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A b s t r a c t  

A m a t h e m a t i c a l  model  for  pe rcep t ion  which de r i ve s  f rom a theory  of e f f ic ien t  data  

r e p r e s e n t a t i o n  in the c e n t r a l  ne r vous  s y s t e m  is  d e s c r i b e d .  A poss ib ly  inf ini te  and cont inuous  

space ,  S (over  which s e n s o r y  s t imul i  r ange) ,  is  mapped into a f inite space  of d i s c r e t e  points, 

C (the ind ices  on the c l a s s i f i c a t i on  of such s t imul i ) .  An o r d e r i n g  of p a i r s  of points  in S × S 

toge ther  with  e i t h e r  the n u m b e r  of c l a s s i f i c a t i o n s  r e q u i r e d  or  a m a x i m u m  t o l e r a b l e  e r r o r  i s  

g iven and a s s u m e d  to de r ive  f rom feedback (exper ience) .  The model  chooses  a " c h a r a c t e r -  

i s t i c "  f inite subse t ,  P ,  of the s t imu lus  space ,  which def ines  a funct ion and a r ange  about  each  

e l e m e n t  of the subse t  such  tha t  the union of a l l  such r a n g e s  is  m a x i m a l  and that  the function 

provides  a m e t r i c  (on C) which p r e s e r v e s  the given o rde r ing .  R e s t r i c t i o n s  on the cho ice  of 

P der ive  f rom l imi ta t ions  in the in fo rma t ion  c a r r y i n g  capac i ty  of the r e s u l t i n g  c l a s s i f i c a t i on  

s y s t e m .  A con tex t -dependen t  " G e s t a l t "  de s c r i p t i on  of pe rcep t ion  r e s u l t s  in which e x t r e m e l y  

complex  and v a r i e d  phenomena  can be p e r c e i v e d  without  p ropor t iona te ly  l a r g e  human m e m o r y .  

F o r  each  appl ica t ion  speci f ic  d i s t o r t i ons  of pe rcep t ion  in spec i f ied  contex ts  a r e  p red ic ted .  

The sy s t em,  in some a spec t s ,  r e s e m b l e s  an h i e r a r c h i c a l  c l u s t e r i n g  scheme .  It  is  hence u s e -  

ful for  r e p r e s e n t i n g  d i f fe ren t  p a t t e r n s  of sa t i s fac t ion  of s e v e r a l  " f e a t u r e s "  in a p a t t e r n  r e c o g -  

n i t ion  scheme  by a s ingle  se t  of i n t e g e r s  wi th  m e t r i c  p r o p e r t i e s  which  r e f l e c t  r e l e v a n c e  to 

the t a sk  (i.  e . ,  an  n - v a l u e d  logic r ep l ace  a two-valued  logic) .  

1. P r o p e r  Mappings 1 

Cons ider  S to be the r e t i n a  of the eye. Le t  the p a i r s  of points  (S x S) be o r d e r e d  

by the endpoints  of the p ro jec t ion  of a r ig id  r od  on the r e t i n a  of the eye.  Such p ro jec t ion  

would a l t e r  wi th  ro ta t ion  of the rod.  Since we know the rod  is  r ig id ,  a l l  such  p ro j ec t i ons  

would be c l a s s i f i ed  as  equiva lent  wi th  r e s p e c t  to s ize .  The p ro j ec t i ons  of ano the r  rod,  which  

expe r i ence  has  taught  us  is  longer ,  would f o r m  a d i f fe ren t  c l a s s f i ca t ion  and an o r d e r i n g  r e l a -  

t ion would ex i s t  between the two c l a s s i f i c a t i ons .  Of cou r se ,  in  b inocu la r  v i s ion  each  point  in 

S would be a duple (each  e l em en t  of a duple f rom one endpoint  of the p ro jec t ion  on each  re t ina)  

and  S ~,S would be  a pa i r  of such  duples .  

A re la t ion ,  <_, ca l led  the in i t ia l  o rde r ing ,  is  defined on S X S which is  a p r e o r d e r ,  

i . e .  t r a n s i t i v e ,  connec ted  and re f l ex ive .  Define (x,y)~,~(z,w) to m e a n  (x,y) <_(z,w)A (z,w) 

<_(x,y) and (x,y) < (z,w) to mean  (x,y) <_(z ,w)^  ,v ~z ,w)  ~ ( x , y ) ~ .  Requ i r e  tha t  a lways  

(x, y),,J (y, x). 

1 
See Section 10 for  t h e o r e t i c a l  b a s i s  (which m ay  be r e a d  before  Section 1). 
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It  is  a s s u m e d  that  S x S is  mapped into the code,  C, by some funct ion,  which  is  

dependent  only upon the p r e o r d e r i n g  of S x S (i .  e. con ta ins  no s t a t i s t i c a l  weights  o r  o the r  

a r b i t r a r y  p a r a m e t e r s ) .  Since S i s  v e r y  l a r g e  (poss ib le  inf ini te  in the m a t h e m a t i c a l  model) ,  

i t  is  a s s u m e d  tha t  human m e m o r y  cannot  contain  a p r e o r d e r i n g  of S × S. The mapping  into the 

code m u s t  t h e r e f o r e  depend upon much l e s s  s t o r e d  in fo rma t ion .  The f i r s t  s tep  in th~ s t r a t e g y  

of the  model  i s  to find a f ini te  subse t  P of S and a funct ion,  f, such  tha t  f is  dependent  only on 

the  p r e o r d e r i n g  of p x P  and f: PxP--->C.  {Consider C to the  the se t ,  {1 . . . . .  n}, of in t ege r s .  ) 

f i s  speci f ied  in the  following m a n n e r :  l e t  ab denote  the pa i r  Ca, b) c P x P.  We 

choose  some pa i r ,  ~ P  x P ,  ca l led  the l ink s ize ,  such that  iff ab <_~y', a and b a r e  

def ined as  ad jacent .  The choice  of xy i s  d e t e r m i n e d  by the d e s i r e d  ca rd ina l i t y  of C o r  by 

a given t o l e r ance  - - t o  be desc r ibed .  A sequence  of e l e m e n t s  in P, (a ,b ,e ,d . . . )  such that  a 

is  ad jacen t  to b, b to c,  c to d, e t c . ,  i s  ca l led  a chain ,  f{a,b);  a,  b c P ,  i s n o w  defined 

as  the  ca rd ina l i t y  of {the n u m b e r  of e l e m e n t s  in) the s m a l l e s t  cha in  connec t ing  a and  b, 

minus  one ( i . e . ,  the n u m b e r  of edges) .  When P i s  chosen  i t  is  thus n e c e s s a r y  for  the model  

to know { r e m e m b e r )  only which e l e m e n t s  in P a r e  ad jacen t  in o r d e r  to map  P x p into C. 

(It may  s o m e t i m e s  be n e c e s s a r y  to add " idea l "  points  to P which a r e  not  in S in o r d e r  tha t  

P ×  P be connected.  Th i s  is  ana lagous  to the b r a i n ' s  " f i l l ing  in" i m a g e s  in local ly  damaged  

por t ions  of the r e t i n a . )  

Dif ferent  poss ib le  choices  of PC" S and l ink s ize  a r e  c l a s s i f i ed  acco rd ing  to which  of 

the  fol lowing s ta ted  p r o p e r t i e s  a r e  sa t i s f i ed :  

(a) ab > cd --> f(a, b) >_ fne, d) 

(b} ab Ned --> f{a, b) = f{c, d) . 

