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Abstract Second order necessary and sufficient optimality conditions for bang-bang con-
trol problems in a very general form have been obtained by the first author.
These conditions require the positive (semi)-definiteness of a certain quadratic
form on the finite-dimensional critical cone. In the present paper we formulate
a generalization of these results to optimal control problems where the control
variable has two components: a continaous unconstrained control appearing
nonlinearly and a bang-bang control appearing linearly and belonging to a convex
polyhedron. Many exarples of control of this kind may be found in the literature.
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1. Introduction

The classical quadratic optimality conditions for an optimization or optimal
control problem with constraints require that the second variation of the as-
sociated Lagrangian be nonnegative (positive) in all critical directions. Some
general results along these lines were given in [51, [6], [7], [8], [9].

In the pure bang-bang case, where all control components appear linearly
in the problem, second order necessary and sufficient optimality conditions
have been obtained in Milyutin and Osmolovskii [4] in a very general form.
In [2], [3] we have developed for this case numerical methods of testing the
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positive definiteness of the quadratic form. A different approach to second
order sufficient conditions for bang-bang controls was given in [1].

In this paper we formulate both necessary and sufficient quadratic optimality
conditions for optimal control problems with a control variable having two
components: a continuous unconstrained control appearing nonlinearly and a
bang-bang control appearing linearly and belonging to a convex polyhedron.
Such a type of control problem arises in many applications. Due to space
restrictions we present only a summary of results on necessary and sufficient
conditions.

In Section 2, we give a statement of the general control problem with con-
tinuous and bang-bang control components (main problem). We formulate the
minimum principle (first order necessary optimality condition) and the notions
of a Pontryagin and a bounded-strong local minimum. In Section 3, we present
second order optimality conditions, both necessary and sufficient, for these two
types of minimum in the main problem.

2. Control problem on a non—fixed time interval
2.1 The main problem

Let z(t) € R¥®) denote the state variable and let u(t) € R (1) €
R4") be the two types of control variables in the time interval ¢ € [to, t;] with
anon-fixed initial time and final times ¢g and ;. The following optimal control
problem (1)-(4) will be referred to as the main problem:

Minimize T (to, t1, z(-),u(:),v(")) = J(to, z(to), t1,x(t1)) (1)
subject to the constraints

z(t) = f(t,z(t),u(t),v(t), wut)elU, (tz(t)v(t) e, ()

F(t()a ZE(tO), tla CL'(tl)) S 07 K(t()’ x(t())? t17 .’L'(tl)) = 07
3
(to, z(to), t1,z(t1)) € P-
The control variable u appears linearly in the system dynamics,
ft, z,u,v) = alt,z,v) + B(t, x,v)u, 4

whereas the control variable v appears nonlinearly in the dynamics in a sense
which will be made more precise later. Here, F, K, a are column-vector func-
tions, B is a d(z) x d(u) matrix function, P ¢ R?*24®) g c R1+d(z)+d)
are opensets and U € R is a convex polyhedron. The functions J, F, K are
assumed to be twice continuously differentiable on P and the functions a, B are
twice continuously differentiable on Q. The dimensions of F, K are denoted
by d(F), d(K). By A = [tg, t1] we shall denote the interval of control. We
shall use the abbreviations

zo = z(to), 1 = z(t1), p = (to, Zo, t1, z1).
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A process
II = {(z(t), u(t),v(t)) | t € [to, t1] }

is said to be admissible, if x(-) is absolutely continuous, u(-), v(-) are measur-
able bounded on A and the triple of functions (z(t),u(t),v(t)) together with
the end-points p = (tg, z(to), t1, z(t1)) satisfies the constraints (2),(3).

