
A HATI]EMATICAL MODEL FOR ANALYSIS OF MOUNTAIN DRAINAGE BASINS 

Maria Marandi Cecchi 
I.E,I. of CNR Via S. Maria 46 Pisa 

]. I n t r o d u c t i o n  

To develop a mathematical model fo r  ana lys is  of mountain drainage basins is  

necessary to r e c a l l  a l l  concept of morphemetry. This i s  done to be able to i n -  

t raduce, a q u a n t i z a t i o n  of gee log ica l  concepts and to prepare a f i l e  of geolo-  

g i ca l  data able to give a complete desc r i p t i on  of the morphology and l i t e l o g y  

of the territory. 

The method of the morphometical ana lys is  ore appl ied to the two foundamen- 

t a l  aspects of the t e r r i t o r y :  the r i v e r  branches and the r i v e r  s ides.  

The top ic  of t h i s  paper i s  re la ted  to the hydrographyc basins considered 

as hollow regions of the lithosphere where the meteoric waters inflow and in 

different ways outflow to the final collector that discharge them into the 

sea or into o lake. 

The study is mostly important when applied to the mountain basins that are 

of relative small area but play a fundamental role into the dynamics of the 

flow. 

I n f a c t  every th ing  may happen in  the environment of the mouth of  a hydro- 

l o g i c a l  system of a ce r ta in  amount of waters (such as r i v e r s ,  t o r ren t s ,  e t c . )  

and the behaviour of such sect ions is  s t r i c t l y  t i ed  to the general  systemat i -  

za t ion  of  the t o t a l i t y  of the re la ted  mountain basins, i n f a c t  are exac t l y  the 

mountain basins tha t  may generate regu la r  or unregular  f lows.  

It is clear that the litology (the composition of the rocks) and the tecto- 

nics (the lay of the rocks) ore very important factors to be taken into account 

in the study of the mountain drainage basins. The geological control of the 

mountain basins is therefore necessary to give a good interpretation of the do- 

to. The method proposed is the following: to use the morphometry to evaluate 

automatically a monodimensional model for the river branches in its drainage 

area. Such fnrmulation is based on statistics because only with an analysis of 

the recurrences of the phenomena observed and with on analysis of the data, it 

is possible to obtain feasible frequency laws. This method was proposed in Ill 

and is convenient to build e data file of the branches of the rivers and of 

the sides of the rivers. 
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2. The method proposed 

The key of  the method is  the h i e ra r ch i sa t i on  of hydrographic basins having 

determined the mesh of the watersheds as preference road fo r  the waters ( ra in  

of  snow mel t ing)  to f low out .  

The hierarchy defined is very simple, the first order is defined with tho- 

se branches that do not receive any other branch, channels of the second or- 

der are def ined those that  are generated by the )unction of two branches of 

the f i r s t  order .  

The t h i r d  order is  def ined as the funct ion of  two branches of  the second 

order, and so on. I t  is  obvious that  such order ing is  a funct ion of the topo- 

graphic chard used. I n fac t  the order ing is  def ined on the chards and the sca- 

le  of such chards is  1:25.000 or 1:100.000 very important in  t h i s  study are 

the anormalous in f lows that  appear when a branch of a ce r ta in  arder does not 

f lows i n to  the branch of the fo l l ow ing  order but instead flows i n to  some 

branch of an other higher order.  

Such anomalous cases are of fundamental importance to undestand the degree 

of  sys temat izat ion of a drainage basin. 

Therefore the number of anomalous cases is  evaluated fo r  every order and 

the frequency is  evaluated two. A parameter that  is  also evaluated is the ra-  

t i o  of  the frequency over the h i e ra r ch i ca l  order .  

I f  h igher i s  the number of  anomalous cases less se t t l ed  is  the basin i t -  

s e l f .  A great  number of anomalous cases may be the cause of a messy and unfo- 

reseeable f low. 

On the contrary a h i e ra r ch i sa t i on  completely normal; i . e .  wi thout  anomalous 

branches, would give a pe r f ec t l y  regu lar  f low.  

To i l l u s t r a t e  more deeply the ideas presented here see spec i f i c  geo log ica l  

literature as in [2] ~] [4] [5] [6][7][8][9][10][11] [12] ~3] [14][15]. 

