Generating Distance Maps with
Neighbourhood Sequences

Robin Strand!, Benedek Nagy3:*, Céline Fouard!, and Gunilla Borgefors?

! Centre for Image Analysis, Uppsala University,
Lagerhyddsvégen 3, SE-75237 Uppsala, Sweden
{robin, celine}@cb.uu.se
2 Centre for Image Analysis, Swedish University of Agricultural Sciences,
Lagerhyddsvégen 3, SE-75237 Uppsala, Sweden
gunilla@cb.uu.se
3 Department of Computer Science, Faculty of Informatics, University of Debrecen,
PO Box 12, 4010, Debrecen, Hungary and
Research Group on Mathematical Linguistics, Rovira i Virgili University,
Tarragona, Spain
nbenedek@inf .unideb.hu

Abstract. A sequential algorithm for computing the distance map using
distances based on neighbourhood sequences (of any length) in the 2D
square grid; and 3D cubic, face-centered cubic, and body-centered cubic
grids is presented. Conditions for the algorithm to produce correct results
are derived using a path-based approach. Previous sequential algorithms
for this task have been based on algorithms that compute the digital
Euclidean distance transform. It is shown that the latter approach is not
well-suited for distances based on neighbourhood sequences.

1 Introduction

In [I], a sequential algorithm for computing distance transforms (DTs, where
each object grid point is assigned the distance value to the closest background
grid point) was introduced. The authors considered only the simple L; (city-
block) and L, (chessboard) metrics and they proved that a two-scan algorithm
will produce a correct distance map. This is due to the fact that the distances
are path-based with fixed adjacency, i.e., the distance between two points is
the length of the shortest path between the points in a graph structure. For
these distances, unit distance between adjacent grid points (weights) is used.
The DTs obtained from L; and L., are very rotation-dependent. Basically, two
alternative ways to decrease the rotational dependency have been introduced
— weighted distances and distances based on neighbourhood sequences (n.s.-
distances or octagonal distances, first defined in [2]). With weighted distances
(each local step is assigned a weight), the weights are allowed to have different
values than one. The literature on weighted distances is rich, see for example the
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early paper [3]. Because of the fixed adjacency, the two scan algorithm applies
for weighted distances on any point-lattice, [4]. With weighted distances, the
rotational dependency is low also for short distances. This is not the case for
n.s.-distances, where the adjacency relation is allowed to vary along the path.
On the other hand, all distance values in each shortest path of length n between
two points consist of all integer values 1,...,n. This makes the n.s.-distances
well suited for morphological operations such as dilation and erosion where the
object should be divided into layers.

N.s.-distances have been considered by many authors and in most papers,
the theoretical properties of n.s.-distances are examined. The theory on n.s.-
distances is developed in, e.g., [Bl6]. Distances based on neighbourhood sequences
are also of value in applications and has been used for e.g. skeletonization [7] and
shading of three-dimensional objects [§]. For these applications to be efficient, a
fast algorithm for computing the distance transform is of great value.

The situation for n.s.-distances is a bit more complex than for weighted dis-
tances — allowing the adjacency relation to vary implies that a two-scan algo-
rithm is not sufficient. In previous algorithms for computing the DT for n.s.-
distances [9)3I[10], the scanning procedure designed for computing the Euclidean
DT [9,B,11] were used. We will see that this approach is not appropriate for
n.s.-distances.

Non-standard grids such as the face-centered cubic (fcc) grid and the body-
centered cubic (bec) grid has gained more and more attention in the last decade.
One reason is that less samples can be used with the same representation/recon-
struction quality compared to the cubic grid [I2[I3]. For example, image acquisi-
tion techniques [12[13], image processing algorithms [I4T5[16] and visualization
techniques [I7] have been developed for these grids.

In this paper, conditions for sequential algorithms in the square, cubic, face-
centered cubic, and the body-centered cubic grids to produce correct results are
derived, independently from the algorithm designed for Euclidean DT, using a
path-based approach.

2 Preliminaries

In this paper, we will consider the square grid Z?2, the cubic grid Z3, the fcc grid
F, and the bcc grid B. When handled in parallel, G is used to denote all of the
four grids.

