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One of the central problems in machine learning is how to effectively combine
unlabelled and labelled data to infer the labels of unlabelled ones. In recent
years, there has a growing interest on the transduction method. In this article,
the transductive learning machines are described based on a so-called affinity
rule which comes from the intuitive fact that if two objects are close in input
space then their outputs should also be close, to obtain the solution of semi-
supervised learning problem. By using the analytic solution for this problem,
an incremental learning algorithm adapting to on-line data processing is
derived.
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INTRODUCTION

One of the most important subjects in current data mining research is
semi-supervised learning in which some of the observations have been
labelled by the supervisor, while the labels of others are not obtained for
various reasons. We respectively call these two kinds of observations the
labelled data and unlabelled data. The main problem to study is how to infer
the proper label of the unlabelled data using the observations including
labelled and unlabelled data and relevant knowledge. The classical method
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for solving this problem is so-called induction-deduction method in which
the labelled data are first analyzed to find a generalized rule and regard this
rule to be justified for future observations (that is, from particularity to
generality), and then this general rule is applied to the unlabelled data to
infer their labels (that is, from generality to particularity).

In recent years, however, the transductive method, proposed by
Vapnik(1998) has gained much concern. For semi-supervised learning, a
general rule which is applied to both the unlabelled data and the possible
other observations is indeed unnecessary in that only labeling those
particular observations of unlabelled data is what we concern. The
transduction method combined the labelled with the unlabelled data are used
to derive the rule from particularity to particularity.

Up to now, there have been several examples of successful realization of
transduction and experimentation on its superiority against traditional
method. Chapell et al. (1999) implemented transductive inference by
minimizing the leave-one-out error of ridge regression, and demonstrated
that this transductive way for estimating values of the regression is more
accurate than the traditional method. Bennettet et al.(1998) introduced semi-
supervised support vector machines (S3VM)) by overall risk minimization,
and demonstrated that S’VM either make an improvement or show no
significant difference in generalization compared to the usual structural risk
minimization approach. Joachims (1999) suggested transductive support
vector machines(TSVM) to deal with text classification. Furthermore, he
presented a new transductive learning method in (Joachims, 2003) which can
obtain the globally optimal solution by spectral methods. An algorithm was
also proposed to robust achieve good generalization performance. Recently,
Zhou et al.(2003a) studied semi-supervised learning problems by Hamilton
method, and he latterly used objects programming involving norm in Zhou et
al.(2003b) to derive the solution. However, it should be pointed out that is
different from our paper. Zhou Guang-ya et al. (1993) gave many affinity-
measures and applying rules which can be used in our discussing the
machine learning problems.

In this paper, we deal with the semi-supervised learning transduction
method based on affinity-rule by measuring the affinity of different objects
in general space, and obtain an incremental learning algorithm. The principle
comes from an intuitive fact that similar objects should have similar outputs.
Because of the loose assumptions, this method has wider applications, more
concise solution. We derive incremental learning algorithm adapting to on-
line data processing. Its results are simple in expression and easy in
calculation.
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2. METHODS AND PROPERTIES

Let X be the input space and Y* be the output space. The obtained
data set is

{(X5LY ) (X2, ¥2), 5 (X5 Y1) Xiwts 5 X }

X, € X", 1<i<]+u; y,eY",15i<,n=l+u,
where L' ={(x,,¥,),(X3,¥2),"",(X;,y;)} is labelled data set and
U* ={X;,1,"**»X/sn} unlabelled data set. {x;,X,,--*,X;} are labelled
objects and y; is the label of X;. We aim at inferring the labels of
unlabelled data. For convenience, we assume that the labels stand for the
different classes and discuss the classification problem. Let the number of
the classes be ¢ and e; be the vector with the i-th element being / and others
being 0. Therefore Y* may be taken as {e,,e,,-:-,e,} in classification
problem. In order to obtain the labels estimates of x; for i>/, a general
labelling variable z; € Re 1s often considered, where
Z; =(Zi5Zi2s "+ 52 )7 is an auxiliary variable to simplify the complexity in
solving this problem, and z; is not necessary to hold the same form as e ;.
Then we use Y, = €ugmaxizuiick<cy a5 the estimates of the labels. The
following conditions are requested for ;. 1) If X; is close to X, then the
general label z; is also close to z ;. 2) For the labelled data, the z; and y;
are as close as possible. The measure of the closeness for two objects can be
taken as various modes including the inclusion degree like that in Zhang et
al.(1996), similarity (or dissimilarity, distance) etc.. The former measures
have wider applications. For example, they can be used for the general
symbolic data in the cases where even the symmetry does not hold. We use
s; =8(X;,X;) to measure the affinity between two input objects X, and
X ; where the matrix (s;) need not to be symmetric, but assume them to be
positive. If the entries of (s;) are not all positive, we may consider
s;=s8;+c,s>—min{s;;1 <i,j<n}. Let t; =#(z;,Z;)be the affinity-
measure between two outputs z; and z;, and f{v), g(v), h(v) be nonnegative
increasing functions of v. The idea based on the affinity-rule is that the
greater the affinity-measure between x; and X, the smaller the — f(s;)
as the dis-affinity-measure between X; and X; , and the smaller the
g(t;) dis-affinity-measure between z; and z;; #(z;,y;) should be as
small as possible for 1 <i </ . Therefore, we obtain a general framework as
follows
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where C is a penalty factor which takes a tradeoff role among the multi-
objects functions.

