  

i f  L (G ,~ )  i s  f i n i t e  and i n f i n i t e  o t h e r w i s e .  We say G i s  reduced i f  

the  f o l l o w i n g  c o n d i t i o n s  h o l d :  
W 

( i )  For a l l  X i n  V t h e r e  i s  a d e r i v a t i o n  S ~ ~XB f o r  some 

and B in  V*;  X i s  r e a c h a b l e .  

( i i )  For a l l  A i n  V - % t h e r e  i s  a d e r i v a t i o n  A ~*  x where 

x i s  i n  S*;  A i s  u s e f u l .  

G i s  s e l f - e m b e d d i n g  i f  G i s  reduced and t h e r e  e x i s t s  A i n  

V - S t o g e t h e r  w i t h  a d e r i v a t i o n  A ~+ uAv,  f o r  some u and v i n  %+. 

We say a reduced grammar G i s  n o n - s e l f - e m b e d d i n g  i f  i t  i s  no t  s e l f -  

embedding.  

G i s  e x p a n s i v e  i f  i t  i s  reduced and t he re  e x i s t s  a n o n t e r m i n a l  

A i n  V - S t o g e t h e r  w i t h  a d e r i v a t i o n  A ~+ uAvAw in  G, f o r  some u , v , w  

in  Z* ,  where uvw ~ k. 

We say G i s  n o n - e x p a n s i v e  i f  i t  i s  no t  e x p a n s i v e .  

Definition: Families o,f, Context-free Languages. 

We denote b y ~ ( C F )  the f a m i l y  o f  a l l  c o n t e x t - f r e e  l anguages ,  

t h a t  i s :  

~ ,  (CF) = { L ( G , ~ ) :  G is  a c o n t e x t - f r e e  grammar}.  

A number o f  the  f a m i l i e s  o f  c o n t e x t - f r e e  grammars d e f i n e  

p rope r  s u b - f a m i l i e s  o f , ~ ( C F ) .  Thus we o b t a i n :  

( i )  ~ ( F I N ) ,  the f a m i l y  o f  f i n i t e  l anguages ,  i s  d e f i n e d  by:  

• ~ (F IN)  = { L ( G , ~ ) :  G i s  f i n i t e } .  

( i i )  ~ ( R E G ) ,  the f a m i l y  o f  r e g u l a r  languages  i s  d e f i n e d  by:  

~ ( R E G )  = { L ( G , ~ ) :  G i s  r i g h t  l i n e a r }  

= { L ( G , = ) :  G i s  l e f t  l i n e a r }  

= { L ( G , ~ ) :  G i s  n o n - s e l f - e m b e d d i n g }  

( i i i )  ~ ( L I N ) ,  the f a m i l y  o f  l i n e a r  l anguages ,  i s  d e f i n e d  by: 

~2~(LIN) = { L ( G , ~ ) :  G i s  l i n e a r } .  

( i v )  ~ (DB),  the f a m i l y  o f  d e r i v a t i o n  bounded languagg~ ,  i s  d e f i n e d  

by: 

~ ( D B )  = { L ( G , ~ ) :  G i s  n o n - e x p a n s i v e } .  
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1 1 . 1 . 2  EOL and ETOL Grammars and Languages  

Defi,n,itio,,n,~ E,,OL,,Grammars 

An EOL 9rammar ( E x t e n d e d  Z e r o - s i d e d  L i n d e n m a y e r  grammar)  

i s  an o r d e r e d  p a i r  ( G , ~ ) ,  where  G i s  a p r o d u c t i o n  scheme ( V , ~ , P , S )  

w i t h  P E V x V* a l s o  s a t i s f y i n g  t h e  c o n d i t i o n  t h a t  f o r  a l l  X i n  V 

t h e r e  i s  an a i n  V* such t h a t  X ÷ a i s  i n  P, and ~ i s - t h e  p a r a l l e l  

r e w r i t e  r e l a t i o n ,  d e f i n e d  as f o l l o w s :  

For  a l l  a ,B  i n  V* we w r i t e  a ~ G B ( o r  s i m p l y  a ~ B  i f  G i s  

u n d e r s t o o d )  i f :  

= X 1 . . .  X m, where X i i s  i n  V, 1 < i ~ m, 

B = B 1 . . .  B m, f o r  some Bi i n  V* ,  1 ~ i ~ m, and 

Xi ÷ ~i i s  i n  P, 1 ~ i ~ m. 

As f o r  c o n t e x t - f r e e  grammars we w i l l  o f t e n  w r i t e  G r a t h e r  than ( G , ~ )  

when i t  i s  c l e a r  f rom t h e  c o n t e x t  t h a t  an EOL grammar i s  ~ n t e n d e d .  

Definition: ETOL Grammars 

An ETOL grammar  ( E x t e n d e d  T a b l e d  Z e r o - s i d e d  L i n d e n m a y e r  grammar)  

i s  an o r d e r e d  p a i r  ( G , ~ ) ,  where 

( I )  f o r  some n ~ I ,  G = ( V , 2 , P  1 . . . . .  Pn,S)  i s  a p r o d u c t i o n  

scheme, where the  Pi a re  c a l l e d  t a b l e s ,  

(2)  f o r  a l l  i ,  1 ~ i ~ n, Gi= ( V , Z , P i , S )  i s  an EOL grammar ,  and 

(3 )  ~ the  p a r a l l e l  r e w r i t e  r e l a t i o n  i s  d e f i n e d  by :  f o r  a l l  a , ~  

i n  V* ' ~G ~ i f  t h e r e  i s  some i ,  1 ~ i ~ n such t h a t  

a ~ ~. U s u a l l y  we w i l l  w r i t e  a ~ B o r  s i m p l y  a ~ B when 
Gi Pi 

t he  t a b l e  used i s  n o t  i m p o r t a n t .  

We say t h a t  G i s  a n - t a b l e d  ETOL grammar.  Note  t h a t  an EOL grammar 

i s  a o n e - t a b l e d  ETOL grammar.  

A sub-g rammar  o f  an ETOL grammar i s  d e f i n e d  a n a l o g o u s l y  t o  

the  n o t i o n  o f  a sub-g rammar  o f  a c o n t e x t - f r e e  grammar.  

Definition: Derivations 

Given  an n - t a b l e d  ETOL grammar (G,~)  where G = ( V , ~ , P  1 . . . . .  Pn ,S)  

we e x t e n d  ~ t o  sequences  o f  r e w r i t e  s teps  as f o l l o w s .  

For  a l l  i >- 1 and f o r  a l l  ~ ,B i n  V* we w r i t e  ~ ~ i  ~ i f :  

e i t h e r  i = 1 and ~ ~ 

o r  i > "I and t h e r e  e x i s t s  y i n  V* such t h a t  ~ ~ y  

and ~ ~ - I  8. 

For any ~,B i n  V* we w r i t e  ~ ~ B i f  t h e r e  e x i s t s  an i >- 1 such t h a t  
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~ ~. By c o n v e n t i o n  we w r i t e  ~ ~ ~ f o r  a l l  ~ i n  V* and we w r i t e  

~ ~ i f  e i t h e r  a ~ B o r  a = g. 

