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Abstract

The present communication presents a theoretical study of blood flow through a stenotic artery with a porous wall com-
prising Brinkman and Darcy layers. The governing equations describing the flow subjected to the boundary conditions
have been solved analytically under the low Reynolds number and mild stenosis assumptions. Some special cases of
the problem are also presented mathematically. The significant effects of the rheology of blood and porous wall of the
artery on physiological flow quantities have been investigated. The results reveal that the wall shear stress at the stenotic
throat increases dramatically for the thinner porous wall (i.e. smaller values of the Brinkman and Darcy regions) and the
rate of increase is found to be 18.46% while it decreases for the thicker porous wall (i.e. higher values of the Brinkman
and Darcy regions) and the rate of decrease is found to be 10.21%. Further, the streamline pattern in the stenotic region

has been plotted and discussed.
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1 Introduction

Arteries are the blood vessels that transport blood from
the heart to all parts of the body (lungs, tissues, brain etc.).
In many cases, some obstructions occur in the arteries dur-
ing the blood flow, and one of them is the deposition of
plaques on the arterial walls, narrowing the area of the
flow region and leading to a disease called atherosclerosis
or stenosis. Over a period, stenosis solidifies and constricts
the blood vessels, limiting the oxygenated blood supply
to the organs and other parts of the body which leads to
severe complications, including heart attack, stroke, or
even death [6].

To understand the influence of constriction in the lumen
of a blood vessel, many research workers [8, 17, 31] have
studied the blood flow through the constricted arteries by
supposing it as a Newtonian viscous fluid. Mekheimer and
Kot [18] presented a particle-fluid suspension model for

blood flow through a catheterized curved artery with con-
striction. The effect of a catheter on entropy generation in
two-phase blood flow is analytically studied by Mekheimer
et al. [19]. Elnageeb et al. [11] examined the influence of
Cu nanoparticles on the flow of blood, assuming the rhe-
ology of blood as Newtonian fluid in a catheterized arte-
rial stenosis with a clot. But it is well recognized that as it
flows through small-diameter vessels at low shear rates,
blood exhibits non-Newtonian fluid behavior [9, 15, 30].
The papers [25, 28] include a brief sample of the scientific
work on non-Newtonian effects on blood flow by consid-
ering blood as a Casson model fluid, in view of the non-
Newtonian nature of blood. Akbar et al. [1] investigated
the Reiner-Rivlin model fluid for blood flow in a tapered
mild stenotic artery. In addition, Bugliarello, Sevilla [7] and
Cokelet [10] have experimentally confirmed that there is
a peripheral plasma layer (Newtonian viscous fluid) near
the vessel wall and a central area of suspension of all
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erythrocytes as a non-Newtonian fluid when blood passes
through the small blood vessels. Several authors [13, 20,
23] have examined the two-layered model of blood flow in
a stenosed artery in which the central core region consist-
ing of Casson fluid and the peripheral layer containing the
Newtonian fluid.

In the studies as mentioned above, the blood flow
through the blood vessels is considered as single or dou-
ble-layered, and the vessel walls are treated as rigid. While
the blood vessel walls are structurally composed primar-
ily of three layers: tunica intima, tunica media, and tunica
externa.The porous medium is a substance composed of a
rigid frame of pores that are intertwined. The flow through
porous media was explored by Whitaker [29] using Darcy’s
law. Goharzadeh et al. [12] have experimentally examined
the existence and thickness of the transition layer at a fluid
porous interface. A three-layer structure in which a Newto-
nian fluid is overlying a transition porous layer, which over-
lays a layer of the porous region of Darcy, has been studied
by Hill and Straughan [14], and they have discussed the
instability of Poiseuille flow. Boodoo et al. [5] have pro-
posed a two-fluid mathematical model for blood flow in
a uniform tube such that the wall of the tube is assumed
to be porous and consisting of a thin transition Brink-
man layer followed by a Darcy region. In their model, the
central core region comprises a micropolar fluid, and the
peripheral plasma layer, Brinkman, and Darcy regions are
filled with Newtonian fluid. The study shows that the fluid
velocity in the core region and plasma layer reduces with
the increase of hydraulic resistivity, and the smaller values
of permeability increase the flow resistance in the porous
region that causes an overall slower velocity of both the
fluids in the core and plasma. Sharma and Yadav [24] have
discussed a Casson-Newtonian fluid model for blood flow
in a stenotic artery with the porous wall which comprises a
Brinkman layer (tunica intima) surrounding a Darcy region.
They concluded that as the yield stress increases, the Cas-
son fluid velocity reduces, and the flow rate in the sten-
otic region has a symmetric profile for the stenosis shape
parameter n = 2, but for other values of n, it is asymmetric.

