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Abstract

We define a formal Gromov—Witten theory of the quintic threefold via localization
on P*. Our main result is a direct geometric proof of holomorphic anomaly equa-
tions for the formal quintic in precisely the same form as predicted by B-model
physics for the true Gromov—Witten theory of the quintic threefold. The results sug-
gest that the formal quintic and the true quintic theories should be related by trans-
formations which respect the holomorphic anomaly equations. Such a relationship
has been recently found by Q. Chen, S. Guo, F. Janda, and Y. Ruan via the geometry
of new moduli spaces.

Keywords Gromov—Witten invariants - Holomorphic anomaly equations - Quintic
threefold

1 Introduction

1.1 GW/SQ

Let X5 C P* be a nonsingular quintic Calabi—Yau threefold. The moduli space of
stable maps to the quintic of genus g and degree d,

M (X5, d) C M (P*,d),

has virtual dimension 0. The Gromov—Witten invariants,

GW _ GW _
Neg =()gg —/ 1, 1)

[M,(Xs.d)]r

>< Hyenho Lho
hyenho.lho @math.ethz.ch

Rahul Pandharipande
rahul @math.ethz.ch

Department of Mathematics, ETH Ziirich, Zurich, Switzerland

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s42543-018-0008-0&domain=pdf

2 H. Lho, R. Pandharipande

have been studied for more than 20 years; see [12, 13, 19] for an introduction to the
subject.

The theory of stable quotients developed in [24] was partially inspired by the
question of finding a geometric approach to a higher genus linear sigma model. The
moduli space of stable quotients for the quintic,

0,(Xs5.d) C Q,(P*.d),

was defined in [24, Section 9]. The existence of a natural obstruction theory on
Q,(Xs,d) and a virtual fundamental class [Q, (X5, d)]" is easily seen’ in genus 0 and
1. A proposal in higher genus for the obstruction theory and virtual class was made
in [24] and was carried out in significantly greater generality in the setting of quasi-
maps in [9]. The associated integral theory is defined by

N3 = (1)%¢ =/ 1. 2
¢ s g, @

In genus O and 1, the invariants (2) were calculated in [11] and [18], respectively.
The answers on the stable quotient side exactly match the string theoretic B-model
for the quintic in genus 0 and 1.

A relationship in every genus between the Gromov—Witten and stable quotient
invariants of the quintic has been proven by Ciocan-Fontanine and Kim [7].2 Let
H € H?*(X5, Z) be the hyperplane class of the quintic, and let

FOW(0) =(H, ... H)W = d/ eV (H),
o @ =CH - HY Z - ]J 1(H)

n
n

FUq) =(H,...,H)S? =) ¢ / evi(H)
& —_—— 2) ég,l(xsdﬂ“fH

be the Gromov—Witten and stable quotient series, respectively (involving the pointed
moduli spaces and the evaluation morphisms at the markings). Let

1()—2 S ) = togat@+5 Y S 3 1
" @y =R
The mirror map is defined by
A6 (§5d 1
11<q>> 5T 'S8 (5 1)
=gq-exp .

(5d)!
IO( ) Zd:O qd @y

Q(q) = exp (

! For stability, marked points are required in genus 0 and positive degree is required in genus 1.
2 A second proof (in most cases) can be found in [10].

@ Springer



Holomorphic Anomaly Equations for the Formal Quintic 3

The relationship between the Gromov—Witten and stable quotient invariants of the
quintic in case

2¢—-2+n>0
is given by the following result [7]:

Fa Q@) = L@ - FoA(g)- 3)

8.n

The transformation (3) shows the stable quotient theory matches the string theoretic
B-model series for the quintic X.

1.2 Formal Quintic Invariants

The (conjectural) holomorphic anomaly equation is a beautiful property of the string the-
oretic B-model series which has been used effectively since [3]. Since the stable quotients
invariants provide a geometric proposal for the B-model series, we should look for the
geometry of the holomorphic anomaly equation in the moduli space of stable quotients.

A particular twisted theory on P* is related to the quintic threefold. Let the alge-
braic torus

T=(C"
act with the standard linearization on P* with weights A, ..., 4, on the vector space
HO(P*, Ops(1)). Let
C—M,P'd), f:C—P S=fOu-1)~C @

be the universal curve, the universal map, and the universal bundle over the moduli
space of stable maps—all equipped with canonical T-actions. We define the formal
quintic invariants following [22] by?

d — .
& Mg(P4,d)]V‘r

NCW = /[ e(Rr,(S7%)), )

where e(Rz,(S7)) is the equivariant Euler class defined after localization. More pre-
cisely, on each T-fixed locus of M g(ﬂj"‘, d), both

Rz, (S™) and R'z,(S7%)
are vector bundles with moving weights, so
Ctop(Roﬂ-*(S_j))

e(Rz,(S7)) = m

is well-defined. The integral (5) is homogeneous of degree 0 in localized equivariant
cohomology,

3 The negative exponent denotes the dual: S is a line bundle and $=5 = (S*)®5.,
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4 H. Lho, R. Pandharipande

/_ e(Rr,(S™) € Qg, ... Ay),
M (P4,d)]¥T

and defines a rational number ﬁfy € Q after the specialization®
h=¢
for a primitive fifth root of unity &> = 1.

Our main result here is that the holomorphic anomaly equations conjectured for
the true quintic theory (1) are satisfied by the formal quintic theory (5). In particular,
the formal quintic theory and the true quintic theory should be related by transfor-
mations which respect the holomorphic anomaly equations. In a recent breakthrough
by Q. Chen, S. Guo, F. Janda, and Y. Ruan, precisely such a transformation was
found via the virtual geometry of new moduli spaces intertwining the formal and
true theories of the quintic.

1.3 Holomorphic Anomaly for the Formal Quintic

We state here the precise form of the holomorphic anomaly equations for the formal
quintic.
Let H € H*(P*, Z) be the hyperplane class on P*, and let

FGW () = \ d/ Rz, (S7%),
R OEDN; —— e(Rx,(S7%))

d=0

FRQ) = Y 0! / e(Rm,(S™))
¢ ) [0,(P* )]

d=0

be the formal Gromov—Witten and formal stable quotient series, respectively
(involving the evaluation morphisms at the markings). The relationship between the
formal Gromov—Witten and formal stable quotient invariants of quintic in case of
2g —2 + n > 0 follows from [8]:

FO(Q(@)) = Iy(@)* > - Fi(q) ©6)

with respect to the true quintic mirror map

© (5d)! 5d 1
Q@) (1‘ (q)> S X 4 Gy <Zr=d+1 7)
q) =eXp | —— = gq-exp
© (5d)!
1y(q) Zd:o ¢ i

4 Since the formal quintic theory is homogeneous of degree 0, the specialization 4, = ¢4, could also be
taken as in [22]. However, for other specializations, we expect the finite generation of Theorem 1 and the
holomorphic anomaly equation of Theorem 2 to take different forms. A study of the dependence on spe-
cialization will appear in [21]. For local P? considered in [22] and C3/Z; considered in [23], the theories
are independent of specialization.
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In order to state the holomorphic anomaly equations, we require several series in q.

First, let

Lg)=(1=5¢) 5 = 1 +625¢+ 117185¢> + ---.