Whenever  ~ ~ f o r  some ~ , ~  in  V* we say t h a t  B i s  d e r i v e d  f r o m  
+ 

a n d  w h e n  ~ ~ B we s a y  B i s  p r o p e r l y  d e r i v e d  f r o m  ~ .  I n  b o t h  c a s e s  
~ + 

we say that ~ ~ B or ~ ~ B is a der ivat ion in G. In a s im i la r  manner 

to ~ and ~ . .  In th is  case we say that ~ ~ ~ pr we can e x t e n d  ~P i  i I i 

~ i  ~ is a de,rivation in Pi" 

A s e n t e n t i a l  d e r i v a t i o n  i s  a d e r i v a t i o n  S ~ B ( o r  S + B ) ,  

i n  w h i c h  case ~ i s  s a i d  t o  be s e n t e n t i a l  f o r m .  

W h e n e v e r  we n e e d  t o  s p e c i f y  a p a r t i c u l a r  d e r i v a t i o n  we w r i t e  

~ ~ as a d e r i v a t i o n  s e q u e n c e .  

= ~0 ~ I  ~ " ' "  ~r 

where  ~ ~ i n  G, f o r  some r ~ O. 

Definition/, N gnterminal Derivations 

L e t  G = ( V , E , P  1 . . . .  , P n , S )  be an n - t a b l e d  ETOL grammar  and 
+ 

~ B be a d e r i v a t i o n  i n  G f o r  some ~ and B i n  V* 
÷ 

We w r i t e  ~ ~ t  ~ '  t h a t  i s  a n o n t e r m i n a l  d e r i v a t i o n  

( n t - d e r i v a t i o n )  i n  G, i f  t h e r e  e x i s t s  a d e r i v a t i o n  s e q u e n c e :  

= ~0 ~ I  ~ " ' "  ~ r  = ~ 
f o r  some r > 0 such t h a t  each ~ i '  l ~ i ~ r c o n t a i n s  a n o n t e r m i n a l .  

We w r i t e  ~ t ~  ÷ B, t h a t  i s  a t o t a l l y  n o n t e r m i n a l  d e r i v a t i o n  

( t n t - d e r i v a t i o n )  i n  G, i f  f o r  e v e r y  d e r i v a t i o n  sequence  

= ~0 ~ I  ~ " ' '  ~ r  = B 
f o r  some r > O, each ~ i '  1 ~ i < r c o n t a i n s  a n o n t e r m i n a l .  

T h i s  n o t i o n  can be e x t e n d e d  t o  an n t -  and a t n t - d e r i v a t i o n  

i n  P-i in the obvious way. 

D_~efinitign: Derivation Trees and Distinct Derivations 

We o n l y  d e a l  w i t h  d e r i v a t i o n  t r e e s  f o r  EOL g r a m m a r s ,  s i n c e  

t h e  e x t e n s i o n  t o  t h e  case  o f  ETOL g rammars  i s  s t r a i g h f o r w a r d .  

L e t  G = ( V , Z , P , S )  be an EOL g rammar  and T be a t r e e  w i t h  

o r i e n t e d  and d i r e c t e d  edges  and w i t h  node l a b e l s  t a k e n  f r o m  V u { h } .  

Then T i s  s a i d  t o  be a G - d e r i v a t i o n  t r e e  o r  a d e r i v a t i o n  t r e e  i n  G 

i f  t he  f o l l o w i n g  c o n d i t i o n s  h o l d :  

( i )  t h e  r o o t  i s  l a b e l l e d  w i t h  S, 

( i i )  t h e  nodes a r e  l a b e l l e d  f r o m  V u { ~ } ,  
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( i i i )  a l l  the l eaves  are a t  the same d i s t a n c e  from the r o o t ,  

( i v )  f o r  a l l  n o n - l e a f  nodes u; i f  u is  l a b e l l e d  w i t h  some X 

from V and the sons o f  u in  l e f t  to r i g h t  o r d e r  

u I . . . . .  u r ,  r ~ 1 are l a b e l l e d  w i t h  X 1 . . . . .  X r ,  r e s p e c t i v e l y ,  

then X ÷ X I . . . X  r is  in  P; i f  u i s  l a b e l l e d  w i t h  ~ then 

i t  has one son which i s  a l so  l a b e l l e d  w i t h  ~. 

The l eaves  o f  ~, when read in  l e f t  to r i g h t  o rde r  y i e l d  a s e n t e n t i a l  

form o f  G i f  T i s  a G - d e r i v a t i o n  t r e e .  We c a l l  t h i s  the f r o n t i e r  o f  T, 

w r i t t e n  f r ( T ) .  The n o t i o n  o f  e q u a l l y  shaped d e r i v a t i o n  t r ees  is  

d e f i n e d  as f o r  c o n t e x t - f r e e  d e r i v a t i o n  t r e e s ,  see S e c t i o n  I . I .  However 

note  t h a t  i n t e r n a l  nodes may be l a b e l l e d  w i t h  t e r m i n a l s  in  the EOL 

case. 

Le t  d l :  S ~ i  ~ " ' "  ~ a r - I  ~ ~ and 

d2: S ~ B 1 ~ . . .  ~ ~s- I  ~ ~ 
be two d e r i v a t i o n s  i n  G. We say d I and d 2 are d i . . s t inc t  i f  t h e i r  

c o r r e s p o n d i n g  t r e e s  T and TB s a t i s f y :  

c a is  no t  a t r e e - p r e f i x  o f  T B and 

%~ is  not  a t r e e - p r e f i x  o f  T . 

Because we are d e a l i n g  w i t h  p a r a l l e l  d e r i v a t i o n s  we can s imp l y  say:  

d I and d 2 are d i s t i n c t  i f  d I i s  not  a p r e f i x  o f  

d 2 and d 2 i s  no t  a p r e f i x  o f  d I . 

Th is  o f  course ex tends n a t u r a l l y  to any two d e r i v a t i o n s ,  not  n e c e s s a r i l y  

s e n t e n t i a l ,  i n  G. 

Definition: Ambiguity 

Let  G = (V ,S ,P ,S )  be an EOL grammar. A word x i n  E* Js sa id  

to be ambiguous w i t h  r e s p e c t  to G i f  t he re  are two d i f f e r e n t  

G - d e r i v a t i o n  t r ees  T 1 and T 2 such t h a t  f r ( c  I )  = f r ( T  2) = x.  G i s  sa id  

to be ambiguous i f  t h e r e  i s  a word in  Z* which i s  ambiguous w i t h  

r e s p e c t  to G, o t h e r w i s e  G is  sa id  to be u nambiguQus. 

Definition: EOL and E TOL Languages and Length Sets 

Given an E0L grammar G = (V ,~ ,P ,S )  the language gene ra ted  by G, 

denoted L ( G , ~ ) ,  i s  d e f i n e d  by: 

L(G,~)  = { x :  x is  in  Z* and S ~ x } .  

S i m i l a r l y  the l e n g t h  se t  9ene ra ted  by G, denoted LS(G,~ ) ,  i s  d e f i n e d  

by: 

LS(G,~) = { I x l :  x in  7.* and S ~ x } .  
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L e t  S be an a l p h a b e t  and L be an a r b i t r a r y  s u b s e t  o f  S*,  then  we say 

t h a t  L i s  an EOL l a n g u a g e  i f  t h e r e  e x i s t s  an EOL grammar G such t h a t  

k = L ( G , ~ ) .  