The Kuang-Luo (K-L) model fluid, which is an improve-
ment of the Casson model, has been proposed by Luo
and Kuang [16]. It provides a better depiction of the non-
Newtonian character of blood since it encompasses three
parameters, such as yield stress, plasma viscosity, and
other chemical variables, whereas only viscosity and yield
stress are considered in the Casson model. In describing
the shear-thinning behavior of blood within an extensive
shear rate, this model is more effective [16]. The consti-
tutive blood parameters were experimentally explored
in various blood rheological equations by Zhang and
Kuang [32]. The investigation revealed that Bi-exponent,
Quemada, and K-L models are in good agreement with
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the hemorheological features of canine and human blood,
and the K-L model can be used well in hemorheology and
hemodynamics. Several authors [2, 3, 26] have been intro-
duced mathematical models to illustrate the effect of ste-
nosis on blood flow characteristics treating blood as K-L
model fluid.

With this motivation, an attempt is made to study a
two-fluid mathematical model for blood flow in a con-
stricted artery consisting of a core region of suspension
of all the erythrocytes supposed to be a K-L fluid and a
peripheral layer of plasma as a Newtonian fluid. The arte-
rial wall segment is assumed to be porous and comprising
two-layers, namely Brinkman and Darcy. The layout of the
paper is as follows. Section 2 deals with the formulation of
the problem in which the equations of motion for all the
four regions using K-L and Newtonian constitutive equa-
tions and the non-dimensionalization procedure are pre-
sented. The resulting differential equations are solved with
the appropriate boundary conditions, and the analytic
expressions for the physiologically significant flow quan-
tities such as velocity profiles in all the regions, plug-core
radius, flow flux, wall shear stress, and resistive imped-
ance are obtained in Sect. 3. Some special cases, which
are the limiting cases of the present model, are presented
in Sect. 4. The impact of several physical parameters on
the blood flow characteristics is analyzed in Sect. 5. The
outcomes are summarized, and the significance of the
presence of the peripheral plasma layer and the porous
wall is indicated in the concluding Sect. 6.

2 Modeling and formulation

Consider one dimensional, steady, laminar, fully devel-
oped, and an axially symmetric flow of incompressible
viscous fluid (blood) through the stenosed artery whose
porous wall is composed of two layers, namely Brinkman
and Darcy. We assume that the rheology of blood in the
core region is characterized by the K-L fluid and a periph-
eral layer of plasma, porous wall as a Newtonian fluid. A
cylindrical polar coordinate system (7, 8, Z) whose origin is
located on the vessel (constricted artery) axis is taken to
examine the flow of blood. The geometry of the stenotic
arterial segment (see Fig. 1) in dimensional form is written
mathematically as

Re | 1-7l @-D-E-dm), d<i<d+ly

Ro 1, otherwise

(1
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Fig. 1 Schematic diagram of a stenosed artery with different regions

where y =

——m

RoL,
duct with and without stenosis, respectively, R, is the plug
core radius, d is the location of the constriction, L, ind_i-
cates its length, m(> 2) is the stenotic shape parameter, 6,

5 m/m-1\ — _ _
> <m—>,R(z),Roaretheradiusofthe

- = L
is the maximum stenotic heightoccursatz = d + —0,
_ m?1/(m=1)
5 _ _ _ _
such that = << 1. We denote R, Ry, Rz and R, be the

R
radius ofthé)duct in the stenotic region for core, pI_asma,
Brinkman and Darcy regions, respectively. Let hp, hg and
h, represent the thickness of the plasma, Brinkman and
Darcy layers, respectively such that hy = h, /9 [27].