LetD = q%, and let

1
Colg)=1,, Ci(g) = D<I—l>,
0

where I, and I, are the hypergeometric series appearing in the mirror map for the

true quintic theory. We define

1 DC,
Ky(q) = - I?C_’
0

A()_L _1DG, 2DG 3
2MM=5\"57¢ “5¢ 25)

gy =~ L(PS) _ 1 (DG (DG
“O=1\ " 25\, 5\ ¢ /\ ¢

1 DG 2
+ =D — |+ =],
25 < o ) 252>

Ay =—2(a+1250( 2 1+ 50( 29N (1 4 100
o = 31250L15 Co G

d
5 DGy DG, \? 94, 0
-5L11+10({ — ) +25 — ) +25D
C() CO CO

o (29)- () (%))

Let T be the standard coordinate mirror to ¢t = log(g),

Io(q)

Then Q(q) = exp(T) is the mirror map.
Define a new series

FB _ 2872 FSQ
g 0 g
motivated by (6). The superscript B here is for the B-model. Let

CILE'[Ay, Ay, A, CE', 1K)

be the free polynomial ring over C[L*'].

)
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6 H. Lho, R. Pandharipande

Theorem 1 For the series F; associated to the formal quintic,

i) fB(q) € CIL*[Ay, Ay Ag, CE', €71 K, for g > 2,

(ii) T (q) € C[L*'][A,, A, A, C(J)—'l, Cl‘l,Kz] forg>1,k>1,
dkFB
(iii) T is homogeneous with respect to C Yof degree k.

We follow here the canonical lift convention of [22, Section 0.4]. When we write
F2(q) € CIL*'|[A,, Ay, Ag, CE', CT' L K, ),

we mean that the series f‘gB(q) has a canonical lift to the free algebra. The question of
uniqueness of the lift has to do with the algebraic independence of the series

Ay(@): Ay@). Ag(@). CE(q). CTH(q). Ky(q)
which we do not address nor require.

Theorem 2 The holomorphic anomaly equations for the series 7?;5 associated to the
formal quintic hold for g > 2:

7B B 7B -1 3FB % 2FB
| OF¢ | OF; Ty ey 1 oF; 1§ y OF.  0F8 1 0°F,.,
2T TS 0,0 A4 2T 5 31 a1 T 5 ’
cic? 0A, 5c(2)cf 0A, 50C2C? 044 24 oT oT 2 o7?
oF®
g —_—
0K,

The equality of Theorem 2 holds in the ring

CIL*'1[Ay, Ay, A, CEL CTL K.

Theorem 2 exactly matches® the conjectural holomorphic anomaly equations [1,
(2.52)] for the true quintic theory Izg : i

The first holomorphic anomaly equatlon of Theorem 2 was announced in our
paper [22] in February 2017 where a parallel study of the toric Calabi—Yau KP? was
developed. In January 2018 at the Workshop on higher genus at ETH Ziirich, Shuai
Guo of Peking University informed us that our same argument also yields the sec-
ond holomorphic anomaly equation

oF®
8

& _ 7
e ©

3 Qur functions K, and A, are normalized differently with respect to C, and C,. The dictionary to
exactly match the notation of [1, (2.52)] is to multiply our K, by (C,C,)? and our A, by (C,C,)*.
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Holomorphic Anomaly Equations for the Formal Quintic 7

In fact, we had incorrectly thought (7) would fail in the formal theory and would not
have included (7) without communication with Guo, so Guo should be credited with
the first proof of (7).

1.4 Constants

Theorem 2 and a few observations determine }N’:‘ from the lower genus data

{ h<g ‘}N’}? }
and finitely many constants of integration. The additional observations® required are:

(i) The proof of part (i) of Theorem 1 shows that
FP € CIL*[Ay, Ay, Ag, C', €L K>

does not depend on Cl‘l. Hence, every term (both on the left and right) in the
first holomorphic anomaly equation of Theorem 2 is of degree 2 in Cl". After
multiplying by C%, no C, dependence remains.

(ii)) The proof of Theorem 1 shows that all terms in the first equation are homo-
geneous of degree 2g — 4 with respect to C,. After dividing by Cég_4, no C,
dependence remains.

Therefore, the first holomorphic anomaly equation of Theorem 2 may be viewed as
holding in C[L*!][A,, A4, Ag, K- N

Since the second holomorphic anomaly equation (7) implies 72 has no K,
dependence, the first holomorphic anomaly equation determines the each of the
three derivatives

oF®  oF®  oF®

_s& _8& _ 8

0A," 0A,  0Aq
Hence, Theorem 2 determines

2-2¢ =B
C, - Fg
uniquely as a polynomial in A,,A,,A¢ up to a constant term in C[L*!]. In fact, the
degree of the constant term can be bounded (as will be seen in Sect. 7.5). So Theo-
rem 2 determines F; from lower genus data together with finitely many constants of
integration.

6 See Remark 27.
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8 H. Lho, R. Pandharipande

The constants of integration for the formal quintic can be effectively computed
via the localization formula, but whether there exists a closed formula determining
the constants is an interesting open question.

2 Localization Graphs
2.1 Torus Action

Let T = (C*)"*! act diagonally on the vector space C"*! with weights

_Ao, ceey _i
Denote the T-fixed points of the induced T-action on P by

me

Dos -+ s P
The weights of T on the tangent space ij(IP’”) are

A= Agy vy B = R Ay = Ao,

J J g

There is an induced T-action on the moduli space ag,L(P’", d). The localization for-
mula of [17] applied to the virtual fundamental class [Q, ,(P™, d)]"" will play a fun-
damental role in our paper. The T-fixed loci are represented in terms of dual graphs,
and the contributions of the T-fixed loci are given by tautological classes. The for-
mulas here are standard. We precisely follow the notation of [22, Section 2].

2.2 Graphs

Let the genus g and the number of markings n for the moduli space be in the stable
range
26—-2+n>0. (8)

We can organize the T-fixed loci of ég,n([P"",d) according to decorated graphs. A
decorated graph I" € Gg,n(P’") consists of the data (V,E, N, g, p), where

(i) Vis the vertex set,

(i) Eis the edge set (including possible self-edges),
(i) N : {1,2,...,n} - Vis the marking assignment,
(iv) g:V — Z,,is a genus assignment satisfying

g= D 80 +rD

vev

and for which (V, E, N, g) is stable glraph,7

7 Corresponding to a stratum of the moduli space of stable curves A_/Ig’".
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Holomorphic Anomaly Equations for the Formal Quintic 9

(v) p:V = (P™7is an assignment of a T-fixed point p(v) to each vertex v € V.

The markings L = {1, ...,n} are often called legs.
To each decorated graph I" € G, ,(P™), we associate the set of T-fixed loci of

> [2.ma ¢

d>0

with elements described as follows:

(a) If {vil, ,vik} = {v|p(v) = p,}, then f~!(p;) is a disjoint union of connected
stable curves of genera g(v; ), ..., g(v; ) and finitely many points.

(b) There is a bijective correspondence between the connected components of C\D
and the set of edges® and legs of I respecting vertex incidence where C is domain
curve and D is union of all subcurves of C which appear in (a).

We write the localization formula as

Z[Eg,n(lpm»d)]qu= Z Contr..

d>0 reg,,(Pm)

While G, ,(P™) is a finite set, each contribution Conty- is a series in g obtained from
an infinite sum over all edge possibilities (b).