Each o f  these  n o t i o n s  can be e x t e n d e d  to  t he  ETOL case in  the  

o b v i o u s  way.  

Definitio,n..: Families of EOL and ETOL Grammars 

L e t  G = ( V , Z , P  1 . . . . .  Pn,S)  be an n - t a b l e d  ETOL grammar.  

We say G is  p r o p a g a t i n g  i f  f o r  a l l  i ,  1 -< i < n, and f o r  a l l  

X ÷ ~ i n  P i '  ~ # k. 

We say G i s  d e t e r m i n i s t i c  i f  f o r  a l l  i ,  1 -< i -< n, and f o r  

a l l  X i n  V t h e r e  i s  e x a c t l y  one p r o d u c t i o n  X ÷ m i n  P i '  f o r  some m. 

We r e f e r  to  EPTOL, EDTOL, EPDTOL, EPOL, EDOL and EPDOL grammars ,  

where  P and D i n d i c a t e  p r o p a g a t i n g  and d e t e r m i n i s t i c ,  r e s p e c t i v e l y .  

A n - t a b l e d  TOL gramma r G = (S,P 1 . . . . .  Pn ,a )  i s  an n - t a b l e d  ETOL 

grammar i n  wh i ch  V = ~ and S has been r e p l a c e d  by a s t a r t i n g  word 6 .  

An OL grammar G = ( Z , P , ~ )  i s  a o n e - t a b l e d  TOL grammar.  In bo th  cases 

L ( G , ~ )  c o n s i s t s  o f  a l l  words i n  a l l  G - d e r i v a t i o n s .  

We say G, an ETOL grammar ,  i s  emptj~ i f  L ( G , ~ )  = (~ o r  { k } ,  

o t h e r w i s e  G i s  nonempty .  G i s  f i n i t e  i f  L ( G , ~ )  i s  f i n i t e  and i n f i n i t e  

o t h e r w i s e .  

We say G = ( V , ~ , P  1 . . . . .  Pn,S)  i s  r educed  i f  f o r  a l l  X i n  V t h e r e  

i s  a d e r i v a t i o n  S ~ mX~, f o r  some m and B i n  V * ;  we say X i s  r e a c h a b l e .  

T h i s  n o t i o n  o f  a r e d u c e d  grammar s h o u l d  be compared w i t h  t he  c o r -  

r e s p o n d i n g  one f o r  c o n t e x t - f r e e  grammars i n  S e c t i o n  I . I .  

We say G = (V ,S ,P  1 . . . . .  Pn,S)  i s  l o o p i n g  i f  t h e r e  i s  a r e a c h a b l e  

symbol X i n  V w i t h  a d e r i v a t i o n  X + X i n  G, and G i s  e x p a n s i v e  i f  

t h e r e  i s  some r e a c h a b l e  symbol X i n  V w i t h  a d e r i v a t i o n  X ~ mXBXy, f o r  

some m,~ and y i n  V*.  

We say G = ( V , ~ , P  1 . . . . .  Pn ,S)  i s  s e p a r a t e d  i f  f o r  a l l  i ,  

1 _< i < n,  X ÷ m i n  Pi i m p l i e s  ( i )  a i s  i n  S u ( V - Z ) *  and ( i i )  X i n  Z 
+ 

i m p l i e s  m i s  n o t  i n  Z. G i s  s y n c h r o n i z e d  i f  f o r  a l l  a i n  S, a ~ 

i m p l i e s  a i s  n o t  i n  Z* .  G i s  s h o r t  i f  f o r  a l l  i ,  1 _< i -< n,  X ÷ m  in  

Pi i m p l i e s  Im l  -< 2. G i s  s a i d  to  be b i n a r y  i f  each p r o d u c t i o n  i s  o f  

one o f  the  t y p e s  A + X, A ÷ a,  A ÷ B, A ÷ BC o r  a ÷ A where a i s  i n  

and A,B and C a r e  i n  V - s. 
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Definition: Families of EOL and ETOL Languages 

We denote by ~(EOL) and~(ETOL) the families of a l l  EOL and 

ETOL languages, respectively that is:  

~7"(EOL) = {L(G,~): G is an EOL grammar} 

and 
,~(ETOL) = {L(G,~): G is an ETOL grammar}. 

Similar ly we obtain ~(OL) and ~(TOL) and with the propagating and 
deterministic res t r ic t ions we obtain,~(EPOL),,~(EDOL), etc. 
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1.2 Not ions  o f  Grammat ical  S i m i l a r  i t z  

In t h i s  s e c t i o n  a r a p i d  su rvey  o f  the d i f f e r e n t  no t i ons  o f  

g rammat ica l  s i m i l a r i t y  f o r  c o n t e x t - f r e e  grammars i s  g i ven .  Th is  

cu lm ina tes  in  Sec t ion  2.6 w i t h  the i n t r o d u c t i o n  o f  the t o p i c  o f  these 

l e c t u r e  no tes ,  namely a d e f i n i t i o n  of  s i m i l a r i t y  based on c o l l e c t i o n s  

o f  grammars r a t h e r  than on the grammars a lone .  With the excep t i on  

o f  the s i m i l a r i t y  no t i ons  d iscussed  in  Sec t ions  2 .1 ,  2.4 and 2 .6 ,  

these n o t i o n s  have not  been a p p l i e d  to EOL or ETOL grammars. 

1.2.1 Wea k and. S t r u c t u r a l  Equ iva lence  

Given two grammars G 1 and G 2, the s i m p l e s t  n o t i o n  o f  grammat i -  

ca l  s i m i l a r i t y  i s  t h a t  L ( G I , : )  = L (G2 ,~ ) ;  we say t h a t  G 1 and G 2 are 

(weak) e q u i v a l e n t  in  t h i s  case. However t h i s  no t i on  is  too p r i m i t i v e ,  

s ince  grammars which are ve ry  d i f f e r e n t  in  s t r u c t u r e  can be r e l a t e d  

in t h i s  way. For example,  cons ide r  G 1 and G 2 g iven as f o l l o w s :  

GI: S ÷ ~; S ÷ aS; 

and 

G2: S ÷ ~; S ÷ aSaSa; S ÷ a; S ÷ aa. 

Now L ( G I , ~ )  = L(G2,~)  = a * ,  however the d e r i v a t i o n  t r ees  generated by 

each grammar are c l e a r l y  ve ry  d i f f e r e n t .  

Because o f  t h i s ,  a second no t i on  o f  g rammat ica l  s i m i l a r i t y  

was suggested by McNaughton [ 1967 ] .  This  was f u r t h e r  i n v e s t i g a t e d  by 

Knuth [1967]  and Pau l l  and Unger [ 1968 ] .  

For an a r b i t r a r y  c o n t e x t - f r e e  grammar G = (V ,~ ,P ,S )  the 

p a r e n t h e s i z e d  v e r s i o n  o f  G, denoted by G( ) ,  i s  de f i ned  as 

G() = ((V u { ( , ) } , S  u { ( , ) } , P ( ) , S )  where 

P ) = {A ÷ (~) : A + ~ i s  in  P}.  