Let us assume P, Pp, Pz and P be the pressures in the
four regions, respectively. As the flow is one dimensional
(axial direction) and axially symmetric, the velocity vector
is given by V= (0,0, w;), where w; is the axial velocity in
the respective region (i = C, P, B, and D). Hence the basic
momentum equations for the four regions can be written
as:

Region I: Core region (K-L fluid)
9 (F7:5) =0, 2)

where the shear stress 7;3,

for K-L fluid, is given by [16]

?;E = ?O + E1 \/% + 52;, ?FE > ?0 (3)

7 =07 <7 4

Region II: Plasma region (Newtonian fluid)

Region llI: Brinkman porous region (Newtonian fluid)

P, n _ow n_
——_B+@i_<r—_3>—§w3= (©)
0z r or

Region IV: Darcy porous region (Newtonian fluid)

o kg, —, 7)
0z  k
where ; is the shear rate, the three parameters 7, ¢,, o,
are functions of hematocrit (volume fraction of red blood
cells), plasma viscosity, and other chemical variables, 1, is
the effective viscosity of transition (Brinkman) layer and k
is the permeability constant.
We introduce the following dimensionless variables:
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where 1 is the Newtonian fluid viscosity, 8, and 6, are the
non-dimensional K-L fluid parameters, Da is the Darcy
number, 4, is the non-dimensional effective viscosity and
Re is the Reynolds number. Equations (2)—(7) can be trans-
formed to dimensionless form by employing the above
non-dimensional variables:

Region I: Core region

oPc 10
dz r ar(”’Z) ©)
where
[ owc owe
Trz=1'0+91 —7—ezw, T, > Tg (10)
ouc
—WZO,‘L}ZSTO (11)

It is emphasized from the Eqgs. (10) and (11) that the veloc-
ity gradients vanish in the flow region where the shear
stress (z,,) is less than the yield stress (z,), which in turn
indicates that the plug flow occurs whenever 7, < 7.
However, normal flow occurs whenever z,, > 7 (i.e. the
shear stress is greater than the threshold stress).

Region II: Plasma region

oP, 1 0 ow,
_E+FE<’7 =0 (12)

Region llI: Brinkman porous region

0Py A, o [ Owg 1
‘a—z+75<’7 "D ° (13)
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Region IV: Darcy porous region

The boundary conditions are

(i) 7, isfiniteat r =0 (15)
L 0w
(i) = —* =1
0 ow, 1/2 0 owe tr=R (16)
+ 1 —7 + 2 _7 atr = C(Z)
(iiiywe = wp at r = Re(2) (17)
(iv)wp = wg at r = Rp(2) (18)

WL (o) ()2 Lyt r=Ro)
V) — —_ = w, = V4
o\ or or Da B [2 (19)
where ¢ is the porosity of the medium and g is the param-

eter of the stress jump [21].

o
VDa

where « is the parameter of the Darcy slip [4].

. OWp
(vi) a— = (WB - WD) at r = RB(Z) (20)

.. OW¢
(vii) T =0atr=Ry(2) (21)

The dimensionless form of the wall geometry is given by

1—y[lr'z-d)—z-d)"], d<z<d+lLy
R(z) =
1, otherwise
(22)
) mm/(m—1)
h == —)
where y L6n< — )

3 Solution

Suppose the pressure gradient in all the four regions are
equal.
oPc 0Py 0Py oPp

oz o0z oz oz o(?) (23)

Substituting Eq. (23) in Eq. (9) and integrating, we get

P, A
=5t (24)
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Using the boundary condition (15), Eq. (24) becomes

rPg
Trz = — 7 (25)

The solutions of Egs. (10)-(14) can be obtained as

2740, — 6
We = T r
2

P,r? 0 (20)
g 1 32
26, +— 6,03 (67 — 4700, + 2P,0,r)™"" + A,
r2
g
Wp = ——1— +A; In(r) + A, (27)
Wg = As Io(&r) + Ag Ko(ér) + PyDa (28)
wp = P,Da (29)
where ¢ = , Iy and K, are modified Bessel functions

v 4.Da
of first and second kind, respectively and A,, A;, A,, Asand
Ag are arbitrary constants to be determined.