2.3 Unstable Graphs
The moduli spaces of stable quotients

002(P",d) and Q,o(P",d)

for d > 0 are the only” cases where the pair (g, n) does not satisfy the Deligne—Mum-
ford stability condition (8).

An appropriate set of decorated graphs G ,(P™) is easily defined: the graphs
[ € Gy,(P™) all have 2 vertices connected by a single edge. Each vertex carries a
marking. All of the conditions (i)—(v) of Sect. 2.2 are satisfied except for the stability
of (V,E, N, y). The localization formula holds,

D [@0,2(P’”,d)]qu = ), Cont. ©

d>1 reG,(P™)

8 Self-edges correspond to loops of T-invariant rational curves.
° The moduli spaces 60,0(”}"17 d) and a().l (P, d) are empty by the definition of a stable quotient.
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10 H. Lho, R. Pandharipande

For éLO(P’", d), the matter is more problematic—usually a marking is introduced to
break the symmetry.

3 Basic Correlators
3.1 Overview

We review here basic generating series in ¢ which arise in the genus O theory of
quasimap invariants. The series will play a fundamental role in the calculations
of Sects. 4-7 related to the holomorphic anomaly equation for formal quintic
invariants.

We fix a torus action T = (C*)° on P* with weights'”

—Ao» =1 = Ay =43, =4y
on the vector space C°. The T-weight on the fiber over p; of the canonical bundle

Opi(5) = P* (10)
is54;.
For our formal quintic theory, we will use the specialization
A= (11)

where { is the primitive fifth root of unity. Of course, we then have

Ao+ﬁl+lz+j3+ﬂ4=0,

> 4k =0,

i#]
> Ay =0,
ik
> Ak =0.

ik

3.2 First Correlators

We will require several correlators defined via the Euler class,'!

¢(Obs) = e(Rm,(S7%)), (12)
associated to the formal quintic geometry on the moduli space _g’”([P’“, d). The first
two are obtained from standard stable quotient invariants. For y; € H;".([P’“), let

10 The associated weights on HO(P*, Ops(1)) are Ay, A;, Ay, A3, 4, and so match the conventions of
Sect. 1.2.

' Equation (12) is the definition of e(Obs). The right side of (12) is defined after localization as
explained in Sect. 1.2.

@ Springer



Holomorphic Anomaly Equations for the Formal Quintic 1

SQ n '
<71V/ala cees }’nll/a”> = /_ e(Obs) - H ev?‘(yi)u/ia’,
gn.d [0 (P =1
SQ qd SQ
<<Y1Wal7--~7ynllla">> =ZZF(J/ll[/al,...,ynl[/a",t,...,t> R
On 230 t0 0,n+k,d

where, in the second series, t € H;(P“). We will systematically use the quasimap
notation 0+ for stable quotients,

0+ SQ
<y1u/“‘,...,y,,u/“"> =<Y1w”‘,...,y,,1//“">
g.nd gn.d

a a 0+— a; a, 5Q
L A AV =({rv'.....1rw -
0,n 0.,n

3.3 Light Markings

Moduli of quasimaps can be considered with n ordinary (weight 1) markings and k
light (weight €) markings, '?

5 pt g
Qg,nlk ( ’ )'

Lety, € H?(IP’“) be equivariant cohomology classes, and let
8; € Hi([C/C*])

be classes on the stack quotient. Following the notation of [18], we define series for
the formal quintic geometry,

0+,0+
Gy S 6 >
<7’1W N4 1 k anlicd
n k
B /—0+.U+ ) e(Obs) - H evf(yi)t//ia’ ) H a/;k(éf)’
[0 B+ pi P

0+,0+
<<y1w“‘, ,ynu/“">>
0,n

qd . . 0+,0+
= 2 E 71W13~~~,7nlll”§l’~--,t s
k! 0.nlk.d

d>0 k>0 ° i

where, in the second series, ¢t € H.T.([CS/C*]).
For each T-fixed point p; € P4, let

12 See Sections 2 and 5 of [6].
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12 H. Lho, R. Pandharipande

T, (PY)
T 5,

13

be the equivariant Euler class of the tangent space of P* at p; with twist by Op4(5).
Let

Hj#i(H ~ /{J) i * mpéd
-

be cycle classes. Crucial for us are the series

so=el(Zyr)e
i b 04.0
U= e

Unstable degree O terms are included by hand in the above formulas. For S;(7), the

unstable degree 0 term is yl For V;;, the unstable degree 0 term is —— ( + S

We also write

4
S(y) = Z *:Si(y).
i=0
The series S; and V; satisfy the basic relation

Zhgwmquwﬁ
X+Yy

e;V;(x,)e; (13)

proven13 in [8].
Associated to each T-fixed point p; € P*, there is a special T-fixed point locus,

—0+,0+ —0+,0+
Qo BT C Oy (P d), (14)

where all markings lie on a single connected genus 0 domain component contracted
to p;. Let Nor denote the equivariant normal bundle of Q0+’0+([P’4, d)"Pi with respect

0,nlk
to the embedding (14). Define

13 In Gromov-Witten theory, a parallel relation is obtained immediately from the WDDV equation and
the string equation. Since the map forgetting a point is not always well-defined for quasimaps, a different
argument is needed here [8].
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Holomorphic Anomaly Equations for the Formal Quintic 13

0+,0+.p;

<71W 14 1 k Omlkd

n k
_ e(Obs) . a s
- _/[—o+,o+ | e(Nor) ’ H ev; (r)y;" - jll ev; (%),

Q()V,,U( (p{d)T,p,’ i=1

0+,0+,p;
a a,
<<YIW 17 7ynlll n>>
0,n
0+,0+,p;

qd
= — Yo, ”";l,...,t> .
> . <71w ¥ s

d>0 k>0 °

3.4 Graph Spaces and I-Functions
3.4.1 Graph Spaces

The big I-function is defined in [6] via the geometry of weighted quasimap graph
spaces. We briefly summarize the constructions of [6] in the special case of (0+, 0+)
-stability. The more general weightings discussed in [6] will not be needed here.
As in Sect. 3.3, we consider the quotient
c’/c*

associated to P*. Following [6], there is a (0+, 0+)-stable quasimap graph space

04,0+ 5 *

QG, (€ /CD. (15)
A C-point of the graph space is described by data
(C.x,)).(f.9) 1 € — [C°/C]x [C?/C7)).

By the definition of stability, ¢ is a regular map to

P! =cC?//C*
of class 1. Hence, the domain curve C has a distinguished irreducible component C,

canonically isomorphic to P! via ¢. The standard C*-action,

t- 160,611 = [t&y. &), fort e C*, [&.& ] € P!, (16)
induces a C*-action on the graph space.
The C*-equivariant cohomology of a point is a free algebra with generator z,

H.(Spec(C)) = QIz].
Our convention is to define z as the C*-equivariant first Chern class of the tangent
line 7,P! at 0 € P! with respect to the action (16),
2= o) (TyP).
The T-action on C lifts to a T-action on the graph space (15) which commutes
with the C*-action obtained from the distinguished domain component. As a result,

we have a T X C*action on the graph space and T X C*equivariant evaluation
morphisms

@ Springer



14 H. Lho, R. Pandharipande

ev; 1 QG (T /T = P i=1,...n,

&; QG°+*|§;([C5/C*]) - [C/C"], j=1,...,k

8:n

Since a morphism

fiC—-1C/C
is equivalent to the data of a principal G-bundle P on C and a section u of P X. C,
there is a natural morphism

C — EC* Xo. ©
and hence a pull-back map
[T HL(C/C)) > HY(O).