Thus L ( G ( ) , ~ )  i s  a l i n e a r  p a r e n t h e t i c a l  coding o f  the d e r i v a -  

t i o n  t rees  o f  L (G ,~ ) .  

Given two c o n t e x t - f r e e  grammars G 1 and G 2 we say t h a t  they  are 

s t r u c t u r a l l y  e q u i v a l e n t  i f  L ( G I , ( ) , ~ )  = L ( G 2 , ( ) , ~ ) .  In o t h e r  words,  

f o r  eve ry  d e r i v a t i o n  t r e e  in  G 1 w i t h  a t e r m i n a l  f r o n t i e r  t he re  i s  an 

e q u a l l y  shaped d e r i v a t i o n  t r e e  in  G 2, and v i ce  ve rsa .  

I t  i s  d e c i d a b l e  whether  or not  two c o n t e x t - f r e e  grammars are 

s t r u c t u r a l l y  e q u i v a l e n t  as Proved in  the th ree  papers ment ioned above. 
An even more r e s t r i c t i v e  no t i on  o f  s t r u c t u r a l  e q u i v a l e n c e  was 

i n t r o d u c e d  in  Ginsburg and H a r r i s o n  [ 1967 ] .  Th is  we now d e f i n e .  
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Le t  G = (V ,Z ,P ,S )  be a c o n t e x t - f r e e  grammar in  which the 

p r o d u c t i o n s  in  P are numbered in  some a r b i t r a r y  but unique way. Def ine  

the b racke ted  v e r s i o n  o f  G, denoted by GFI, as f o l l o w s :  
L ~  

Let  A = { [ i , ] i  : i ~ i ~ #P} and G[] = (V u A,S u A , P [ ] , S ) ,  

where P [ ]  = {A + [ i ~ ] i  : A ÷ ~ i s  the i t h  p r o d u c t i o n  in  P}. 

In t h i s  case each word in  L (GF I ,~ )  not  o n l y  c o n t a i n s  enough 
~ J 

i n f o r m a t i o n  to r e c o n s t r u c t  the shape o f  i t s  d e r i v a t i o n  t r e e  (as i s  the 

case f o r  L(GI p ~ ) )  but  a l so  enough i n f o r m a t i o n  to l a b e l  the i n t e r n a l  

nodes of  the t r ee  c o r r e c t l y .  The b racke ts  [ i  and ] i  are known as phrase 
! 

markers in  l i n g u i s t i c s .  

We say two c o n t e x t - f r e e  grammars G i = ( V i , ~ , P i , S i ) ,  i = I ,  2 

are s t r o n g l y  s t r u c t u r a l l y  e ~ u i v a l e n t  i f  t he re  i s  a numbering o f  the 

p r o d u c t i o n s  o f  P1 and P2 such t h a t  under t h i s  numbering 

L(GI,FI'~)L~ = L(G2,FI'~)'L~ Strong s t r u c t u r a l  e q u i v a l e n c e  i s  dec idab le  

s ince  the re  are on l y  f i n i t e l y  many numberings and for  each such numbering 

the b racke ted  v e r s i o n  o f  a grammar d e f i n e s  a s imp le  d e t e r m i n i s t i c  

language.  The t r a n s f o r m a t i o n  o f  G[ ]  i n t o  an s-grammar ( s imp le  

d e t e r m i n i s t i c  grammar) i s  s t r a i g h t f o r w a r d .  Korenjak and Hopc ro f t  [1966]  

have proved t h a t  i t  i s  dec idab le  whether  or not  two s-grammars genera te  

the same language.  More r e c e n t l y  Olshansky and Pnue l i  [1977]  and 

H a r r i s o n ,  Havel and Yehudai [ ] 9 7 9 ]  have a lso  p rov ided  p roo fs  o f  t h i s  

r e s u l t .  

Whi le the p a r e n t h e t i c a l  and b racke ted  v e r s i o n s  o f  grammars 

p r o v i d e  a s t r i c t e r  no t i on  o f  grammat ica l  s i m i l a r i t y ,  they  are both too 

r e s t r i c t i v e .  Th is  comes about  in  two d i f f e r e n t  ways. F i r s t  t h e i r  

languages must be i d e n t i c a l  and second, the d e r i v a t i o n  t r ees  must be 

i d e n t i c a l  up to an i somorph i c  renaming o f  t h e i r  n o n t e r m i n a l s .  

In the nex t  t h ree  s e c t i o n s  we cons ide r  the a f f e c t  o f  r e l a x i n g  

these r e s t r i c t i o n s  somewhat. 

However be fo re  doing t h i s  we ment ion in  pass ing  a no t i on  due 

to B l a t t n e r  [ 1 9 7 6 ] ,  which s t r i c t l y  speak ing i s  based on languages 

r a t h e r  than grammars. Le t  L and L' be c o n t e x t - f r e e  languages.  They 

are sa id  to be s t r u c t u r a l l ~  s i m i l a r  i f  t he re  are a - t r a n s d u c e r s  M 

and M' such t h a t  M(L) = L' and M ' ( L ' )  = L. One o f  her r e s u l t s  i s :  

i f  L has a s t r u c t u r a l l y  s i m i l a r  se t  o f  s e n t e n t i a l  forms and L and L' 

are s t r u c t u r a l l y  s i m i l a r  then L' has a s t r u c t u r a l l y  s i m i l a r  se t  o f  

s e n t e n t i a l  fo rms.  These r e s u l t s  are o f  some i n t e r e s t  f o r  grammar form 

t h e o r y  because o f  the r e s u l t s  in  Sec t ions  11 .4 .2  and 11 .4 .3  on 

p r i n c i p a l i t y  and semi-AFLs.  
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11 .2 .2  Covers 

In the area o f  c o m p i l e r  t h e o r y  and p r a c t i c e  the n o t i o n s  o f  

cove r  and s y n t a x - d i r e c t e d  t r a n s l a t i o n  have c o n s i d e r a b l e  i m p o r t a n c e .  

In both cases t h i s  i n v o l v e s  a concep t  o f  g rammat ica l  s i m i l a r i t y .  Le t  

us f i r s t  examine the n o t i o n  o f  cove r .  

Le t  G = ( V , Z , P , S )  be a c o n t e x t - f r e e  grammar, A be a se t  o f  

l a b e l s  w i t h  #A = #P, and l a b e l  each p r o d u c t i o n  in  P a r b i t r a r i l y  bu t  

u n i q u e l y  w i t h  some l a b e l  from A. Let  (G,A) denote t h i s  l a b e l l e d  v e r s i o n  

o f  G. Let  D:S = s 0 ~ ~I ~ " ' "  ~ ~r  x i n  Z* be a d e r i v a t i o n  i n  (G ,A ) ,  

where d I . . . . .  d r are the l a b e l s  c o r r e s p o n d i n g  to the p r o d u c t i o n s  used in  

D i n  t h a t  o r d e r .  We say d = d l . . . d  r is  a pa rse ,  deriva__ttion word or 

S z i l a r d  word o f  (G,A) and w r i t e  S ~ dx. I f  D is  a l e f t  d e r i v a t i o n  

then d i s  a l e f t  parse and i f  D i s  a r i g h t  d e r i v a t i o n  then d i s  a 

r i g h t  pa rse .  Sz(G,A)  = {d : d in  A* i s  a parse i n  (G ,A) }  i s  c a l l e d  

the  S z i l a r d  l angua~.e ' o f  (G ,A ) ,  LSz(G,A) = {d : d i n  A* i s  a l e f t  parse 

i n  (G ,A) }  i s  the l e f t  S z i l a r d  l anguage ,  and s i m i l a r l y  we o b t a i n  the 

r i g h t  S z i l a r d  l anguage .  See Salomaa [1973 ]  f o r  f u r t h e r  i n f o r m a t i o n  on 

S z i l a r d  l anguages .  