DEFINITION 1 The process 11 affords a Pontryagin local minimum, if there
is no sequence of admissible processes TI" = {(z™(t),u™(t),v"(t)) | t €
[t5.t2] }, n = 1,2,... such that the following properties hold with A" =
[tg. 17] -

(o) J(II™) < J(II) ¥Yn and t§ - to, tT —t1 for n — 00;

(b) Jmax |z™(t) —z(t)] = 0 for n — oo;

(c) [ |u™(t)—u(t)dt—0, [ |o™(t) —v(®)|dt — 0 for n—
anna ATNA

(d) there exists a compact set C C Q (which depends on the choice of the
sequence) such that for all sufficiently large n, we have (t, z"(t),v"(t)) €
Cae. on A"

For convenience, let us formulate an equivalent definition of the Pontryagin
minimum.

DEFINITION 2 The process I1 affords a Pontryagin local minimum, if for each
compact set C C Q there exists € > 0 such that J(IU') > J(II) for all
admissible processes II' = {(x'(t), v/ (¢t),v'(t)) | t € [t,, t4] } such that

(a) |t6-t0| < g, [tllwhl < E&;

(b) max [/ (t) — z(t)] < & where A" = [tg, t}];

(c) [ @) —ult)dt<e [ [(t)—v(t)dt <e
ANA ANA

(d) (t,2'(t),v'(t)) € Cae onA.

2.2 First order necessary optimality conditions
Let
IT = {(z(t), u(t),v(t)) | t € [to,t1] }

be a fixed admissible process such that the control u(t) is a piecewise constant
function and the control v(t) is a.continuous function on the interval A =
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[to, t1]. In order to make the notations simpler we do not use such symbols and
indices as zero, hat or asterisk to distinguish this trajectory from others. Denote
by

0={r,...,7s}, to<m<..<T:<th

the finite set of all discontinuity points (jump points) of the control u(t). Then
#(t) is a piecewise continuous function whose points of discontinuity belong
to 0, and hence z(¢) is a piecewise smooth function on A. Henceforth, we shall
use the notation

}k k+ k—

u* =u"" —u

to denote the jump of function u(t) at the point 75, € 8, where
ubF” =u(rp —0), w* =u(r +0)

are the left hand and the right side hand values of the control u(t) at 74, respec-
tively. Similarly, we denote by [2]* the jump of the function (t) at the point
Tk -

Letus formulate a first-order necessary condition for optimality of the process
II in the form of the Pontryagin minimum principle. To this end we introduce
the Pontryagin or Hamiltonian function

H(t,z, ¢, u,v) =Y f(t,z,u,v) = Yalt,z,v) + B, z,v)u, ©)

where 1) is a row-vector of dimension d(¢) = d(xz) while =, u, f, F'and K are
column-vectors. The factor of the control « in the Pontryagin function will be
called the switching function for the u-component

o(t,z,¥,v) =9B(t, x,v) (6)

which is a row vector of dimension d(u). Denote the end-point Lagrange
function by

(o, o, B,p) = apJ (p) + aF (p) + BK (p), p = (to,z0,t1,71),

where « and 3 are row-vectors with d(a) = d(F), d(8) = d(K), and oy is a
number. We introduce a tuple of Lagrange multipliers

A= (040»04,577/1(')71/’0('))
such that
$(-): A =R, () A - RI

are continuous on A and continuously differentiable on each interval of the set
A\ 6. In the sequel, we shall denote first or second order partial derivatives by
- subscripts referring to the variables.
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Denote by My the set of the normalized tuples X satisfying the minimum
principle conditions for the process II:

a >0, a>0, aF(p)=0, ao+y i+ |Bl=1 (7
V= —Hy, tho=—H VteA\O, (8)
P(to) = —lag, V(1) =lay, Yolto) = —lty, Yolt1) =1y, 9
H(t,z(t),%(t),u,v) < H(t,2(t), (1), u(t), v(t))

forallt € A\ 6, uc U, v e R4 such that (¢, z(t),v) € Q, (10)
H(t,z(8), (), u(t), v(t) + wo(t) =0 Vie A\6. an

The derivatives I, and [;, are taken at the point (o, v, 8, p), where p =
(to, x(to), t1, x(t1)), while the derivatives H, H; are evaluated at the point
(t, z(t), ¥ (t),ult),v(t)) for t € A\ . The condition My # @ constitutes
the first order necessary condition for a Pontryagin minimum of the process
IT which is the so called Pontryagin minimum principle, cf., e.g., Milyutin,
Osmolovskii [4].

