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A b s t r a c t  

We invest igate F in i te  Tree-Transducers operating top-down, bottom-up or both ways 
simultaneously. A comparative study of t he i r  transductional power is given. Syntax- 
Connected Transductions extending Syntax-Directed Transductions are investigated. 
Various types of transductions of local forests defined by Syntax-Connected Trans- 
duction Schemes can be performed by Fin i te  Tree-Transducers. 

Introduction 

Operational automata l i ke  tree-transducers are extensions of classical automata. In 
addition to ]ocal processing l i ke  symbol-changing and state-switching, they can 
manipulate (permute, copy or erase) input-structures and output-structures. F in i te  
state and push-down transducers have, so fa r ,  been very useful tools for  designing 
and structur ing the f i r s t  phases of a compiler (such as the scanner and the parser). 
The more complicated phases consisting of semantic analysis,  code generation and 
opt imizat ion, however, could not be supplied with such useful tools from automata 
theory. This is  due to the fact  that the objects to be dealt with in these phases 
are trees which have to be manipulated. As long as language t rans la t ion had been 
understood as s t r ing processing and not as a tree-manipulating process, l i t t l e  
e f fo r t  was made to invest igate machines which perform tree transductions. From the 
point of view of generalized automata theory, trees were used as inputs and ( in a 
fur ther generalization step) as outputs. Comparing these tree-transducers with 
syntax-directed transduction schemes performing transformations of the derivat ion 
trees of an underlying CF-Grammar, one can see that tree-transducers are more power- 
ful than the syntax-directed transduction schemes. Many tree-transforming phases of 
a compiler cannot be modelled by a syntax-directed transduction scheme, but by a 
tree-transducer. 
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1. Trees represented as terms 

To represent t rees l abe l l ed  by elements o f  a set s we use terms over z. The set 
T s o f  terms over z is  the smal lest  subset of  (s~{ ( , )  } ) *  s a t i s f y i n g :  

(0) ~¢T z 
(1) I f  t 1 . . . . .  tkST s and ass then a ( t l . . . t k ) S T s  

Let M be a set ,  Mnz = ¢. The set Ts[M] o f  terms over s indexed by M is the smal lest  
subset o f  z~M~{ ( , )  } ) *  such tha t  

(0) S~McT z 
( I )  I f  t I . . . . .  tkSTz[M] fo r  k > 0 and ass then a ( t l . . . t k ) S T z [ M ]  

A subword t '  o f  tETz[M] which is a term is ca l led  subterm of  t .  
Notat ion:  t ' ~  t .  Two subterms t '  and t "  o f  t are independent i f f  t ' ~  t "  and t " ~  t ' .  

Let t ' ~  t and rsTz[M],  then t ( t ' ~ r )  is the term obtained by rep lac ing t '  by r .  
Let s I . . . . .  s k be pa i r  wise independent subterms of  t and ~ : [ k ]  ~ [k]  
( [ k ]  = {I  . . . .  k}) any permutation and r isTz[M] (1 ~ i ~ k) ,  then 

t ( ( s  I ~ rz)  . . .  (s k ~ rk) ) = t ( ( s  ( i )  ~ r~(1) )  . - .  (S~(k) ~ r~ (k ) ) )  

Let X = {x i l i s lN }  be a set o f  parameters and X k = {x I . . . . .  Xk}. 

The operat ion o f  simultaneous subs t i t u t i ons  is def ined as: 

t [ t  I . . . . .  t k] := t ( ( x  l ~ t l ) , . . ( x  k ~ tk)  ) 

The f r o n t i e r  f r ( t )  o f  t~Tz[M] is  the word obtained by concatenat ing the labels  o f  
the leaves from l e f t  to r i g h t .  

The depth i l t l t  o f  t~Tz[M] is def ined as: 

~ 1 fo r  t = aEz 
l i t l i  =~max I l t i l l  + 1 f o r  t = a ( t l . . . t k ) ~ T z [ M ]  

i ~ [ k ]  

2. F i n i t e  Tree-Transducers 

A F i n i t e  Tree-~ransducer (FT) P = (Q,S,&,R,[)  consis ts  o f  a f i n i t e  set Q of  s ta tes ,  
an inputa lphabet  s, an outputalphabet  A, a f i n i t e  set R of  ru les and a subset I 
o f  Q of  d i s t ingu ished  s ta tes.  
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A Top-Down-rule (T- ru le)  is a ru le of  the form: 
<q ,a>(x l . . .Xk )  ~ t  with <q,a>~Qxz and tCTA[QXX k] 

or <q,a> ~ t  with t~T A. 

T-rules of  that  type with I l t l l  = n are ca l led T ( l~n) - ru les .  