We can now d e f i n e  the n o t i o n  o f  l e f t  cover  f o l l o w i n g  Aho and 

Ul lman [ 1 9 7 2 ] .  Let  G i = ( V i , Z , P i , S i ) ,  i = I ,  2 be two c o n t e x t - f r e e  

grammars, A i ,  i = I ,  2 be t h e i r  l a b e l  se ts  and ( G i , A  i )  be t h e i r  l a b e l l e d  

v e r s i o n s ,  i = I ,  2. We say G 2 l e f t  covers  G 1 i f  t he re  i s  a homomor- 

h (d2 )x  i n  G I ,  and 

(b) f o r  a l l  d I i n  A I *  such t h a t  S 1 ~ d l x  i n  G I ,  t he re  e x i s t s  

d 
d 2 i n  A2* such t h a t  h(d 2) = d I and S 2 ~ 2x in  G 2. 

C o n d i t i o n  (b)  i s  a s u r j e c t i v i t y  c o n d i t i o n .  Note t h a t  L ( G I , ~ )  = L(G2,~)  

i s  i m p l i e d  by t h i s  d e f i n i t i o n .  

T y p i c a l  q u e s t i o n s  i n  t h i s  area a re :  

( i  For each LR(k) grammar G does t he re  e x i s t  an LR(1) grammar 

G' such t h a t  G' r i g h t  covers  G? See M ickunas ,  L a n c a s t e r  

and Schne ide r  [ 1 9 7 6 ] .  

( i i  Can eve ry  ~ - f r e e  grammar be r i g h t  covered w i t h  a grammar 

i n  Gre ibach  normal form? See N i j h o l t  [ 1 9 7 9 f ) .  

( i i i  Given two grammars G and G' i s  i t  d e c i d a b l e  whe the r  or  not  

G' l e f t  or r i g h t  covers  G? See Hunt I I I ,  Rosenkran tz  and 

Szymanski [ 1 9 7 6 ] .  In the case or a r b i t r a r y  grammars i t  i s  

u n d e c i d a b l e ,  bu t  f o r  s u b - l i n e a r  grammars i t  i s  i n  f a c t  

d e c i d a b l e .  

phism h from A2* to A I *  such t h a t :  

(a)  i f  S 2 ~ d2x i n  G 2, then S 1 
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The emphasis of  the work o f  Hunt I I I ,  Rosenkrantz and Szymanski p laces 

the study of  covers w i t h i n  the area o f  grammatical s i m i l a r i t y ,  s ince 

the basic ques t ion  ( i i i )  o f  when two grammars are s i m i l a r  is t ack l ed  

f o r  the f i r s t  t ime in t h e i r  papers.  

Since cover ing  imp l i es  weak equ iva lence  and ques t ion  ( i i i )  has 

been reso lved  n e g a t i v e l y  the usefu lness  of  t h i s  no t ion  of s i m i l a r i t y  

is l i m i t e d  as a basi~ f o r  a theory  o f  grammatical s i m i l a r i t y .  Th is ,  

we hasten to add, does not imply t ha t  i t  is an area to be abandoned, 

s ince quest ions  o f  types ( i )  and ( i i )  remain meaningful  in t h e i r  

o r i g i n a l  f ramework. 

Other papers in t h i s  area are those of  Hunt I I I ,  Rosenkrantz 

e t  a l ,  those o f  Mickunas e t  a l ,  those of  N i j h o l t ,  and the f o l l o w i n g ,  

Benson [1977 ] ,  Gray and Har r ison [1972 ] ,  Haskel l  [1970 ] ,  Reynolds 

[1968 ] ,  Reynolds and Haskel l  [ 1970 ] ,  So i sa lon -So in inen  [1979] and 

Ukkonen [1978, 1979] .  

1.2.3 T..ranslations and Sz i la rd  Languages 

Just as studies of the parsing process led to the notion of 

covering, studies of  compil ing led to the not ion of syntax-d i rected 

t r ans l a t i ons .  

The reader is referred to Aho and Ullman [1972], which deals 

w i th  th i s  top ic  in some de ta i l  and includes many of t h e i r  own 

con t r i bu t i ons .  

Let G = (V,~,P,S) and G' = ( V ' , ~ ' , P ' , S ' )  be two grammars. We 

say (G,G' , f )  is a t ra.nslat ion grammar i f  f :  P + P' is a b i j e c t i o n .  

Since a t r ans la t i on  is a set of pairs ( x , x ' )  of words x and x' over 

some alphabets S and S',  respec t i ve l y ,  we denote by T(G,G' , f )  the 

t r ans l a t i on  defined ' by the t rans la t ion ,  grammar (G,G' , f )  and we define 

i t  as fo l lows :  

T(G,G' , f )  = { ( x , x ' ) :  S ~ dx in Z* in G and 

S' ~ f ( d ) x '  in %'* in G'}.  

Often, for  example see Aho and Ullman [1972], the re la t i onsh ip  of the 

der iva t ions  is even more t i g h t l y  con t ro l l ed .  

A t r ans la t i on  grammar (G,G' , f )  is said to be .a..g..ree.ab.le i f :  

S ~ dx in ~* in G i f f  S' ~ f ( d ) x '  in S'* in G'. 

Penttonen [1974] had proved that (G,G' , f )  is agreeable i f f :  

( i )  there is a b i j e c t i on  g: V - ~ ÷ V' %' and 

( i i )  fo r  a l l  p: A ÷ xoA l . . .  AmX m in P, where m ~ O, the x i 

are in ~* and the A i are in V - ~, and 
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fo r  p ' :  B ÷ YoBl . . .  BnY n in P' such t ha t  p' = f ( p ) ,  

then m = n, g(A) = B, and (g(A I )  . . . . .  g(Am)) is a permutat ion of  

(B 1 . . . . .  Bm). 
These are e x a c t l y  the cond i t i ons  needed in the d e f i n i t i o n  of 

a s y n t a x - d i r e c t e d  t r a n s l a t i o n  schema (see Aho and Ullman [1972, 

p. 218 ] ) ,  hence the not ion of agreeableness is  e q u i v a l e n t  to r e q u i r i n g  

tha t  ( G , G ' , f )  forms a s y n t a x - d i r e c t e d  t r a n s l a t i o n  schema. 

Moreover Pent tonen's  [1974] c h a r a c t e r i z a t i o n  theorem imp l ies  

t h a t  ( G , G ' , f )  is  agreeable i f f  Sz(G,A) is  is  omorRhic to S z ( G ' , ~ ' ) .  

This leads to a t i e - i n  w i th  S z i l a r d  languages. 

