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Abstract

This paper is devoted to a game-theoretic approach to the level-set curvature flow equa-
tion with nonlinear dynamic boundary conditions. Under the comparison principle for the
dynamic boundary problem, we construct a family of deterministic discrete games, whose
value functions approximate the unique viscosity solution. We also apply the game approx-
imation to study the convexity preserving properties and the fattening phenomenon for this
geometric dynamic boundary problem.
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1 Introduction
1.1 Background and motivation

We are interested in a deterministic game-theoretic interpretation to curvature flow equations
with dynamic boundary conditions. Throughout this paper, we assume that

(A1) Qis a domain in R? with boundary of uniformly C? class.

We will later strengthen the regularity of €2 to C>! when necessary.
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‘We consider

uy — |Vuldiv(Vu/|Vul) =0 in Q x (0, 00), (1.1)
(CF) ur+ H(x,Vu) =0 on 992 x (0, 00), (1.2)
u(-,0) = ug in Q, (1.3)

where 1o : € — R is assumed to be bounded and Lipschitz, and H : @ x R> — R is
a given continuous Hamiltonian describing the dynamics on the boundary. A more precise
form of H will be given in (1.5) later.

The equation (1.1) is a level set formulation of the motion of a planar curve by its curvature.
In fact, when u is smooth, letting, for any ¢ > 0,

I ={x cR?: u(x,t) =0},

we see that on Iy, u,/|Vu| and div(Vu/|Vu|) respectively denote the normal velocity and
curvature of the curve provided that Vi # 0. In general solutions of (1.1) may not belong
to C? class and one needs to apply the viscosity solution theory in order to overcome the
singularity at Vu = 0 as well as the lack of regularity; see [9,15,20] for a detailed introduction
on the viscosity approach. In Sect. 2.1 we briefly review the definition of viscosity solutions
and well-posedness results of (CF).

Parabolic equations with dynamic boundary conditions are studied in different contexts;
see forinstance [10,12,14,16-18,43,44]. A viscosity solution approach is proposed in [4,5] to
handle dynamic boundary problems for a general class of fully nonlinear parabolic equations
without singularity. Motivated by applications in superconductivity and interface evolution
[13] studies a class of dynamic boundary problems for the Hamilton—Jacobi equations. We
also refer to [1,6] for results on asymptotic behavior for the Hamilton-Jacobi equations with
dynamic boundary conditions. In addition, uniqueness and existence of viscosity solutions
to degenerate dynamic boundary problems are recently considered in [25].

As for singular parabolic problems like (CF), the well-posedness is much less known
except for the case when 2 is a half space and the dynamic boundary condition is linear [22].

In this paper, we aim to construct a family of discrete deterministic two-person games
whose value functions approximate the viscosity solution of (CF). We restrict ourselves to
the two dimensional case only for simplicity of our game rules. It is actually possible to
generalize our results in higher dimensions.

Such a deterministic game-based approach is proposed by Kohn and Serfaty in [28] for the
mean curvature flow equation and in [29] for general parabolic and elliptic equations. We also
refer to stochastic Tug-of-war games studied by Peres et al. [39,40] for normalized p-Laplace
equations with 1 < p < oo; see related results on the so-called asymptotic mean value
properties in [30,36,37]. The game approximations turn out to be useful in understanding
various properties of the associated nonlinear PDEs, as shown in [3,33-35,38,41] etc.

The games mentioned above are considered either in the whole space or in a domain with
Dirichlet boundary conditions. Concerning the Neumann type boundary problems, determin-
istic game interpretations for curvature flow equations and more general parabolic equations
are studied respectively in [24] and in [11]; see also [2,8] for stochastic discrete games asso-
ciated to the infinity Laplacian. The mean value property is recently studied for the Robin
boundary problems in [31,32].

In our recent work [26], we establish a deterministic game interpretation of more general
fully nonlinear parabolic equations with dynamic boundary conditions and discuss applica-
tions to related problems on asymptotic behavior. However, the results and method in [26] do
not directly apply to singular parabolic equations such as (1.1). In the present work, we thus
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attempt to resolve the singularity in (1.1) and further develop the game approach to dynamic
boundary problems.

1.2 The PDE setting

Let us give a more precise description of our basic PDE setting, especially the boundary
condition (1.2). Assume that A is a compact metric space. Let v(x) denote the unit outward
normal to 92 at x € 9€2. For later use, we take for every A > 0

Q) ={x € Q:dist(x,90Q) > A}. (1.4)
The Hamiltonian H in (1.2) is in the form of

H(x, p) = max({p, v(x) — f(x,a)), (1.5)

where (-, -) denotes the inner product in R? and f : © x A — R is a bounded Lipschitz
function satisfying several assumptions to be introduced later.

Inspired by [28], we aim to give a discrete game interpretation of this problem. Since the
game dynamics in the interior of the domain has already been clarified in [28], we place
our emphasis on how to generate the boundary condition (1.2). The games on the classical
Neumann condition are studied in [24] for the curvature flow equation and in [11] for more
general parabolic and elliptic equations.

We extend the definition of v into the interior of domain near the boundary. More precisely,
since €2 is of class C2 uniformly, the signed distance function

sd(x, 9Q) = dist (x, RZ\ Q) — dist (x, Q) (x € R?)

is known to be of class C2 near 02. We thus may let v = —V sd(-, d€2) near 92 and extend
it to a Lipschitz function in 2.
We assume throughout this work that

(A2) f is bounded and continuous in  x A with

sup [f(x,a)| <1, (1.6)
(x,a)€dQ2x A

and there exists L y > 0 such that
|f(x,a) = f(x' a)l < Lylx —x'
forallx,x’ € Qanda € A.
The assumption (A2) implies that there exists p > 0 such that
H(x,p+sv(x))— H(x,p)>ps foralls > 0andx € Q. (1.7)

In fact, we may choose

p=1-— sup |f(x,a)| >0 (1.8)
(x,a)€dR2xA
to obtain (1.7). This amounts to saying that in (1.2) the classical Neumann part (Vu, v)
dominates the whole boundary condition uniformly for all a € A. These assumptions are not
only important for our game interpretation but also for uniqueness of viscosity solutions; we
refer to [4,5] for a comparison principle for nonsingular equations that essentially requires
this domination.
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A typical example of dynamic boundary conditions in our mind is
u; + (Vu,v) + K|Vu| =0 on a2 x (0, 00) (1.9)

withany 0 < K < 1, for which we take in (CF) A = Bj and f (x, a) = Ka. Here B, denotes
the open disk centered at the origin with radius » > 0. In the sequel we also denote by B, (x)
the open disk centered at x with radius r.

The well-posedness for (CF) is in general a challenging problem due to the singularity at
Vu = 0. A comparison theorem is established in [22] in the special case when 2 is a half
space and the dynamic boundary condition (1.2) is linear; see Theorem 2.2 for the precise
statements in two space dimensions (n = 2). Although our game setting below is quite
general, except for this special case, we need to assume the comparison principle in order to
conclude the convergence of game values.

1.3 Main result

Let us below describe our two-person game for the dynamic boundary problem (CF).
We first fix a step size ¢ > 0. Since QE a C? domain, Q;, given as in (1.4) is also of class
C? for A > 0 small. We set, for any x € Q,

) . {l dist (x, 89)} (1.10)
x)=min{l, — .
Ne «/58
and take
te=1-n> inQ. (1.11)

The game starts from a fixed state yo = x €  with duration ¢ > 0. The total of steps is
N = [t/€?]. Atthe k-th step (k = 1,2, ..., N),

e Player I chooses a unit vector vy € RZ and a; € A;

e Player II sees the choice of Player I and then picks by = £1;

e Once the choices of both players are determined, the game position is moved from y;_;
to

Ve = Vi1 + V2ene k- Dbrve — €2 (k1) k1) — f k1. @) «
where 0 < 1., ¢ < 1 are the functions given in (1.10) and (1.11).
Owing to the inclusion of the function n,, we can easily verify that
x+ ﬁsng(x)bv - szgg(x) W) — f(x,a) e

forallx € Q,a € A, b = =1, [v] = | and for ¢ > 0 sufficiently small. Indeed, by (A2), we
get

dist (x FV2em.(0)bY — 22.(x) W(x) — f(x, a)), asz)
> dist (x + /261, (x)bv, asz) + 822, (x) (), v(x) — Fx,a)) + o)

> dist (x, 92) — v2en, (x) > 0.