The above construction applied to the universal curve over the moduli space and the
universal morphism to [C?/C*]is T-equivariant. Hence, we obtain a pull-back map

&7 1 Hy(C,Q) ®g Qlz] = Hy, . QG+ (IC°/C*1), @)

associated to the evaluation map eﬁ/j.

3.4.2 I-Functions
The description of the fixed loci for the C*-action on

QG f(C°/C*)

is parallel to the description in [5, Sect. 4.1] for the unweighted case. In particular,
there is a distinguished subset M, ; of the C*-fixed locus for which all the markings
and the entire curve class d lie over 0 € P!. The locus M, , comes with a natural
proper evaluation map ev, obtained from the generic point of P':

ev, : M, — C//C* =P
We can explicitly write
M =M, x 0" c M, x (PH,
where M, is the C*-fixed locus in QGgB! d([C5 /C*]) for which the class d is concen-
trated over 0 € P!. The locus M, parameterizes quasimaps of class d,
Pl —[e/C,

with a base-point of length d at 0 € P'. The restriction of f to P'\{0} is a constant
map to P* defining the evaluation map ev..

As in [4, 5, 9], we define the big [-function as the generating function for

the push-forward via ev, of localization residue contributions of M, ,. For
t € H;([C°/C*], Q) ®q Qlz], let
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k
Resy, (1) = [T &® n Resy, [QG] A7 /€711
j=1

[T, & O M I

e(Nor\Ir
( Mia

vir

where Nory,
k.

, is the virtual normal bundle.

Definition 3 The big [-function for the (0+,0+)-stability condition, as a formal

function in t, is

d
l(g,t,2) = Z Z %ev,*(ResMkyd(tk)).

d>0 k>0 °

3.4.3 Evaluations

LetH € H;".([C5 /C*Dand H € H;".(P“) denote the respective hyperplane classes. The

I-function of Definition 3 is evaluated in [6].
Proposition 4 For the restriction t = tH e H.’F([CS/C*], Q),

1Y, (5H + k2)
I, TIL (H = 4+ k2)

ﬂ([) — Z qdel(H+dz)/Z
d=0

We return now to the functions S;(y) defined in Sect. 3.3. Using Birkhoff factoriza-
tion, an evaluation of the series S(H’) can be obtained from the I-function, see [18]:

[

S(l) -
0 |z=0,H=l,z=oo
d
z=-S(1)
S(H) = _ dr i
ZES(I)lzzo,H:l,z:oo
d
7= S(H)
S(Hz) — y dt s
ZES(H)|t=0,H=1,z=oo
d 2
72— S(H?)
S(H3) — y dt ,
ZES(Hz)ltzo,H=l,z=oo
d 3
z=S(H")
S(H4) — y dt ,
ZES(H?,)It:O,H:],Z:oo
d 4
z=-S(H")
§(1) — dt

p .
25 SHY =0 =1 =00

a7
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16 H. Lho, R. Pandharipande

For a ser1es Fe C[[ ]] the specialization F|,_ denotes constant term of F' with
respect to -

3.4.4 Further Calculations

Define small /-function

I(g) € Hy(P*, D)l[q]]
by the restriction

1(g) = (g, Dl;—o-
Define differential operators

D=q%}, M =H + z7D.

Applying z% to [ and then restricting to = 0 has same effect as applying M to I

()]

The function [ satisfies the following Picard—Fuchs equation

(M® = 1 = q(5M + 2)(5M + 22)(5M + 32)(SM + 42)(5M + 52))1 =

implied by the Picard—Fuchs equation for [,

() -1-aT1 () +49) =0

The restriction | 1=, admits the following asymptotic form

2
Wes, —eﬂ“f<R +R, <,1> +R2</1i> +> (18)

with series u, R, € Cl[g]l. _

A derivation of (18) is obtained in [27] via the Picard—Fuchs equation for [|_ A
The series u and R, are found by solving differential equations obtained from the
coefficient of z*. For example,

14+Du=L,
R, =L,
3 5
=—(L-L
20( )
oL 442
=—({1-L
2= 300 "
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Holomorphic Anomaly Equations for the Formal Quintic 17

where L(g) = (1 — 5°¢)~'/>. The specialization (11) is used for these results.
Define the series C; by the equations

Gy = I]Iz=oo,l:0,H:l’ (19)
d i1 ;
C = Zd_tS(H Nomcoy=op=1» fori=1,2,3,4. (20)
The following relations were proven in [27],

C,=C,, fori=01234.

From Eqgs. (17) and (18), we can show the series
SIH") = SH ;1m0

have the following asymptotic expansion:

_ wi ] 2
Si(l)=€f C_O< 00+R01<i)+R02(i) +"')’
— i L/li 2
S(H) = e COCI(R10+R11(§[)+R12(/%) ),
2,2
Si(H?) = e C()Tllcz<R20+R21(Z') +R22(7j) "‘"')’ 1)
5 iy L3ﬂ? 2
S(HY) =e" C0C1C2C3<R30+R31( l)+R32( ,) + )
_ b LA )
S[(H4):€Z C0C1C21C'3C4 <R40+R41(%)+R42( l) + )

We follow here the normalization of [27]. Note
ROk = Rk'

As in [27, Theorem 4], we obtain the following constraints.

Proposition 5 (Zagier—Zinger [27]) For all k > O, we have
R, € C[L*'].
Define generators
DC, DC,

N XIZDX, XZZDXI’ y:_

x=—2 .
C() Cl
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18 H. Lho, R. Pandharipande

From (17), we obtain the following result.

Lemma 6 Fork > 0 we have

Ry =Roppr + @ - %Rm@
Ryjr =Rypr + ? - %le - %le + %le,
Ryjp1 =Ry + ? + %RZk + %Rzk - S%RZI@ (22)
Ry =Rz + % + %RBk - 2%R3k’
DRy DL

Rojs1 =Rypqr + 2 N

Applying Lemma 6 for k = 0, 1, we obtain the following two equations among
above generators which were also proven in [26, Section 3.1]. First,

DY = %(LS — D) +2(L° - DX —2X% — 4X,

(23)
+(L° - DY -Y*-2XY.
For the second equation, define'*
B, = 52X,
B, = 5%(X, + &%),
By = —5°(X, + 3XX, + &%),
B, =5'(DX, + 4XX, + 3X7 + 6X7X, + X*%).
Then, we have
B, = —(L° — 1)(10B; — 35B, + 50B, — 24). (24)

For the proof of first holomorphic anomaly equation, we will require the following
generalization of Proposition 5.

Proposition 7 For all k > 0, we have
(i) Ry € CILH[X],

(i) Ry =0y — U2y, with Oy € CILH][X, X,],
(iii) Ry Ry € CILE[X, X}, &, ]

14 We follow here the notation of [26] for B,.
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Holomorphic Anomaly Equations for the Formal Quintic 19

Proof

(i) Using Lemma 6, we can calculate

DRy R
Ry = I + Ry — TX

(i1)) Using Lemma 6 and relations (23), we can calculate

D?R R L*R 2DR,
0k _ 0k+1 + 0k+1 + 0k+1

Ryjyr = 2 SL 3 7T Rosi2
2DRy X 2Ry X + RuX® Ry
L? L L? L?
—DR,, — LR, + R, X
+ ok Lg kel Rt

(iii) We can also explicitly calculate R5;, and Ry, in terms of
Rop> Rop-1> Ropas X, Xps X, Y

using Lemma 6 and relations (23) and (24). We can check (iii) using these
explicit calculations and Proposition 5. We leave the details to the reader.
O
For the proof of second holomorphic anomaly equation, we will require the follow-
ing result.

