
N O N T E R M I N A L S  A N D  C O D I N G S  IN D E F I N I N G  V A R I A T I O N S  O F  O L - S Y S T E M S  

S v e n  S k y u m  

D e p a r t m e n t  of  C o m p u t e r  S c i e n c e  

U n i v e r s i t y  of A a r h u s  

A a r h u s ,  D e n m a r k  

S u m m a r y  

T h e  use of n o n t e r m i n a l s  v e r s u s  the use of  c o d i n g s  in v a r i a t i o n s  o f  O L - s y s -  

terns is  s t u d i e d .  I t  is  s h o w n  tha t  the use o f  n o n t e r m i n a l s  p r o d u c e s  a c o m p a r a t i v e l y  

low g e n e r a t i v e  c a p a c i t y  in d e t e r m i n i s t i c  s y s t e m s  w h i l e  i t  p r o d u c e s  a c o m p a r a t i v e l y  

h i g h  g e n e r a t i v e  c a p a c i t y  in n o n d e t e r m i n i s t i c  s y s t e m s .  

F i n a l l y  i t  is  p r o v e d  tha t  the f a m i l y  of  c o n t e x t - f r e e  l a n g u a g e s  is  c o n t a i n e d  in 

the f a m i l y  g e n e r a t e d  by c o d [ n g s  on p r o p a g a t i n g  O L - s y s t e m s  w i th  a f i n i t e  set  of 

a x i o m s ,  wh i ch  was  one of  the open p r o b l e m s  in [ 1 0 ] .  A l l  the r e s u l t s  in t h i s  p a p e r  

can be found  in [ 7 1 ]  and ~72 ] .  

1. D e f i n i t i o n s  

B y  d e f i n i t i o n ~  an E O L - s y s t e m  is a q u a d r u p l e  G - - < ~  P ,  W, /k>, w h e r e  

and /k a r e  a l p h a b e t s  w i th  A_c Z;, P is  a f i n i t e  set  o f  c o n t e x t - f r e e  p r o d u c t i o n s  c o n -  

t a i n i n g  at  l eas t  one p r o d u c t i o n  f o r  e v e r y  l e t t e r  of  ~,~ and 0o E Z; +. T h e  d i r e c t  y i e l d  

r e l a t i o n  ~ on the se t  Z;* is  d e f i n e d  as  f o l l o w s :  x ~  y h o l d s  i f f  t h e r e  is  an i n t e g e r  

k =  > 1, l e t t e r s  a i and w o r d s  e l  ~ 1 = < i =< n, such that  

x = a 1 . . . a n ,  y =C~ l . . . ~ : n 2  

and a i 4 cz i is  a p r o d u c t i o n  in P ,  f o r  each i = I , . . .  , n. T h e  r e l a t i o n  ~ is  t h e  r e -  

f l e x i v e  t r a n s i t i v e  c l o s u r e  of  ~ .  T h e  l anguage  L (G)  g e n e r a t e d  by G is  d e f i n e d  by 

L (G)  = { w  E A*  I co=~" w } .  

T h e  E O L - s y s t e m  is an O L - s y s t e m  i f f  A = ~ .  I t  is  d e t e r m i n i s t i c  ( a b b r e v i a t e d :  D) i f f  

t h e r e  is  e x a c t l y  one p r o d u c t i o n  f o r  e v e r y  l e t t e r  of  ]C. I t  is  p r o p a g a t i n g  ( a b b r e v i a -  

ted:  P)  i f f  the r i g h t  s i d e  of  e v e r y  p r o d u c t i o n s  is  d i s t i n c t  f r o m  the empty  w o r d  ~.. 

We may a l s o  c o m b i n e  these  n o t i o n s  and s p e a k ,  f o r  ins tance~ of  P D O L -  o r  E P O L -  

s y s t e m s .  