We thus can repeat the game rules till the final step.
The choices of both players, ax, vx and bj fork =1,2,--- N, determine a sequence of
game positions yo(= x), y1, y2, - , yN € 2. Suppose that Player I needs to pay to Player

SN Partial Differential Equations and Applications
A SPRINGERNATURE journal



SN Partial Differential Equations and Applications (2021) 2:30 Page50f27 30

II the amount uo(yy) of money when the game ends. Player I certainly intends to minimize
the cost ug(yxy) while Player II is to maximize it.
We then define the value function of the game by

u®(x, r) = min max min max - - - min max ug(yy). (1.12)
vi,ar by v2,a2 by UN,AN by

It is clear, by (1.12), that

u®(x,t) = min max u® (x—i—«@sng(x)bv —&20,(x) W(x) — f(x,q)),t — 82), (1.13)
=1 b=
aeA

which is the so-called dynamic programming principle (DPP) of our game.

Since ug is bounded in €2, by definition we easily see that u® is also bounded in Q %[0, 00)
uniformly in &. We thus can define the relaxed half limits & and u of the value function u® as
below: for every (x, 1) €  x [0, 00),

u(x,t) = limsup* u®(x, 1)
e—0
:gin})sup{ug(y,s): yeQ, s>0, |y—x|+|s—t|+e& <6},
v,

(1.14)
u(x,t) = liminf, u®(x, 1)
£—0

:(Slin})inf{us(y,s): yeQ, s=>0, |y—x|+]|s—t|+¢& <8}
=

Using the dynamic programming principle and a comparison principle, we show the
following result.

Theorem 1.1 (Game approximation) Assume (A1) and (A2). Assume that ug is bounded and
Lipschitz continuous in Q. For any & > 0 small, let u® be the value function defined as in
(1.12). Let u and u be the relaxed limits of u® defined by (1.14). Then u and u are respectively
a subsolution and a supersolution of (1.1)-(1.2) with H given by (1.5) and satisfy

u(-,0) =up=u(-,0) inQ. (1.15)

In addition, if the comparison principle for (CF) holds, then u® — u locally uniformly in
Q x [0, 00) as € — 0, where u is the unique viscosity solution of (CF).

Remark 1.2 A so-called inverse game is also available to approximate the solutions of (CF);
see [28] for the case of the Cauchy problem. More precisely, if we keep the game rules above
but switch the goals of both players, then we can define the value function in this case to be

u®(x,t) = max min max min - - - max minug(yy). (1.16)
vi,aip by v2,a2 by UN.AN by

As in Theorem 1.1, one can again show that the relaxed half limits of u° are sub- and
supersolutions of (1.1)—(1.2) respectively with

H(x, p) =min (p,v(x) = f(x.a)). (1.17)

The convergence of u® to the unique solution u is again an immediate consequence provided
that the comparison principle holds.
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1.4 Heuristics

In what follows, we give a heuristic proof of Theorem 1.1, deriving the equations (1.1) and
(1.2) from the game setting. Let us assume that u®, u are smooth with Vu® # 0, Vu # 0 and
u® — u as ¢ — 0 in a sufficiently strong sense.

Under these assumptions, we start with Taylor expansion of the right hand side of (1.13):

0 = min max [fzgng(x)b (Vuf (x, 1), v)+ e2n?(x) (V2u (x, 1)v, v)
v,a

— &2, () (Vi (x, 1), W(x) — f(x,a))) } —&2uf(x, 1) + o(e?).
It follows that
0= mvin {ﬁgne(x)’ <Vu8(x, 1), v) ‘ + szng(x) <V2u8(x, Hv, v) }

— &2 () H (x, Vuf (x, 1)) — e2uf (x, 1) + o(e?).
This implies that the minimizer v satisfies
v A VUt (x, 1),

where V1u denotes (—uy,uy) forany u € CH(R?). Denoting

F(p,X):-tr[(l— plszp))(] (1.18)

for (p, X) € (R? \ {0}) x S2, where S" stands for the set of n x n symmetric matrices, we
have

0= —e2n2(x)F (Vu' (x, 1), V2uf (x, 1)) — &2 (x) H (x, Vil (x, 1)) — e2uf (x, 1) + o(e?).
(1.19)
Here we applied the fact that for all (p, X) € (R?\ {0}) x S?,

1 1
-2 - (e 40)
¥4 Ipl |pl

where p' denotes a vector orthogonal to p with length equal to |p|.
For any fixed x € €, since n(x) — 1 as ¢ — 0, dividing the equation (1.19) by &2 and
passing to the limit, we get

u(x, 1) + F (Vu(x, 1), Vu(x, 1)) = 0,

which is precisely (1.1).
On the other hand, if x € 02, then n.(x) = 0. Hence, in this case (1.19) yields the
dynamic boundary condition (1.2), i.e.,

u;(x,t)+ H(x, Vu(x, 1)) =0.

We remark that although the derivation of the boundary condition is quite straightforward
in our formal argument above, the rigorous proof is more involved. As a matter of fact, since
the real proof is essentially based on stability arguments, one has to consider the situation
when u(x, 1) is tested via the test functions on u® at a sequence of approximating locations
xe € , rather than x, € Q. Note that we do not have any controls on the converging speed
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of x — x, which means that the limit of ¢, (x;), via a converging subsequence, can be any
¢ € [0, 1] rather than simply 0.

However, it turns out that this is not a problem at all, since we will eventually consider
the dynamic boundary condition in the generalized (viscosity) sense. More precisely, when
we intend to show, for example, that u is a subsolution at (x, ) with x € 9€2, if there holds

0 < —e2n2 () F (VU (g, ts), VU (X, 1:)) — 28 (xe) H (s, VU (X, 1))

—&%uf (X, 1:) + 0(e%)

and (xg, t;) — (x,1) as e — 0, then even if ¢ (x;) — ¢ with 0 < ¢ < 1, by dividing both
sides by &2 and letting ¢ — 0, we have, thanks to (1.11),

u;(x,t)+ (1 —c)F (Vu(x, 1), Vzu(x, z)) +cH(x,Vu(x,t)) <0,
which is equivalent to
(1= ¢) (ur(x, 1) + F (Vulx, 1), Vu(x, 1)) + ¢ u (x, ) + H(x, Vu(x, 1)) <O0.
It is clear that either
u(x, 1)+ F (Vu(x, 1), VZu(x, 1)) <0
or
u;(x, 1)+ H(x, Vu(x, 1)) <0

holds, which verifies that u satisfies the subsolution property on the boundary in the viscosity
sense. The proof for the supersolution part is similar.

1.5 Applications

Our game approximation not only provides an existence result for (CF) but also has applica-
tions in understanding various properties of the evolution. In Sect. 4, following the method
in [34], we discuss the preservation of convexity for the curvature flow with the dynamic
boundary condition. The idea is to establish an approximate convexity estimate for the level
sets of u®(-, t) forall > 0 and then pass to the limitas ¢ — 0. However we need to overcome
several difficulties due to the presence of the boundary condition.

Since €2 is not assumed to be convex, in general one cannot directly consider the convexity
of sub- or super-level sets of u®(-, ) in 2. We therefore give a different definition of set
convexity, which we call convexity relative to €2. Roughly speaking, a closed set is convex
relatively to €2 if the portion of its boundary in €2 is convex; see Definition 4.1. It turns out
that it is a proper notion for us to study the convexity preserving property with boundary
conditions.

Although itis a well-known property that mean curvature flow in the whole space preserves
convexity [21,27], it fails to hold for general boundary value problems (cf. [34, Example 5.7]).
In order to give an affirmative convexity result for the dynamic boundary problem, we thus
impose an additional assumption on the initial value so as to ensure that the initial curve
bends in a “correct” way. A precise statement is given in Theorem 4.2.

In Sect. 5, we use the game interpretation to understand the so-called fattening phe-
nomenon for (CF). As shown in [15,19], either for the Cauchy problem or for the Neumann
problem of motion by curvature, there exist solutions whose zero level set is initially a curve
but develops nonempty interior during the evolution. Such singular behavior is rigorously
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verified using the corresponding game-theoretic interpretation [33]. In this work, we use
our game to discuss the fattening or non-fattening phenomenon for the curvature flow with
dynamic boundary conditions. We choose specific game strategies for both players to obtain
uniform estimates on upper and lower bounds of #° for all ¢ > 0.