THEOREM 3 Ifthe process 11 affords a Pontryagin minimum, then the set My
is nonempty. The set My is a finite-dimensional compact set and the projector
A — (g, @, 3) is injective on My.

In the sequel, it will be convenient to use the simple abbreviation (t) for
indicating all arguments (¢, z(t), ¥ (t), u(t), v(t)), e.g.,

H(t) = H(t,z(t), (1), u(t), v(t)) and o (t) = o (t, 2(t),%(t), v(t)).

Let A = (ag, o, 3,%(-),%o(-)) € My. From condition (11) it follows that
H(t) is a continuous function. In particular, we have [H]¥ = H*¥+ — H¥F~ =
0 for each 7 € 0, where H*~ := H(my, z(7g), ¥(7%), u(tp — 0),v(7%)),
HM = H{mg, 2(73,), % (1), u(Te + 0),v(7*)). We shall denote by H* the
common value of H*~ and H**

H* .= H* = H*,

The equalities [H]¥ = 0, [¢]* = 0 V¢¥ € 0 constitute the Weierstrass—
Erdmann conditions for broken extremals. We formulate one more condition
of this type which is important for the statement of second-order conditions for
extremal with jumps in the control. Namely, for A € My and 7, € 8 consider
the function

(ApH)(t)

Il

H(t,2(t),9(8), u™, v(mi)) = H(t,z(2), 9 (t), "~ v(m))
= o(t,z(t), $(2), v(mh)) [u]"- (12)

LEMMA 4 For each X € My the following equalities hold

d d
= (A H) oo = Z(BeH)l g0 k=105
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Consequently, for each A € My the function (A H )(t) has a derivative at the
point 7 € 8. Define the quantity

DH(H) = S (AL (7).

Then the minimum condition (10) implies the following property:
LEMMA 5 Foreach A € My the following conditions hold:

DFH)Y >0, k=1,...,s (13)

The value D¥(H) can also be written in the form
DMH) = —H{TH{™ + Hi HEt — [Hy)*
— ,lj}k—l—i.k— = l/}k_i'k+ + {Zpo]k,
where H%~ and H* are the left- and the right-hand values of the function
H,(t) at 7, respectively, [Hy]* is the jump of the function H;(t) at 7y, etc.
23 Integral cost function, unessential variables, strong
minimum

It is well known that any control problem with a cost functional in integral
form

ty
T = [ ot,x(0), u(t), o(e)) dt (14)

can be brought to the canonical form (1) by introducing a new state variable y
defined by the state equation

¥ = fo(t,z,u,v), wylto) =0. (15)

This yields the cost function 7 = y(¢1). The control variable « is assumed to
appear linearly in the function fj,

Jfolt,z,u,v) = aglt, z,v) + Bo(t,z,v)u. (16)

The component y is called an unessential component in the augmented problem.
The general definition of an unessential component is as follows.

DEFINITION 6 The state variable x;, i.e., the i—th component of the state
vector x is called unessential if the function f does not depend on x; and if the
functions F, J, K are affine in x;0 = x;(to) and x;1 = x;(t1).
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In the following, let z denote the vector of all essential components of state
vector x.

DEFINITION 7 We say that the process 11 affords a bounded-strong minimum
if there is no sequence of admissible processes
o™ = {(z™(t),u"™(t),v"™ (1)) | t € [¢§,t}] }. n = 1,2,..., such that

() JII") < J(1I),
(b) t§ —to, T —t1, In(to) — Z’(to) (n — o0),

(c) Juax lz™(t) — z(t)] — 0 (n — o), where A™ = [tT 7],

(d) there exists a compact set C C Q (which depends on the choice of the
sequence) such that for all sufficiently large n, we have (t, z™(t),v™(t)) €
Cae onA™

An equivalent definition has the form.