We a l s o  c o n s i d e r  g e n e r a l i z a t i o n s  o f  the s y s t e m s  d e f i n e d  a b o v e  o b t a i n e d  by  

r e p l a c i n g  the a x i o m  co by e f i n i t e  se t  ~ of  a x i o m s .  T h e  l anguage  g e n e r a t e d  by such 

a s y s t e m  c o n s i s t s  of  the ( f i n i t e )  un ion  of  the l a n g u a g e s  g e n e r a t e d  by the s y s t e m s  o b -  

t a i ned  by c h o o s i n g  each e l emen t  co E ~ to be the a x i o m .  T h i s  g e n e r a l i z a t i o n  is d e -  

no ted  by the l e t t e r  F .  T h u s ,  we may speak  of  E P D F O L - s y s t e m s .  
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For" any c l a s s  of  sys tems~ we use the same n o t a t i o n  f o r  the f a m i l y  of  l a n -  

guages  g e n e r a t e d  by these  s y s t e m s ,  E , g , ,  E P D O L  d e n o t e s  the f a m i l y  of  l anguages  

g e n e r a t e d  by i - P O O L - s y s t e m s .  

[By a c o d i n ~  we  mean a l e n g t h - p r e s e r v i n g  h o m o m o r p h i s m  (o f ten  a l s o  c a l l e d  a 

l i t e r a l  h o m o m o r p h i s m ) .  T h e  p r e f i x C  a t t a c h e d  to the name of a l anguage  f a m i l y  i n d i -  

c a t e s  tha t  w e  a r e  c o n s i d e r i n g  c o d i n g s  of  the l anguages  in the f a m i l y .  

2. D e t e r m i n i s t i c  s y s t e m s  

We s t a r t  by e x a m i n i n g  the r e l a t i o n  b e t w e e n  the use  o f  n o n t e r m i n a l s  and c o -  

d i n g s  in  d e t e r m i n i s t i c  s y s t e m s .  

T h e o r e m  ~.. 1 

E D O L  ~ C D O L  and E P D O L  ~ C P D O L .  

P r o o f  

We w i l l  o n l y  p r o v e  the f i r s t  i n c l u s i o n .  T h e  second  one  is  p r o v e d  in the same 

way .  

N o w  le t  G = < , ~ ,  P~ e3~ A> be an E D O L - s y s t e m .  T h e  f o l l o w i n g  d e s c r i b e s  the 

c o n s t r u c t i o n o f a D O L - s y s t e m  G = < C I  p I  c~1 ~ t >  a n d a c o d i n g  h f r o m  ~1 in to  

A such tha t  L ( G )  = h ( L ( G t ) ) .  F o r  a w o r d  x~ m in (x )  d e n o t e s  the se t  of  l e t t e r s  o c c u r -  

r i n g  in x .  

C o n s i d e r  the sequence  of  w o r d s  f r o m  ]C ~ g e n e r a t e d  by G,c~=c~ I , co2, co3, ..... 

There exist natural numbers n and m such that min(~ m) = min(~m+n) ~ which im- 

plies that for any i > 0 and any j~ 0___ j < n: 

(1) min(C~m+ j )  = m i n ( ~ m + n i + j ) .  

L e t  d k deno te  the c a r d i n a l i t y  of  min(O~k) ~ 1 --< k <  m+n. D e f i n e  

N A =  { k  e N t 1 --< k <  re+n, m in (~  k) c A J .  

For"  any  k E N A i n t r o d u c e  n e w  s y m b o l s  not  in 

]C k = { ak j  I 1 ----- j S  d k } ,  

and d e f i n e  i s o m o r p h i s m  fk  m a p p i n g  min(0~k) on to  ~k~ w h e r e  

fk (a )  = ak j  i f f  a is  the j~th symbo l  o f  min(c0k} , k ( N A 

N o t e  tha t  the fk *s  a r e  d e f i n e d  f o r  some f i x e d  e n u m e r a t i o n s  o f  the se ts  m in (~k ) .  ~ is  

go ing  to be the un ion  of  the above  d e f i n e d  ~;klS: 
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~l = U ~ k  
kEN A 

Def ine  k 1 and k 2 as the min imal  and maximal  e lements of N&, 

F o r  any of the le t te rs  akj where  k ~ k 2 def ine p roduc t ion  in P~: 

akj ~ fk i (e)  

where  k ~ is the smal les t  e lement in N A g r e a t e r  than k and ~. is the s t r i ng  de-  

r i ved  f rom f~l(akj)~ in ( k l - k )  steps in G. 

1~ f o l l o w s  f rom (1) that L(G) is f i n i t e  i f  I~ < m. If th is is the case then def ine  

fo r  any j~ 1 < j  <--dk2 p roduc t ion  in p1: 

ak,aj -~ ak2 j. 

