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The methods of investigating the optimal stabilization prob- 

lems occupied an important place in the optimal control theory. The 

fundamentals of the methods for the finite-dimensional systems have 

been described by N.N.Krasovsky in the supplement to the monograph 

[q]. Some particular results for the distributed parameter systems 

have been obtained in [2,3]. They can be generalized and concretized 

with the help of Bellmau~ equations with the functional derivatives 

and on the basis of the functional derivatives the second Ljapunov~ 

method can be employed. 

In this article the method is used for controlling heat process. 

Other problems of controlling distributed parameter systems can be 

considered in the same way. 

q. THE PROBLEM STAT~KNT. T et the controlled process be des- 

cribed by the boundary-value problem 

where aq , 

for 

.du 

U(+o.X) --v,(x), oc~f2 + 5, 

, C , ~ and ~ are the given functions, 

a:E52 + 5  , t z , g  ~ d  
~ 21 t/2 

is a limited area in with partly-smooth boundary 

(2) 

(3) 

is an external normal to ~ , and ~ is a conormal, oC and~ 

are the scalar control parameters, which can take any real values. 

The functions o~(~,~) and ~(~m)will bm considered as admissible 
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controls measured and bounded in respect to ~ if they satisfy the 

conditions 

o_z Y,.C~) - ~,:c)~¢ ( t , z ) d  z ~,, o z  -= x z ~ , ,  

where Z and ~ are  given f u n c t i o n s ,  such that ~ (L) and ~ ( t )  are 

locally integrable in respect to ~ for the admissible controls. 

According to / 53 the only function~/(~,~)6~/;~@, ~ z~×/~.,~]corres- 

ponds to every pair of the admissible controls ~ and ~ with 

some restrictions for the data of the problem. This functionL/(~X)is 

called a generalized solution and it meets both the integral identi- 

ty 

P Zl o 
¢/~ z'tf S[ 

for almost ali t and f2 from [~o,7] , and the condition 

/-I(~:,x)-~-~-~/~(3::)EL2(R), when t --~t%o~ (5) 
2 

Eere ~=f lxff , , t ,L  and & i s  the b o w e r y  of t h i s  cy l inder;  ~ i s  
.f 

any function from W~ ~ )  ; T is an arbitary number, but always 

fi~ed / fo ~ T/. 
Let the state of the object be measurable at any point 

#~ ~ . The control functions~[~,x]:d(~u~{,x))and~(~,x):~,z, uC~,x)) 
are fol~ed on the basis of the information obtained. It is priori 

clear that for ensuring the optimal controls it is necessary to take 

and ~ as the functionals determined on the ~g L 2 . In this 

case the arguments ~ and X in the functions ~ and ~ are 

put into the square brackets. 

Then let the functions l~l~,2a),~Z](~z x-) and A/(~,~)be such that 

~ u O_~xj ] + ~ IV u 2 cl S 
a i,p.t $ 

on the  s o l u t i o n  of  the  problems (~ ) - (~ ) ,  cor responding  to any p a i r  
of the admissible controls, and the function ~ be locally integ- 

table. 

It is necessaz- d to find such values all, x] and~[~,2], that the 
functional 
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have the least possible value. 

2. BELId~&N~ EQUATION. The designation 

%# 

is introduced in accordance with the general Bellman~ method. Let~ 

suppose that the function SC~ju) is differentiable with respect to 

and as a functional of gL it is differentiable by Freshe on~(~) . 

Then 

. , : ; l <  +  sc '"l (6)  

where g~ is the linear functional with respect to d~ in ~ ~ , 

calculated at the point U U) , O(aZ,~U) is small by ~ and 

//aU/l is a magnitude of the order which is higher than the first one. 

In the case when dL~gL2 (-Q) almost to all ~ there is the function 

_q .9. 