Kr iege l  and Maurer [1976] proposed a one-sided vers ion  of  

agreeableness,  s ince in a t r a n s l a t i o n  grammar ( G , G ' , f )  i t  i s  on ly  

necessary f o r  each t e r m i n a t i n g  d e r i v a t i o n  in G, the source language 

grammar, to have a corresponding t e r m i n a t i n g  d e r i v a t i o n  in G', the 

ob jec t  language grammar, but not n e c e s s a r i l y  v ice versa.  

We say ( G , G ' , f )  is  a f i t t i n  9 t r a n s l a t i o n  grammar i f  whenever 

S ~ dx in S* in G there is a d e r i v a t i o n  S' ~ f ( d ) x '  in ~ ' *  in G'. 

I t  now f o l l ows  tha t  ( G , G ' , f )  is  f i t t i n g  i f f  

f(Sz(G,A)) c S z ( G ' , A ' ) ,  where f is  extended to labe l  sets and words over 

these labe l  sets in a na tu ra l  way. 

Assuming ~ = A ' ,  t h i s  reduces to the containment problem f o r  

S z i l a r d  languages o f  c o n t e x t - f r e e  grammars. Kr iege l  and Maurer [1976] 

show t h a t  t h i s  is  dec idab le .  

A re f inement  of  t h i s  not ion comes from observ ing tha t  usua l l y  

only  l e f t  or r i g h t  d e r i v a t i o n s  are used in the source language grammar. 

Thus ( G , G ' , f )  is said to be l e f t  ( r i g h t )  f i t t i n  9 i f  whenever 

S ~ dx (S ~ dx) in %* in G then S' ~ f ( d ) x '  in G', f o r  some x' in S ' * .  

Again whether a t r a n s l a t i o n  grammar ( G , G ' , f )  is  l e f t  f i t t i n g  

reduces to a quest ion concerning t h e i r  S z i l a r d  languages, namely is 

f (LSz(G,~) )  ~ S z ( G ' , A ' ) .  In Kr iege l  and Ottmann [1977] t h i s  a lso was 

shown to be dec idab le .  

We say ( G , G ' , f )  is  (X,Y) f i t t i n g ,  where X and Y are chosen 

from {L ,R ,~ } ,  i f  whenever S ~ dz in S* in G, then S' ~ f ( d ) z '  in G' 

f o r  some z' in ~ ' * ,  where ~ is  e q u i v a l e n t  ~. 

Linna [1977] has shown tha t  (L ,L)  f i t t i n g  is  a lso dec idab le .  

The area of  s y n t a x - d i r e c t e d  t r a n s l a t i o n s  has led to another 

not ion of grammatical s i m i l a r i t y  based on S z i l a r d  languages of  grammars, 

which can be c a l l e d  S z i l a r d  s i m i l a r i t y .  A number of  cases have been 

shown to be dec idab le ,  t he re fo re  t h i s  not ion is in t h i s  respect  b e t t e r  

than cover ing.  However given a grammar G, a l l  poss ib le  candidate 
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s i m i l a r  grammars must have the sane number o f  p r o d u c t i o n s .  I t  i s  t h i s  

f a c t  wh ich  causes us to  l ook  e l s e w h e r e .  

1.2.4 Grammar Morphisms 

Let G = (V,Z,P,S) and G' = ( V ' , S ' , P ' , S ' )  be two grammars and 

h: V* ÷ V '*  be a homomorphism such tha t :  

( i )  h(V - ~) c V' - ~ ' ,  

( i i )  h (~ )  c % ' * ,  

( i i i )  f o r  a l l  A ÷ ~ i n  P, h(A ÷ ~) = A' ~+ ~' i n  G' 

where h(A) = A' and h (~)  = c ' ,  and 

( i v )  h(S)  = S' 

In t h i s  case,  we say t h a t  h i s  a grammar morphism h: G ÷ G' 

Th is  n o t i o n  was f i r s t  s t u d i e d  in  Hotz [ 1966 ]  and in  the sub-  

sequen t  papers o f  Benson, B e r t s c h ,  C laus ,  Ho tz ,  Ne lson ,  N i v a t ,  Ross, 

Schno r r  and W a l t e r .  R e c e n t l y  Lange [1978 ]  has c o n s i d e r e d  L morph isms,  

w h i l e  Kobuchi  and h i s  co -wo rke rs  have s t u d i e d  a s p e c i a l  case o f  L 

morph isms,  c a l l e d  s i m u l a t i o n s ,  see C u l i k  I I  and Kobuchi  [ 1 9 8 0 ] ,  

Kobuchi  [ 1 9 7 7 ] ,  Kobuchi  and Seki [ 1 9 8 0 ] ,  Kobuchi  and Wood [1980 ]  and 

Seki and Kobuchi  [ 1 9 8 0 ] .  

I t s  impo r tance  stems f rom the o b s e r v a t i o n  t h a t  a grammar 

G = ( V , S , P , S )  d e f i n e s  in  a n a t u r a l  way a c a t e g o r y  ( c a l l e d  the f r e e  

X - c a t e g o r y  or  s y n t a x  c a t e g o r y )  in  wh ich  the o b j e c t s  are words over  V 

and the morphisms are e s s e n t i a l l y  d e r i v a t i o n s  i n  G. Moreover  t h i s  

c a t e g o r y  i s  a f r e e  s t r i c t  monoida l  c a t e g o r y .  From t h i s  v i e w p o i n t  a 

grammar morphism i s  a f u n c t o r  between two s y n t a x  c a t e g o r i e s .  

Of a l l  the  approaches to g rammat i ca l  s i m i l a r i t y  i n  the  p r e v i o u s  

s e c t i o n s ,  t h i s  one seems to  be the  most u s e f u l  and,  a t  the  same t i m e ,  

the  most n a t u r a l .  The f a c t  t h a t  a grammar morphism i s  a f u n c t o r  f o r  

the  c o r r e s p o n d i n g  s y n t a x  c a t e g o r i e s  tends to  c o n f i r m  t h i s .  

In  S e c t i o n  I I . I  the  two bas i c  n o t i o n s  o f  i n t e r p r e t a t i o n  f o r  

c o n t e x t - f r e e  grammars w i l l  be c h a r a c t e r i z e d  in  terms o f  p a r t i c u l a r  

grammar morphisms.  To t h i s  end some s p e c i a l  grammar morphisms need 

to  be i d e n t i f i e d .  

We say t h a t  a grammar morphism h: G ÷ G ' ,  where G = ( V , S , P , S )  

and G' = ( V ' , S ' , P ' , S ' )  i s :  

( i )  

( i i )  

( i i i )  

( i v )  

f i ne  i f  h(A ÷ ~) is in P' f o r  a l l  A ÷ ~ in P, 

length preserv ing i f  h(V) ~ V' 

very f i ne  i f  h is f i ne  and length preserv ing ,  

closed i f  f o r  every d e r i v a t i o n  S' ~+ ' ~' G' x in * in there is 

a d e r i v a t i o n  S ~+ Z* = x x in in G such tha t  h(S 5 + x) S' ~+ ' 

and 
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(v)  te rmina l  i f  h(A) = A f o r  a l l  A in V - Z. 