Proposition 8 For all k > 0, we have

(i) Ry =Py — “ULX with Py, € C[L*'],

(i) Ry € C[Lil]R[AZ,A4],
(iii) Ry = Py — ==X with Py, € C[L*'][A;5, Ay, Agl,
(iv) Ry € C[L*'][A,,A,, Agl.

Proof The proof follows from the explicit calculations in the proof of Proposition 7
and the definition of A,,A,, A. O

4 Higher Genus Series on ﬁgm

4.1 Intersection Theory on Mg,,,

We review here the now standard method used by Givental [15, 16, 20] to express
genus g descendent correlators in terms of genus 0 data. We refer the reader to [22,

Section 4.1] for a more leisurely treatment.
Letty,t,1,, ... be formal variables. The series

T(c) =ty + t,c + tyc* + -
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20 H. Lho, R. Pandharipande

in the additional variable c plays a basic role. The variable ¢ will later be replaced by

the first Chern class y; of a cotangent line over M, ,,

T(w) =ty + tyw; + Ly? + -,
with the index i depending on the position of the series T in the correlator.
Let2¢—2+n>0.Forq; € Z,yandy € H*(M,,), define the correlator

k
1
W 1= 2 [ v v [ 1w,
k>0 gin+k i=1

Here, y also denotes the pull-back of y via the morphism

M

g.n+

Kk Mg,n
defined by forgetting the last k points. In the above summation, the k = 0 term is

/_ Vllflal W:n_
M

We also need the following correlator defined for the unstable case,
1
(L 1))oa = Z E/— HT(W2+z
k>0 V0 I Mooy i=

For formal variables x, ..., x,, we also define the correlator

s Vns

(G5 a5,

in the standard way by expanding )ﬁ as a geometric series.

Denote by L the differential operator

9 v, 0 _ 0 9 9

L=——=-2tisz—= 15, “h>—~
o, “or_, o, ‘o, ‘or

i=1 i—1
The string equation yields the following result.

Lemma9 For2g—2+n>0andy € H*(A_/Ig,n), we have
(Lo 117 g = O,

1
S
x -y U x, - on
GG w=l)
=(=+-+— .. |y :
X1 Xn X -y Xn —W gn
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Holomorphic Anomaly Equations for the Formal Quintic 21

We consider C(t,)[f,, t3, ...] as Z-graded ring over C(¢,) with
deg(t)) =i—1 fori>2.
Define a subspace of homogeneous elements by

1
C[l p ][tz,t3, - Juom C CIty, 15, ... 1.
- h

After the restriction #, = 0 and application of the dilaton equation, the correlators
are expressed in terms of finitely many integrals (by the dimension constraints).
From this, we easily see

a a 1
<<W Ly I 14 >>g,n |t0:0 eC :] [t2’ I3, "']Hom'
1
Using the leading terms (of lowest degree in %), we obtain the following result.
|
Lemma 10 The set of genus O correlators
{€ Dol |

freely generate the ring C(t))[t,, t5, ...] over C(t)).

Definition 11 Fory € H*(J\_lg,k), let
Po 7 (80815 825 -..) € Qlsg, sy, --.)

be the unique rational function satisfying the condition

W 1Y Ngali=0 = Pl 7 i<t sl o

By applying Lemma 9, we obtain the two following results; see [22, Section 4.1].
Proposition 12 For2g —2 +n > 0, we have

<<1’ o 1 | 4 >>g,n = Pz(g):}"l“’o’y|Si:<<]""s]>>0,i+3.

Proposition 13 For2g—2+n> 0,
')
8.n

<< 1 1
xl—‘lll, ’x”_llln
A5 lyY
pé 5= 1)oies

LI D) &n
=€ ' 2 a;+1 “.xa”+l

ap,...a, 1 n

LEL D)o =1 (1, 1))0,2|z0:o =0.
The definition given in (25) of the correlator is valid in the stable range

@ Springer



22 H. Lho, R. Pandharipande

2¢—=24+n>0.
The unstable case (g, n) = (0, 2) plays a special role. We define

(o))
xl_‘l/1’x2_‘l/2 0.2

by adding the degenerate term

1

X +x2

to the terms obtained by the expansion of o asa geometric series. The degenerate

term is associated to the (unstable) rnoduh space of genus 0 with 2 markings. By
[22, Section 4.2], we have

Proposition 14

<< 1 1 >> S (24 (2)< 1 >
Xp =y %=/ [, X +x

4.2 Local Invariants and Wall-Crossing

The torus T acts on the moduli spaces M L(P*, d) and Q L(P*, d). We consider here
special localization contributions as5001ated to the fixed pomts p; € P4
Consider first the moduli of stable maps. Let

M, (P*.d)"" c M,,(P*.d)

be the union of T-fixed loci which parameterize stable maps obtained by attaching
T-fixed rational tails to a genus g, n-pointed Deligne-Mumford stable curve con-
tracted to the point p; € P*. Similarly, let

0,,(P*. )™ c Q,,(P*.d)

be the parallel T-fixed locus parameterizing stable quotients obtained by attaching
base points to a genus g, n-pointed Deligne—Mumford stable curve contracted to the
point p; € P4

Let A, denote the localization of the ring

CLAE', ..., A%

(U

at the five tangent weights at p, € P*. Using the virtual localization formula [17],
there exist unique series

S, € MilwlllO]]

for which the localization contrlbutlon of the T-fixed locus M o LPHd)TP to the

equivariant Gromov—Witten invariants of formal quintic can be written as
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. e(Obs
ZQd/ ( )l,,"l oy
M, (P*d)TPivir e(NOr)

=0
4/]‘4 le llll II/ H Pi (W}'H—j

k=0 gtk

=| -

Here, HZ" is the standard vertex class,

e(E; ® T, (PY) (51,
e(T, (P4) e(E; ® (54)))

(26)

obtained from the Hodge bundle E, — Mg!n e
Similarly, the application of the virtual localization formula to the moduli of
stable quotients yields classes

F, , € H"(M,,;) ®c A

for which the contribution of Q, ,(P*, d)T*i is given by

g.n

Z q / e(Obs) -
Qg‘n(D:M!d)T,pi]vir e(Nor) 1 n

d=0

< & a
— ;i vee
T k) /M Hy ey Fy e
k=0 °

enlk

Here A_/Ig,n| « 18 the moduli space of genus g curves with markings

{prs-e sy U{Dys ..., P ECY CC
satisfying the conditions:

(i) the points p; are distinct,
(ii) the points p; are distinct from the points p;,

with stability given by the ampleness of
m k
wc(ZPi +e 21%)
i=1 j=1

for every strictly positive € € Q.
The Hodge class HZ" is given again by formula (26) using the Hodge bundle

By = Mg

Definition 15 Fory € H*(M,,,

), let
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24 H. Lho, R. Pandharipande