As a concrete realization, we take the decreasing function of the squared
distance between two objects as the affinity-measure, and || p—q|[* as
the dis-affinity-measure. Let fiv)=hv)=gv)=r(v)=v, p,q)=|p—-ql?,
z; =(ZisZins " 92ic)T, Z = (eraz£9"‘9z£)r = (Z(1)9Z(2)a"'9z(c)) s
Vi =isVizs s ¥ie)T, 150 <1 y; =0, j>21+1 , and
Yo=(Ts¥5s ¥ =YY@ s¥() . We always suppose s; >0
without special declaration. Then we obtain the formal expression for semi-
supervised transductive learning machine based on the affinity-rule as
follows

min 225 12—z, |* +C¢,
21,22, 02,6 i=l j=I : (P)
!

1
s. 1. 72]] z, -y, |>?<é, £20,
i=1

This is a convex programming and there is a globally optimal solution. Its
Lagrangian function is

L=YYslz~z, II2+C§+/1( an, vl - 5) K,
i=l j=I £20,120.

Note that

=

n

>syllzi—z; W—Zzs,,z(z,k—z,m

i=l j=l i=l j=1 k=1

= < ZZ(SU +S/1)Zlk ZZZ(S’/ +Sj,‘)Z,'ijk}.

k=1 =1 j#i =l j<i

Let
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1 .
wy =—(Sy +5u), J26 wi =0, W =(W;)uns
S5

di=Zwi/':j¢i;D:diag(dladZa'”:dn): AZD—W,
J#

[/ — diag(l}l’ P ’1’0,. . ,O),

where there are / I'sin /;, and A4 is a symmetric matrix. Therefore,
c i !
Ly = 2kZ_lZ(§)AZ<k) + 7;“ z2i -y |P+(C-A-p)¢,520,£20.(1)

To obtain the K-T points of (P), we calculate the derivative

o¢
oL 24 '
=4dzuy +—1(Zwy ~Yw))
aZ(k) l

When Z is the K-T points of (P), then

C-—ﬂ,—-,u=0,/120,,uzo,} @)
(2[A+ﬂ[)2(k) =/111y(k)-

and the KKT conditions are hold
1 /
’“;ZH z, -y |2 -£)=0, pw&=0. (3)
i=1

In consideration of the limited space, we will omitt the following some
lemmas and theorems, and prove them in another article.

Lemma 1. The solutions of (P) with the condition (2) are constant values
when A =0, which are trivial solutions. If the number of the labels for the
labelled data is greater than one, then 4 > 0.

Lemma 2. When A > 0, we have
1) (2I4+ Al}) is invertible, and
2) pQRIID + Al)'W) <1.
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We deal with the dual problem of (P) now. Substituting the results of (2)
-into (1), and using (2), we obtain 0 < A < C and

1< 1&
Ly === 2yl Lz += 0. ¥ Ly -
) k=1 lk=1
So, when 0 < A < C, by Lemma 2, the dual programming is

J e 1 ¢
— =Y Ay, 2IA+ AL AL +-> Ayl 1
max lkZ::l Yol ( DALY @ lkz=l YwmiYw | (D).
0<A<C
Lemma 3. For 0 <A <C, L, reaches the maximum when 4 = C.
Theorem 4. For the nontrivial solutions, (Z,£,4, 1) = (2 ,f, C,0) are

the Lagrangian saddle-point of (P), and (Z,&) are the globally optimal
solution of (P), where

2=CQIA+CI)"Y, and &=

o~ |

/
Sl -y |

3. MAIN RESULTS

To discuss the problem with real-time constrain, we study the situations
with information increment. Suppose that the given n=/+u data have been
expressed with the notations in Section 2. Let s =2//C and denote
respectively by 4,,1,(n),Y,, and U, as the aforementioned 4, /,,Y,
and U in the case of n given data where U, =54, +1,(n),
Z(n)=U;'Y, =(s4, +1,(n))"'Y, , I,(n)=diag(l,---1,0,---,0) , and
rearrange these » data in such a way that the labelled data are in the front of
the unlabelled data. We add a star to Z(n+/) to stand for the rearranging
version of Z(n+1) with n+/ data.

Now, we study the semi-supervised learning problem with information
increment for different cases respectively. In consideration of the limited

space, we will only give an outline of some proofs as follows.