A T-ru le <q,a>(u l . . .Uk)  ---- t with a(u l . . .Uk)ETz[X] ,  I l t l l  = n 
and I I a ( u l . . . U k ) I I  = m is ca l led T(m,n)-ru le.  

A Top-Down-Finite-~ree-~ransducer (TFT) is a FT with T-ru les.  
A move of  a TFT is defined as a re la t i on  I T on TS~A~(Qxs ). 

Let r ,  s~Tz~A~(Qxs ) and R a set of  T(1 ,1) - ru les  then r I T s i f f  

3 r '~Tz~Qxs)  r '=  < q , a > ( t l . . . t k ) ~ r  
and 3 (<q ,a> (x l . . .Xk )  ~ t ) E R  

such that  s := r ( r '  ~ t i t  I . . . . .  tk ]  ) 
I * denotes the r e f l e x i v e  and t r a n s i t i v e  closure of i - - .  

T(P) = {<r,s>~TsXTAl<qo,r>l 
performed by a TFT P. 

S^qo~l} is ca l led Tree-Transduction from T s to T A 

A Bottom-Up-rule (B-ru le)  is a ru le of  the form 
a ~ < t , p >  with a~z, t~T A and p~Q 

or a(<xl,Pl>...<xk,Pk >) ~ < t , p >  with a~s, P'Pl . . . . .  pk~Q and t ~ T j X k ] .  

B-rules of that  type with l l t i l  = n are ca l led B ( l , n ) - r u l es .  
A B-rule a (u l . . .Uk )  ~ < t , p >  with ui~Ts[XkXQ], l l t i l  = n 

and l l a ( U l . . . U k ) l l  = m is ca l led B(m,n)-rule.  

A Bottom-Up-Fini te-Tree-!ransducer is a FT with B-rules.  
A move of  a BFT with B(1,1) - ru les is defined as a re l a t i on  I T on TS~A~(AxQ ). 

Let r ,  s~Tz~A~(AxQ ) then r I T s i f f  

~r '  = a(<t l ,Pl>.. .<tk,Pk>)~r 

and 3(a(<xl,Pl>...<xk,Pk> ) --~<t,p>)~R 

such that  s := r ( r ' ~  < t i t  I . . . . .  t k ] ,p>)  
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T(P) = {<r,s>~TsxTAlri e <S,Po>^Po~l] is the Tree-Transduction performed by a 
BFT P. 

A rule is called rank-preserving i f  each parameter x i of i t s  l e f t  side occurs on 
i t s  r ight  side. 
A rule is cal led l inear  i f  each parameter x i of i t s  l e f t  side occurs not more 
than once on i t s  r ight  side. 
Rank-preserving rules can copy and do not erase subtrees while l inear  rules can 
erase and do not copy subtrees. 

I rank-preserving 1 l inear  _ ~RFT 1 AFT with rules is called ~LF T 

and LRFT i f  i t s  rules are l inear  and rank-preserving. AFT with rQl = I is a pure FT 

zFTA = {T(P):TsxT~JP is a FT} is called the class of F-Tree-Transductions 
and we wr i te FT for  a f ixed pair  (s,z~). 

From now on we only consider Tree-Transducers with T ( l , l ) - r u l e s  or B( l ,1 ) - ru les .  

Generalized Finite-Tree-Transducers are composed out of a 

TFT PT = (QT'Z'A'RT'IT) and a BFT PB = (QB'S'A'RB'IB)" 

A move of a TBFT P = (QT,QB,S,A,RT,RB,IT,IB) is T-move followed by a B-move and 

a move of a BTFT P = (QB,QT,Z,A,RB,RT,IB,IT) is a B-move followed by a T-move. 

Let P be a TBFT, then 

T(P) = {< r , t>~TzxT~ i<qo , r> l  T s I ~ 

and T(P) = {<r , t>~TzxTA1<qo,r> l - -  ~- s i * 

<t,Po>, qoEIT A Po~IB } 

<t,Po>, qo~IT ^ Po~IB} for a BTFT P. 

BTFT : TBFT 
Theorem i :  For the classes of F in i te  
Tree-Transductions the fol lowing 
l a t t i ce  exists:  ( including results 
by ENGELFRIET, ROUNDS and THATCHER) 

RBFT ~ R T F T :  
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3. Syntax-Connected-Transduction-Schemes 

Given a CF-Grammar G = (Z,Zo,P,S,) consist ing of a f i n i t e  alphabet z, subset z cz 
0 

of terminal symbols, a set Pc(S\Zo)XZ + productions and a s ta r t  symbol SEz\z o. The 
elements of  z-E are cal led syntact ic  var iables. 