If (a) i s  s a t i s f i ed  both f and P a r e  def ined as  p roper ;  i f  both (a) and (b) a r e  s a t i s -  

fied f and P a r e  ca l l ed  s t r i c t l y  p r o p e r  i if  f and P a r e  not  p r o p e r  they a r e  ca l led  i m p r o p e r .  

ab  i s  ca l l ed  an  ambiguous  pa i r  iff t he re  ex i s t s  a pa i r  cd c P x P such  tha t  ab ,-,cd and f{a, b) 

f (c ,d) .  Both  ab  and cd a r e  ca l l ed  con t r ad i c to ry  iff  ab < cd and f(a ,b)  > f (c ,d) .  

F o r  r e a s o n s  which become  obvious i f  (a) and {b) a r e  examined~  i t  is  hypothes ized  

tha t  p r o p e r  s e t s ,  P,  c o r r e s p o n d  to " G e s t a l t s "  or  " r e f e r e n c e  f r a m e s " .  It  is  a l so  e a s i l y  seen  

that  when P i s  s t r i c t l y  p r o p e r  f p rov ides  a m e t r i c  on P 

f ( a , b ) + f ( b , c )  >_ f{a,c);  f (a ,b)  = f (b ,a) ;  f (a ,a)  = 0 

wMeh p r e s e r v e s  the p r e o r d e r i n g  on P x P. 

2. Mapping f rom P X S into C 

Le t  P be p r ope r .  We define a p r o p e r  modif ica t ion  of P a s  an  a s s i g n m e n t  to each  

1 Actua l ly ,  t h i s  def iMtion i s  weaker  in mos t  a p p l i c a t i o n s - - s e e  Sect ions 3 and 10. 
2 

See Section 10. 
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P of a "ne ighborhood" ,  i . e . ,  s e t  R.¢S1 such tha t ,  i f  we define g(pi ,x)  = f(Pi'- ri(x)~+ Pi c 

whe re  (xeR  i) <==> --(rib¢) = _P~)' g i s  a p r o p e r  mapping.  (The def ini t ion of g m a k e s  s e n s e  

only i f  the  R. a r e  d is jo in t ;  t h i s  i s  so in  a l l  i n t e r e s t i n g  c a s e s  (see Ro thenberg ,  1969), ) A 
x 

m a x i m u m  p r o p e r  modif ica t ion  is  a p r o p e r  modif ica t ion,  R = .v R. which is  p rope r ly  c o n -  
1 1 

t a lned  in no o the r  p r o p e r  modif ica t ion.  

C lea r ly ,  we may  begin  with, say P2' and choose  R 2 such  tha t  i t  is  m a x i m a l ,  then  do 

the s ame  for  P5' then Pl" etc.  That  i s ,  the  R. m ay  be s u c c e s s i v e l y  m a x i m i z e d  for  e l e -  
1 

merits  of any  pe rmu ta t i on  of the  e l e m e n t s  of P. Each  such  m a x i m a l  R. wil l  c o n s t r a i n  the  r e -  
1 

ma in ing  Ri,  and we may  obta in  one or  m o r e  d i f fe rent  p r o p e r  modi f i ca t ions ,  R = .u1 R.1 for  
1 

each  permuta t ion ,  ~ = i ,  j ,  k, ~ . . . . .  of the e l e m e n t s  of P. F o r  s impl i c i ty ,  cons ide r  the  ca se  

whe re  each  p r o p e r  modif ica t ion ,  R {a), i s  unique for  t ha t  a .  

We define the  r ange ,  R.,  of p. as  the  m a x i m a l  R. when Y(j fi i)R~ ={p.). Let  
1 x ,, I j j (~) 

= .U ~.. It is easily shown that R = %1 R t~2. Similarly, we define R = :~ R such that 

% = la i(°:)" (where i indexes the different R.I obtained in the order specified by ~). _R is 

called the blu__._~r of Pl and for all i, _~g~RiGR i. R and _Rare obviously more easily computed 

usual ly  maximal ) .  

Note tha t  often,  R ~ S. Actual ly ,  we adjus t  ou r  me thods  so tha t  R = S (see Sections 

3 and  10). Fo r  t echn iques  for  mapping  f rom S ×S to C, see  R o t h e n b e r g  (1969). 

Note tha t  the  space  in which P i s  embedded  need  not be Euc l idean  and may have  d i f f e r -  

ing local  "d imens iona t i t y "  at  e ach  point ( r e l a t ed  to the  n u m b e r  of cha ins  pas s ing  t h rough  tha t  

point).  

3. T o l e r a n c e  

Notice  tha t  the ca rd ina l i t y  of P i s  spec i f ied  by a r e a l  pa t t e rn  recogn i t ion  t a sk  in one 

of two ways:  e i t he r  the s ize  of the code (a lphabet  or  n u m b e r  of c l a s s i f i c a t i ons  requ i red)  is  

speci f ied  ( th is  c o r r e s p o n d s  to the l eng th  of the m a x i m u m  chain) ,  or  a m a x i m a l  t o l e r ab l e  con -  

fusion i s  spec i f ied  toge the r  with  a r a n g e  o v e r  which  such  l imi ta t ion  appl ies .  F o r  example ,  

l e t  S be i n t e r p r e t e d  as  ce l l s  in the r e t i n a  of the eye.  Suppose that  in o r d e r  to p e r f o r m  a p a r -  

t i cu l a r  task ,  d i s c r i m i n a t i o n  of s t r a igh t  l i ne s  which d i f fe r  in length  by outy one c e n t i m e t e r  and 

which a r e  o b s e r v e d  a t  a f ixed d i s t ance  f r o m  the eye,  i s  r e q u i r e d .  Then any pa i r  of points  on 

the r e t i n a  which c o r r e s p o n d  to a p ro jec ted  d i s tance  of m o r e  than one c e n t i m e t e r  cannot  l ie  in 

the  s a m e  R. (or  some n e c e s s a r y  d i s c r i m i n a t i o n s  would fail) .  Such a t o l e r a n c e ,  ~, may  be 
1 

i n co rpo ra t ed  into the s y s t e m  by weakening  2(a) and 2(b) (above) to accomodate  r e v e r s a l s  of 
2 

o r d e r i n g  l e s s  than ¢. Then the R. wil l  usua l ly  ove r l ap  and may be c o n s i d e r e d  "fuzzy s e t s " .  
Z 

1 Fo r  me thods  of cons t r uc t i ng  p rope r  modi f ica t ions ,  s ee  R o t h e n b e r g  (196 9). 
2 Re la t ions  be tween  • (which is  an  e l e m e n t  of SXS) and the  l ink s ize  exis t  so tha t  S can be 
c o v e r e d  by R. See Ro thenbe rg  (1969). 