2 The game interpretation

In this section we give a rigorous and detailed proof of Theorem 1.1. For the reader’s
convenience, in what follows we first give the definition of viscosity solutions of (CF) and
briefly review several known results on its well-posedness.

2.1 Viscosity solutions to dynamic boundary problems

Let F : (R2\{0}) x S — Rbeasin (1.18). It is clear that F is continuous in (R?\ {0}) x S?
and

F*(0,0) = F,.(0,0) = 0.
Here F* and F, respectively denote the upper and lower semicontinuous envelopes of F.
Definition 2.1 A locally bounded upper semicontinuous (resp., lower semicontinuous) func-
tion u on  x (0, c0) is said to be a subsolution (resp., supersolulion) of (1.1)—(1.2) if
whenever there exist (xg, #p) € 2 x (0, 00) and a function ¢ € C*°(2 x (0, 00)) such that

u — ¢ attains a strict maximum (resp., minimum) in  x (0, co) at (xo, fo), then the following
inequalities hold:

o If xo € 2, then we have
@1 (x0, 10) + Fi(Ve(x0, 10), V29(x0. 10)) < 0
(resp.. @ (x0. t0) + F*(Vo(xo. 10). VZ9(x0. 1)) = 0).
o If xo € 0L2, then we have
@1 (x0. 10) + min { Fy (Vo (x0. t0), V2 (x0. 10)) . H (x0. Vo (x0. 1))} <0
(resp., @i (xo. f0) + max { F* (Ve (xo. t0), VZ¢(x0. 10)) . H (x0. Vo(x0. 1))} = 0).
A continuous function on € x (0, 0o) is called a solution of (1.1)-(1.2) if it is both a

subsolution and a supersolution.

Moreover, a locally bounded upper semicontinuous (resp., lower semicontinuous) func-
tion # on © x [0, c0) is said to be a subsolution (resp., supersolution) of (CF) if it is a
subsolution (supersolution) of (1.1)—(1.2) and satisfies u(-, 0) < ug (resp., u(-, 0) > up) in
Q. A continuous function on € x [0, 00) is called a solution of (CF) if it is both a subsolution
and a supersolution of (CF).

It is certainly an important question whether the viscosity solutions defined above are
unique. This turns out to be a challenging open question. Let us consider the case when the
boundary condition is linear (with f = 01in (1.5)), i.e.,

H(x,p) = (p,v(x)) forallx € Q, p € R". (2.1)
A comparison result in this case is recently established in [22] when €2 is a half space.
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Theorem 2.2 (Comparison theorem in a half space [22]) Suppose that Q2 is a half space, i.e.,
={(x1,x2,...,x,) € R" : x,, > 0}. (2.2)

Let u and v be respectively a subsolution and a supersolution of (1.1)—(1.2) with H given
by (2.1). Assume in addition that there exists M € R such that for any T > 0, u(-,t) — M
and v(-,t) — M are compactly supported in §f0r all0 <t <T.Ifu(-,0) <v(-,0)on Q,
thenu < vin Q x [0, 00).

It is however an open question whether the comparison principle holds in a more general
domain and for more general nonlinear dynamic boundary conditions.

2.2 Arigorous proof of sub- and supersolution properties

We next prove Theorem 1.1 rigorously. We first define a monotone operator § ¢ C(Q) —
C(2) to be

SWI = min max y (x4 V2ene )by = (0 (00) = f(x, @)
acA

xeQ Y eC). (23)
It is clear that

e S%[c] = c in Q for any constant ¢ € R;

o Sy +c] = S[Y] +cinQforany ¥ € C(Q) and ¢ € R.

o S¢[Yr1] < S¢[y] in Q provided that /1 < v/ in Q.

e For any ¢ € C(R) and any nondecreasing function & € C(R), we have

h(S°[y]) = S°[h(y)] in Q. (24)

The last property above can be viewed as a discrete version of the geometricity of the level-set
mean curvature operator. It is known that the evolution of a particular level set described by
(1.1) does not depend on the choice of u but only on the initial level set. Our game for the
dynamic boundary problem keeps the same feature.

In addition, the following property of S¢ holds.

Lemma 2.3 (Consistency) Assume (Al) and (A2). Let n. and ¢ be given by (1.10) and (1.11).
Letyr € C*(Q2) and S¢ be the operator defined in (2.3). Fixx € 2. Then, fore > 0 sufficiently
small,
SEYIx) — Y (x) < =2 nF () Fu(Vir(x), V2P () — 22 (0) H (x, Vi (x)) + o(e?),
2.5
SIYIC) = Y(0) = =2 (D FH (VY (1), VY (0) — 26 (1) H (x, Vi (x)) + o),
(2.6)
where F is given by (1.18).
In order to prove Lemma 2.3, we first present an elementary result for our later use.
Lemma 2.4 (Lemma 4.1 in [23]) Suppose that p is a unit vector in R* and X € S*. Then

there exists a constant C > 0 that depends only on the norm of X, such that for any unit
vector & € R?,

[(Xp*, pt) — (XE,&)| < CIE, p)l. 2.7
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Proof of Lemma 2.3 Fix arbitrarily x € Q. By Taylor expansion on (2.3), we have

ST = Y(x) + min {ﬁsns(X)l (Vi (), v) | + &2 () (V2 (o), v) } 08)
— &0 () H (x, Vi () + o(e?).
Part 1. Let us first show (2.5). If Vi (x) # 0, then by taking v perpendicular to Vi (x),
we get
Vi) Vigo)
VY ()l IV (x)]
which immediately yields (2.5). If Vi (x) = 0, then (2.8) reduces to

ST = @) + &0z () min (V2 (v, v) = 260 H(x, Vi () +0(e), (29)

SE[Y 1) <y (x)+e%n2 (x) <v2w<x) > — 28 () H (x, VI (x)) + o(e?),

which also implies (2.5), since

[v|=1 [v|=1

min (Xv, v) < max (Xv, v) = |m|a>§ tr[(l —v®v)X] = —F,(0, X).
v|l=

We thus get (2.5) in either case. The modulus in the error term depends only on the continuity
of V2 near x.

Part 2. Let us now prove (2.6). Suppose that Vyr(x) # 0. Applying Lemma 2.4 with
E=v,p=VYx)/|IV¥(x)| and X = V2 (x), we have

V4L (x) w<x>> (VY (x), v) |

Vol VeI~ Vgl

where C > 0 depends on |V2w(x)|. Adopting this estimate in (2.8), we are led to

(VY (0)v, v) — <v2w(x)

3

2
SVI00) = ) = min e () (ﬁe - %) (VY (), v)]

Vi) VEiy(x)
VYol |V1/f(x)|>

— &0 (D H (x, Vi () + o(e?).
This clearly implies (2.6) for & > 0 small. When V¢ (x) = 0, (2.6) is again an immediate

consequence of (2.9). It is not difficult to see that the error term depends on the continuity
of V24 around x. O

+ &0z (x) <v2w(x>

The estimate (2.6) in Lemma 2.3 requires the smallness of ¢ > 0 that depends on local
behavior of Vi and V2 around x. Let us provide a rough but uniform estimate for more
regular test functions in the following class:

PN Q) =y € C(Q) : VY € W>X(Q)). (2.10)

Lemma 2.5 (IncremerLtbound) Assume (Al) and (A2). Let n. and ¢, be given by (1.10) and
(1.11). Let ¥ € C21(Q) as in (2.10) and S¢ be the operator defined in (2.3). Then for any
>0,

IS [ 1) — ¥ ()] < Ce?, @.11)
where C > 0 depends on the uniform bound of Vyr and V* in Q.
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Prooi As shown in Part 1 of prooi of Lemma 2.3, the error term in (2.5) is uniform for all
x € Q, since V24 is Lipschitz in . Then (2.5) immediately implies

SE[Y1(x) < ¥(x) + Cré?

for some C; > 0 depending on the uniform bounds of F,(Vy(x), V2 (x)) and
H(x, Vi (x)) forall x € Q.
We cannot utilize (2.6) directly to show the existence of C, > 0 such that

SE[Y1(x) > Y(x) — Cae?

holds uniformly for all ¢ > 0 small. However, we can still apply (2.8) to get this estimate
due to the boundedness of Vi and VZyr together with the uniform continuity of Viy. O

We next show that & and u are respectively a subsolution and a supersolution of (1.1)—(1.2).