0 
The set Ds(G ) of der ivat ion trees of G with root S is defined as: 

(0) S~Ds(G ) 

(1) I f  rsDs(G ), f r ( r )  = WlAW 2 and (A ~ w ) s P  with Wl,W2sS*, Asz\z o 

then r '  = r ( A ~  A(w)) is in Ds(G ) 

The set D(G) := {tsDs(G ) I f r( t)CSo +} is cal led local forest  of G. 

A S_yntax-~onnected-~ransduction-Scheme (SCTS) G = (GE,GA,<) consists of a CF-input 
grammar G E = (Z,Zo,PE,S), a CF-output grammar G A = (A,&o,PA,S) with A-Ao=Z-Z o and 
transduction rules A ~ w ,  v [ i  I . . . . .  im], where A --*w is an input production from 
PE' A ~ v is an output production from PA such that  [ i  1 . . . . .  im]E<d Nm connects 
posit ions of  the common syntact ic  variables i .e .  A ~ w ,  v [ i  1 . . . . .  i m] has general ly 
the fo l lowing form: 

A ~ g o A l g l . . . g k _ l A k g k  , hoAi lh l . . .hm_lAimhm[i l  . . . . .  i m] 

where i j ~ [ k ]  for  l<_j~m, Ai~z\s o, giEZo * (O~i~k) and his~o* (l~i~m)- 

The set Ts(G ) of pairs of  transduction trees is defined as: 

(0) <S,S>sTs(G ) 

( i )  I f  <r,s>sTsxT A such that  f r ( r )  = WoBlWl...Wm_lBmW m 

f r ( s )  = VoBilV1...Vn_iBinVn and [ i  I . . . . .  i n ] with i j s [m ] ,  

wiSSo* (O~i~m), vicAo* (O~i~n) then <r,s>~Ts(G ). 

A re la t ion ~ is defined on Ts(G ) as: 

<r ,s> --, <r '  , s '>  

i f f  there exis ts  a transduction rule B k 

1. r '  = r ( B k ~  Bk(W)) 

o r  

w, v i i  1 . . . . .  i I ]  such that :  

2. s' derives from s by replacing a l l  Bi j  with i j  : k by Bk(V ). 

i f  no i j  with i j  = k exists r '  = r(B k* - -  Bk(W)) for  (B k ~w)~P E and s' = s. 
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T(G) := {<r,s>~Ts(G ) I f r ( r )~Zo~fr (s)~Ao +} is called Syntax-Connected-Transduc- 
t ion defined by G. 

A transduction rule is called rank-preserving i f  each i~[k] appears at least once 
in [ i  1 . . . . .  i m] and l inear i f  al l  i j ( l~ i~m) are pairwise unequal in [ i  I . . . . .  im]. 
I f  [ i I . . . . .  i m] = [ I  . . . . .  m] the transduction rule is called simple and regular for 
[ i  I ]  = [1]. 

I RSDTS I SSDTS 
A SCTS is a LRSCTS i f  l LSCTS 

RSCTS 

al l  transduction rules are 
i regular  1 simple 

l inear and rank-preservin, 
l inear 
rank-preserving j 

sSCT A = {T(G)=TzxT A I G is a SCTS} is called the class of SC-Transductions and we 
wri te SCT for a fixed pair (z,A). 

Theorem 2: For the classes of Syntax- 
connected Transductions the following 
la t t i ce  exists: 

SCT 

LSCT RSCT 

LRSCT[ = SDT 

I :?o; 
4. Relations between Schemes and Transducers 

A SCT-Scheme defines a pair of local trees, while a tree-transducer operates on 
an input tree and produces an output tree. 

Theorem 3: For each ~-SCTS G exists a ~-TFT P such that T(G) = T(P). 
(~ = L o r  R or LR) 

This theorem implies several corol lar ies del ivering a large variety of results 
dealing with special restr icted cases for transducers and transduction schemes 
as well.  
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Example: Let G = (GE,GA,K) have the t ransduct ion ru les:  

A ~ aBA,AAd[2,2] A ~ a,c (B ~ b)cP E 

The fo l l ow ing  pa i r  o f  t rees is in T(G): 

A A 

a ~I-  A= . . . . . . .  d 

b a c c c c 

The dotted l ines  ind ica te  the connections appearing ~n the course o f  generat ion. 
This Tree-Transduction can be performed by a TFT wi th the fol lowTng ru les :  

A(XzX2X3) ---A(x3x3d ) ~(x) ~--A(x) a ~-- c 

A 

a ~  I~- T -  A d 

A a 

b a b a b a 

A A 

A d ~ A d 

A A 

a a a a c c c c 
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