'~29 

4. Sufficient  Sets 

Since each  P may  be a "Ges t a l t "  or  a "phonemic  a lphabe t " ,  p r o b l e m s  a r i s e  when 

m o r e  than one "Ges t a l t "  may  be used  (as  in vis ion) ,  or  when a l i s t e n e r  speaks  m o r e  than one 

language.  Minimal  cues  for  the ident i f ica t ion  of the app rop r i a t e  set ,  P (the " G e s t a l t "  o r  

"alphabet") ,  m u s t  be der ived .  These  m i n i m a l  cues  a r e  subse t s  of S which  al low a unique 

ident i f ica t ion  of a p a r t i c u l a r  PC S f r o m  al l  poss ib le  P ' s  ava i l ab le  to the l i s t e n e r .  F r o m  

these  a s y s t e m  of mapping P (as  wel l  as  P × P) into an "a lphabe t "  i s  de r ived .  (In v is ion  th i s  

appl ies  to the f ixing of the posi t ion of an ob jec t  in the v i sua l  f ield.  ) Cons ide r  a se t  { P v }  

( the se t  of l e a r n e d  " G e s t a l t s " ) ,  whe re  v indexes  d i f f e ren t  P c S. (Here  we a s s u m e  tha t  
v 

t he re  ex i s t  no PX, and Pw in ~ - ~ P v  ~ such  tha t  Px  c Pw. ) We define a suff ic ient  s e t  for  Pv '  

u s a  subset ,  Q, of P such tha t  for  a l l  w, if  w ~ v ,  Q is  not  a subse t  of P . 
v w 

Cons ider  a language whose phonemic  a lphabe t  (code) con ta ins  n d i s t inc t  e l e m e n t s  

( " p h o n e m e s "  or  " l e t t e r s " ) .  How many  d i s t inc t  n - l e t t e r  words  can be f o r m e d  us ing  th i s  a l p h a -  

be t?  Of cou r se ,  c e r t a i n  r e s t r i c t i o n s  ex i s t  which l im i t  the sequences  of l e t t e r s  which can 

occur  (e. g . ,  no more  than two consonan ts  in a row or ,  as  in Chinese ,  al l  words  have only one 

syl lable) .  The more  d i s t inc t  words  tha t  can  be f o r m e d  whose  length i s  l e s s  than or  equal  to 

some  max ima l  n, the more  "e f f ic ien t"  the a lphabe t  (code) may  be sa id  to be. 

Cons ide r  a l l  n o n - r e p e a t i n g  sequences  of a l l  points  ( say  n) in P . T h e r e  a r e  n '  such  
v 

sequences .  Le t  s. be the n u m b e r  of e l e m e n t s  in each  sequence  which m u s t  a p p e a r  before  a 
1 

suff ic ient  se t  i s  encoun te red .  Then,  F (P  ) i s  def ined as  the ave rage ,  
v 

F (P  v) = ~ s . / n }  
i=t  * 

F(P  v) may be i n t e r p r e t e d  as  the ave r age  n u m b e r  of e l e m e n t s  in a n o n - r e p e a t i n g  sequence  of 

the n e l e m e n t s  of Pv  r e q u i r e d  to uniquely d e t e r m i n e  v. Eff ic iency,  E(Pv) ,  is  def ined as  

F ( P v ) / n  and redundancy ,  R(Pv  ) '  as  1 - E ( P ) .  

E(P v) may  be i n t e r p r e t e d  as  a m e a s u r e  of the a s s y m m e t r y  of P with r e s p e c t  to al l  
v 

ro t a t i ons  and t r a n s l a t i o n s  of i t se l f .  

5. The Directed Graph 

Suppose t he re  ex i s t  Px  and Pw in - . ~ P v  ~ such  tha t  Px  CPw.  All e l e m e n t s  of , ,~'Pv~ 

may  be a r r a n g e d  in a d i r e c t e d  graph,  G, in which a connect ion  f r o m  P to P ind ica tes  tha t  
x y 

P c P and w h e r e  the P wi th  the fewes t  e l e m e n t s  a r e  a t  the bo t tom of G. We now define a 
x y w 

g raph  suff ic ient  se t  for  g r a p h  node,  Pv '  as  a subse t ,  H, of Pv  such  tha t  for  a l l  w 

HoP >p cp 
w v w 
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If we u t i l ize  the hypothes is  tha t  c l a s s i f i ca t ion  p r o c e d u r e s  a r e  a s  ef f ic ient  a s  poss ib le  

(i. e . ,  wheneve r  s e v e r a l  pos s ib i l i t i e s  ex is t ,  the lowes t  node on the g raph  will  be used),  we 

define a node suff ic ient  se t  for  P as  a subse t  H, of P such that  for  a l l  w 
V V 

HC P >p c p or P C P 
W V W - -  W V 

We now define g raph  eff ic iency,  E G, and node eff ic iency,  E N, as  be fore ,  us ing  

g raph  o r  node suff ic ient  s e t s  ins t ead  of suff ic ient  s e t s .  

To each  set ,  H, which is a subse t  of an  e l e m e n t  of { P v }  the re  c o r r e s p o n d s  a subse t  

of {Pv} , 

V(H) = {PvlHC Pv } 

Two sets, H i and H 2 are called graph equivalent iff V(H I) = V(H2). To each H let 

t h e r e  c o r r e s p o n d  a n u m b e r  

I (H) = card{Pv} - card V(H) 

I(H) is the number of graph nodes of which H is not a subset, and is called the information 

value of H with r e s p e c t  to graph,  G. 

We now define the image  d i s tance ,  I '(H1,H2), between two se t s ,  H 1 and H 2 as  

6. 

T(H 1, H 2) = 1- 

Appl icat ion to Spoken Speech 

card @(H I) n V(H2) ) 

card (V(H i) U V(H2) ) 

Cons ide r  the r ecogn i t ion  of r a n d o m  vowel sounds  by a monol inguat  s p e a k e r  of a na tu r a l  

language,  say  F rench .  The se t  of r a n d o m  vowel sounds would c o r r e s p o n d  to S and the se t  of 

F r e n c h  vowel sounds to P (note:  P c S). We now obtain our  in i t ia l  o r d e r i n g  on S × S by no ise  

modula t ing  the vowel sounds in S and noting the r e l a t i ve  confus ions  of p a i r s  of vowels .  Our 
l - -  

h y p o t h e s i s  s t a t e s  tha t  t he re  should exis t  a l ink s ize ,  xy ,  such that  P is  p r o p e r  (as  defined) 

and such that  the range ,  R i, of each  P ie  P c o r r e s p o n d s  to the se t  of r a n d o m  vowels  confused 

with Pi" (P  would c o r r e s p o n d  to points  in the "vowel  q u a d r i l a t e r a l "  used  by l i ngu i s t s . )  

Suppose we have a mul t i l ingual  s peake r  and  we a r e  p r e s e n t i n g  h im wi th  r a n d o m  

sy l l ab les  which include those  in a l l  of the languages  he speaks ,  { P v  }" Now our  g r a p h  su f f i -  

c ien t  se t s  should be the m i n i m a l  cues  n e c e s s a r y  for  h im  to choose  a p a r t i c u l a r  language,  Px '  

a s  a r e f e r e n c e  f r a m e  or  " G e s t a l t "  so tha t  subsequen t  confus ions  a r e  as  p r ed i c t ed  for  P (as 
X 

above).  The amount  of i n fo rma t ion  supplied by a subse t  of vowels  ih a p a r t i c u l a r  language is  

g iven by the in fo rma t ion  va lue  of tha t  subse t  and d e t e r m i n e s  the p robab i l i ty  of h is  choosing tha~ 

1 
Or an  app rop r i a t e  ne ighbornood s y s t e m - - s e e  footnote,  Sections 2 and 10. 
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language as a "Gestalt". Hence, we here have different predictions generated by the model 

for different sequences of stimuli (i. e., it is "context dependentL'). 