So a c c o r d i n g  t o  t h e  Be l lman~  o p t ~ l  p r i n c i p l e  we h a v e  

As 

(u)~ ~--<~I~ -C~)~ u(~,~), (9) 

~e suppose tha~ ~(~, x?~W~(~2), ~d the inte~al in (~3 oo~ be s~- 

stituted by its value from the formula (#) where~-~ and{~-'~d~ 

From (8) at ~-~0 we obtain~ the Bellman~ equation in the func- 

tional derivatives 

This equation makes it possible to show the different procedure 

of the approximate solution of the problem. The solution of the prob- 

lem for the linear objects with quadratic criterion of the optima- 

lity has been done by the author together with G.Bachoi and ~.Rakhi- 

mov. The authors have received boundary value problems, which are 

the analogues of the Rikkarti~ equation. The methods of the approxi- 

mate solution are given too. 
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3. THE APPLICATION OF THE SECOhVD IJAPUNOV~ NETHOD. Let~C~@o 

~%~oo~ Eo and, hence, L~E ~ be the solution of the boundary-value 

problem (~)-(3) for ~ =~= O . This solution will be called stable 

according to Ljapunov in the metricallY) for fixed a~m~ssible cont- 

ro!s~t~) and~) , if there is such~>O for any small~>O , 

that from the inequality//~o,~)/~ for ~ ~fo will follow, that 

#~%~)#%~6 for~ 2~o ,where ~,~) is the solution of the problem 

(q)-(~), defined from the integral identity (#) and condition (5). 

The solution is called asymptotically stable,if, besides,#~,~)//~/$O 
for %-~-O . Therefore in accordance with the theory of stability the 

considered problem should be formulated as follows: 

Both the admissible controls ~°[~and~%~ and the solution 

~ ~) of the problem (~)-(3), corresponding to them, must be de- 

termined in such a way, that the trivial solution ~ O would be 

asymptotically stable for~=~ ° and ~ =~° , and the functional 

would have the least possible value. 

The functional V<%Z), determined on the elements~e~2(~/), in 

which ~ is a numerical parameter, will be called the Ljapunov~ 

functional (#), if it is differentiable in ~ and if we can show 

such a value C~O , that/~,~}]~ga for all ~ ~ ~ and#~//L~ ~ C~ . 
Then let~ determine the concept of full derivative with respect 

, made according to the boundary-value problem (q)-(3) by the to 

rule 

whereLl(t,X) meets  t he  i d e n t i t y  (4)  and c o n d i t i o n  ( 5 ) .  

Taking  i n t o  c o n s i d e r a t i o n  t h e  p r o p e r t i e s  of' V we have:  

where £~ is uniquely determined by the formula (7). As L~ meets 

the identi~y (#), then, according to the identity (4) and (9), we ob- 

rain 

of 4j=~ 
Taking into account, that d~ 

when /J ~ ~ 0 
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and proceedJmg from the last three formulas we obtain the formula of 

the full derivative 

Then we determine the Bellman~ f u n c t i o n a l  

where ~ i s  the f u n c t i o n a l  i n t roduced  i n t o  the d e t e z ~ i n a t i o n  o f  the 
criterion o¢ optimality, and ~ ~ "IA/'J(~)). 

We shall mark Lt(~) as the solution of the boundary-value prob- 

lems (I)-(3), according to Krasovsky£ I]. This solution corresponds 

to the controld~/%,~J , ~[~,~] . 

THEORF~I. Let the positive definite Ljapunov~ functional V ° 

for the boundary-value problems (I)-(3) be found in such a manner 

that the function VU,~) uniquely determined by its Freshe~ differen- 

tial, refers t o ~ X / 2 ~ ( ~ ) , e T  = 0  ×[~ TJ ,where T i s  a positive 

arbitrary ntu~ber, which is greater, than 

Let such functionals ~ /{,~]E~.~}andB [/xz/] ZC~3be for any 

u N(gl, tat-, 
"l)l~(E°4l-~,oL°[~,,~l]],f°[~')e,d-]) zO fOr/-lg~Vr, ' and almost f o r  a l l ~ & ~ J  

thena°/~ff,-] and27~,"J solve the problem of the o~timum stability. 

In this case 

, a "4 

( u d - -  g°( to, 

The proof of this theorem ca~ easily be obtained by the method, 

accounted in [I], p.p. #86-#87, based on the properties of the func- 

tional V ~ ~md the theorem of the asymptotic stability [ #]. 

REFERF~[CE. The formula (11) of the full derivative of the func- 

tional ~ gives concrete recommendation for investigating the prob- 

lems of the stability of distributed parameter systems with the help 

of the second Ljapunov~ method. From that, in paz'ticular , sufficient 

conditions can be easily obtained for the stability of the first ap- 

proximation systems. 
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