Otherwise~ let k 3 denote the minimal  e lement in N A g r e a t e r  than1 o r  equal to m~ 

and def ine p roduc t ions  in p i  f o r  any j~ 1 -< j-< dl~ ~ fo r  which f~..~(al~ j ) ~  de r i ves  

some s t r i ng  e E A* in (n-k 2 + k 3) steps in G: 

ak. a J -~ fka (~) . 

Note that the use of fk,~ is wel l  def ined s ince min(~k2 +(n-k,~ +k3 )) = min(~ks ) ( f rom 

the fact  that k~ ~ m and ( I }  above},  F i n a l l y  de f ine  the coding h f rom ~1 into A in 

the way that fo r  eve ry  akj E C1: h(akj)  = f:-l(akj)'K Then 

L(G) = h (L(G ' ) )  

where  G I = < ~ ,  p i  f k l ,  ( ~k l ) ,  FA>, and th is p roves  the inc lus ion  of the theorem. 

The inc lus ion  is p r o p e r  because {a  n I n-> | } E C D O L \ E D O L .  

We have the f o l l o w i n g  theorem as an immediate consequence of theorem 2 .1 .  

Theorem 2 .2  

E D F O L  ~ CDFOL. and E P D F O L  ~ C P D F O L .  

3. Nonde te rm in i s t i c  systems 

We w i l l  now examine the r e l a t i o n s  between the nonde te rm in i s t i c  femi l ies~ 

co r respond ing  to those o c c u r r i n g  in Theorems 2.1 and 2 .2 .  

The f o l l o w i n g  two theorems co r respond  to Theorem 2 .1 .  The  p roo f  of the 
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f i r s t  one can  be found  in E2,0~. 

T h e o r e m  3, 1 

C O L  = EOLo 

T h e o r e m  3.2, 

C P O L  ~ E P O L .  

P r o o f  

T h e  i n c l u s i o n  is  e a s i l y  c h e c k e d .  T h e  i n c l u s i o n  is  p r o p e r  b e c a u s e  the 

l a n g u a g e  L = { a n b n c  n I n>_ 1 } U l d  3n i n ~  1 } b e l o n g s  to E P O L ,  but  is  d o e s  no t  

b e l o n g  to C P O L .  T h e  p r o o f  f o r  the  l a t e r  s t a t e m e n t  can  be found  in [1 0~ o 

N o t i c e  h e r e  that  w h i l e  the  g e n e r a t i n g  c a p a c i t y  due to the use  o f  n o n t e r m i n a l s  

was  w e a k e r  than the g e n e r a t i n g  c a p a c i t y  due to c o d i n g s  in d e t e r m i n i s t i c  p r o p a g a -  

t ing  O L - s y s t e m s ~  the c o n v e r s e  is  t r u e  i f  you  a r e  d e a l i n g  w i t h  n o n d e t e r m i n i s t i c  p r o -  

p a g a t i n g  O L - s y s t e m s .  

T h e  f o l l o w i n g  t h e o r e m  c o r r e s p o n d s  to T h e o r e m  2 , 2 .  T h e  p r o o f  can be found in ~72 ] .  

T h e o r e m  3 . 3  

C F O L  = E F O L  and C P F O L  c_ E P F O L .  

I t  is  an open  p r o b l e m  w h e t h e r  o r  no t  the  i n c l u s i o n  C P F O L  ~ E P P O L  is  p r o p e r .  

A s o m e w h a t  r e l a t e d  p r o b l e m  is  w h e t h e r  o r  no t  the  f a m i l y  of  c o n t e x t - f r e e  l a n g u a g e s  

is  i n c l u d e d  in the f a m i l y  C P F O L .  I ndeed  we have  the f011owin9 t h e o r e m .  

T h e o r e m  3 . 4  

T h e  f a m i l y  of  c o n t e x t - f r e e  l a n g u a g e s  is  p r o p e r l y  i n c l u d e d  in the f a m i l y  

C P F O L .  

P r o o f  

L e t  G = < V ,  ~,  P~ S >  be a c f - g r a m m a r  o f  a l anguage  no t  c o n t a i n i n g  X in 

G r e i b a c h - n o r m a t  f o r m  ( i . e . ~  the p r o d u c t i o n s  a r e  of  the f o r m  A-+ a o r  A-~ a A l . . . A n ) .  