7. Visual I l lusions 

Cons ider  the f ami l i a r  optical  i l lusion whereby  the moon a p p e a r s  l a r g e r  on the hor izon 

than when high in the sky. Note that  buildings,  t r e e s  and a i rp lanes  become s ma l l e r  as they 

approach the horizon according  to the laws of pe r spec t ive .  Because  of i ts  g rea t  d is tance  f rom 

us,  the moon does not. Hence our normal  P de r i ve s  f rom a m e t r i c  involving con t rac t ions  

due to pe r spec t ive .  This  P ,  however ,  i s  inappropr ia te  for  judging re la t ive  s i z e s  of vas t ly  

dis tant  objects .  In s im i l a r  fashion, f ami l i a r  i l lusions due to pe r spec t ive ,  such as the " r a i l -  

road  t ie"  i l lusion: 

a r e  eas i ly  explained. 1 

When applied to color  vis ion,  if  the initial  o rde r ing  i s  obtained by measu r ing  confusions  

of co lo r s  on a pa r t i cu la r  photograph, if a sepa ra te  P is  computed for  each of th ree  p r i m a r y  

co lors  and we then a s sume  color  mixing accord ing  to the values  of C obtained by our m a p -  

ping, we have a quanti tat ive vers ion  of Edwin Land ' s  "Theory  of the Ret inex" .  

Note a l so  that  if  a chain (as  he re  defined) i s  i n t e r p r e t e d  as  a s e r i e s  of connected  

neurons ,  and if a se t  of neurons ,  all of which a re  connected to each other ,  i s  i n t e r p r e t e d  as  

a range,  our function, g, which counts edges  in a s h o r t e s t  chain, c o r r e s p o n d s  roughly to the 

length of t ime r equ i r ed  for  a s t imulus  to pass  f rom one neuron clump (range) to a neuron end 

which i s  not in that clump. Analogies  to "shadow enerva t ion"  on the r e t ina  a lso  can be made.  

8. Application to the Pe rcep t ion  of Pi tch 

Here  we a s s u me  a s imple  o rde r ing  on S (pitch or  frequency} together  with the p r e -  

o r d e r i n g  on S ~ S ( "mus ica l  in te rva l s" ) ,  and the following axiom l imi t s  d imenstonal i ty :  

(a) x < y < z  > x y ,  y z < x z  

For  W e s t e r n  music  we may also a s sume  that  

(b) x y < z w  > 'qu(xy~ ,zu)  and z < u < w  or  w < u < z  

(c5 (x < y < z) ^ (u < v < w) a (xy'~uv) ^ ( y z ~ ' v w )  > xz '~uw 

(c) spec i f ies  that  equal musica l  in te rva l s  "added" to equal in te rva l s  a r e  equal. (b) pos tula tes  

the ability to in terpola te  a pitch between two other  p i tches ,  and p e r mi t s  us to obtain the p r e -  

o rde r ing  on S x S as  follows: to compare  zw with xy add u on the s ame  side of z as  w so 

1 See Strat ton (18975, Thouless  (19315 and yon Senden (19325 per ta in ing to the  absense  of a 
s table  m e t r i c  in the visual  cor tex.  
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that xy,-, zu and de te rmine  if  u i s  in ternal  to zw. If i t  i s ,  zw > xy; i f  u is  ex terna l ,  

zw < xy; o therwise  xy--,zw. The u at which zu is pe rce ived  as equivalent  to xy has been 

exper imenta l ly  shown to depend upon the t imbre  of the tones,  x, y, z and u, as  does the 
1 

ent i re  p r eo rde r  obtained in this manner .  Axiom (a) will  accommodate  al l  music (except 

"klangfarbenmusik" ,  for  which the more  genera l  model  must  be used. ) 

Now, le t  i in Pi range f rom -co to +co and index Pie  P such that the s imple  order ing  

on P c  S is obeyed. Then 

f(Pi'Pj) = l i - j l  

6ij = Pi+~Pi ' ~  -i6 = mhj 6..~j and 5i = maxj 6..13 i t  i s  eas i ly  shown that and i f  w e  define 

(d) Vi(g i < ~+l) 

i s  a neces sa ry  and suff icient  condition for a s t r i c t ly  proper  mapping, and if "_<" r ep laces  

"<" in the formula ,  for a proper  mapping. Otherwise  P is  improper .  

P has period n i f  for  all  i, j, piPk ~ Pi+nPk+n and if n is the l eas t  posi t ive in teger  

sat isfying the condition. In this case  ( e . g . ,  octave equivalence),  the posit ive in tegers  suf-  

f ice to rank the o rde r  of al l  pa i rs  6.. e P • P according to the initial order ing.  This  rank 
U 

o r d e r  for 5ij = Pi+~, p~. is cal led --~i' and it  is  now possible to define a mat r ix ,  [~i~ $ 

cal led the reduced ma t r ix  of P:  

0~ . . . . OL 

i, i l,n 

~(n-l), I" " ~(n-l),n 

Now, if  we define a . = r r m a . ,  and ~ = r n ~ . . ,  we may r ep l ace (d )  (above) by 
-% - 1 , j  i j 1 , j  

"Vi(~i- < --i+Yv~ }" which is  applied only to e lements  of the reduced matr ix .  

It is now eas i ly  proved that, if  P is  proper  and per iodic ,  R i (range) is  an in te rva l  

about Pi ( i . e . ,  ri(x) is  proper),  all R i and Ri+ 1 in t e r sec t  at one point at most  (all others  

a re  disjoint),  if  eve ry  two consecut ive  ranges  in te rsec t ,  then U R. = S. Simple methods for 
i 1 

computing proper  modif icat ions,  ranges ,  b lurs ,  and a method for  generat ing al l  p roper  P 

such that P a S (S is finite) have been developed. Eff iciency,  E,  as  wel l  as  a l l  o ther  quan-  

t i t ies  and sets defined a re  eas i ly  computed or  genera ted  by operat ions  on the reduced matr ix .  