Proposition 2.6 (Sub- and supersolutiog properties) Assume (Al) and (A2). Assume that ug
is bounded and Lipschitz continuous in Q2. Let u® be the value function defined in (1.12). Letu
and u be defined as in (1.14). Then u and u are respectively a subsolution and a supersolution

of (1.1)~(1.2).

Proof Letus ﬁlM show that « is a subsolution. Suppose that there exist (x0, f0) € Q% (0, 00)
and ¢ € C*° (2 x (0, 00)) such that u — ¢ attains a strict maximum on 2 x (0, 00) at (xo, ).
Then there exists r > 0 such that

u(xo, to) — ¢ (xo, f0) > u(x, 1) — p(x, 1)
for all (x, t) € Q, with (x, t) # (xo, t9), where
0, = By (x0, 1) N (2 x (0, 00)) .
It follows that there exists (x, ;) € Q x (0, 00) such that (x;, #;) — (x0, fo) as € — 0 and
U (e, 1) = P (e, 1) = sup(u® — ) — .

By (1.13), we have
Bxe. 1) < min max ¢ (xe +v/2ene(xe) = 2 (V) + 260 f (v, @), 1 = 7) + 6

acA
Adopting Lemma 2.3 with ¢ = ¢ (-, te — 82) and x = x,, we get

21 (X, te — €7) < — ML) Fa(Vp(xe, 1 — £7), V2 (xe, 1e — £7))
— &0 (xe) H (xe, VO (x5, 1 — £7) + 0(e7).

Dividing the inequality above by &2, we are led to

¢+ 0 Fu(V, V29) + e H(xe, V) < 0(1) at (xe, 1e — &%), (2.12)
We can easily deduce the viscosity inequality

1 (x0, 10) + Fx (Vo (x0, 10), V> (x0, 1)) < 0

by sending ¢ — 0 in (2.12) when xg € . In the case xo € 9€2, there exists 0 < ¢ < 1 such
that ¢; (x;) — ¢ by taking a subsequence if necessary and therefore

b1 (x0, 10) + (1 — ) Fx (Vo (x0, 10), V2 (x0, 10)) + cH (x0, Ve (x0, 9)) < O,
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which implies that

¢y (x0, 1) + min { Fu (Ve (x0. 10), V2 (x0. 1)), H (x0, Ve (x0.10))} < O.

We complete the verification that % is a subsolution. The proof for u is symmetric and therefore
omitted here. o

Proposition 2.7 (Initial value) Assume (Al) and (A2). Assume that ug is bounded and Lips-
chitz continuous in Q. Let u® be the value function as in (1.12). Let i and u be defined as in
(1.14). Then (1.15) holds.

Proof Fix x € Q. Since u is Lipschitz continuous in €, there exists L > 0 such that
uo(x) < o(x0) + Llx — xo| < uo(x0) + L(1x — xof +6%)? 2.13)
for any § > 0. Set, for any x € Q,
Y () = o) + Lilx — xol? +6%)3.

Then it is clear that ¥ € C>!1(Q).
By Lemma 2.5 together with the monotonicity of S¢, we have

ut (-, 8%) = S°luol < S°[Y] < ¥ + Cs®
in Q for some C > 0 independent of ¢ > 0. Repeating the estimate, we are led to
uf(x,t) < ¥ (x)+Ct
for all (x, 1) € Q x [0, o0) when & > 0 is small, which implies
u(xo, 0) < ¥(x0) = uo(xo) + Lé.
Letting § — 0, we end up with
u(xo, 0) < uo(xo).

We omit the proof for the part with u(x, 0), since it is symmetric. O

Proof of Theorem 1.1 If the comparison principle holds, then combining the results in Propo-
sition 2.6 and Proposition 2.7, we have 7 < 1 in  x [0, 00). Since u > u holds b}Ldeﬁnition,
we obtain the locally uniform convergence of u? to the unique solution of (CF) in 2 x [0, 00).

]

Our game approximation certainly includes the case with the boundary condition (1.9).
Example 2.8 (Game with a boundary driving force, case 1) In particular, when
A=Bi, f(x,a)=Ka with0<K < l1forallae Aandx € 3, (2.14)
Theorem 1.1 gives an approximation for (1.1) with the boundary condition (1.9).
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2.3 Game convergence in a half plane with linear boundary condition

As stated in our main theorems, a comparison principle is needed to conclude the convergence
of the value functions. General uniqueness for the dynamic boundary problem (CF) is a
challenging open problem. We below consider a special case when the boundary condition
is linear, as given by (2.1), and the domain €2 is a half space.

When (2.1) holds and 2 C R” is a half space, by applying the comparison principle in
Theorem 2.2, we can obtain the following convergence result.

Corollary 2.9 (Game convergence in a half plane) Suppose that @ C R? is a half plane.
Assume that uq is Lipschitz continuous in Q and there exists M € R such that ug — M is
compactly supported in Q. For any ¢ > 0 small, let u® be the value function defined as in
(1.12) with f = 0. Then u® — u locally uniformly in Q x [0, 00) as € — 0, where u is the
unique viscosity solution of (CF).

The assumption that ug — M is compactly supported is used to show thatu(-, 1) = u(-, 1) =
M outside a compact set in €2, which is required in Theorem 2.2.

Proposition 2.10 (Constant ‘game values outside compact sets) Assume that (Al) and (A2)
hold. Let ug be Lipschitz in Q and u® be the value function defined as in (1.12) with f = 0.
Assume that there exists M € R and a compact subset IC C Q such that

up=M inQ\K.
Then for any T > 0, there exists a compact set Ky C Q such that
ub(x,t) =M foralle > 0small,x € Q\Krand0 <t <T.
In particular, the relaxed limits u and u satisfy

ux,t)=u(x,t) =M forallx € Q\Krand0 <t <T. (2.15)

Proof Letus fix x € Q such that dist (x, ) > 1, which implies that B; (x)NQ C Q\ K. We
consider the game in Sect. 1.3 starting from x. Suppose that at the k-th step Player I chooses
vg such that (v, yk—1 — x) = 0. Then no matter which by = %1 is picked by Player II, we
have

e =P = [kt = x = €26 rev i) + 2672 (1) + (),
which implies that
vk = x? < Iyt — x4+ 267 r-DIye—1 — x| + 2670, (k—1) + 0(67). (2.16)
It follows that for ¢ > 0 sufficiently small,
lve = xI2 < |yk—1 — x> + 3%, when |y_1 — x| < 1. 2.17)
We thus have
vk — x|* < 3ke?

provided that |y; —x| < 1 forall j = 1,2, ..., k — 1. The estimate above amounts to saying
that the game position yy stays in By (x) N €2 for all k fulfilling 3ke? < 1. By definition of u®
and the choice of x, we have

ut(x, 1) < M, ift<1/3. (2.18)
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On the other hand, Player II can take by = =£1 satisfying
bic (v, i1 — x — €28 (k—1)v(—1)) < 0
so that (2.16) and (2.17) hold for any choices of Player I. This time we have
ub(x, 1) > M, iftr <1/3. (2.19)

Combining (2.18) and (2.19), we deduce that u®(x,7) = M forallt < 1/3and x € Q
satisfying dist (x, ) > 1.

‘We may iterate the argument above to show that for any fixed 7 > 0 and any ¢ > 0 small,
u®(x,t) =M forallt < T and x € 5\ K7, where K7 = {x € Q : dist (x, K) < 3T}. The
estimate (2.15) is an immediate consequence. ]

3 General dynamic boundary conditions

Let us discuss several possible choices of H other than that in (1.5).

3.1 Concave boundary Hamiltonians

As already mentioned in Remark 1.2, one may also construct an inverse game for (1.1) with
the dynamic boundary condition (1.17). Let us mention that there is another way to build
games for (1.1) and (1.17). Instead of switching min, , max; to max, , min, as in the inverse
game, we may keep the original order but move the set A to the control of Player II. More
precisely, the game rules are as follows.

Atthe k-thstep (k = 1,2, ..., N = [t/€%]),

e Player I chooses a unit vector vy € R2;
e Player II sees the choice of Player I and then picks by = +1 and a; € A;
e The game position is moved from y;_ to

Yk = Ye—1 + V2 (e Dbrvr — €28 (1) 0V (—1) — £ k-1, ax)) ,
where 0 < 1., ¢ < 1 are the functions given in (1.10) and (1.11).
The value function is defined to be

u®(x, t) = min max min max - - - min max uo(yy) 3.1
vioai,by V2 ax,br UN an,by

for any (x, t) € Q x [0, 00), which clearly yields a new DPP as below

u®(x,t) = min max u® (x + V2en:(x)bv — €22, (x) (v(x) — f(x,q)),t — 82) .