DEFINITION 8 The process 11 affords a bounded-strong minimum, if for each
compact set C C Q there exists € > 0 such that J(II') > J(II) for all
admissible processes IV = {(a(t),u/(t),V/(t)) | t € [t), t}] } such that

(a) |to—to]l <& |t —t1l <e |2'(to) — z(to)] < &

(b) max |z (t) — z(t)| < &, where A = [tg, t});

(c) (t,2'(t),v'(t)) € Cae. on A

The strict bounded-strong minimum is defined in a similar way, with the
non-strict inequality 7 (II') > J(II) replaced by the strict one and the process
I required to be different from IT.

3. Quadratic necessary and sufficient optimality
conditions

In this section, we shall formulate a quadratic necessary optimality condi-
tion of a Pontryagin minimum (Definition 1) for given control process II. A
strengthening of this quadratic condition yields a quadratic sufficient condition
of a bounded-strong minimum (Definition 7). These quadratic conditions are
based on the properties of a quadratic form on the so-called critical cone whose
elements are first order variations along a given process I1. The main results of
this section (Theorems 9 and 12) are due to Osmolovskii.
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3.1 Critical cone

For a given process II we introduce the space Z2() and the critical cone
K C Z?(6). Denote by Py Wdl(’i) (A, R¥®)) the space of piecewise continuous
functions Z(-) : A — R¥®) which are absolutely continuous on each interval
of the set A \ @ and have a square integrable first derivative. By L2(A, R4™))
we denote the space of square integrable functions 7(-) : A — RU¥)_ For each

z € Pngl(2)(A, R4®)) and for 7, € 6 we set

T =d(r - 0), T =3(n+0), [aF =z -2k

Let z = (fo,11,&,%,7), where {p,f; € R, € € R, % € P(,Wdl(2)(A,Rd(z)),
7 € L*(A, R4 ), Thus,

z€ 22(0) == R? x RY x ByWi (A, RUD) x LA, RIO)),
For each Z we set

Tg = i’(to)‘Ffoi(to), T (t1)+t1w(t1) p= (fo,iﬁo,fl,fll). a7
The vector 7 is considered as a column vector. Note that fg = 0, respectively,
t1 = 0 holds for a fixed initial time ¢y, respectively, final time ¢;. Denote by
Ir(p) = {i € {1,...,d(F)} | F;(p) = 0} the set of indices of all active
endpoint inequalities F;(p) < 0 at the point p = (tg, z(to), t1, z(t1)). Denote
by K the set of all Z € Z2(#) satisfying the following conditions:

J(p)p <0, Fpp<0Vielp(p), K(p)p=0, (18)
Z(t) = fo(t,z(t), u®), v()E(t) + f(t, x(t), u(t), v(t))B(t), (19)
[Z* = @)k, k=1,...,s, (20)

where p = (z(tg), to, (£1), 1), 2] = £(7 + 0) — (7 — 0).
It is obvious that K is a convex cone with finitely many faces in the space
Z2(6). The convex cone K is called the critical cone.

3.2 Quadratic necessary optimality conditions

Let us introduce a quadratic form on the critical cone K defined by the
conditions (18)-(20). For each A € My and Z € K we set

Q\, 2) = (AP, § +}: (D¥(H)&E - [)Fzh &)

+/(<Hm(t)f(t),5f(t)> + 2(Ho (8)5(2), 2(1)) + (Hoo(t)0(2), B(2))) dt21)
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where

(Ap,B) = (lppB, D) -+ 24 (to)Foto + (Yo(to) — ¥(to)d(to))E
—29(t1)Z1F1 — (doltr) — Pt (t))E, (22)

L, e
lpp = pr(a07 avﬁvp)v p= (to;x(to)vtlvx(tl))a jl;v = §(jk + xk+)7

Hyp(t) = Hop(t, z(t), ¥(t), u(t),v(t)), etc.