Whenever  there  exis ts  an ai ,  j = ~i+1, k we have an ambiguous pair  (musical  intervM) 

1 
See Shouten (1962), Eve t t s  (1958), Lickl ider  (1959), P ra t t  (1928) and Munsterberg  (1892) 

for in terac t ions  between pitch and t imbre .  
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and if  qij > a i+ l ,  k we have  con t r ad i c to ry  pa i r s .  In our  i n t e r p r e t a t i o n  P i s  a " m u s i c a l  s c a l e "  

(and a l l  i t s  "modes" )  or  a " c h o r d "  (and a l l  i t s  " i n v e r s i o n s " ) ,  The  r e d u c e d  m a t r i x  whe re  P 

i s  the " m a j o r  s c a l e "  (as tuned in 12-tone equal  t e m p e r a m e n t )  i s  shown below and ambiguous  

~.. a r e  enc i r c l ed :  1j 

[ a i j ]  = 

--2 2 2 1 2 2 ~- 

4 4 3 3 4 3 3 

Q 5 5 5 5 5 5 

7 7 7 Q 7 7 7 

9 9 8 8 9 9 8 

ii i0 I0 i0 it i0 I0 

plP4  and p4Pl a r e  ambiguous  

Note tha t  the f i r s t  column conta ins  al l  m u s i c a l  i n t e r v a l s  l e s s  than  an octave  which 

have  the " four th  d e g r e e "  of the m a j o r  sca le  as an end point. Hence  we note tha t  the  two t r i -  

t ones  be tween  the four th  and seven th  d e g r e e s  and seven th  and four th  d e g r e e s  a r e  ambiguous  

pa i r s .  We a lso  define s tab i l i ty ,  S, as  the p ropor t ion  of unambiguous  pa i r s  in P x  P Fo r  

the  m a j o r  sca le  § = 9524. 

Below a r e  two d i a g r a m s  which show the r anges ,  R i '  and b l u r s ,  -~i' of each  Pi in one 

octave of the "C m a j o r  s ca l e "  (the f i r s t  d iagram)  and in a "C m a j o r  t r i ad"  (the second d i a -  

g ram) .  Each  I~. is  shown by the b r a c k e t s  enc losed  on top and bot tom,  and each  R. by a 
1 "--1 

darkened  rod.  The n u m b e r s  under  the d i a g r a m  index the " s e m i t o n e s "  in the octave  s t a r t i ng  

with C = 0: 

(lst (2nd (3rd (4th (hth (6th (Tth (8th 
degree) degree) degree) degree) degree) degree) degree) degree) 

(c) (~,) (E) (F') (~) (^) (B) (c) 

(L., A-,, J, L, ,L,, J, , J ,L,  
I \ I % / ~ ,~ p.. i S .I \ l 

0 I 2 3 ~ 5 6 7 8 9 10 11 12 

(c') CE ) (c4 (c') 

0 1 2 3 4 5 6 7 8 9 10 11 12 
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Since ambiguous pairs cannot be unambiguously classified except in reference to 

adjacent elements, it is an obvious rule of musical usage that an ambiguous musical interval 

(except when it occurs in a "chord" in which it is not ambiguous) must be approached or left 

by a "step" (i°e., it must "resolve" (move) to a tone adjacent to one of its component tones 

which, together with its other component tone, no longer forms an ambiguous pair (musical 

interval)). It is also predicted that a tone, x c S - P  which is in the range R. of some p. cP 
I i 

must either replace or "resolve" (move) to that Pi" Hence the explanations of "auxilliary" 

and "altered" tones. "Root" or "tonality" corresponds to an element of P which temporarily 

is an endpoint of all pairs measured by f (or g). In cases where a drone or "ostinato" is 

used, it is not significant that P is proper, and improper P ("scales") are often used (to be 

discussed) .  

Note tha t  a g iven P may  have many P a P which a r e  p rope r .  When P i s  the m a j o r  
v 

sca le ,  those  P a r e  " c h o r d s " .  Those  p r o p e r  P which a r e  subse t s  of both the " m a j o r "  
V V 

and " m i n o r "  s ca l e s  and t h e i r  " a l t e r a t i o n s "  c o m p r i s e  the " f igured  b a s s "  s y s t e m  of W e s t e r n  

c l a s s i c a l  mus ic .  Cons ider  a s t r i ng  of p r o p e r  se t s ,  P I '  P2" P3 . . . . .  P m  such that  for  al l  

k < m, t he re  ex i s t s  a p r o p e r  modif ica t ion of Pk '  R(Pk) such that  Pk ¢ R(Pk-1)"  (This  is  

analogous to an h i e r a r c h i c a l  c l u s t e r i n g . )  If c l a s s i f i ca t ion  is  a lways  p e r f o r m e d  by the s m a l -  

l e s t  p r o p e r  set ,  the r a n g e s  of the points  in tha t  se t  wil l  include the e l e m e n t s  of the l a r g e r  

se t  next  in the above s t r ing .  Hence,  if we t e m p o r a r i l y  use  the "C m a j o r  t r i a d "  as  our  

"Ges ta l t "  (i. e . ,  P) when us ing  o the r  tones  of the "C m a j o r  s ca l e " ,  i ts  r a n g e s  d e t e r m i n e  the 

t r ad i t iona l  " r u l e s  of voice leading" ;  i . e . ,  "B leads  to C, D and F lead to E and A leads  

to G" ( see  d i a g r a m  above).  S i m i l a r  t r ad i t iona l  r e s u l t s  obtain f r o m  appl ica t ion  to the m i n o r  

s c a l e s  and to p r o p e r  subse t s  of i m p r o p e r  s c a l e s  whose  r a n g e s  include a l l  tones  in tha t  i m -  

p r o p e r  sca le .  In the l a t t e r  c a se  a pa r t i t ion  of sca le  tones  into " p r i n c i p a l "  and  "aux i l i a ry"  

tones  r e s u l t s .  S imi l a r  a n a l y s i s  e luc ida tes  c h r o m a t i c  usage  within the m a j o r - m i n o r  s y s t e m  1 

It  i s  a lso  p red ic t ed  that  those  p r o p e r  s c a l e s  wil l  occu r  in the mus i c  of d i f fe ren t  

cu l t u r e s  which a r e  m a x i m u m  both in s tab i l i ty ,  S, and eff ic iency,  E, as  computed  when al l  

keys (i.  e. t r a n s p o s i t i o n s  ) of the sca le  a r e  in ~Pv}'-  Approp r i a t e  computa t ions  have 
2 

been made,  and t h i s  has  been shown to be the c a s e  (note:  the in i t ia l  o r d e r i n g  i s  d e t e r m i n e d  

by the t i m b r e  of the  i n s t r u m e n t s  used  in each  cul ture) .  R e s t r i c t i o n s  on the tuning of s c a l e s  

such tha t  the in i t ia l  o r d e r i n g  i s  r e t a i n e d  have been  computed.  These ,  in gene ra l ,  a r e  m o r e  

s t r i n g e n t  in i m p r o p e r  s c a l e s  than p r o p e r  s ca l e s ,  and a r e  c o n s i s t e n t  wi th  c r o s s - c u l t u r a l  ob -  

s e rva t i ons .  In J ava  t h e r e  ex i s t  two sca le  s y s t e m s ,  "S lendro"  and "Pe log" ,  each  conta in ing 

a va r i e t y  of " s c a l e s " .  It  has  been o b s e r v e d  tha t  al l  s ca l e s  in the "S lendro"  c l a s s  a r e  s t r i c t -  

ly  p r o p e r  and that  al l  in the "Pe log"  c l a s s  a r e  i m p r o p e r .  In a study conducted with the 

1,2 
See Ro thenbe rg  (1969). 
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a s s i s t a n c e  of Mr .  Surya B r a t a  of the  Min i s t ry  of Educat ion  and Cul ture ,  J a k a r t a ,  the  u s e s  
1 

of  t h e s e  sca le  s y s t e m s  w e r e  o b s e r v e d  to be  in  a c c o r d  wi th  the  p red ic t ions  of th i s  model .  