) k
_ 1
(s Ly )Y = Z o /M rv o TS, W,
gtk j=1
.k
e Y = i YW F,
Wl ’~--’Wn Y gn k' M ]/l[/l Iljn pi’k'
g.nlk

Proposition 16 (Ciocan-Fontanine and Kim [8]) For 2g —2 + n > 0, we have the
wall-crossing relation

Qs o W Ly )=(Qg) = D (w7 )Y (),

ING)
) =exp< e )
ING)

Proposition 16 is a consequence of [8, Lemma 5.5.1]. The mirror map here is the
mirror map for quintic discussed in Sect. 1.1. Propositions 12 and 16 together yield

(Lo, Ty )y =Pg:}~1~ P L) (L L L), ),
) .0 .0
(e, Ty D0 = PO 07 (L1, 1)) (L L L )Y ).

where Q(q) is the mirror map

Similarly, using Propositions 13 and 16, we obtain

1 P
(o L ,y>>
R "X, g’n
(LI (L L L YT, )

S Doy (Zit
= (=) Z o+l a+l
PR

ap,...a, 1 n

1 0+
(EE—
x =y x, -y on

al ..... a, p;i,0+ p;:0+
_ «11))32%(2”_‘_) 2 UL LY S (L L L)
xal+1 "'Xa"+l ’

Apse- oy 1 n

b}

27)
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5 Higher Genus Series on the Formal Quintic
5.1 Overview

We apply Givental’s the localization strategy [15, 16, 20] for Gromov—Witten theory to
the stable quotient invariants of formal quintic. The contribution Cont(g) discussed in
Sect.2of agraphI"' € G ([F"“) can be separated into vertex and edge contributions. We
express the vertex and edge contributions in terms of the series S; and Vj; of Sect. 3.3.
Our treatment here follows our study of K| P2 in [22, Section 5].

5.2 Edge Terms

Recall the definition' of V; given in Sect. 3.3,

we (e T

Let E‘/ denote the restriction of V; to 7 = 0. Via formula (9), Vi/- is a summation of
contributions of fixed loci indexed by a graph I" consisting of two vertices connected
by a unique edge. Let w, and w, be T-weights. Denote by
\—/‘44"1"”2
ij

the summation of contributions of T-fixed loci with tangent weights precisely w, and
w, on the first rat10nal components which exit the vertex components over p; and p;.

The series \/ ? includes both vertex and edge contributions. By definition (28)
and the V1rtual locahzatlon formula, we find the following relationship between

—w,

V""" and the corresponding pure edge contribution E'*"2,
ij ij

. pi.0+ p; 0+
R (U o
1=V =¥/ [on Wo—W X =W/ [0

i:0+ pi0+ pj0+ Pj 0+
(AR (L' (L), (D),
0.2 + 0.2 + 0.2

e v "l wiw, € "2 2

w + X, i Wy + X,

0+ 0+
Wl i, +<<u>>ﬁ{2

= e " vl e n w2

a;,a,
EW1~W2
ij a—1 _a,—1
X(—l)al+a2ﬂx 1 XZ .
T 1 2
2

15 We use the variables x, and x, here instead of x and y.
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After summing over all possible weights, we obtain

y _ 12
e; (\/U - m)@l = E ei\/ij ej.

Wip,Wa
The above calculations immediately yield the following result.

Lemma 17 We have

-0
ol 5.
TN T n A V. — vy .
e e el Vy e;
e;(x; +x,)

X‘]’l-‘x;r‘
PO+ pj.0+ Wi,W
g, l.j‘ z
- 2 e e o (=D a ay*
w
wi,Wy 172
. . . a,—1 a,—1.
The notation [.. .]xalflxuzfl in Lemma 17 denotes the coefficient of xll x22 in the

1 2

series expansion of the argument.

5.3 ASimple Graph
Before treating the general case, we present the localization formula for a simple
graph.'® LetT" € Gg(ﬂ:"4) consist of two vertices and one edge,
v, V), eel(E)
with genus and T-fixed point assignments
g0v) =g POV =p;

Let w, and w, be tangent weights at the vertices p; and p,, respectively. Denote by
Conty,,, ,, the summation of contributions to

> <e<0bs) n [2,@*d)] ) 29)
d>0

of T-fixed loci with tangent weights precisely w, and w, on the first rational compo-
nents which exit the vertex components over p; and p,. We can express the localiza-
tion formula for (29) as

1,0+ 2,0+
wi—w sl ) 2 wy—w b))

16 We follow here the notation of Sect. 2.
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which equals

1,0+ 2,0+
o+ Plya—1|H™ o+ Py | H2
(L Py 3 @iy Y 8
r— gl —wyw, ——— 81
e ™ E "
W 12 W >
ap,ay 1 2

where Hg‘ is the Hodge class (26). We have used here the notation

3 PO+
P[l//ll,...,q/r’f" Hi’]h
kv HE pi0+ pi0+
=P, (L L D)L L L) )
and applied (27).

After summing over all possible weights w,,w, and applying Lemma 17, we
obtain the following result for the full contribution

Conty = z Contnw“Wz

wi,Ws
of T'to Y50 ¢%(e(0bs) N [0, (P*, d)]™).
Proposition 18 We have
p;i, 0+ p;,0+
=1 | e |7 —1 g |7
Contp = ) P[u/"l H?i] IP[W“Z |Hgf2] 1
a,.a,>0 81s 82>
Wl gt 5
X(=D"*%le  w e v e V,— ——— e
b l( Y ei(x1+x2)>]

ap-1

ar-1
XX

5.4 A General Graph

We apply the argument of Sect. 5.3 to obtain a contribution formula for a general
graphT".

LetI' € Gg’o([F"“) be a decorated graph as defined in Sect. 2. The flags of I" are the
half-edges.!” Let F be the set of flags. Let

w : F > Hom(T,C") ®, Q

be a fixed assignment of T-weights to each flag.
We first consider the contribution Contr. ,, to

Y ¢ <e(0bs) n [ég([p“, d)] >

d>0

17 Flags are either half-edges or markings.
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28 H. Lho, R. Pandharipande

of the T-fixed loci associated I" satisfying the following property: the tangent weight
on the first rational component corresponding to each f € F is exactly given by w(f).
We have

Conty.,, = |A t(F)l Z HContFw(v)HContrw(e) (30)

Ae ZF vev ecE
The terms on the right side of (30) require definition:

e The sum on the right is over the set Zio of all maps

A:F—2Z,

corresponding to the sum over a,, a, in Proposition 18.
e For veV with n incident flags with w-values (w;,...,w,) and A-values

(ay,...,a,),

HP(V)

p(v),0+
g(v) ]

P[u/f"l, RO

gv).n

Contp!, (v) =

e For e € E with assignments (p(v,), p(v,)) for the two associated vertices'® and w
-values (w,, w,) for the two associated flags,

p(t1)0+ p(tz) 0+

«ih «nih
Conty(e) =e e m

W.W,
EP("] ).p(2)’

The localization formula then yields (30) just as in the simple case of Sect. 5.3.
By summing the contribution (30) of I" over all the weight functions w and apply-
ing Lemma 17, we obtain the following result which generalizes Proposition 18.