[v|=1 acA
b=
3.2)

One can follow the proof in Sect. 2.2 to show the following.

Theorem 3.1 (Game approximation with concave dynamic boundary conditions) Assume
(A1) and (A2). Assume that uq is bounded and Lipschitz continuous in Q. For any & > 0
small, let u® be the value function defined as in (3.1). Let u and u be the relaxed limits of u®
as in (1.14). Then u and u are respectively a subsolution and a supersolution of (1.1)—(1.2)
with H given by (1.17). Moreover, u and u satisfy (1.15). In addition, if the comparison
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principle for (CF) holds, then u® — u locally uniformly in Q x [0, 00) as & — 0, where u
is the unique viscosity solution of (CF) with (1.17).

Example 3.2 (Game with a boundary driving force, case 2) By applying Theorem 3.1 with
(2.14), we obtain a game interpretation for the curvature flow with a boundary condition
symmetric to (1.9), that is,

u; + (Vu,v) — K|Vu| =0 on a2 x (0, 00)
with0 < K < 1.

3.2 General boundary conditions

It is possible to generalize the game interpretation for even more general nonlinear dynamic
boundary conditions such as (1.2) with

H(x, p) = maxmin {{p. vap(x) — f(x, 2. B)) — g(x. . B}, (3.3)

where A, B are compact metric spaces, yyp denotes a general outward unit oblique normal
dependingon o € Aand B € B,and f,g: Q2 x A x B — R are assumed to be bounded
and Lipschitz with respect to x uniformly for « € A and B8 € B. Concerning yyg, we assume
that y,g can be extended to a C? function in a neighborhood of 92 and

inf (x), v(x)) — su |f(x,a,B) >0 3.4

(x,ot.ﬁ)e(‘)QX.AXB<VO('B ) (x,ot,ﬁ)eangxB f

such that (1.7) holds for some p > 0 in this general case as well. We remark that the condition
(3.4) can actually be relaxed to

(Yop(x) = fx, 0, ), v(x)) > 0

inf
(x,0,B)€0RXAXB

without losing (1.7).
Based on the setting in Sect. 1.3, we can modify the rules as below. To be more precise,
we start from x €  and end the game after N = [¢/&”] steps. At the k-th step,

e Player I chooses a unit vector vy € R? and o, € A;

e Player II sees the choice of Player I and then picks by = 1 and g € B;

e Once the choices of both players are determined, the game position is moved from y;_1
to

Yk = Vi1 + V2en: (1) brvg — &2 (V1) Ve e k1) — f k-1, i, Br)),

where 0 < 1., ¢ < 1 are the functions given in (1.10) and (1.11);
e Meanwhile, Player II receives a payment of the amount SZ{E (Yk—1)€ Vk—1, ok, Br) from
Player I.

Suppose that Player I intends to minimize the total cost

N

T, 1) = uoyw) + Y 28 (-1 k1, @k, Br)
k=1

while Player II attempts to maximize it. Under the game rules above, we can define the value
function

u®(x,t) = min max min max--- min max J®(x, 1), 3.5
V1,1 by, B V2,92, by, B2 UN.ON by ,BN
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whose limit as ¢ — 0, if it exists, formally solves (1.1) and (1.2) with H given by (3.3). A
formal proof can again be easily obtained via the dynamic programming principle, which
reads in this case

u®(x,1)= min max {u*? <x+«@sn8(x)bv — 2. () (Yap (¥) — f(x, @, B)), t—sz)

=1 b==%1
aec A BeB

+ &%t (x)g(x, a, ﬁ)}.
(3.6)

Indeed, following the argument in Sect. 1.4, we easily see that the interior part of the Taylor
expansion on (3.6) yields the same Eq. (1.1) and the game dynamics near the boundary is
governed by the terms carrying ¢., which give rise to

0 = min max e¢. (0 {(Var' (v, 1), —yap (1) + f (.0 B)) + g, 0. B) = (v, )}
Then (1.2) with (3.3) follows immediately.

Theorem 3.3 (Game approximation for general dynamic boundary condition) Assume (Al ).
Assume that ug is bounded and Lipschitz continuous in Q. Assume that (3.4) holds. For any
& > 0small, let u® be the value function associated to the game above, defined as in (3.5). Let
u and u be the relaxed limits of u® as in (1.14). Then u and u are respectively a subsolution
and a supersolution of (1.1)—(1.2) with H given by (3.3). Moreover, u and u satisfy (1.15).
In addition, if the comparison principle holds, then u® — u locally uniformly in Q x [0, 00)
as ¢ — 0, where u is the unique viscosity solution of (CF) with (3.3).

The games in the interior, including the space dimension, can be generalized for a larger
class of curvature flows. We refer to [28] for more details.

4 Convexity preserving property

Convexity preserving property is an important property of motion by curvature. In this section,
we discuss this property for the associated dynamic boundary problem (CF) by using a
game-theoretic approach in [34]. Although our method can be generalized for more general
boundary conditions as described in Sect. 3.2, we focus on the case when H is given by
(1.5). We first need to relax the notion of convexity of sets, since we do not assume €2 to be
convex.

Definition 4.1 (Relative convexity) A closed set E C € is said to be convex relatively to 2
if for any x, y € E N Q, we have (x + y)/2 € E provided that ox + (1 — o)y € Q for all
0<o<l.

Theorem 4.2 (Convexity preserving) Suppose that (A1) and (A2) hold. Assume that ug is

Lipschitz and convex in Q2. Assume that u satisfies

lim ess sup H (x, Vugp(x)) <0, 4.1

§—0 xeNs
where, for any § > 0,

N;s = {x € Q : dist (x, 9Q) < 8}.
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Let u® be the value function defined as in (1.12) and u, u be the relaxed limits as in (1.14).
Then for any t > 0 and any x, y € Q,

" <x ; Y r) < max{@@(x, 1), 7(y. 1))

provided thatox +(1 —o)y € Q forall0 < o < 1. Inparticular, if the comparison principle
Jfor (CF) holds, then for each ¢ € R, the sub-level set

Eé ={xeQ:ukx,1) <c}
of the unique solution u of (CF) is convex relatively to 2 for all t > Q.

We prove this theorem by investigating the convexity of sub-level sets of the value function
u® constructed in (1.3). Let us first show monotonicity of t — u®(x, t) for any x € Q and
e > 0.

Lemma4.3 (Monotonic&y in time) Suppose that (Al) and (A2) hold. Assume that ug is
Lipschitz and convex in Q2 and satisfies (4.1). Let u® be the value function in (1.12). Then for
allt > 5 >0,

ub(x,s) <ut(x,t) + (t —s)w(e) forallx € Qande > 0, 4.2)
where w is a modulus of continuity.

Proof Let us fix ¢ > 0. Since ug is convex, for any x,y € Q and unit vector v € R2, we
have

max o (3 4+ V2ene (bv) = oy +¥2ene () + Juoy — ¥Ien () = wo(y).
4.3)
Moreover, we claim that
min ug (x — % (x) (W(x) = f(x,a))) > ug(x) — e*wo(e) forallx € Q,  (4.4)
where w is a modulus of continuity. To prove this claim, we use the compatibility condition

(4.1); in fact, by (4.1), we obtain a modulus of continuity @ such that

esssup H(x, Vug(x)) < w1(8)
x€N;

for any § > 0. Using the Lipschitz continuity and convexity of u(, we have, for almost every
X e,

min ug (x — 2L (x) (W(x) — f(x,a))) — up(x)

> —e2¢:(x) max (Vi (x), v(x) = f (x, ))

—£22. () H (x, Vug(x)) > —’w) (fzs) .

Due to the continuity of ug(x), ¢:(x), v(x) and f(x, a) in x, we obtain the estimate (4.4)
with wg(s) = w (ﬁs) for any s > O.
Combining (4.4) and (4.3) with y = x — 82§5 (x) (w(x) — f(x,a)), we are led to

Ut (x, €2) > ug(x) — e2wo(e) forall x € Q.
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It follows from (1.13) that for all x € Q we have
uf (x,26%) > u(x, e?) — 2wp(e?) > up(x) — 2&%wo(e).
Iterating this estimate, we obtain
ut(x, 1) > ug(x) — two(e) forallx € Qandt >0,
which, by (1.13) again, yields
uf(x,t+1) >u’(x,t) — tawp(e).