Not ice  tha t  in a p r o p e r  sca le  wi th  h igh  s tab i l i ty ,  the  m u s i c a l  i n t e r v a l s  (i. e . ,  pa i r s  in  

P x  P) a r e ,  for  the  mos t  par t ,  unambiguous ly  c l a s s i f i ed  (measured) .  Hence sequences  of 

s i m i l a r  i n t e r v a l  pa t t e rn s  (i. e . ,  "moda l  mot iv ic  s equences" )  a r e  eas i ly  apprehended  as  s i m i -  

l a r ,  and  t h e i r  use  would be ant ic ipa ted .  When ef f ic iency  is  a lso  high,  the e l e m e n t s  of P have  

t h e i r  pos i t ions  (absolute  pi tches)  quickly  f ixed ( r e l a t ive  to tones  p rev ious ly  hea rd )  and we 

would a l so  expect  the use  of " ton ic s" ,  i . e . ,  " tonal  m u s i c " .  When ef f ic iency  i s  low, i t  would 

not be expected  tha t  tona l i ty  would be used  (as m u s i c a l  m a t e r i a l ) .  Th i s  indeed a p p e a r s  to be 

the  case .  Motivic  sequences  a r e  used  in p r o p e r  s ca l e s ,  but tona l i ty  is  avoided (or i r r e l e v a n t )  

in  those  with low eff ic iency (high redundancy} such  as  the " twelve  tone s c a l e "  (note the m o t i -  

v ie  p r o p e r t i e s  of '%one row"  use) ,  the  "whole tone  s c a l e " ,  e tc .  When the  m a j o r  and m i n o r  

s c a l e s  as  wel l  a s  the whole tone s c a l e s  a r e  inc luded in the d i r ec t ed  graph,  G, and the g raph  

eff ic iency,  EG(p  ), is  computed  where  P i s  the  whole tone sca le ,  t h i s  e f f ic iency  b e c o m e s  
v v 

high.  Th i s  i s  cons i s t en t  with  the succes s fu l  ex tens ive  tonal  use  of the  whole tone sca le  only 

in  conjunct ion wi th  the  m a j o r  and m i n o r  s c a l e s  by Debussy  and Rave l .  

When a sca le  i s  i m p r o p e r  (or  of low stabi l i ty)  many  mot iv ic  ( in te rva l l i c )  s i m i l a r i t i e s  

a r e  not  a p p a r e n t  (eas i ly  perce ived) .  T h e r e f o r e ,  i t  i s  i m p o r t a n t  tha t  the tones  in the sca le  be 

quickly fixed, i. e. ,  the sca le  " d e g r e e s "  be identified) so tha t  the pa r t i t ion  between "p r i nc ipa l "  

and "aux i l l i a ry"  tones  be c l e a r  (wi tness  the c u s t o m a r y  use  of a d rone  in Indian music) .  

Hence high redundancy  (low eff iciency) i s  r e q u i r e d .  Th i s  a p p e a r s  to c h a r a c t e r i z e  a l l  i m -  

p r o p e r  s ca l e s  obse rved .  

Note tha t  in tonal  mus ic  a "cadence"  mus t  fix both the sca le ,  P,  and i t s  " ton ic"  (an 

e l e m e n t  of P . )  Hence i t  would be expected  tha t  i t  would conta in  a suff ic ient  set ,  the tonic 

(and p robab ly  a tone a " f i f th"  above i t  so tha t  i t  i s  r e i n f o r c e d  by the r e s u l t i n g  d i f fe rence  tone)f 

The cadence  would c o n t a i n  as  many p r o p e r  subse t s  of P as  poss ib le ,  so a s  to r e v e a l  i t s  h a r -  

monic  s u b s t r u c t u r e .  All  t r ad i t i ona l  cadences  a r e  accounted  for  in th i s  m a n n e r ,  as  wel l  a s  

cadences  in " f r ee  twelve tone m u s i c "  (when a l l  p r o p e r  subse t s  of the " c h r o m a t i c  sca le"  a r e  

included on the d i r ec t ed  graph,  G). 

When al l  such  p r o p e r  subse t s  of the c h r o m a t i c  sca le  a r e  inc luded on the g raph ,  

i n fo rma t ion  va lues  and image  d i s t ances  a s s u m e  s igni f icance .  The p r o p e r  s u b s e t s  wi th  high 

s tab i l i ty  and with s ix  or  m o r e  e l e m e n t s  ( those with fewer  usual ly  funct ion as  " cho rds" )  which  

appea r  on the g raph  a r e  al l  s ca l e s  which can be fo rmed  by choos ing  an e l e m e n t  of P f r o m  S 

and se lec t ing  the r e m a i n i n g  tones  of P f r o m  S in c lockwise  fashion in acco rdance  with the 

1 
See R o t h e n b e r g  (1969), r e v i s e d  ve r s ion ,  and  a l so  Kunst  (1949) and Hood (1954, t966). 

2 
See Helmhol tz  (1948). 
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following vectors (where "I" represents a distance of one "semitone" and "2" of a "whole 

tone", etc.). Each vector denotes a set of "keys" of a scale" 

(l,l,l,l,l, Ijl, l,l,l,l,l) 

(2,1,1,2,1;1,2,1,1) 

( 2 , 1 , 2 , 1 , 2 , 1 , 2 , 1 )  

( 2 , 2 , 2 , 2 , 1 , 2 , 1 )  

( 3 , 1 , 3 , 1 , 3 , 1 )  

( 2 ,2 ,2 ,2 ,2 )  

("twelve tone" scale) 

(of border l ine  stabil i ty - used by Ol iv ier  
Mess i aen - - see  Mess iaen  (1944)) 

( " s t r ing  of pear ls")  

("melodic  minor")  

("whole tone" scale) 

The information value of a given group of tones indicates  the ease  with which a P is 

chosen f rom the graph for  i ts  c lass i f ica t ion  (by a l i s tener ) .  The three  tone sets  (" t r iads")  

of maximal  information value a re  given by the vec to r s ,  (10, 1, 1) ( e . g . ,  C, A # ,  B), (8,3,  1) 

( e . g . ,  C, A b ,  B), ( 8 , 1 , 3 ) ( e . g . ,  C, G # ,  A), ( 6 , 5 , 1 ) ( e . g . ,  C, F #, B) and ( 6 , 1 , 5 ) ( e . g . ,  

C, F #, G). The frequent  use of these "chords"  in twentieth century music  (and espec ia l ly  in 

"cadences")  is wel l  known; hence "min jor  ''1 chords and chords in fourths. A s tar t l ing  e x -  

ample is Anion Webern ' s  "Piano Var ia t ions"  (opus 27). The en t i re  composi t ion consis ts  of 

a success ion  of graph suff icient  se ts  for  the " twelve tone sca le" ,  although the " s e r i a l "  t ech-  

nique of composi t ion does not guarantee  this .  