S u p p o s e  t h e r e  a p e  no u s e l e s s  s y m b o l s  in Vo 

F o r  each  A E V we  c h o o s e  

w A e {w e =*  I A G w, l wl minimal t .  
w A w i l l~  in the r e s t  o f  the p roo f~  be f i x e d  f o r  e v e r y  l e t t e r  A E V .  

D e f i n e  k : V -e  N by k (A )  = [WAL , and f u r t h e r m o r e  



248 

s (A)  = I x w  x E z ; k ( A ) v  * I A=~" x w x ,  I x l  = k ( A )  } and  
le f t  

re(A} = I x E Z; k ( A )  I :J w e v *  : ×w e s(A)} 

S i n c e  the g r a m m a r  was  in G r e i b a c h  n o r m a l  f o r m ,  s(,Zk) and re(A) a r e  f i n i t e  se ts  of  

s t r i n g s .  

L e t  n : V-~  a be d e f i n e d  as  n(A)  = { n u m b e r  o f  s t r i n g s  in m(A) }  . 

We w i l l  use m(A)  as  an o r d e r e d  se t .  

N o w  we  can  c o n s t r u c t  a P F O L - s y ,  s tem H and a c o d i n g  h such tha t  h ( L ( G ) )  = L ( G ) :  

H : < s u  L J  A I p ' , t  ' I t 2 2  s 2  , , S 1 S 2 . . . S k ( S }  , $ 1 S 2 . . .  k ( S )  " ' ' '  
AEV 

! -< L<k (A)  
l_<j_n(A) S I ( S ) S ~ ( S )  = n l S ) l  

. . . .  k(S)~ > 

P~ is  d e f i n e d  as f o l l o w s :  

1) 
2) 

3) 

F o r  a l l  a E Z;~ a 4  a is  in p i .  

F o r  a l l  A E V~ 1 < j < n (A) ,  and 1 < i <  k ( A ) - I  , A !~ ,  a! is in p i  

w h e r e  a! is the i l t h  t e r m i n a l  in the jTth s t r i n g  in m(A) .  
i 

F o r  a l l  A E V and 1 --< j< -  n(A)  

• k 1 k I k! 
AJk(A)~  a J ( A ) B l l  B12 " ' ' 8 1 k ( 8 1 ]  

k 2 

• . a 2 k ( 8 2 ) -  • • 

k k k 
B q • . . B q l q B q 2 q 0 . .  qk (Bq )  

is in p i  f o r  a l l  B 1 ~ B 2 , . . .  , Bq  and I <-% k i <-- n(B i) w h e r e  

x B  1B 2 . . . B q  e S ( A )  and × is  the j l t h  s t r i n g  in  re(A).  

T h e  c o d i n g  h is  d e f i n e d  by h(a)  = a f o r  a l l  a E Z;~ and 

We p r o v e  that  L ( G )  c h ( L ( H ) ) .  T h e  other" i n c l u s i o n  is  shown  in the same w a y .  

L e t  w E L ( G ) .  

T h e r e  e x i s t s  a d e r i v a t i o n  o f  w in G such tha t  
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S = A i  ~ x~ A 2 ; A 3 . . . A  n 
le f t  

4~ x~×p21 . . .  a2q2xp31. . .  B3q3. 

I I1 I I I  x l f  
=~ x~x2, xg l  . . .  X2;qgX 3 x 3 1 . . .  3q 3. 

w h e r e  x t. E m(A i ) _  fop a l l  I/ <__ i <-- n(A) and B i_j ~ x ! !  for" 2; ~< i < n and I --< j <-- qi • l I j  

I I I 
I t  s u f f i c e s  then to show that  t h e r e  e x i s t s a n  ax iom S 1 S 2 ; . . . S k ,  S,/J in H such that:  

• .XnBn!  . . . B n q  n 

• . X  I X I I  . X I I  : W 

n n l " "  nq n 

I I S / , S )  s v s 2 " ' "  ~ H 

. t  A k2;A kg k2; k 3 k 3 k 3 k k k n A n A n 
- I " ' 2 1  " '22  " ° ' A g k ( A 2 ; )  A31 A32  " • ' A 3 k ( A 3 )  • ' ' A n !  n~. •• • nk(An)  

and 

k.  k.  k. 
A j t  JAJ2;J" •" AJkJ(Aj  ) H :--'-> x!w.j J f o r  a l l  2--< j--< n but that  i s  e x a c t l y  how H is  cons t ruc ted •  