We thus have completed the proof of (4.2). O

Proof of Theorem 4.2 Fix t > 0 arbitrarily. We take x, y € Q such thatox + (1 — o)y € Q
forall o € [0, 1]. Set ¢ := max{u(x, t), u(y, t)}. We aim to show that u((x + y)/2,1) <c.
By definition of %, for any § > 0, we can take £ > 0 small such that

max{u®(x', 1), u®(y',1)} <c+8 forallx’ € By(x) and y' € Bre(y).
We then may let ¢ > 0 further small to get
max{u®(x’,s), u®(y’,s)} <c+28 forallx’ € By (x)andy’ € By (y) 4.5)

for all s < ¢, thanks to Lemma 4.3. In particular, we have ug(x), uo(y) < ¢ + 2§, which
implies that

uplox + (1 —o)y) <c+128 (4.6)

by convexity of ug in Q.

The relation (4.5) means that for any s < 7, there must exist minimizing strategies of
Player I such that for the game starting from x’ or y’, regardless of the choices of Player II,
the game outcome is bounded from above by ¢ + 24.

We next consider the game started from (x + y)/2. Player I may keep choosing v =
(x — y)/|x — y|. By letting & > 0O further small if necessary, we can let the game position
stay on the line segment between x and y before it enters By, (x) or B.(y). In fact, &, = 0
holds during such moves when ¢ > 0 is small, since the line segment between x and y is
contained in €.

After arrival at By (x) or B.(y), Player I may switch to use the minimizing strategy
implied by (4.5) to guarantee an outcome below ¢ + 24.

Player II may certainly choose to let the game position wander away from the neighbor-
hoods of x and y. In this case the final position yy must still stay on the line segment between
x and y and therefore by (4.6) the game outcome is again no more than ¢ + 2§.

Since the above game estimate is for a fixed strategy of Player I, we get

u® <x—;—y,t> <c+26.

We conclude the proof by passing to the limit as ¢ — 0 to get

g(x—;y,t) <c+28

and then sending § — 0. o
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Remark 4.4 Our method above is similar to [34, Theorem 5.4], where the convexity preserving
property is discussed for the Neumann problem. It is worth mentioning that a more precise
estimate for #® such as

u® (x —; y,t) < max{u®(x,1), u®(y,0)} + O(e) forall & > 0 small

can be obtained for the Cauchy problem by using the Lipschitz continuous dependence of
game position on the initial position [34, Theorem 4.2]. We however do not know whether
similar estimates hold for #® in the current case, since the game dynamics for boundary value
problems are much more complicated.

Remark 4.5 The compatibility condition (4.1) on ug roughly means that all level sets of solu-
tions of (CF) keep moving forward near d€2. It is not clear to us whether this condition is
necessary to guarantee the convexity of evolving level sets for our dynamic boundary prob-
lem. For the convexity preserving property for curvature flows with the Neumann boundary
condition, such a condition is necessary and cannot be removed, as indicated in [34, Exam-
ple 5.7].

5 Application to the fattening phenomenon

For the level set curvature flow equation, it is called fattening of zero level set if the level
set {x € R" : u(x,t) = 0} contains interior points for some r > 0 while {x € R" :
up(x) = 0} does not. For more details on this issue, we refer the reader to [7,15,20,42]
for the Cauchy problem and [5,19] for the Neumann boundary problem. A game-based
interpretation of fattening for the Cauchy problem is presented in [33]. We next use the
game-theoretic argument to show the occurrence of such behavior for the dynamic boundary
problem (CF).

5.1 An example of instant fattening

We begin with an example, where the fattening phenomenon takes place instantly. We choose
aparticular up whose zero level set is tangent to the boundary. It can be viewed as an adaptation
of the well-known example for the so-called figure eight type of initial values [15] to our
dynamic boundary problem.

Let 2 be the half plane, i.e.,

Q={x=(x,x)eR: x>0} (5.1)

Let us also denote ¢y = (1,0) and e» = (0, 1) for our convenience of notation later. It is
clear that the normal vector v = —e».

Fix R > 0. Letz = (0, R) and E = Br(z). We take a triangular region Q contained in E
symmetric about the x;-axis, i.e.,

Q:={(x1,x) €Q: Llx;|<xp < Lu} CE (5.2)
for some L > 1 and > 0. For M > 0 large, we take
up(x) = max{min{sd(x, dE), M}, —M} forx € Q. (5.3)

Our truncation on the signed distance function of E by M is not essential to the example
but only for the boundedness of #(. Under these conditions, we can show that the zero level
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set of the solution u to (CF) with the linear dynamic boundary condition (when H is given by
(2.1)) has an interior near the origin. A more precise description of our result is as follows.

Theorem 5.1 (Fattening for curvature flow with dynamic boundary condition) Suppose that
Q2 is the half plane given by (5.1). Let z = (0, R) and E = Bpr(z) for R > 0. Let Q be
given by (5.2) with i > 0 and L > 1. Let ug be defined as in (5.3) with M > 0 large and
let u be the unique solution of (CF) with H given in (2.1). Then for any r > 0 small, there
exist Ty > 11 > 0 and an open subset O of B, N Q such that u(x,t) = 0 for all x € O and
171 <t < 1. Here 11 — 0 asr — 0and vy > 0 does not depend on r but only on n and L.

Proof We consider the game described in Sect. 1.3 satisfying (2.14) with K = 0. Suppose
that the game starts at x € B, for some 0 < r < R. Let

S = R x [0, v2¢]. (5.4)

We divide the rest of our proof into several steps.
1. A strategy for Player |

Since Player I aims to minimize the final value ug(yy) with N = [t/ &%), he may take the
following strategy at the k-th step forallk = 1,2, ..., N (Fig. 1):

(1) if yx—1 € Sg, then Player I chooses vy = ey;
(2) if yx—1 € 2\ S;, then he takes a unit vector v tangent to the circle concentric to Bg(z),
i.e., vy satisfies

(vk, yk—1 — 2) = 0.

Regardless of the choices of Player II, the strategy above enables us to make the next two
assertions regarding yg.

e Oncey; € S, forsomek = 1,2, ..., N, thendespite the effect due to the normal vector v
in the game, the game trajectory will never leave the region S, and consequently yy € Se.
o If yp e Q\ S, forallk =1,2,..., N, then

lyny — le =|x — zl2 +262N > (R — )% +262N.
By definition of u?, it follows that either
ut(x,1) < V2e
or
ut(x,t) < R—+v(R—r)2+2t.

In particular, we have
1 1
uf(x,t) <+2¢ forx € B, andt > 5R2 - E(R — )2, (5.5)

2. A strategy for Player II

On the other hand, we may also consider a special strategy in favor of Player II. However,
in this case we need to further restrict the game starting point x. We are interested in the first
exit time

7o (x) := min {ke? : yx € Q\ E,},
where E is given by
E,={xeQ:dist(x, E) < «/58}.
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Let L’ =2L and
L
Q' = {(Xl,xz) €Q:L|xi|—L'V2e<x < 7“}.

We next take an open ball B, (z0) C B, N Q' N Q, where zq is on the xp-axis and ry <
min{r, i/4}. The game starts at an arbitrary point x € By (z0).

Suppose that Player IT adopts the following strategy at the k-th step forallk = 1,2,..., N
(Fig. 2): for any unit vector vg chosen by Player I,

(1) if yy—1 € Q’, then Player II chooses by = +1 such that
b (v, &) <0,

where the vector & € R? is given by

N (G S
a <

0,
(=L, =1) if (yr_1,e1) <0;

(2) if yr—1 € O\ Q’, then Player II takes b; = =1 such that
by (vi yk—1 —2') <0,
where 7/ = (0, L'iu/4) € 3Q’. Then
Yk = Yi—1 + V2ene - 1)brve + €2 (k—1)e2
satisfies
lve = 217 < Iyke1 — 217 + 26202 —1) + 2v/2em: (e 1)bi (ve, ye—1 — 2)
+ 2628 (yk—1) (€2, Yk—1 — 2) + Le(Me—1)o(e?) (5.6)
< lyk—1 — 21 + 267

when ¢ > 0 is small.