Given two grammars G and G' i t  is  c l e a r l y  dec idab le  whether or 

not there  e x i s t s  a length p rese rv ing  grammar morphism h: G + G' More- 

over a grammar morphism preserves the s t r u c t u r a l  p r o p e r t i e s  of the 

source grammar G. Recent ly  Walter [1979] and his co-workers have 

begun a d e t a i l e d  i n v e s t i g a t i o n  of  t h i s  not ion o f  s i m i l a r i t y .  As we 

sha l l  see in Sect ion I I , I ,  whether one grammar is  an s - i n t e r p r e t a t i o n  

of  another is e q u i v a l e n t  to whether there e x i s t s  a very f i n e  grammar 

morphism between them. Thus an in -depth  study of grammar morphisms is  

long overdue. 

An untapped research area is  the cons ide ra t i on  of  c o l l e c t i o n s  

of grammars based on grammar morphisms ra the r  than grammar forms. 

11.2.5 Topo log ica l  S i m i l a r i t y  

Kuroda [1973 a,b and, in p a r t i c u l a r ,  1976] in t roduced a new 

not ion of grammatical s i m i l a r i t y ,  which he c a l l e d  t o p o l o g i c a l  

s i m i l a r i t y .  A r e l a t e d  not ion was placed in the framework of syntax 

ca tegor ies  by Walter [1975] and t h i s  was fo l l owed  up by Nelson [1980] .  

At t h i s  t ime i t  i s  unc lear  how usefu l  these complex s i m i l a r i t y  measures 

w i l l  be. 

We w i l l  b r i e f l y  exp la i n  the basis of the s i m i l a r i t y  measures 

due to both Kuroda [1976] and Wal ter  [1975] .  

Let G = (V,S,P,S) be a con tex t  f ree  grammar, For Q c p and 

~,~ in V*, we w r i t e  ~ ~ dB i f  ~ ~ dB in G, where d is in Q*. S i m i l a r l y  

we w r i t e  ~ ~* B is such a d in Q* e x i s t s .  Let y:  ~ ~* ~ be a d e r i v a t i o n  

in G, then ~eca l l  t ha t  T(y) denotes i t s  corresponding t r e e .  In the 

f o l l o w i n g  we w i l l  d iscuss t o p o l o g i c a l  s i m i l a r i t y  by way of  d e r i v a t i o n  

t rees .  However any proofs are b e t t e r  dea l t  w i th  in terms of  d e r i v a -  

t i o n s ,  f o r  example compare Kuroda [1976] w i th  Nelson [1980] and 

Walter [1975] .  

Let Tree(G) = {~(y):  y:S ~ x in G with x in Z*}, 

that is a l l  derivation trees of G with terminal f ront ie rs .  Let Q c p 

and T be in Tree(G), then TQ is the maximal t ree-pre f ix  of • which 

only consists of productions in Q. For a l l  Q ~ P and a l l  T in 

Tree(G) TQ c lear ly  exists.  Of course i t  may be degenerate, that is 

consist of a single node labelled S. 

For a l l  Q c p and for a l l  T and T' in Tree(G) we write 

T ~Q T' i f f  TQ is a t ree-pre f ix  of T~. 

Clearly ~Q is re f lex ive  and t rans i t i ve  hence i t  is a pre- 

order (or quasi-order). Moreover (Tree(G), ~Q) is a l a t t i c e ,  since 
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g i ven  T and T' t h e i r  gcd and Icm under  ~Q e x i s t s  and is  un i que .  

Us ing the  n a t u r a l  t o p o l o g y  wh ich  i s  d e f i n e d  by a q u a s i - o r d e r e d  

se t  we have:  

For a l l  Q c p, f o r  a l l  T = T r e e ( G ) :  

Open(T,Q) = { ~ ' :  z '  is  i n  T r e e ( G ) , T  i s  i n  T and • SQT' } .  

Tree(G)  i s  the se t  o f  p o i n t s  o f  the t o p l o g i c a l  space and the open sets  

are a l l  Open (T ,Q ) ,  f o r  a l l  T ~ T r e e ( G ) .  Each p o i n t  T i n  Tree(G)  has 

a s m a l l e s t  open n e i g h b o r h o o d ,  namely Open ( { T } , Q ) .  We denote t h i s  

t o p o l o g y b y ~ ( G , Q ) .  

S ince ( T r e e ( G ) ,  ~Q) i s  a l a t t i c e  f o r  every  G and Q,a b i j e c t i o n  

f f rom Tree(G)  to T r e e ( G ' )  i s  sa id  to be s t r u c t u r a l l y  c o n t i n u o u s  i f  

f o r  a l l  Q c p t h e r e  e x i s t s  Q' c p' such t h a t  f o r  a l l  T ,T '  i n  

Tree(G), T SQT' implies f (~)  SQ, f ( ~ ' ) ,  that  is i t  is order preserving. 

In th is  case f is continuous in the top log ica l  sense with respect to 

~(G,Q) and 'J (G ' ,Q ' ) .  Numerous d e f i n i t i o n s  of the s i m i l a r i t y  of two 

grammars can be obtained on the basis of these d e f i n i t i o n s .  Let us 

consider one such d e f i n i t i o n .  

We say G = (V,Z,P,S) is s.. tructural l¥ s im i l a r  to 

G' = ( V ' , Z ' , P ' , S ' ) ,  w r i t t en  G ~t G', there ex is ts  a b i j eo t i on  f :  

Tree(G) ÷ Tree(G') which is s t r u c t u r a l l y  continuous. We can define 

two grammars G and G' to be .s..t...r.ucturally equivalent  i f  G ~t G' and 

G ' s  G. 
t 

However a t  the  t ime o f  w r i t i n g  i t  i s  no t  even known whe the r  s t 

i s  d e c i d a b l e .  In a l l  the s t u d i e s  so f a r ,  w i t h  the e x c e p t i o n  o f  Nelson 

and Wood [ 1 9 8 0 ] ,  t h e r e  has been no d e t a i l e d  i n v e s t i g a t i o n  o f  any o f  

the  p o s s i b l e  measures.  In  p a r t i c u l a r  two bas i c  q u e s t i o n s  have 

remained unanswered f o r  most cases.  F i r s t ,  i s  s t d e c i d a b l e  and more 

g e n e r a l l y  are any o f  the  measures proposed in  Kuroda [1976 ]  and Wa l t e r  

[ 1975 ]  d e c i d a b l e ?  Second, are any o f  the measures mean ing fu l  in  the 

sense t h a t  ( i )  t hey  p r o v i d e  a n o n t r i v i a l  c l a s s i f i c a t i o n  o f  the c o n t e x t -  

f r e e  grammars and ( i i )  t hey  p r o v i d e  a c o n s i s t e n t  c l a s s i f i c a t i o n ,  f o r  

example an e x p a n s i v e  grammar i s  never  s i m i l a r  to a r i g h t  l i n e a r  grammar. 

In  Nelson and Wood [1980 ]  t h e r e  i s  a p a r t i a l  answer to  the f i r s t  con-  

cern  and a comple te  answer to  the second,  in  both cases f o r  a s p e c i f i c  

t o p o l o g i c a l  s i m i l a r i t y  measure. 