3. The monodimensional model of  r i v e r  branches. 

The water system mesh is  analysized using the h i e ra r ch i sa t i on  au tomat ica l -  

ly  by the computer, the watersheds mesh gives the boundary of the drainage 

area associated to every branch of r i v e r  under cons iderat ian,  the considered 

model is  re la ted  to the surface waters and to the gathered waters neglect ing 

instead the d ispers ion fo r  i n f i l t r a t i o n  i n t o  the s o i l  and fo r  evaporat ion.  

For an hydrographic basin is  intended that  area where each element of i t  co l -  
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lects and drains a certain amount of water that comes from the inner part of 

the basin itself. 

An example is given of the torrent Branega in Liguria where either the mo- 

nodimensional and the tree-dimensional model is applied. 

In fig. ] the hierorchisation of the basin is shown and in fig. 2 all the 

drainage basin of every branch of the river is shown. 

The length of every branch is been evaluated, on average was obtained for 

every order and also the ratio between the overage length of on order and of 

the following order is obtained. 

Summing the lenghts average of the preceeding order one obtain the average 

of the basin and from it also the ratio length ore evaluated. All the value 

of the area of every channel ore evaluated, the overages are calculated and 

summed to the drainage area of the preceeding orders that inflow into branches 

of that order. 

Informations ore also token into account about the kind of development i.e. 

the problem of the e:osion of the rocks in a certain drainage area. A classi- 

fication is made of different kind of soil and different classes of soils ore 

specified. The first class collects all kinds of soil were o free development 

is allowed. 

In the second class ore included all soils for which a partially obliged 

development is allowed but for which the erosion is impossible. In the third 

class ore the soils for which the development is partially obliged but the 

erosion is possible. 

In the fourth class the development is completely obliged. 

The quantisotion obtained permit the comparison of the behaviour of diffe- 

rent types of drainage basinso 

All the quantities evaluated have been recorded into a data file to optimi- 

ze the allocation and the use of territory resources. 

4. A three-d imens iona l  model of the sides of drainage basins of r i ve rs  branches. 

Such model gives the knowledge of the surfaces of drainage basins sides, 

and i t  is based on a t r i a n g u l a r  mesh. This mesh is  made au tomat i ca l l y  using as 

a s ta r t i ng  po in t  a given ax is  in the d i r e c t i o n  Sud-North, every drainage area 

is  subdivided i n t o  16 t r i a n g l e ,  a l l  of  these t r i a n g l e s  have one ver tex  in the 

theoretical center of the drainage area. 
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Automat i ca l l y  the surface and the p lan ime t r i c  area of the sides are evalua- 

ted and also the anglesOf the sides are evaluated.  With the ph is iograph ic  

aspects tha t  are in t roduced in  the way exposed, i t  i s  important  to consider 

also the permeab i l i t y  of the s o i l  and the in fo rmat ion  is  given for  the d ra ina-  

ge basin of every branch. 

A c o e f f i c i e n t  was in t roduced to measure the degree of pe rmeab i l i t y .  

A l l  these in format ions  are obtained and elaborated and give a complete mor- 

phometric knowledge of the t e r r i t o r y  and t h i s  knowledge consi tues the geo log i -  

cal  data f i l e  to be used i f  a con t ro l  of the f low of water has to be made. 

The con t ro l  i s  intended mostly in  cons idera t ion  of problems of erosion and 

sedimentat ion.  

5. An op t im iza t i on  a lgor i thm fo r  forecast  of eros ion.  

A forecast  of the behaviour of erosion and sedimentat ion is  based on an 

a lgor i thm of  search of the preference path fo r  erosion and of a measure of  

the passib le erosion ef every path. 

One i s  look ing  fo r  the path of maximum erosion such path w i l l  be chosen on 

the base of  having maximum d i f f e rence  in  he ight  between i n i t i a l  and f i n a l  no- 

de, minimum t o t a l  lenght ,  the t o t a l  lenght  beeing obtained summing a l l  the 

lenghts of  each path from every sping po in t  to the f i n a l  pa in t ,  the f i n a l  

po in t  beeing e i t h e r  the mouth of  the r i v e r  or the po in t  where the r i v e r  goes 

i n t o  a lake etc° and i f  the r i v e r  runs across a t e r r i t o r y  where in  a ce r ta in  

measure erosion is  possib le° 

Let consider the graph tha t  i t  i s  possible to obta in by the computer using 

the in fo rmat ions  in  the data f i l e , f i g .  3 in  the case of Branega, in  an i n t e r -  

va l  ~ , t ]  of  the rea l  l i n e ,  a d i f f e r e n t i a l  equat ion of the form: 

y ( x , t )  = f ( y ( x , t ) ,  e ( x , t ) )  (1) 

i t  i s  considered where y ( x , t )  i s  a func t ion  of  s ta te  e ( x , t )  i s  a con t ro l  func-  

t i on ,  f i s  a mapping. 