Adopting this strategy in the game, we may observe the following consequences:

e The game position y; € Q' provided that y;_; € Q’ unless such a move crosses the top
side of Q' and yy enters the set

N = [y € Q\ O :|y— x| <2 forsome x € [—u/4, /4] x {L’//,/4}].

o If y; exits Q' for some k and never comes back into Q’ again afterwards, then the first
exit time . (x) satisfies

1 , 1/ 2
Te(x) > Edlstz(z ,00) — 5 (Z + \/58)
L2 2 2 L2 2
= E By O(e) > il
8(1+L2) 32 16(1 + L2)

for any ¢ > 0 small. In fact, starting the game from any point in A/, Player II can use the
concentric strategy (2) above to ensure a lower bound of the exit time 7, from Q as the
right hand side above, thanks to the estimate (5.6).
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Fig.1 A strategy for Player I

Fig.2 A strategy for Player II

It follows that

Lou
T 16(14+ L2’

u(x,1) > —v/2e  forx € Byy(z0) and 1 < (5.7)
3. Application of the game approximation

Hence, combining the estimates (5.5) and (5.7) and using Theorems 1.1 and 2.2 (with
n = 2), we may let r > 0 sufficiently small and let ¢ — 0 to deduce that u(x, t) = O for any
X € B,(z0) C Brand any 71 <t < 12, where

1, 1 5 L?p?
=-R*——(R—1r)%, =
=3 R R=07 = ey
We thus can take O = By (zo) to complete the proof. ]

Remark 5.2 As an immediate consequence of our game arguments above, we can show that
u(0,1) = 0forall 0 <t < 1 by letting r — 0. In other words, the zero level set of the
solution u starts becoming fat from the origin.

5.2 An example of nonfattening with nonlinear boundary conditions

We next consider the games for the curvature flow equation (1.1) with a nonlinear boundary
condition (1.9). By means of the game interpretation in Theorem 1.1, we can still observe,
in the discrete level, the effect of the driving force on the boundary.

We discuss the case with (1.9) by using the game introduced in Sect. 1.3 satisfying the
condition (2.14); see Example 2.8. It turns out that in the presence of such a driving force
term, the fattening phenomenon for #° may not occur instantly even if the initial level curve
is set tangential to the boundary.
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2
w
+

e

Vi

: Ak

Fig.3 A strategy for Player I controlling v and a

Let €2 be the half plane (5.1) again. Take two points
2+ = (£2,K) € Q, (5.8)
where 0 < K < 1 is the coefficient given in (1.9). Fix
R=l|zs| =4+ K> (5.9)
and let
E = Br(z4) N Br(z_). (5.10)

We keep the choice of ug as in (5.3) and take the value function defined as in (1.12) in
Sect. 1.3.

We first use the xp-axis to divide Q into two regions:
St = {x eQ:(x,e) >0}, S_ = {x eQ:(x,e) <O}.

Starting the game from yg = x € €, we construct the following strategy of Player I; see
also Fig. 3. At the k-th step,

(1) if ye_1 € Sy, Player I chooses a; = e; and a unit vector vy such that
(V> Yk—1 — 2-) = 05
(2) if yxk—1 € S—, Player I chooses a; = —e; and a unit vector v such that
(Vk, yk—1 — z4) = 0.
Denote
Pt = yie1 + V260 (r—1)brvx
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with vy determined above. It follows that under the strategy above for y;_; € S,,
9k = 2= = Iye—1 = 2= + 26”07 (i)
no matter which by is chosen by Player II. This implies that
R 2
e — 2= = [$x — 2= — 26— (v (y—1) — Ke)|
= |9k — 2> + 262 (1) (B — 2=, Ker — v(y—1)) + o(e?)

= |yk—1 — 2= + 2607 (1) + 262 (k—1) (P — 2=, Ker — v(y—1)) + 0(e?),
(5.11)
and similarly
vk = 2412 = ket — 24P 4 28" (-1) 512
+267C (1) (e — 24, —Ker — v(ye—)) + 0(e?)
provided that y;—; € S—.
When yr—1 € S+ N Se with S defined in (5.4), it is not difficult to see that

(Je —z2—, Ker —v(w-1)
= (yk—1 —2-, Ke1) = (yk—1 —2—, v(k-1)) + O(e) 22K — K + O(¢e) = K + O(¢),

which yields
Ce(k—1) {9k — 2=, Ke1 — v(yk—1)) > K¢e(yi—1) + O(e)
forany y;_1 € S;. By (5.11), we are thus led to
Ik — 2= 1% = Iyk—t — 2= + 26202 (yk—1) + 2K &2 (1) + 0(e?)
> |yt — 2- 1> + 2K&* + o(e?)
if yy_1 € S;. An analogous estimate from (5.12) gives
vk = 2417 = Ikt — 24> + 2K 6% + 0(e?)

if yp—1 € S_.
On the other hand, since

ly —z_|>|y —z4| ifandonlyify e S, and
ly—z4|>|y—z_| ifandonlyifye S_,

using the estimates above, we deduce that
max {|ye — z4 1%, |y — 2 *} = max {|yx—1 — z41% Iyk—1 — z-1*} + 2K e* + o(e?).
By iteration it follows that
max {IyN - z+|2, lyn — Z7|2} > R)% +2KNé&? 4+ 0(¢’N)
for ¢ > 0 small, where
Ry = max{|x — z4+|, |x —z_|}. (5.13)

Hence, we conclude that

W (x, 1) < up(yn) < R — \/Rg + 2K Ne? + o(e2N) (5.14)
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for all e > 0 small, x € Q and ¢ > 0. It follows that

u(x,t) = limsup* u(x,1) < R —/R2+2Kt forall (x,7) € Q x [0, 00).

e—0

(5.15)

In particular, we have

u(0,1) < R—+VR*+2Kt <0 foranyt > 0. (5.16)
We thus have proven the following result.

Proposition 5.3 (Non-fattening at the origin for a nonlinear boundary problem) Suppose that
Q is the half plane as in (5.1). Forany 0 < K < 1, take z4 as in (5.8) and R > 0 as in (5.9).
Assume that E is a closed subset of Q given by (5.10). Let uq be the initial value as in (5.3)
with M > 0 large. Let u® be the value function associated to the game in Sect. 1.3 with the
condition (2.14); namely, u® is defined as in (1.12). Then u®(x, t) satisfies (5.14) with (5.13)
forall ¢ > 0 small and (x, 1) € Q x [0, 00). Moreover; the estimates (5.15) and (5.16) for
u hold.

As a consequence of Proposition 5.3 and Theorem 1.1, if the comparison principle holds
for (1.1) with (1.9), then the game value u® converges to the unique solution u, whose zero
level set does not generate interior near the origin although the level set is initially tangent
to the boundary at the origin.

Acknowledgements The work of the first author was supported by JSPS Grant-in-Aid for Young Scientists
(No. 16K17621), by JSPS Grant-in-Aid for Early-Career Scientists (No. 19K14564), by the Sumitomo Foun-
dation through Grant for Basic Science Research Projects (No. 150973) and by the Inamori Foundation through
Research Grants. The work of the second author was supported by JSPS Grant-in-Aid for Scientific Research
(No. 19K03574) and by the grant from Central Research Institute of Fukuoka University (No. 177102).

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Al-Aidarous, E.S., Alzahrani, E.O., Ishii, H., Younas, A.M.M.: Asymptotic analysis for the eikonal
equation with the dynamical boundary conditions. Math. Nachr. 287(14-15), 1563-1588 (2014)

2. Antunovié, T., Peres, Y., Sheffield, S., Somersille, S.: Tug-of-war and infinity Laplace equation with
vanishing Neumann boundary condition. Comm. Partial Differ. Equ. 37(10), 1839-1869 (2012)

3. Armstrong, S.N., Smart, C.K.: An easy proof of Jensen’s theorem on the uniqueness of infinity harmonic
functions. Calc. Var. Partial Differ. Equ. 37(3—4), 381-384 (2010)

4. Barles, G.: Fully nonlinear Neumann type boundary conditions for second-order elliptic and parabolic
equations. J. Differ. Equ. 106(1), 90-106 (1993)

5. Barles, G.: Nonlinear Neumann boundary conditions for quasilinear degenerate elliptic equations and
applications. J. Differ. Equ. 154(1), 191-224 (1999)

6. Barles, G., Ishii, H., Mitake, H.: On the large time behavior of solutions of Hamilton—Jacobi equations
associated with nonlinear boundary conditions. Arch. Ration. Mech. Anal. 204(2), 515-558 (2012)

7. Barles, G., Soner, H.M., Souganidis, P.E.: Front propagation and phase field theory. STAM J. Control
Optim. 31(2), 439469 (1993)

SN Partial Differential Equations and Applications
A SPRINGER NATURE journal


http://creativecommons.org/licenses/by/4.0/

30

Page 26 of 27 SN Partial Differential Equations and Applications (2021) 2:30

20.