3.1) The (n+17)-th point is unlabelled. Let
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Y, Z, I, (n) O
ha=(g ) 2z00=(Z ) 1,<n+1)=(’(()) 0] ,
nt (n+1)x(n+1)

and
An An,n+l
An+l = .
An+l,n dn+l
where A4, ,,; are an affinity vector between the (n+/)-th point and the » data
giVen before, that iS, An,n+l = (al,n+1 s A2 15" 5 Apynst )T ’ An+1,n = AZ:n+1 ) and
dn+l = Zj¢n+l An+l,j .
By the analytic solution of transductive learning machine based on the
affinity-rule, we get
Z("I + l) = [SA,,_H + 1/ (n + 1)]_1 K1+l .
Then

SAZ(n+ D)+ [ (n+D[Z(n+1)-Y,,]=0.
Therefore we have

SA,Z, A $Ap pn2l + 1, (n(Z, -Y,)=0
SAT \Z, +sd, 2T, =0 '

n,n+l

Thus

Z, =[sd, +1,(n)——— Ay A7, Z, Y,

n+l
T
_ - An,n+]Zn

T
zn+]
dn+l

By Sherman-Morrison-Woodbory formula
(M+BCDT)'=M-"'"-M-"'B(C'+DTM-'B)"'DTM-!,
we can write some simple expressions in Theorem 5.

3.2) The (n+I)-th point is labelled, and its label is y,,; . Define an
clementary matrix as
P@,j)=1-(e;—e;)(e;, —¢;)7
Then P(i,j)= P-'(i, ). Let
P, =Pn+L,m)Pn+1,n-1)---Pn+1L,1+2)P(n+1,l+1),
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and Y,,, =(¥,7, y,u)T. With the similar notations in subsection 3.1 and the
method in Section 2, we have

Pn+IZ(n + 1) = [SPnHAnHPn:'ll + 11 (n + l) + I(1+l)]_l Pn+l(§:ny )’

n+l

where 1,1, = e;,el,,. Therefore we have

Z(”l+1) = {SAM-I +I[(n+l)+1(n+l)]—](§"y ) .

n+l

So,
SApnZ, + 54,2l +1,(nNZ,-Y,)=0
SA,{,,HZ,, + Sdnﬂszn + z£+l - yLl =0 ’
we obtain
-1
Z, =\ sd, + 1, (n) - — A, AT | L)Y ———— Ay ]
n n ! 1+ Sd,,ﬂ nn+l“1p el ! n 1+ Sd,H_] nn+ld p+l
1
ZT+ e —— Z+ _SAnTn+ Zﬂ ‘
el 1+Sdn+|(y 1 w1Zn)

Since

(U, —— Ay T,

n 1+Sdn+1 n,n+1 40 n4l
-1
52 52
= rz_l - 1 - A[n—HUrT] An,n+1 U;] An,n+1 AZ-nHUn_l
1+sd,. 1+sd,y ’
S2
=|]- Uu; An,n+lAnTn+l U >
14 5d, ~ 82 AL, U Ay ’

we may give some simple formulae in Theorem 5.

According to the analytic expression for transductive learning machine
based on the affinity-rule, we can adjust the result in such a way that the
labelled data are arranged in the front of the unlabelled data. Then

Z'(n+1)=P,,Z(n+1).
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We now sumarize the cases of 3.1)- 3.2) in the following theorem.

Theorem 5. Suppose that the solution of transductive learning machine
based on the affinity-rule for the » data has been given as
Z(n)=U;'Y, =(sA, +1,(n))"'Y, . Let P, be the products of some
elementary matrices defined as above. The incremental learning solution is
that

1) if the incremental information is the (n+I)-th data which is an
unlabelled point,then

Z,=II+ 1 Ui Ay AT, 1 1Z(n)
dn+l - SA;Z:nHUn_l An,n+] ’

zZ;+l = _ AIJ‘HZ"
dn+l

and

Zrn+)=Zn+1)=(Z],2,.)"
2)if the incremental information is the (n+/)-th data which is a labelled point
and its label is ¥ .41,

2
Z,=|1- >
1+ Sd,H_[ - SZA,Z:,,,,_]U;lAn_.nH

U;] An,n+lAnT‘n+l i| [Z(n) -

N

—Un-lAnn+ Z;+ e
1+ sd,., Y]

1
zT+ = T £+ ~SAnTn+ Zn
ntl 1+ sd (Y7 i ln)

When arranging the labelled data in the former part and the » abeled data in

the latter part of the solution vector, we obtain
Z*(n+ 1)= 1)n+IZ(n+ 1) = Pn+1 (ZZ. ’Z n+l)r'

4. CONCLUSION

We have described a semi-supervised learning problems by the
transduction method in which both the labelled and the unlabelled data are
used to derive the rule from particularity to particularity. Qur transductive
learning machine based on affinity has several advantages. It is adaptable to
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general input space objects and even can be extended to the situation with
default values like those in Zhou et al. (1993). This method only requires a
measure of affinity between the input objects and the input observation
labels given by the supervisor to infer the proper labels on the other
unlabelled objects. We have derived an incremental learning algorithm.
Unlike other methods, when a new data comes, our method does not need to
use both the original and the new data to solve the entire problem but uses
the previous result and the new data to recurrence solution, and therefore is
more adaptive to on-line processes.
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