Equation (1) describes a dynamics systems which where suppl ied w i th  an i n i -  

t i a l  s tate y ( x , o )  and a con t ro l  inpu t  func t i on  e produces a func t i on  y. 

y ( x , o )  = k(x)  (2) 



and a  f i n i t e  number of  t e r m i n a l  c o n s t r a i n t s  

y ( x , t ]  i s  a  f u n c t i o n  t h a t  d e s c r i b e s  t h e  sed imenta t ion  e  ( x , t )  i s  t h e  e r o s i o n  

f u n c t i o n  o f  a  p a r t i c u l a r  path cons idered .  The f u n c t i o n  u  and 

possess  con t inuous  p a r t i a l  d e r i v a t i v e s  with r e s p e c t  t o  t h e i r  arguments. The 

op t imal  c o n t r o l  i s  then t h a t  of  f i n d i n g  t h e  p a i r  of f u n c t i o n  jy ,e )  maximising 

8 whi le  s a t i s f y i n g  t h e  e q u i l i b r i u m  c o n d i t i o n  between sed imenta t ion  and ero-  

s i o n  and t h e  i n i t i a l  and t e r m i n a l  c o n d i t i o n s  (2) and (3). The procedure a p p l i -  

ed i s  comple te ly  c l a s s i c a l .  I n  t h e  s p e c i a l  c a s e  of t o r r e n t  Branega i n  L i g u r i a  

t h e  o p t i m i z a t i o n  method was a p p l i e d  and t h e  numerical  r e s u l t s  i n d i c a t e  a  path 

a s  t h e  p r e f e r e n c e  path f o r  t h e  maximum of p o s s i b l e  e r o s i o n  and the numerical. 

answer g i v e  a  numerical  measure of  a  parameter  of  e r o s i o n  t h a t  c o i n c i d e  reaso-  

nably with o b s e r v a t i o n s  on t h e  t e r r i t o r y  cons idered .  

The method has a l s o  been a p p l i e d  t o  a  more extended reg ion :  t h e  reg ion  of  

Cornia  i n  Toscano; i n  t h e  fo l lowing  f i g u r e s  a r e  i n d i c a t e d  t h e  d r a i n a g e  a r e a s  

and t h e  h i e r a r c h i s a t i o n  a p p l i e d  and c o r r i s p o n d i n g  t o  t h e  d a t a  f i l e .  The eva- 

l u a t i o n s  have been made i n  a  modular way and connected t o  t h e  c o l l e c t o r  p a r t  

of  t h e  r e g i o n .  I n  t h i s  p a r t  t h e  h i e r a r c h y  has reached t h e  o r d e r  9. 

I n  f i g .  4, 5, 6, 7  one may s e e  t h e  r e g i o n s  cons idered .  

REFERENCES 

[I] CECCHI MORANDI M.,  DEL GROSS0 A., LIMONCELLI B . , "Un' a p p l i c a z i o n e  d e l l '  In-  
f a r m a t i c a  a l l a  Geologia:  un modello monodimensionale per  l o  s t u d i o  d e i  r e -  
t i c o l i  f l u v i a l i  ed uno t r i d i m e n s i o n a l e  p e r  l o  s t u d i o  d e i  v e r s a n t i . "  
( t o  a p p e a r )  

123 MONKHOUSE, "Diz ionar io  d i  Geograf ia" ,  Z a n i c h e l l i ,  Bologna (1974). 
(Versione i t a l i a n a  d i  "Dic t ionary  of Geography", second e d t i o n ,  Edward 
Arnold P u b l i s h e r s ,  Ltd.  1970). 

1 3 1  TRICART J. e  CAILLEAUX A., " T r a i t 6  de GQomorphologie, SEDES, P a r i s ,  Vol.1 
(1 965). 