21.

22.

23.

24.
25.
26.
27.
28.
29.

30.
31.

32.
. Liu, Q.: Fattening and comparison principle for level-set equations of mean curvature type. SIAM J.

34.
35.
36.

37.

. Charro, F., Garcia Azorero, J., Rossi, J.D.: A mixed problem for the infinity Laplacian via tug-of-war

games. Calc. Var. Partial Differ. Equ. 34(3), 307-320 (2009)

. Chen, Y.G., Giga, Y., Goto, S.: Uniqueness and existence of viscosity solutions of generalized mean

curvature flow equations. J. Differ. Geom. 33(3), 749-786 (1991)

. Colli, P, Fukao, T.: The Allen-Cahn equation with dynamic boundary conditions and mass constraints.

Math. Methods Appl. Sci. 38(17), 3950-3967 (2015)

. Daniel, J.-P.: A game interpretation of the Neumann problem for fully nonlinear elliptic and parabolic

equations. ESAIM: Control Optim. Calc. Var. 19(4), 1109-1165 (2013)

. Denk, R., Priiss, J., Zacher, R.: Maximal L ,-regularity of parabolic problems with boundary dynamics

of relaxation type. J. Funct. Anal. 255(11), 3149-3187 (2008)

. Elliott, C.M., Giga, Y., Goto, S.: Dynamic boundary conditions for Hamilton—Jacobi equations. STAM J.

Math. Anal. 34(4), 861-881 (2003)

. Escher, J.: Quasilinear parabolic systems with dynamical boundary conditions. Comm. Partial Differ.

Equ. 18(7-8), 1309-1364 (1993)

. Evans, L.C., Spruck, J.: Motion of level sets by mean curvature. 1. J. Differ. Geom. 33(3), 635-681 (1991)
. Fila, M., Ishige, K., Kawakami, T., Lankeit, J.: Rate of convergence in the large diffusion limit for the

heat equation with a dynamical boundary condition. Asymptot. Anal. 114(1-2), 37-57 (2019)

. Fila, M., Ishige, K., Kawakami, T.: The large diffusion limit for the heat equation with a dynamical

boundary condition, Commun. Contemp. Math., 23(1): 2050003, 20 pp., (2021)

. Gal, C.G., Grasselli, M.: The non-isothermal Allen-Cahn equation with dynamic boundary conditions.

Discrete Contin. Dyn. Syst. 22(4), 1009—-1040 (2008)

. Giga, Y.: Evolving curves with boundary conditions. In Curvature flows and related topics (Levico, 1994),

volume 5 of GAKUTO Internat. Ser. Math. Sci. Appl., pages 99-109. Gakkotosho, Tokyo, (1995)

Giga, Y.: Surface evolution equations, volume 99 of Monographs in Mathematics. Birkhduser Verlag,
Basel, 2006. A level set approach (2006)

Giga, Y., Goto, S., Ishii, H., Sato, M.-H.: Comparison principle and convexity preserving properties for
singular degenerate parabolic equations on unbounded domains. Indiana Univ. Math. J. 40(2), 443-470
(1991)

Giga, Y., Hamamuki, N.: On a dynamic boundary condition for singular degenerate parabolic equations
in a half space. NoDEA Nonlinear Differential Equations Appl., 25(6): Paper No. 51, 39 pp., (2018)
Giga, Y., Liu, Q.: A remark on the discrete deterministic game approach for curvature flow equations. In
Nonlinear phenomena with energy dissipation, volume 29 of GAKUTO Internat. Ser. Math. Sci. Appl.,
pages 103—115. Gakkotosho, Tokyo, (2008)

Giga, Y., Liu, Q.: A billiard-based game interpretation of the Neumann problem for the curve shortening
equation. Adv. Differ. Equ. 14(3—4), 201-240 (2009)

Hamamuki, N.: Uniqueness and existence of viscosity solutions under a degenerate dynamic boundary
condition. preprint, (2020)

Hamamuki, N., Liu, Q.: A deterministic game interpretation for fully nonlinear parabolic equations with
dynamic boundary conditions. ESAIM Control Optim. Calc. Var., 26: Paper No. 13, 42 pp., (2020)
Huisken, G.: Flow by mean curvature of convex surfaces into spheres. J. Differ. Geom. 20(1), 237-266
(1984)

Kohn, R.V., Serfaty, S.: A deterministic-control-based approach to motion by curvature. Comm. Pure
Appl. Math. 59(3), 344-407 (2006)

Kohn, R.V,, Serfaty, S.: A deterministic-control-based approach to fully nonlinear parabolic and elliptic
equations. Comm. Pure Appl. Math. 63(10), 1298-1350 (2010)

Lewicka, M.: Noisy tug of war games for the p-laplacian: 1< p<oo. preprint, (2018)

Lewicka, M., Peres, Y.: The Robin mean value equation I: a random walk approach to the third boundary
value problem. preprint, (2019)

Lewicka, M., Peres, Y.: The Robin mean value equation II: asymptotic Holder regularity. preprint, (2019)

Control Optim. 49(6), 2518-2541 (2011)

Liu, Q., Schikorra, A., Zhou, X.: A game-theoretic proof of convexity preserving properties for motion
by curvature. Indiana Univ. Math. J. 65, 171-197 (2016)

Luiro, H., Parviainen, M., Saksman, E.: Harnack’s inequality for p-harmonic functions via stochastic
games. Comm. Partial Differ. Equ. 38(11), 1985-2003 (2013)

Manfredi, J.J., Parviainen, M., Rossi, J.D.: An asymptotic mean value characterization for a class of
nonlinear parabolic equations related to tug-of-war games. SIAM J. Math. Anal. 42(5), 2058-2081 (2010)
Manfredi, J.J., Parviainen, M., Rossi, J.D.: An asymptotic mean value characterization for p-harmonic
functions. Proc. Amer. Math. Soc. 138(3), 881-889 (2010)

SN Partial Differential Equations and Applications

A SPRINGERNATURE journal



SN Partial Differential Equations and Applications (2021) 2:30 Page 27 of 27 30

38.

39.

40.

41.

42.
43.

44.

Parviainen, M., Ruosteenoja, E.: Local regularity for time-dependent tug-of-war games with varying
probabilities. J. Differ. Equ. 261(2), 1357-1398 (2016)

Peres, Y., Schramm, O., Sheffield, S., Wilson, D.B.: Tug-of-war and the infinity Laplacian. J. Am. Math.
Soc. 22(1), 167-210 (2009)

Peres, Y., Sheffield, S.: Tug-of-war with noise: a game-theoretic view of the p-Laplacian. Duke Math. J.
145(1), 91-120 (2008)

Ruosteenoja, E.: Local regularity results for value functions of tug-of-war with noise and running payoff.
Adv. Calc. Var. 9(1), 1-17 (2016)

Soner, H.M.: Motion of a set by the curvature of its boundary. J. Differ. Equ. 101(2), 313-372 (1993)
Sprekels, J., Wu, H.: A note on parabolic equation with nonlinear dynamical boundary condition. Non-
linear Anal. 72(6), 3028-3048 (2010)

Vazquez, J.L., Vitillaro, E.: Heat equation with dynamical boundary conditions of reactive type. Comm.
Partial Differ. Equ. 33(4-6), 561-612 (2008)

SN Partial Differential Equations and Applications
A SPRINGER NATURE journal



	A game-theoretic approach to dynamic boundary problems for level-set curvature flow equations and applications
	Abstract
	1 Introduction
	1.1 Background and motivation
	1.2 The PDE setting
	1.3 Main result
	1.4 Heuristics
	1.5 Applications

	2 The game interpretation
	2.1 Viscosity solutions to dynamic boundary problems
	2.2 A rigorous proof of sub- and supersolution properties
	2.3 Game convergence in a half plane with linear boundary condition

	3 General dynamic boundary conditions
	3.1 Concave boundary Hamiltonians
	3.2 General boundary conditions

	4 Convexity preserving property
	5 Application to the fattening phenomenon
	5.1 An example of instant fattening
	5.2 An example of nonfattening with nonlinear boundary conditions

	Acknowledgements
	References