Two grid points x = (z!,22,...,2"),y = (v',9%,...,y") € Z" (n € Z, ) are
p-neighbours, 1 < p < n, if

n
Z lz* —y'| < pand max
i€{1,2

i—1 3 2yeeny

) |2 —y'| = 1.
The face-centered cubic grid F and the body-centered cubic grid B are defined
as follows:
F={(z"22,2%)€Z 2" +2* +2° =0 (mod 2)}, (1)
B={(z',2%,2% ez 2! =2 =2 (mod 2)}. (2)
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Two grid points x,y € F or B are p-neighbours, 1 < p < 2 if

3
2 — ¢yl <3and max |z —yt| <p.
g; y'| < e et =y <p

The neighbourhood relations in our four grids are visualized in Figure [ by
showing the Voronoi regions (the pixels (2D) and voxels (3D)) corresponding to
some grid points.

The points x,y € G are adjacent if x and y are p-neighbours for some p. The
p-neighbours which are not (p — 1)-neighbours are called strict p-neighbours. A
neighbourhood sequence B in G is a sequence B = (b(i));~,, where each b(i)
denotes a neighbourhood relation in G. If B is periodic, i.e., if for some fixed [ €
Zy, b(i) = b(i+1) is valid for all 4 € Z4, then we write B = (b(1),5(2), ...,b(l)).

Fig.1. The grid points corresponding to the light grey, dark grey, and black pix-
els/voxels are 1-, (strict) 2-, and (strict) 3-neighbours to the grid point corresponding
to the white pixel/voxel, respectively. From left to right: Z%, Z3, F, and B.

A path, denoted P, in a grid is a sequence x = pg, p1, ..., Pr =y of adjacent
grid points. A path is a B-path of length n if, for all i € {1,2,...,n}, p;,—1 and
p; are b(i)-neighbours.

Definition 1. The B-distance d(x,y;B) between the points x and y is the
length of (one of) the shortest B-path(s) between the points.

Given a path of length n, the following notation is used: w; = p; — p;—1-

A prime vector is a vector between a grid point and an adjacent grid point. Let
I = {p1,pa,...,pm} The set {x € G:x=> a;p; for any o; € Ry} is called
the I'-sector.

We consider finite subsets of G for the algorithm:

Definition 2 (Image). The finite subset Zg of G is denoted the image domain.
We call the function f :Zg — N an image.

Definition 3 (Foreground and background). We denote the image fore-
ground X and the background X. These sets have the following properties:

1. X C1g and X C Ig
2.XNX=10
3. XUX =Tg.
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3 The Sequential Algorithm

Definition 4 (Distance map). Given a neighbourhood sequence B, the dis-
tance map, DMy, of f is a grey level image, where the value of each point of
the foreground corresponds to its shortest distance to the background, i.e.

Ic — N

DMx : {X|—>d(x,X;B) = inf

yex d(x,y; B)
Definition 5 (Scanning mask). A scanning mask M is the set of vectors

from the origin to some grid points adjacent to 0.

Definition 6 (Scanning order). A scanning order (so) is an ordering of the
M = card(Zg) distinct points in Ig, denoted x1,Xa, ..., XM

For a scanning mask to propagate distances correctly, it is important that, in
each step of the propagation, the values at the points in Zg to which the mask
propagate distances will propagate distances later in the scan. This is guaranteed
if each point that can be reached by the scanning mask either has not been visited
or is outside the image.

Definition 7 (Mask supporting a scanning order). Let x1,Xa,...,Xp be
a scanning order and My a scanning mask. The scanning mask M; supports the
scanning order if

VXi,Vﬁj S Ml, ((31/ >0 Xy =X —|—17]) or (Xi —|—17j ¢ I(;,))

Remark 1. It ¥ € My, for some k, then —7 ¢ My. If both ¥, —v € My, then
by Definition [, there is an i’ such that x; = (x; + ¥) + (—¥) = x;. This is not
possible since each grid point occurs only once in Zg.

Algorithm 1. Initially, f(x) =00 ifx € X and f(x) =0 if x € X. The image
domain Zg is scanned L times using scanning orders such that the scanning
masks M;, 1 < i < L support the scanning orders so;.

fori=1:L

for all x € Zg following so;
if f(x) < o0
for all ¥ € M;
if x and x + ¥ are b (f(x) + 1)-neighbours
Fx+ ) — min (f(x) + 1, f(x + 1))

Example 1. Consider the image in Z? shown in Figure Z(a) (the grid points are
visualized by their pixels). The masks M; and M3 are such that they propa-
gate distances in the directions shown in Figure 2b) by dashed and solid lines,
respectively. The correct distance maps for B = (1) (city block), B = (2) (chess-
board), and B = (1,2) are shown in Figure 2l(c), Figure [A(d), and Figure 2(e),
respectively. For B = (1) and B = (2), a two-scan algorithm is sufficient to
propagate the distance between the two pixels in grey. Two scans are, however,
not enough for B = (1,2).
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Fig. 2. Distance maps of (a) for B = (1), B = (2), and B = (1,2) are shown in (c),
(d), and (e), respectively. Examples of shortest B-paths are shown in (c¢)—(e) over the
distance maps. Directions supported by the masks M; and My are shown as dashed
and solid lines, respectively. The directions supported by the masks are shown in (b).