Image  dis tance is an e x t r e m e l y  sens i t ive  indicator  of  apparent  d i f ferences  between 

"chords"  in twentieth century wes te rn  music .  In addition to obvious s im i l a r i t i e s  due to the 

p resence  of common tones,  the following subtle d i f ferences  a re  r evea led  (the image d i s -  

tances  a r e  below the progress ions) :  

, v  I 
, ,  , ~ " , ~ ,~ Y ,' , 

[ ~ l /  ~ k ' - )  I ~ k l ]  C-! O v 

/ ~ ,  "! I,.-- ~]-  ! "| .I 
P - r  / ' ' ..... 

A B A C A B A C 

i = 2 / 5  i = 6 / 7  z = 2 / 3  i = 6 / v  

(A) = (8, 1,3); on C (A) = (8, 3, 1); on G b 
(B) = ( 6 , 5 ,  1); on C (B) = (8,  1 ,3) ;  on C 
(C) = ( 6 , 5 , 1 ) ;  on D b (C) = (8 ,1 ,3) ;  on B 

The model i s  far  more  detai led than here  presented  and more  complete  in i ts  musica l  

application. 

1 That is,  a combination of a minor  and major  t r iad  (e, g . ,  C, E b, E~., G). 
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10. The Development  of New M a t e r i a l s  

In addi t ion to e t hno - m us i co l og i ca l  t e s t ing ,  which has  thus f a r  s t rong ly  suppor ted  the  

theory ,  e x p e r i m e n t s  and equipment  have been des igned  for  the t e s t i ng  of the appl ica t ion to 

the pe rcep t ion  of pi tch.  These  e x p e r i m e n t s  in pa r t  r e s e m b l e  those  des igned  for  t e s t ing  the 

pe rcep t ion  of vowels  in  a n a t u r a l  language,  Re la t ed  to t he se  i s  the use  of the model  for  the 

gene ra t i on  of new mus i ca l  m a t e r i a l s  I The e x p e r i m e n t a l  equipment  i s  app rop r i a t e  for  t h e i r  

mus i ca l  exploi ta t ion.  Many of the new m us i ca l  m a t e r i a l s  gene ra t ed  a r e  c o n s i s t e n t  with  

W e s t e r n  m u s i c a l  t r ad i t ion .  

Of p a r t i c u l a r  i n t e r e s t  i s  the gene ra t ion  of m a t e r i a l s  for  " tone co lo r "  mus ic  (Klang-  

f a rbenmus ik" ) ,  which r e s e m b l e s  the appl ica t ion  to spoken vowels :  The c o m p o s e r  i s  a sked  to 

supply a se t  of sounds he l ikes ,  S. He i s  then a sked  how la rge  he wants  h i s  a lphabet ,  P,  to 

be. The in i t ia l  o r d e r i n g  on S × S i s  obta ined by d i r e c t  inqui ry  a s  to p e r c e i v e d  s i m i l a r i t y  o r  

by means  of confusion in the p r e s e n c e  of noise  (as in the c a s e  of vowels - -no  o r d e r i n g  on S 

e x i s t s  he re ) .  All p r o p e r  P c S and the r a n g e s  of each  of t he i r  e l e m e n t s  a r e  genera ted .  

These  P ' s  a r e  chosen  such tha t  they have a p r o p e r  modif icat ion,  R = S. The c o m p o s e r  

then chooses  one of these  P ' s .  The p r o p e r t i e s  of the pe rcep t ion  of the e l e m e n t s  of S a re  

d e t e r m i n e d  as  in the ca se  of p i tch and the i r  mus ica l  usage i s  s i m i l a r l y  c i r c u m s c r i b e d .  

Note tha t ,  while the technique  known as  " c l u s t e r  a n a l y s i s "  has  been  succes s fu l l y  

appl ied to the  study of the percep t ion  of phonemes  of na tu ra l  l anguages ,  th i s  tool  i s  not ade -  

quate for  our  purpose  h e r e  (i. e . ,  to gene ra t e  a m u s i c a l  "phonemic  a l p h a b e t " - - a  syn the t ic  

a lphabet  of mus ica l  ma te r i a l s} .  The p r inc ipa l  r e a s o n  is  tha t ,  i a  e x p e r i m e n t s  involving the 

phonemes  of a na tu r a l  language,  deviant  phonemes  tend to " c l u s t e r "  about  n o r m a t i v e  pho-  

n e m e s  in  the  language as  a consequence  of the  context  of tha t  language in the  mind  of the 

sub jec t  provid ing  e x p e r i m e n t a l  data.  However ,  in a language not known to the  sub jec t  (e. g . ,  

a " m u s i c a l  a lphabe t "  of novel  sounds) ,  no such  ef fec t  can  be  expected.  E x p e r i m e n t a l  da ta  

produced  by a subjec t  be fo re  he i s  f a m i l i a r  with  a language wil l  a l m o s t  c e r t a i n l y  d i f fe r  f rom 

da ta  produced a f t e r  he i s  f luent  in the  language,  A c l u s t e r  ana ly s i s  of e a c h  s u c h  s e t  wil l  

t h e r e f o r e  produce  d i f fe ren t  r e s u l t s .  By c o n t r a s t ,  the  ques t ion  we h e r e  c o n s i d e r  i s ,  'rhow 

can  we s e l e c t  ou r  "a lphabe t "  of m a t e r i a l s  (P) in such  fash ion  tha t  the  e x p e r i m e n t a l l y  p r o -  

duced o r d e r i n g  ( i .  e . ,  the  " in i t i a l  o r d e r i n g " )  be fo re  the  sub jec t  ha s  l e a rned  the  "a lphabe t "  

wil l  be  m i n i m a l l y  a l t e r e d  in e x p e r i m e n t s  p e r f o r m e d  a f t e r  he ha s  l e a r n e d  t ha t  " a l p h a b e t " ?  

1 In p a r t i c u l a r ,  many  novel  " m u s i c a l  scales* '  employing  " m i c r o t o n e s "  have  been  genera ted .  

See Ro thenbe rg  (1969). 
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It  c a n  be  s h o w n  that this  question is  logical ly  equivalent  (if we assume that the hypotheses of 

this  paper a r e  valid) to the problem of se lec t ing  a "p rope r "  set  (P) f rom the domain (of 

st imuli) ,  S, u t i l ized in the exper iments .  

A s im i l a r  application to the percept ion of pat terns (in par t icu lar ,  textures)  used in 

abs t rac t  animated f i lms is planned. 