Note that the functional (), ) is linear in A and quadratic in . Also note that
for a problem on a fixed time interval [tg, t;] we have £y = t; = 0 and, hence,
the quadratic form (22) reduces to (Ap, §) = (lppp, ). The following theorem
gives the main second order necessary condition of optimality.

THEOREM 9 Ifthe process 11 affords a Pontryagin minimum, then the follow-
ing Condition A holds: the set My is nonempty and

max QA 2) >0 forall Ze K.

AeMyp
This theorem follows from Theorem 2.3 in [7].

We call Condition .4 the necessary quadratic condition, although it is truly
quadratic only if My is a singleton.

33 Quadratic sufficient optimality conditions

A natural strengthening of the necessary Condition A turns out to be a suf-
ficient optimality condition not only for a Pontryagin minimum, but also for
a bounded-strong minimum; cf. Definition 7. Denote by M(;L the set of all
A € My satisfying the conditions:

(@) H(t,z(t),¥(t),u,v) < H(t,z(t),¥(t), u(t),v(t)), forall t € A\ 6,
u € U, v € RV, such that (t,z(t),v) € Q and (u,v) # (u(t), v(t));

(b) H(mg,z(73),¥(m1),u,v) < HE forall 74, € 6, u € U, v € R¥™ such
that (73, z(7k),v) € Q. (u,v) # (w(r — 0), v(7)),
(u,v) # (u(rk + 0),v(rF)), where H* := H*~ = HF+

Let Arg max ou’ be the set of points v € U where the maximum of the linear
u'e

function ov’ is attained

DEFINITION 10 For a given admissible process I1 with a piecewise constant
control w(t) and continuous control v(t) we shall say that u(t) is a strict bang-
bang control, if the set My is nonempty and there exists A € My such that

Argglee%c o(t)u' = [u(t — 0),u(t + 0)],
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where [u(t — 0),u(t + 0)] denotes the line segment spanned by the vectors
w(t — 0),u{t + 0).

If dim(u) = 1, then the strict bang-bang property is equivalent to o (t) # 0
vt € A\G.Ifthe set MJ is nonempty, then, obviously, u(#) is a strict bang-bang
control.

DEFINITION 11 An element A € My is said to be strictly Legendrian if the
following conditions are satisfied

(a) foreacht € A\ 0 the quadratic form
(Hyo(t, (1), ¥ (1), u(t), v(t))7,0)
is positive definite in R4);
(b) for each T, € 0 the quadratic form
(How (i, 2(75), (7)), w(7i — 0), v(7)), D)
is positive definite in R);
(c) for each Ty, € 0 the quadratic form
(Hoo(Ti, 2(7k), ¥ (70), w(Te + 0), v(7))7, 9)
is positive definite in R4Y).
(d) D¥(H) > 0 forall 7y € 6.

Denote by Leg_, (M{") the set of all strictly Legendrian elements A € Mg and
put

t1
7(E) = B+ B+ (6, + (alto),3ltk0)) + [ (00, 5(6)) d.

THEOREM 12 Let the following Condition B be fulfilled for the process 11 :
(a) the set Leg, (M) is nonempty;
(b) there exists a nonempty compact set
M C Leg, (M)
and a number C' > 0 such that

z)y > CH(Z z .
max QN 2) > CH(zZ) forallze K
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Then 11 is a strict bounded-strong minimum.

If the set Leg_, (M;") is nonempty and K={0} then (b) is fulfilled automatically.
This is a first order sufficient optimality condition of a strict bounded-strong
minimum. Let us emphasize that there is only a minimal gap between the
necessary condition A and the sufficient condition B!
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