The distance that are propagated depends on previous propagations. Thus, if
local steps from M3 are needed before local steps from M (as in Figure2le)),
then two scans are not enough.

Since Algorithm [I] only propagates distances from mask 4 in scan 4, there must
be a shortest path satisfying the condition in Proposition [Il below for each pair
of grid points in Zg for the propagation of distances to be sufficient.

Proposition 1. If for each neighbourhood sequence B and each x,y € Zg there
18 a shortest B-path in Ig between x and 'y of length n and integers Ty, Ty, . . .,
TL s.t.
My Zf 0=Ty<1<Ty
Mo if T <i<Ty
w; € .

Mpif Trp1<i<Tp=n
then Algorithm [ returns a distance map DMy .

The proof of this proposition is obvious: the first scan propagates the T} first
steps of the path, the second scan propagates the steps 77 +1,...,T> and so on
until the last scans propagates the steps Tr,—1 +1,...,7T.

In the next section, conditions for the masks M; to fulfill the condition in
Proposition [I] are derived.

4 Theoretic Results
4.1 Conditions for a Path to Be in Zg

Definition 8 (Sector-preserving image domain). The image domain is
called sector-preserving if there are integers L; and U; s.t. L; <0 < U; and

Ipe = {(¢',2) € 22 | Li <2’ < U}
Izs = {(a",2%,2°) € Z° | L; <2' < U;}
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Ir = {(mlx ) EF | Ly <a' 422+ 23 <Uy, Ly <2l + 2% — 23 < Uy,
Ly <z'—2?—2° < Us, and Ly < z' — 2% + 2° §U4}
IB:{(xl,x2,x3)€IB§|L1§x1+x2§U1,L2§x2+x3§Ug, and
L3§x1—|—x3§U3}.

Let  pl = {(1,0),(0,1).(1,1)}
I} ={(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1),(1,1,1)}
I} ={(1,1,0),(1,0,1),(0,1,1)}
2 ={(1,1,0),(1,0,1),(1,0,—-1),(2,0,0)}
i ={1,1,1),(1,-1,1),(1,1,-1),(2,0,0)}.

Definition 9 (Path with Ig-sector steps). A path that contains only steps
from I is called a path with [g-sector steps.

We will see that for any fixed £ and any grid point x € Dé defined below,
the distance (i.e. the shortest path) between 0 and x is defined by a path with
I’é—sector steps.

Dy ={xe€Z’:a" >0}

D%gZ{XEZ?’IxiZO}
D%:{xEF:xlszEx?’anndxl§x2—|—x3}
Di={xeF:2'>2>>2%>0and 2' >2*+2%}
Dé:{xeﬁ:xlszEx?’zO}

We also will use the following notation: for any y € G, Dg(y)={y + x : x€Dg }.
The following proposition follows directly from Theorem 3.5 in [18] (Z? and Z3)
and from the proofs of Theorem 2 and 5 in [I5] for F and B respectively.

Proposition 2. Let the neighbourhood sequence B and the £ be given. For any
point y € Dé(x) such that d(x,y; B) = n, there is a shortest B-path between x
and 'y with Fé—sector steps.

For the square/cubic grid it is obvious that we need vectors having a value 1
and one/two zero(s) to connect the points by only 1-steps. If the neighbourhood
sequence contains values 2 and there are coordinate differences in at least 2
coordinates, then vectors changing 2 values simultaneously can be used in a
shortest path. In the cubic grid (1,1,1) is used if the neighbourhood sequence
contains element 3 and there are differences in all the 3 coordinates.

In the fec grid if #! < 22 + 2% then vectors (1,1,0), (1,0,1), (0,1,1) can
produce a shortest path independently of the used neighbourhood sequence (and
in case B = (1) all shortest paths built by them).