I41 PANIZZA M., "Elementi d i  Geomorfologia", P i t a g o r a  Ed., Bologna (1 973). 
/5] MORTON R.E., " E r a s i o n a l  development of s t reams  and t h e i r  d r a i n a g e  b a s i n s ;  

hydrophys ica l  approach t o  q u a n t i t a t i v e  morphology". Geol. Soc.  of America 
B u l l e t i n ,  Vol. 56, New York (1945). 



355 

6] SCHUMM S.A., "Evolut ion of drainage systems and slopes in Badlands at 
Perth Amboy, New Jersey". Geol. Sac. of America Bu l l e t i n ,  Vol. 67, New 
York (1956). 

[7~ STRAHLER A.N., "Quant i ta t ive analysis of watershed geomorphology". Amer. 
Geophys. Union Trans., Vol. 38, Washington (1957). 

¢ ~ 

[8J DEE GROSSO A., LIMONCELLI B., "Proposta di un c r i t e r i o  di raccolta di da- 
t i  de l ie  ana l i s i  geomorfiche dei r e t l c o l i  f l u v i a l i  f i na l i zza ta  ad elabora- 
zione automatica". A t t i  del I I I  Convegno Nazionale di Studi sui Problemi 
del la Geologia Appl icata,  Firenze (1973). 

r ~ 

[9J SHREVE R.L., " S t a t i s t i c a l  law of stream numbers". Journ. Geology, Vol. 74 
Chicago (1966). 

~0] G.C., GIULIANO G., "Considerazioni teor ico-pra t iche sul la  appl ica-  AVENA 
zione d e l l ' a n a l i s i  geomorfica quant i ta t i va  ai  r e t i c o l i  f l u v i a l i " .  
L 'universo,  a. 47, Vol. 2, Firenze (1967). 

~1] AVENA G.C., GIULIANO G., LUPIA PALMIERI E., "Sul la valutazione q u a n t i t a t i -  
va del la gerarchizzazione ed evoluzione dei r e t i c o l i  f l u v i a l i " .  Bo l l .  Soc. 
Geol. I t . ,  Vol. 86, Roma (1967). 

~2]  LAMBE T.W., WHITMAN R.V., "Soi l  mechanics". John Wiley and Sons, New York 
(1969). 

13] BOULES J.E. ,  "Foundation analysis and design". Mc Grow H i l l .  New York 
(1968). 

[14] CASTANY G., "Tra i t6  pratique des eaux souteraines".  Dounod, Paris. 
~5]  MELTON M.A., "Geometric propert ies of nature drainage and t he i r  systems 

representat ion in an E4 phase space". Journ. of Geology, Vol. 66, Chicago 
(1958). 



356 

tO 

9 

IE 
16 

58 

17 

19 

18 

"Jl  

21 

2 7  

2 9  

22  

,83 

2 5  

2 6  

2 8  

\,'i 

F/9. I 



357 

I',% 

i I I  %1 

/ 
! 

A J 

i 

I 
/ 
I 

,/' L 
i 

I_ 

i / I 
I 

f 
3 /[ 

jf 
f 

- / :~,," 
I 

• 1/ 
#1 

i t 

I 

I " ~ - -  I 

\ -- ...;A 

! ~ . . . .  "1 

,, ( ," I I I  
I 

I % ~  1 1  N 
t ~ i / , 

"~ l lx l 3 / ~ 

| / ",,I/~ / 

u,r,," - - - T : ~  / 

f J  

F i g .  2 





3 5 9  

~,~. c- ,~=.- . :  - °  :;:.--~., 

' ~ ' " " "' ,,,e ai~co 

~ . : "  - . ' !  ~ ~ , ~ - . - . . ,  - - ~ ,  , ~  ,~ . . "  . . . , .  m...~, "- 



B~
;,
,o
 

R
 io

 
S

tc
~o

 

t 

~
0

 

/ 
os

 S e 

a 

L 
.%

 

t 

o 

N
 



"-~, 

'°" s'' 
/ 

B
 

J--, 
i~

 ~
. 



362 

I I  !'/ 
t" 

! 

d 

A 

| A ~ 

n Z 

0 
-0 

¢ 

r+- 

'o ~ - -  -2 : .  

0 

~ i I 

~t 
|I -. .~ s 

.~iT ~ 
! 

/ 