Proposition 19 We have

Cont =

|A t(F)I Z HCont (v)HCont (e),

ZF vev ecE

where the vertex and edge contributions with incident flag A-values (a,, ... ,a,) and
(by,by), respectively are

p(v),0+
Cont? ) = a‘ Lo 1//""_1 ' HPEV;] ,
8V lg()n
«. l>>p(")0+ «. 1>>p(‘2)°+ . !
Conth(e) = (=) "2 [ v ¢ 2 eV, — —— Je, ,
r Y e +xy) /)

by=1 byl
X

18 In case e is self-edge, v, = v,.
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where p(v,) = p; and p(v,) = p; in the second equation.

5.5 Legs
LetI'e G g’n(lP’“) be a decorated graph with markings. While no markings are needed
to define the stable quotient invariants of formal quintic, the contributions of deco-

rated graphs with markings will appear in the proof of the holomorphic anomaly
equation. The formula for the contribution Contp(H*, ..., H%) of " to

e H ev* (H") - e(Obs) N [Qg(um“, d)] "

d>0  j=0

is given by the following result.

Proposition 20 We have

Cont(H", ..., H*)
= IAu:(r‘)l Z H Contl’i‘ ) H COl'ltlé (e) H Contl’i‘(l),

Aezio veV ecE leL

where the leg contribution is

A AD—-1 _M_ k
COl’ltr(l) =(-1) e z Sp(l)(H D) .
ZAD-1

The vertex and edge contributions are same as before.
The proof of Proposition 20 follows the vertex and edge analysis. We leave the

details as an exercise for the reader. The parallel statement for Gromov—Witten
theory can be found in [15, 16, 20].

6 Vertices, Edges, and Legs
6.1 Overview
Following the analysis of KP? in [22, Section 6] which uses results of Givental

[15, 16, 20] and the wall-crossing of [8], we calculate here the vertex and edge
contributions in terms of the function R, of Sect. 3.4.4.
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6.2 Calculations in Genus 0

We follow the notation introduced in Sect. 4.1. Recall the series
T(c) =ty + t;c + t,? + -
Proposition 21 (Givental [15, 16, 20]) For n > 3, we have
Pi»0
{«1,..., 1))03}1

= (\/Ki)Zg—ZMI(Z % / T(w,p1) - T(l//n+k)>
Mo s

k>0

15=0.1,=0.t;5,=(— 1)/Qf L’

where the functions \/A;, Q, are defined by

Pir

<<11>>02
o= -+ Sel2))

From (21) and Proposition 16, we have

(L D))y =ul;,

Using Proposition 16 again, we have proven the following result.
Proposition 22 Forn > 3, we have

(1 1))
—n 1
) R(Z) <1<ZZO F ‘/MO,;H-I( T(W’H‘l) T(W’Hk))

Proposition 22 immediately implies the evaluation

10=0,1, 20,15, =(—1) =L
=011 =01;5,=(=1) =5
ﬁé Ro

0
(L1 )™ = G1)
R,
Another simple consequence of Proposition 22 is the following basic property.

Corollary 23 Forn > 3, we have ((1,..., 1))} " € CIRE, R\, Ry, ... 11471
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6.3 Vertex and Edge Analysis

By Proposition 19, we have decomposition of the contribution to I" € Gg([P"‘) to the
stable quotient theory of formal quintic into vertex terms and edge terms

Conty = T t(F)l > ] conttn [ ] Contee.

AeZF veV ecE
Lemma 24 We have Conti*(v) € C(Ay, ..., A)IL*'].

Proof By Proposition 19,

p(v),0+

a;—1 a,—1 p()
Cont? (V) = P[W SRETER | Hg(V) ]g(v),n ’

The right side of the above formula is a polynomial in the variables

(.1, 11>>"(”’°+ and { (Wl I i

with coefficients in C(4,, ..., 44). The lemma then follows from the evaluation (31),
Corollary 23, and Proposition 5.

Both the positive and the negative powers of ({1,1,1) are required here,
since R— occurs in Corollary 23. O

>P(V) 0+

Let e € E be an edge connecting the T-fixed points p;,p; € P*. Let the A-values
of the respective half-edges be (k, /).

Lemma 25 We have Contl’i‘(e) e C(4, ..., 14)[L“—’1, X, X, X,, Y]and

e the degree of ContA r(e) with respect to Y is 1,
e the coefficient of 37 in Cont re)is

(= 1yt BB
SL3 K242
i J

Proof By Proposition 19,

Wi M _ o
Cont(e) = (=D |e™ s eV, - —L—
F(e) (=1 e €; i e (x+y) ey

Using also the equation

z, 0 S|, ,<¢>f>|z .
xX+y

e.V;(x,y)e;
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we write Contl’f(e) as

) HA 4 _ _
D™ T Y S S0y :
=0

Xky/—l _xk+ly/—2+...+(_1)k—1xk+/—l

where the subscript signifies a (signed) sum of the respective coefficients. If we sub-
stitute the asymptotic expansions (21) for

S, SiH), S(HD, S(H), S(HY)
in the above expression, the lemma follows from Proposition 7. O
Similarly, we obtain the following result using Proposition 8.
Lemma 26 We have Contﬁ(e) € C(g, -+ » AL, X, A, Ay, Agl and

e the degree of Contﬁ with respect to X is 1,
e the coefficient of X in Contﬁ is

(_1)k+;+1 Ro1Raiy +R2k—1R01—1
SI3 k1 =3 513 k=3 -1
i J 12 J

6.4 Legs

Using the contribution formula of Proposition 20,
@app@o* _
A AD-1 | - — k
e A Ca P!
ZAD-1

we easily conclude

e when the insertion at the marking / is HY,
Cy - Conth(l) € C(Ay, ..., A)IL*'];
e when the insertion at the marking / is H 1
CoC; - Conti(l) € C(y, ..., APIL*, X
e when the insertion at the marking [ is H?,
CyC,C, - Conti(l) € C(Ay, ..., ADILH, X, X, Y1 ;
e when the insertion at the marking / is H>,

CyC1C,Cy - Cont () € C(Ag, ..., AILE', X, X, Xy 5
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e when the insertion at the marking / is H*,
CyC,C,C5Cy - Cont]’f(l) € CAg, ..., AL, X, X, X,].

7 Holomorphic Anomaly for the Formal Quintic
7.1 Proof of Theorem 1

By definition, we have

1
1/ 1. 2. 3
4@ =75(-59-5%-55)
1/ 1, 1 | 2
A :—(——x S XY+ —X +—),
D=5V YNt o
Aﬁ(q) = IO;—SLIS<4 + 125X1 + 50?((1 =+ 10X1)

—5L3(1 4+ 10X + 25X% + 25X)) + 1252, — 125X*(Y — 1)).

Hence, statement (i),
F8(q) € CIL*'I[CE', Ky, Ay, Ay, Ag,

follows from Propositions 7, 8, 19 and Lemmas 24-26.

Since
9 _420
oT C,dq’
statement (ii),
ak%B
(@ € CILNICS, €T Ky, Ay, Ay, Agl, (32)

follows since the ring

CILF'ICE, €', Ky, Ay Ay Al = CILFICE, €71, X, X, &X,, V]

is closed under the action of the differential operator

d
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by (23). The degree of CI‘1 in (32) is 1 which yields statement (iii). O

Remark 27 The proof of Theorem 1 actually yields:
k7B
! e CILEN[A,, Ay Ag, Ko ).