In case of ' > 2% + 3 then the steps (0,1,1) are not needed, but we need
(additional) steps to go in direction (z!,0,0). If there are values 2 in the neigh-
bourhood sequence, then vector (2,0,0) is used in a shortest path. Having not
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(enough) values 2 in the neighbourhood sequence a step by (2,0,0) can be sub-
stituted by a step (1,0,1) and a step (1,0, —1).

In the bce grid one can construct a shortest path by vectors (1,1,1) and
(1,1,-1) if 2* = 2% > 2% > 0. If 2! > 22 then step(s) by vector (2,0,0) can
also be used having values 2 in the neighbourhood sequence. Without (enough)
values 2 in the neighbourhood sequence steps by vectors (1,1, —1) and (1, —1,1)
are also used in a shortest path.

Definition 10 (Image border point). All grid points x € Zg such that there
is a prime vector U such that x + U ¢ Ig are called image border points.

Lemma 1. Lety € X and x € X be such that x € ’Dé(y) for some & and there
is a shortest B-path P between 'y and x defining d(x, X; B). If either

(A) all image border points are in the background or
(B) the image domain is sector-preserving.

then P is in Ig.

Proof. When condition (4) is fulfilled: For some y € X, let x = pg, p1,...,Pn =
y be the B-path defining d(x, X; B) = n. Let y = qo,q1,---,q, = X be the B-
path defining d(y,x; B) = n and assume that q; ¢ Zg for some i, 0 < i < n. Let
Se.B(x, k) ={y : d(x,y; B) = k}. Now, q; € Sg 5(x,k) for some k < n. There-
fore, by Definition [I0] there is a background grid point z € Sg g (x,k — 1) such
that q; and z are adjacent. We thus have n = d(x, X; B) < d(x,z; B) = k—1 < n,
which is a contradiction. O

When condition (B) is fulfilled: Let y = pg, ..., pn = X be a shortest path with
I’é—sector steps between y and x. Assume that there is an i (0 < i < n) such
that p; ¢ Zg. Since y € Zg, this implies

— [227 Z3] p{ > U; for some j.

— [F, DY pt +p? +p} > Ur, pt +p? —p} > Uz, p} —p} — p} < Ls, or
pi—pi +p} > U,

— [F, D] p} +p? +p} > U, p; + 9} —p} > Us, pf —p} —p} > Us, or
pi —pi+p} > Us.

— [B] p} + p? > Uy, p? + p? > Us, or p} + p3 > Us.

Now, for all local steps in Fé, these inequalities are valid also for p;;1. Thus
p; ¢ Ig for all j > 4, which contradicts x € Zg. |

4.2 Rules to Swap Steps in a Path

Lemma 2. Let the neighbourhood sequence B and the image Lg be such that
either the image domain is sector-preserving or all image border points are in
the background. Let Zg be such thaty € X and let x € X N Dé(y) for some &

be such that the B-path P with Fé-sector steps of length n between x andy is a
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shortest path defining d(x, X; B). For any k (1 <k <n), let pr be such that wy
corresponds to a strict px-neighbour. Let also i,j be two fized integers such that
1<i,j<n.
Then for any w; and W’ such that
(A1) wf,w} € IE,
(A2) wi and w§ correspond to strict p;- and p;-neighbours respectively,
(A3) w; +w; = wé +w;
there is a shortest B-path P" in Zg of length n between 0 and x such that w), = wy,

ifk#1i,j and w] = w; and W} = w;.

Proof. Let P be the path x = pg,p1,...,Pi-1,Pi,---,Pj—1,Pj,---,Pn =y and
let w] and W’ satisfy (A1)—(A3). We have

Wi =Pi — Pi—1, W, =P — Pi-1 (3)
wj =Pj —Pj-1, W; =P;j —Pj_1 (4)
wi twj =w;+w; (by (A3)). (5)

It follows from Equations (3))- (&) that p;—p} = p;—1—Pj_1, i.e., that p; = p;—¥
and p);_, = pj—1 — ¥ for some ¥.

We will now see that the path P’,
X =P0,P1s--sPi-1,P}s s Pj_1,Pjs - - -, Pn =y defined as

P, =Pr—0 forany i<k<j
P, = Pr otherwise. (6)

is a shortest B-path in Zg satisfying the Lemma.

By (A1), P’ is a path with I’é—sector steps. Thus, by Lemma [I P’ is in the
image Zg.

By the definition of P’, it is a shortest path (since it is of the same length as
P). Moreover, wy = Py — Pr—1 = P}, — P_1 = w}, for any i < k < j, so pg and
Pr—1 are strict p-neighbours if and only if pj and pj,_, are. The cases k = i and
k = j follow from (A2) and when k < i or j < k, p}, = p by definition, so P’
is a B-path.