1 
11. Theore t i ca l  Basks: 

Let  L be a (possibly infinite) se t  whose e lements  cor respond  to given s t imuli  o r  

(alternatively) sensory  recep to r s .  Assume a set  of a tomic predica tes  which specify an o r -  

der ing of pairs  of e lements  of S (e. g , ,  the o rde r ing  specifying the r e l a t ive  s imi l a r i t i e s  of 

pa i rs  of s t imuli ;  i . e . ,  "xy < zw" would indicate that x is "more  s i m i l a r "  (or " c lo se r " )  to 

y than z is to w). Suppose we weaken the o rde r ing  " < "  by the introduction of some c 

which is an e lement  of S~ S; i . e . ,  we say that "xy e< zw" if  and only ff xy exceeds  zw by at 

least  ~ (precisely ,  xy e> zw - xy > zw a V v ((xv _< zw --> vy > e) ,qxy < zv ---> wv > <)) ). We 
% 

consider mapping the structure, <S, >> into a substructure, <P, ~ > where P is a finite 

d i sc re t e  space (intended to cor respond to a "Ges ta l t " ,  " r e f e r e n c e  f r a m e "  or  c lass i f ica t ion  

of st imuli)  such that the following conditions hold (and define ~ ): 

P is a F r e s c h e t  space (see Sierpinski ,  1952, Chapter  1) wherein  points a r e  

ass igned to neighborhoods such that each point has a min imum neighborhood (i. e . ,  no other  

neighborhood is  proper ly  contai ned therein)  and such that P and the null set  a re  the only 

c losed  sets ,  2 We define points in the same min imal  neighborhood as "adjacent"  and define 

a me t r i c ,  f(x, y), on P as the number  of edges in the shor tes t  path along adjacent  points 

f rom x to y. If f(x, y) is g r e a t e r  than f(z, w) we denote this by "xy ~ zw". When @ is 

a continuous mapping from <S, >,> onto <P, ~> such that if x,y,z,wcS, 

xy  >e zw --> @(x)@(y) ~ @(z)@(w), P i s  cal led a '%asis"  for  S and ~ is cal led a "reduct ion 

mapping",  Such a mapping f rom <S, >G) onto a subs t ruc ture  <P, >G) is  of i n t e r e s t  because  

i t  can be shown that  any subset  A of S which sa t i s f ies  a formula  of the second o rde r  p red i -  

cate calculus (i. e . ,  a "p roper ty"  of the set ,  A, of st imuli)  has an image  @(A) in P which 

sat isf ies  a modif ied ve r s ion  of that same formula.  This modif icat ion is  accompl ished by 

replac ing un iversa l  quant i f iers  of the formula  by "numer ica l  quant i f iers" ,  Q(k)x, which may 

be r ead  "for  k 100 percent  of x"  ( s imi la r ly  to the reading of "Vx" as  " for  a l l  x") ,  in the 

following manner :  

1 
A br ie f  mathemat ica l  t r ea tment  of this sect ion can be found in another  paper in this volume 

enti t led "Pred ica te  Calculus Fea ture  Generat ion",  Sections 14 and 17. 
2 

This  guarantees  the eonnectedness  of the space (Rothenberg, 1974). 
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Suppose we are  given a formula, F, with one free set variable, and a set B c S 
1 

which satisfies F. When~B) does not satisfy F, we consider the replacemen£ of a single 

universal quantifier by a numerical  quantifier, Q(k), where k is maximal such that ~(B) 

satisfies the modified formula, F ' .  This is done for all universal quantifiers, and unity 

subtracted from the largest  value of k thus obtained is defined as the "degree of satisfaction 

oft(B) with respect  to F",  I ~ ( t ~ , ~ .  When ~b(B) does satisfy F, we define I ~ ( B ) , F )  

as the largest  value of k over all replacements of a single existential quantifier by Q(k) such 

that ~(B) still  satisfies the modified formula, F ' .  Note that when B is finite, the latter 

definition, if  applied to B instead of ~(B), defines the degree of satisfaction of B with 

respect  to F, D(B,F). 

Intuitively (dealing with geometrical  figures), if  F is satisfied only by starlike 2 sets 

and both B and C are  starl ike,  "D(B, F) > D(C, F)" says that "B is more starlike (i. e . ,  

more nearly convex) than C". If neither B nor C is starlike, the inequality is intuitively 

interpreted as "C is less starlike (i. e . ,  more "hollow" at its "center") than B. Hence we 

define D(B,  F) - D(~(B), F) as the "degradation of B with respect  to F by ~", and ~(B) is 

called the "degraded image" of B. 3 A bound on such degradation may be computed by exam- 

iuation of the syntax of F and the smallest  c (in "<" )  such that ~ is a reduction mapping. 
E 

Similarly, a hound, b(F,~), on the maximum degradation over  all B such that B CS and B 

satisfies F may be computed ( i  e . ,  (D(B, F)- F)[ B S^ B satisfies F ) )  

This latter quantity exposes the effect that ~ has on the satisfaction of F; i. e, it is 

a measure of the degree to which properties of subsets of our set of stimuli, S, are  pre-  

served by their  images in our "reference frame",  P. 4 If P is a musical scale" we hypo- 

thesize that those properties which enjoy minimal degradations (as defined above) are those 

which will define the relations used in the construction of musical forms. We also propose 

1 Note that the discussion applies if B is not a set, but a sequence of substitutions of e le -  
ments (and/or subsets) of S for the free variables in a formula with many free variables. 
2 That is,  there exists a point in B such that for every  other point of B all  elements between 
the two points are contained in B. 

3 Metaphorically, performing a "reduction mapping" is analogous to tearing a hologram into 
several  parts. One of these parts corresponds to a '~as i s"  of the mapping. The image pro-  
duced from that part would correspond to the "degraded image" of the image produced by the 
entire hologram. A formula with one free set variable (as above) would be a property of an 
image which makes it  recognizable (e. g . ,  "it is spherical" or "it consists of a cube adjacent 
to a convex ball"). Such a property might be less  (or possibly more) pronounced (e. g . ,  " less 
spherical") in the image produced by a portion of the hologram than in the image produced by 
the entire hologram. The degree to which such a property (of a particular image) is pro-  
nounced is analogous to the "degree of satisfaction" of that property by the image, intuitively 
a degraded image may be thought of as a "fimzy" image of the original, much as a picture of 
a object on a television screen is a "filzzy" image of that object. 

4 That is,  i t  is a measure of specific kinds of information loss resulting from the utilization 
of ~. 
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that the "rules  of voice-leading" and "rules  of harmony" of various cultures are chosen so as 

to res t r i c t  the degradation of the properties on which these relations are based. Although 

psychological experiments for direct verification of the predictions of the model have been 

designed, results  are not yet available. However, the musical predictions of the rm del are 

in accord with Western musical practices and those of various Asian musical cultures which 

have been exaznined (l~othenberg. 1969, revised version). 

For brevity, we hereleliminate e from consideration, call the weakened reduction 

mappings which resul t  "proper mappings" and confine our discussion to Western music. 

"Proper  modifications" are preimages of points in the '%asis" of a "proper mapping" and 

"contractory (and ambiguous) pairs" are  those pairs of musical intervals (i. e . ,  musical 

intervals are pairs of elements) which account for degradations by virtue of the inversion 

(or collapsing) of their  order as a consequence of the mapping,"Stabil i ty" isarough measure 

of the degradations of that class of formulae whose "models" (i. e . ,  sets of substitutions 

for the free variables such that the formula is satisfied) are  invariant with respect  to t rans-  

lation 2 (and various other transformations as well) under the particular proper mapping (or 

corresponding basis, P) chosen. "Efficiency" s imilar ly ranks the bases of various map- 

pings according to the degradation of formulae whose models are no__~t invariant with respect  

to translation. These various bases are considered as "musical alphabets" and models of 

negligibly degraded formulae are  hypothesized to be the units of "musical form" (e, g . ,  

"motifs",  etc. ) when such alphabets are  used in a musical composition. 
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