Be fo re  c l o s i n g  t h i s  s e c t i o n  we a l so  g lance  b r i e f l y  a t  Kuroda 's  

n o t i o n s .  

Let A l l t ree (G)  = {T (y ) :  ~:A ~ x in G for  some A in V - 

and x in ~*} ,  
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t h a t  i s  a l l  d e r i v a t i o n  t r e e s  w i t h  t e r m i n a l  f r o n t i e r s  hav ing  any non- 

t e r m i n a l  as t h e i r  r o o t  symbol .  Let  ~ ~ A l l t r e e ( G )  and ~ be f i n i t e ,  

then ~ i s  a p r u n i n g  se t  and each member o f  ~ i s  a p rune .  

Le t  T be i n  Tree(G)  and ~ ~ A l l t r e e ( G )  be a p r u n i n g  se t .  

N o t i c e  t h a t  each prune p i n  ~ can o n l y  appear  i n  • as a t r e e - s u f f i x  

s i n c e  p has a t e r m i n a l  f r o n t i e r .  We prune T w i t h  ~ by remov ing t r e e -  

s u f f i x e s  o f  ~ wh i ch  are members o f  ~. Moreover  we do t h i s  i n  such a 

way t h a t  • i s  pruned by ~ to  the  maximum e x t e n t .  I t  can be proved 

t h a t  t h i s  l eaves  a un ique  t r e e  p r e f i x  o f  T wh ich  we denote by T . 

For a l l  p r u n i n g  sets  ~ ~ A l l t r e e ( G )  and f o r  a l l  T and T' in  Tree(G)  

we w r i t e  • ~ T' i f f  • i s  a t r e e  p r e f i x  o f  ~ . 

As w i t h  W a l t e r ' s  approach we can now d e f i n e  O p e n ( T , ~ ) ,  f o r  

a l l  T ~ Tree(G)  and a l l  p r u n i n g  sets  ~ ~ A l l t r e e ( G ) ,  by: 
%'}  Open(T,~)  = { T ' :  ~' i s  in  T r e e ( G ) ,  ~ i s  i n  T and T ~ . 

Aga in  O p e n ( { T } , ~ )  i s  the s m a l l e s t  open ne ighbou rhood  o f  the p o i n t  T 

and as be fo re  we can d e f i n e  a n o t i o n  o f  s i m i l a r i t y  based on these  

i deas .  We denote  the p r u n i n g  se t  t o p o l o g y  w i t h  r e s p e c t  to  ~ by 

3 ( G , ~ ) .  

Le t  G and G' be two grammars and f be a b i j e c t i o n  

f :  T ree(G)  ÷ T r e e ( G ' ) .  We aga in  say f i s  s t r u c t u r a l l y  c o n t i n u o u s  i f :  

For a l l  ~ c A l l t r e e ( G ) ,  t h e r e  e x i s t s  ~'  c A l l t r e e ( G ' )  

such t h a t  f i s  o r d e r - p r e s e r v i n g  w i t h  r e s p e c t  to ~ and ~ ' ,  

t h a t  i s  i f  ~ ~ T in  G then f ( ~ )  ~ i f ( T )  i n  G' .  In  

o t h e r  words f :  ~ ( G , ~ )  ÷ ~ ( G ' , ~ ' )  i s  c o n t i n u o u s .  

We say f i s  a s t r u c t u r a l  homeomorphism i f f  f and f - I  are s t r u c t u r a l l y  

c o n t i n u o u s .  

Aga in  i t  i s  no t  known whe the r  or  no t  s t r u c t u r a l  homeomorphism 

is  d e c i d a b l e .  

However Kuroda [1976 ]  does no t  base h i s  main n o t i o n  o f  t opo -  

l o g i c a l  s i m i l a r i t y  s o l e l y  on ~ ( G , ~ )  bu t  r a t h e r  on the  j o i n  o f ~ ( G , ~ )  

w i t h  a n o t h e r  t o p o l o g y O *  gene ra ted  by the  " p a r t i a l "  t r e e s  o f  G. 

T h i s  new t o p l o g y  i s  denoted b y O * ( G , ~ ) .  He demons t ra tes  the  remark-  

ab le  r e s u l t  t h a t  i f  f :  T ree(G)  + T r e e ( G ' )  i s  a s t r u c t u r a l  homeomor- 

phism then f i s  a s t ruc tura l  * -homeomorphism,  where s t r u c t u r a l  

• -homeomorphism is  d e f i n e d  in  the same way as s t r u c t u r a l  homeomor- 

ph ism,  r e p l a c i n g  O(G,~)  by 3 * ( G , ~ )  i n  the d e f i n i t i o n .  
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1 .2 .6  Grammar C o l l e c t i o n s  

Cremers and Ginsburg [1975]  i n t roduced  the no t ion  of  a grammar 

form as, among o the r  aims, a new approach to the study of  grammatical 

s i m i l a r i t y .  Each grammar G g ives r i s e  to a c o l l e c t i o n  o f  grammars 

~a (G), a l l  o f  which are s i m i l a r  in a s t rong sense. For each G' in 

(G) each p roduc t ion  in G' is an "image" of  some p roduc t i on  iN G, in 

c t  i f  t e rm ina l s  are ignored there  is  e s s e n t i a l l y  a very f i n e  grammar 

morphism from G' to G. A grammar used to de f i ne  a c o l l e c t i o n  in t h i s  

way is termed a grammar form. 

I t  enables some basic  s i m i l a r i t y  quest ions  to be posed and 

so l ved ,  t ha t  i s :  

( i )  is ~(G I )  = ~ (G2)? 

( i i )  is  j(.(G I )  ~ ( G 2 )  , 

where ~ ( G  i )  = {L (G~,~) :  G~ is  in~(Gi)} ,_ i = I ,  2. 

I f  the answer to ques t ion  ( i )  is  a f f i r m a t i v e  then G 1 and G 2 

are very s i m i l a r  and we say they are s t rong form e q u i v a l e n t ,  whereas 

i f  the answer to ques t ion  ( i i )  is  a f f i r m a t i v e ,  then G 1 and G 2 are 

s i m i l a r  but not very s i m i l a r ,  hence we say they are form e q u i v a l e n t .  

These s i m i l a r i t y  d e f i n i t i o n s  should be compared w i th  those o f  s t r u c t u r a l  

and weak equ iva lence  f o r  grammars. 

In the f u t u r e  perhaps the major impact of  grammar forms w i l l  

be seen to be the idea o f  grammar c o l l e c t i o n s  de f ined  by a grammar. 

I t  is the purpose of  these notes to demonstrate tha t  t h i s  idea gives 

r i s e  to many i n t e r e s t i n g  and fundamental ques t ions  in grammar and 

language theory  as wel l  as c o n t r i b u t i n g  to the study of grammatical 

s i m i l a r i t y .  For example, two grammars G and G' are sa id  to be 

Z - s i m i l a r  i f  ~TP(G) = , ~ ( G ' )  = ~ f o r  some given language f a m i l y ' .  

What does a grammar which is  ~'~P(CF)-similar, look l i k e ?  is i t  

dec idab le  whether or not G is , ~ - s i m i l a r  f o r  a g i v e n , ~ ?  And so on. 

The ques t ions  exp lode.  