We can now conclude that P’ is a shortest B-path in Zg between x and y.[J

Ezample 2. Consider F, the neighbourhood sequence B = (1,2,1,1,2) and the
grid point x = (6,2,0). A shortest B-path between 0 and x is

0=(0,0,0),(1,1,0),(3,1,0),(4,1,-1),(5,1,0), (6,2,0) = x.
We have
w1 = (171’0)7 w2 = (2’070)a w3 = (1a07_1)7 w4 = (170a 1)7 W5 = (1a 170)

By Lemma Pl the B-paths between 0 and x with the following local steps are
also shortest paths.

wl:(lvlao)v w2:(27070)7 w?):( 5 1
w1 = (170’1)7 w2 = (270’0)7 w3 = (1’07_ )7 wq = (1,1,0), W5=( s 70)
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Thus, any order of the local steps corresponding to 1-neighbours results in short-
est B-paths.

Now we define sets B¥. We will see that if each of these B¥:s are in at least one
mask (supporting the scan orders) in Algorithm [Il then Algorithm [ propagate
correct distance to any x € Dé.

BY = {(1,0), (1,1)} B} =
BY ={(0,1), (1,1)} Bf =

2,0,0)} B® = {(1,1,1), (2,0,0
27070)} ng = {<17 _17 ]-)7 (27070)}
2,0,0) 2,0,0
2,0,0)

(
(
Bg: ( ) ) s Uy }BIE:{UW]-V_]-)? (7 ) )}
Bg: (1,0,-1), (2,0,0)}
B?’ = {(1,0,0),(1,1,0),(1,1,1)} BY ={(0,1,0),(0,1,1),(1,1,1)}
BZ® = {(1,0,0),(1,0,1),(1,1,1)} B = {(0,0,1),(0,1,1), (1,1,1)}
BZ" = {(0,1,0), (1,1,0),(1,1,1)} BZ = {(0,0,1),(1,0,1), (1,1,1)}

4.3 Minimal Configuration of Scanning Masks

Theorem 1. Let the set a;, 1 < i < L such that o; # ay, if i # k and «o; €
{1,2,...,L} for all i be given. For any neighbourhood sequence B, any image Lg
such that all image border points are in the background, and any points y € X
and x € X N Dé(y) such that d(x,y) = d(x,X;B) there is a shortest path
between x and 'y such that

ijBg’l if 0=ko<j<k (7)
w; €BY, if k1 <j <o (8)
w; €BE, if ko1 <j <k (9)

for some k;:s.

Proof. The theorem follows directly from Lemma 2] for Z2, F, and B. Since the
only 2-neighbour ((1,1), (2,0,0), and (2,0, 0), respectively) is in all the BY:s, it
is enough to order the 1-neighbours such that ({@)-(@) are fulfilled. Compare with
Example

For Z3, things are a bit more complicated. We argue by contradiction. Let
P be any shortest B-path (of length n) with I'g-sector steps between x and y.
Construct the new path P’ as follows:

There is obviously a maximal value of £; such that w; € BE? forall0 < j < k;.
Lemma [2]is used to find the wj:s. In the same way, maximal values of ka, ..., ks
and the w;:s for j < kg are found.

Assume that kg # n (i.e. that kg < n). Since (1,1,1) is in all BZ-ZSZS, Whe+1
corresponds either to a 1-neighbour or a 2-neighbour.
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Case 1 wy,4+1 corresponds to a 1-neighbour.

We consider wi,+1 = (1,0,0) — the proofs for (0,1,0) and (0,0, 1) are similar.

Let a and b be the values such that w; € B? if ko1 <j < kq and wj € ng
if ky—1 < j < k. We assume b > a (the proof for a > b is similar).

Since (1,1,1) is in all Bizazs, neither wg,4+1 noOr wg,41 corresponds to 3-
neighbours.

By Lemma [2] neither wy, 1 nor wg, 1 corresponds to 1-neighbours: If, say
Wy, +1 corresponds to a 1-neighbour, then we could use Lemma[2 to swap wg, 41
and wy,4+1 contradicting that k, is maximal.

Thus both wy,+1 and wy, 41 correspond to 2-neighbours. It follows that w; #
(1,1,0) for j > ko and w; # (1,0,1) for j > ky. (Otherwise we could use
Lemma [2] to swap any such occurence of (1,1,0) or (1,0, 1) with wg, 41 or Wk, +1
contradicting that k, and k&, are maximal.)

