
The Home-Field Paradox

Peter Winkler

InMind-Benders for the Quarantined, a challenging mathematical puzzle was—and
still is, as of this writing—being offered each week by the National Museum of
Mathematics (“MoMath”) to a list of subscribers that currently number about
10,000, located in 50 states and more than 80 countries. Every Sunday a new puzzle
is sent out, followed by a hint on Tuesday, a bigger hint on Thursday, and a solution
on Saturday. This (free) service was begun in March 2020, with the idea of
supplying brain fodder for home-bound puzzle mavens during the COVID-19
pandemic.

The puzzles were collected or composed by the author; the paradox discussed
below arises from a Mind-Bender puzzle that he devised earlier, while the COVID-
19 outbreak was raging in Wuhan, for use in a MoMath course for executives called
“Probability and Intuition.”

The paradox concerns two baseball teams and a statistician. The teams are the
Appleton Aardvarks and the Brockville Bandicoots; they are traditional rivals in
their league, and meet every year to play a series of games. The first team to win four
games gets to take home the coveted Cassowary Cup and display it proudly until,
perhaps, the next year’s series.

The teams are evenly matched except that playing on home turf confers a small
advantage; in any given game between the Aardvarks and the Bandicoots, the home
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team has a 54% chance of winning.1 There are no ties. By tradition, every year the
first three games of the series are played in Appleton and all remaining games in
Brockville.

The league statistician has been looking over the records of this very long-
running series and has made a curious discovery. Intrigued, she proceeds to do
some math.

1 Where Are Most of the Games Played?

Every year the Cassowary Cup contest takes 4, 5, 6 or 7 games to be decided. The
statistician’s intuition tells her that on average, the number of games played ought to
be somewhere between 5 and 6. If so, it would follow that over the long haul, fewer
than 3 games per year would be played in Brockville. Since three games are always
played in Appleton, the statistician expects most series games to have been played in
Appleton.

But just because a number n can be 4, 5, 6 or 7 doesn’t mean these values are
equally likely; the “expected value” of n, i.e., the long-run average, could be
anything between 4 and 7.

So the first thing our statistician does is to compute the average number of games
played in the series. To keep things simple, she begins with the assumption that the
outcome of every game is a 50–50 proposition.

The probability that n¼ 4 is easy to calculate; for the series to be over after only
four games, the second, third, and fourth games must be won by the same team that
won the first game. The probability of that happening, under the 50–50 assumption,
is 1/8.

For the series to last five games, one team must win four of the first five games
played and the other team one of the first four. There are eight ways this can happen:
ABBBB, BABBB, BBABB, BBBAB and the same sequences with A and B
swapped. Each of these outcomes has probability (1∕2)5¼ 1∕32, so altogether the
probability that n¼ 5 is 8� 1∕32¼ 1∕4.

Our statistician, being both lazy and clever, now realizes that she may be able to
save herself some trouble by jumping to the n¼ 7 case. For the series to go seven
games the teams must each win three of the first six, and remembering her elemen-
tary combinatorics, she calculates that the number of ways that could happen is
6
3

� � ¼ ð6� 5� 4Þ∕ ð3� 2� 1Þ ¼ 20. Each of these outcomes for the first six games
has probability 1∕26¼ 1∕64, so the probability that the series goes to seven games is
20� 1∕64¼ 5∕16.

1Statistics show that 54% is, approximately, the fraction of major-league baseball games won by the
home team—notwithstanding the outcome of the 2019 World Series in which every game was won
by the visitors.
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Since the only other possibility is that the series lasts exactly six games, and the
probabilities must sum to 1, she deduces that the probability that n¼ 6 is 1� (1∕8
+ 1∕4 + 5∕16)¼ 5∕16.

Finally, the expected value of n is the sum of its values times their probabilities;
thus, 4� 1∕8 + 5� 1∕4 + 6� 5∕16 + 7� 5∕16 which works out to 5 13/16. So, indeed:
in the long run, an average of 5 13/16¼ 5.8125 games are played in each series, 3 in
Appleton and the remaining 2.8125 in Brockville.

2 Where Are Most of the Games Really Played?

Our statistician’s intuition tells her that the average number of games played per
series won’t change much if she takes into account the slight advantage enjoyed by
the home team. Still, as a scientist, she knows she should make the calculation, and
she knows from the statistics of the whole league that playing at home boosts a
team’s probability of winning to 54% over an equally talented adversary.

This makes her calculation tougher but it’s not fundamentally different. For
example, there are still two ways that the series can end in only four games, but
one of these—namely, AAAA—entails just one “upset” (game won by the visitors),
while the other requires three upsets. Thus the probability that n¼ 4 changes to
.543� .46 + .463� .54¼ 0.12499488, quite close to the 1∕8¼ 0.125 that she com-
puted before.

When she’s done with her recalculation, she finds that the expected number of
games played in a series, allowing for home-field advantage, is 5.81531800192, just
a bit higher than before and still between 5 and 6.

3 So Which Team Has the Advantage?

It seems to our statistician that her own calculations show that the Appleton
Aardvarks are (slight) favorites in any Cassowary Cup series, since on average
more games are played in Appleton. But something bothers her.

She knows that the series can be thought of as “best of seven,” that is, the cup
goes to the team that wins the most of seven games. She asks herself: “would it make
any difference if all seven games were always played?”. Of course, it shouldn’tmake
any difference, because the outcome is determined once one of the teams has won
four games; that’s why they terminate the series at that point. But she imagines that,
perhaps because tickets have been sold and the players love to play even when the
fate of the cup is sealed, they go ahead and play the rest of the games with equal
ferocity.

All the games count equally in the end, and four are played in Brockville, so it
seems that it is the Brockville Bandicoots who should be the favorites.
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The statistician is now seriously confused. She’s convinced herself that indeed,
the Bandicoots are more likely to win any series. But how can it be that home-field
advantage in the seventh game, which probably won’t be played, is just as valuable
as home-field advantage in the first game, which is always played?

Suddenly, one day while she is waiting for a taxi, it hits her: the home-field
advantage in late games is there when the Bandicoots need it. The statistician lives in
the city and doesn’t own a car, because there’s a reliable taxi service and she figures
that a car that’s there when she needs it is just as good as a car that’s there all the
time. The same applies to home-field advantage in the seventh game. If the Bandi-
coots have already won the series by then, they didn’t need that advantage; if they’ve
already lost the series by then, it wouldn’t have helped.

(In fact the probability that the Bandicoots win the series is 51.254831047%. This
is not hard to calculate because the series is a toss-up if it lasts at most six games.
Thus the Bandicoots’ gain over 50% is 4% times the probability that a seventh game
is needed, the latter being 0.31370776192.)

4 What Had the Statistician Discovered?

Finally, our statistician is at peace with herself—because her conclusions explain
what she observed in her compilation of data from the past many years of the
Cassowary Cup series. Yes, most games were played in Appleton; and yes, the
scheme actually favors Brockville. So what did she find?

That most of the games were won by the Aardvarks, but most of the series by the
Bandicoots!

Peter Winkler
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