2-2¢ TB 2-28 ~k
C0 .Fg, C0 C1' ST

7.2 Proof of Theorem 2: First Equation
LetI' € Gg(P4) be a decorated graph. Let us fix an edge f € E(I):
e IfI is connected after deleting f, denote the resulting graph by
7 € Gy, (P,
e [fI"is disconnected after deleting f, denote the resulting two graphs by
[} €G, (P and T} €G,, (P,
where g = g, + g,.

There is no canonical order for the 2 new markings. We will always sum over the 2
labellings. So more precisely, the graph Fj? in case ® should be viewed as sum of 2

graphs

0 0
Lo ey

Similarly, in case ee®, we will sum over the ordering of g, and g,. As usually, the
summation will be later compensated by a factor of Lin the formulas.

By Proposition 19, we have the following formula for the contribution of the graph I"
to the theory of the formal quintic,

1
Cont = TAuD)] Z H Contl’f(v) H Contlé(e).

AEZEO veV ecE

Let f connect the T-fixed points p;, p; € P*. Let the A-values of the respective half-
edges be (k, [). By Lemma 25, we have

A
dCont-(f) _ (_1)k+l+1M

oy 513 )k2 072" (33)
i 7
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e IfTis connected after deleting f, we have

1 515 '\ 9Cont} (N A .
- C c
|Aut(T)] 2 < C%C%) H ont-(v) H ontr(e)

AGZZO veV e€E, e#f

= Contr}) (H,H).

The derivation is simply by using (33) on the left and Proposition 20 on the
right.

ee [fI'is disconnected after deleting f, we obtain

1 513 dContA i) A .
- C c
[Aut(I)] Z < C(zJ Clz > H ont-(v) H onty(e)

AGZ;() veV e€E, e#f

= Contr} (H) Contr% (H)

by the same method.

By combining the above two equations for all the edges of all the graphs " € G g(IP’“)
and using the vanishing

oCont(v)
—5— =

of Lemma 24, we obtain

5

We have followed here the notation of Sect. 1.1.
By definition of A,, A4, As, we have following equations.

K K?
1o Ko K o)\, _ _gs
cf 0A, scf 0A, 50cf 0Aq

K K3
Li__zi.F 2 0 X, =0,
C20A;, 5C?0A, 50C%0A4

K. K3
1o %0 T 9 )y o
C10A; 5C10A,  50C? 0Aq

Since I¥72()SQ = FB, the left side of (34) after multiplication by 722 is, by the
0 g g 0
chain rule,
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| OF® g, OF® K2 OFP
C2C20A,  SC2C20A, ' SOC2C? 0A¢

€ CIL¥[CE', €71, Ky, Ay, Ay, Ag

On the right side of (34), we have

LEHRE = FL (@) = FEY, Q@)

g—i,1
where the first equality is by definition and the second is by wall-crossing (6). Then,

oFEW oFe,

F (0(9)) = —(q)

where the first equality is by the divisor equation in Gromov—Witten theory and the
second is again by wall-crossing (6). So we conclude

B

oF8
IEEYS, = — (@) e Cllgll. (35)
Similarly, we obtain
o oFB
IgE TR HYY = —-(q) € ClIg]l. (36)
62~B
L VHHYS, ) = — “(9) € Cllqll. 37

The above equations transform (34), after multiplication by Iég—Z’ to exactly the first
holomorphic anomaly equation of Theorem 2,
B B B -1 3B & 2B
1 ()Fg 1 0Fg 1 arg , 1 g1 ng_l. arl.B 19 Pg_l

-2 _ — K + — = - —
C2C2 0A;,  5C2C20A, ° 50C2C20Ag * 24 oT OT 2 oI

as an equality in C[[¢]].
In order to lift the first holomorphic anomaly equation to the ring

CIL*'[Ay, Ay, A, CE L CT1L K,

we must lift the equalities (35)—(37). The proof is identical to the parallel lifting for
KP? given in [22, Section 7.3].

@ Springer



Holomorphic Anomaly Equations for the Formal Quintic 37

7.3 Proof of Theorem 2: Second Equation

By Proposition 19, we have the following formula for the contribution of the graph
I" to the stable quotient theory of formal quintic,

D[] Contt [ Contfrce).

AEZF veV ecE

Cont
o= A t(r>|

Let f connect the T-fixed points p;,p; € P*. Let the A-values of the respective half-
edges be (k, ). By Lemma 26, we have

A
oContr(f) (= 1)k Ryj1Ry 1y Ryy_1Ro1-1
ox SI3AI )3 0 53 k=300 )
i i %

(38)

e [IfT is connected after deleting f, we have

1 575\ 9Cont? ()
|Aut()| 2 <_C_%> HContA(V) H Cont?(e)

Aezio vev e€E, e#f

= Contrj;(l,Hz).

The derivation is simply by using (38) on the left and Proposition 20 on the
right.
ee [fI'is disconnected after deleting f, we obtain

1 515\ 9Conti(f)
[Aut(D)] ) <_C_f> [Jconttoy JT Contfee)

AEZEO veV ecE, e#f

= Cont: (1) Conty2 (H?)

by the same method.

By combining the above two equations for all the edges of all the graphs
I' € G,(P*) and using the vanishing

dCont}(v)
o0X
of Lemma 24, we obtain
5L\ 0 ,so o 2,5Q 2
(—C—%>ﬁ<>gﬂ=;<1> CHPYR + (LH)S, =0, (39)
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The second equality in the above equations follow from the string equation for for-
mal stable quotient invariants. Since

1
K2=—E

Eq. (39) is equivalent to the second holomorphic anomaly equation of Theorem 2 as
an equality in C[[q]].
In order to lift the second holomorphic anomaly equation to the ring

CIL*'1[Ay, Ay, A, CE L C1L K,
we must lift the equalities

<1>g11: ’
(1,H*)? _ =0.

g—12
The proof follows from the properties of the unit 1 in a CohFT. Specifically, the
method of the proof of [25, Proposition 2.12] is used. We leave the details to the
reader.

7.4 Genus One Invariants

We do not study the genus 1 unpointed series TN’IB(q) in the paper, so we take

oF®
sQ _ Y1
oy =57
SQ 02~IB
2 -
Iy~ <H’H>1,2 T T2

as definitions of the right side in the genus 1 case. There is no difficulty in calculat-
ing these series explicitly using Proposition 20,

FY i, 19 1 191
£l Bk B 1)
o G\ T T T 10

PFE | (51 19 1 19 1
1
-1p <A+ K+————> .
or:  C, <c1 27272477 12 12015 >

7.5 Bounding the Degree
For the holomorphic anomaly equation for K[P?, the integration constants can be

bounded [22, Section 7.5]. A parallel result hold for the formal quintic.
The degrees in L of the term of
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%:Q € C[L*'][A;,A4,Aq. K

for formal quintic always fall in the range

[15—15g,10g — 10]. (40)
In particular, the constant (in A,,A,, A4, K,) term of f‘:Q missed by the holomorphic
anomaly equation for formal quintic is a Laurent polynomial in L with degree in the
range (40). The bound (40) is a consequence of Proposition 19, the vertex and edge
analysis of Sect. 6, and the following result.

Lemma 28 The degrees in L of R, fall in the range
[—i4p+1].

Proof The proof for the functions R, follows from the arguments of [27]. The proof
for the other R,, follows from Lemma 17. O
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