Thus, wg,+1 = (0,1,1). But then we could use Lemma [ to set wy,+1 to
(1,0,1) and wge4+1 to (0,1,0) contradicting that kp is maximal.

Case 1i wy,41 corresponds to a 2-neighbour.

We consider wg,4+1 = (1,1,0) (the proofs for (1,0,1) and (0,1, 1) are similar).

Let now a and b be the values such that w; € B if k, 1 < j < k, and
wj € B? if ky_1 < j < k. We assume b > a — the proof for a > b is similar.

Since (1,1,1) is in all BiZS:s, neither wg,4+1 NOr wg,41 corresponds to 3-
neighbours.

By Lemma [ neither wy, 41 nor wg,4+1 corresponds to 2-neighbours: If, say
Wk, +1 corresponds to a 2-neighbour, then we could use Lemma [2l to swap wy, +1
and wgy41 contradicting that k, is maximal.

Thus both wy,+1 and wy, 41 correspond to 1-neighbours. It follows that w; #
(1,0,0) for j > ko and w; # (0,1,0) for j > kp. (Otherwise we could use
Lemma [2] to swap any such occurence of (1,0,0) or (0,1,0) with wg, 41 or wk, +1
contradicting that k, and k&, are maximal.)

Thus, wg,+1 = (0,0,1). But then we could use Lemma [2 to set wy,+1 to
(0,1,0) and wge4+1 to (1,0,1) contradicting that kjp is maximal.

Now we can conclude that, since all possible wg,+1:s lead to contradictions,
ke = n and the proof is finished. O

We can now conclude that since the order of the B(ZG’:S is arbitrary, Algorithm [I]
will propagate the correct distance value from y € X to each point in Dg(y) if
each Bf:s is included in at least one mask in the algorithm. By symmetry, it
follows that if all configurations symmetric to the BY:s are included in at least
one mask in the algorithm, distance values will be propagated from y to any
object grid point in Zg. We get the following condition:

Condition 1. If each configuration symmetric to the configurations shown in
Figure [0 is included in at least one mask supporting the scan orders used in

Algorithm [, then Algorithm [ will produce correct distance maps.

Sets of masks in the different grids fulfilling Condition [[] are shown in Figure Bl



Generating Distance Maps with Neighbourhood Sequences 305
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(1) (m)

V)]

(n) (0)
Fig. 3. The masks above (colour-coded as in Figure[ll) can be used to get correct results
from Algorithm [ (a)—(c) Z2, (d)—(g) Z*, (h)~(k) F, and (1)~(o) B. Note that, for Z*,
F, and B, any mask can be obtained by rotating any other mask in the same grid.

5 Discussion and Conclusion

The unfolded cube graph was introduced in [I1] to guarantee that local distances
are allowed to propagate in all possible directions. It was designed for Euclidean
DTs and shows the directions supported by a mask. The unfolded cube graphs
for a set of masks must fill the whole cube (direction space) to produce correct
Euclidean DTs. It is easy to produce a set of masks such that the unfolded cube
graph is covered but which does not produce correct distance maps for n.s.-
distances as shown in Figure[dl We have shown that distance propagation from
all directions is not sufficient for algorithms for n.s.-distances. The condition
derived in this paper is: if each configuration symmetric to the configuration in
Figure [l is contained in at least one mask, then the algorithm produces correct
DT:s. We can notice that these configurations contain one and only one vector
of each neighbourhood kind.

1 : °

Fig. 4. Using these masks and the 745 symmetric masks for Z* in Algorithm [ will
result in insufficient propagation of distances, e.g., for neighbourhood sequences with
B =(1,3)
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In [I5], scanning masks to compute the Euclidean DT on the fcc and bee
grids were derived using the unfolded cube graph. Surprisingly, four scans are
not sufficient for the bcc grid — five masks, i.e. scans, are needed to fill the
direction space using the unfolded cube graph. This implies that the number of
scans needed for a sequential algorithm designed for computing the Euclidean
DT might be greater than for computing n.s.-DTs.

Using the algorithms presented in this paper, applications such as skeletoniza-
tion [7] and shading of three-dimensional objects [§] become faster and easier to
use. Also, since sequential algorithms for the non-standard fcc and bece grids are
presented, it is easy to adjust the applications to work also for the fcc and bcc
grids.
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