The velocity in the plug core region is obtained by

21,0, — 62

P R2
"9l 0, 3/2
0, 5, 03 —— (07 — 4100, + 2P,0,R,) " + A,
(30)
Applying boundary condition (16), we get
A3 =0 @31

By applying boundary conditions (17)-(20), one can obtain

0
A, —A, = _6P;9§ (67 — 4140, + 2P,0,Rc )"
1 Pg 32
- ?(21002 - 02)Rc + @(1 — 0,)R?
2
Pg

Ay = 1o(ERp) As — Ko(ERp) Ag = ;(Rﬁ + 4Da) (33)
|#810(eRe) — £ VDal ¢R)| As

+ |6VDaK,&Rp) + dBKy(ERR)| As (4

= —(Rp\/_ 26Da)

|loeRy) - £/Dal (Rp)| A5

(35)
+ [aKo(gRB) +&vV/Dak, (.fRB)] Ag =0

where A,, A,, As and Ag are arbitrary constants which can
be found out by solving the Egs. (32)-(35) using MATLAB
software, and are given in “Appendix”.

Applying boundary condition (21), we can obtain the
expression for plug core radius

21,

R, =—
pl (36)
Pg

The flow rate through the plug core region Q, is defined as

Ryl

Qy = / rup dr (37)

0
which, on substituting Eq. (30), gives
0, R2
Q
p= 12P, 03

(62 — 4740, + 2P,R,16,) ™"
2\ p3
+ ?(21092 - 67)R, (38)
2
4 2
PR AR
80, | 2

Similarly, the flux through the core, plasma, Brinkman and
Darcy regions may be expressed as

: P,
chﬁ(zfoez—ef)( R3) o0 (R“ Rg)

2
A2 2 2
+ ?<RC - Rp,)
61
+
210363
(=07 + 4740, + 5P,0,R)
61
210P395

(=07 + 47,0, + 5P,0,R,)

5/2

(07 — 4790, + 2P,0,Rc )

(62 — 476, + 2P,0,R,) "

Pg
75 (Re —Re) +

%=1

A
A m-r2) (40
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AS
Q= vl [Rsl (ERg) — Rpl1(ERp)]

A6
- [RsK: (ER5) — RpK, (€Rp))] 41)
P,D.
+ L= (R~ RY)
P_Da
0, = 4~ (R~ RY) “2

The total volumetric flux is calculated as
Q=0Q,+Qc+Q+Qs+Qp (43)

Substituting Eqs. (38)-(42) in Eq. (43), the expression for
flux can be written as

1
- 2
126’2

Q (2706, — 07) (R, + 282 )

p
9 4 4 4
- o (RS + (1= 0RE + 0,R?)

P_Da A
(R - R2) + S (R - RY)

AS
t5 [Rsl (£Rg) — Roly (€Rp))

A6
~ [RsK: (ERg) — RpK; (ERp)]
2
0, Rp,
3
12P,63

3/2

(62 — 4700, + 2P,0,R,)

0, 5
- S0P [(01 — 41,0,
g 2

5/2
+2P,0,Rc)™" " (67 — 410, — 5P,0,R)
— (02 = 4540, + 2P,0,R,)) > (02 — 4,0, — 5P962Rp,)]
AR

2
(44)

The shear stress at the stenosed arterial wall 7, can be
defined as

[ awp N dwyg dwyg
fw = dr /g, dr /g, dr /, s, (45)

In which on using Eqgs. (27) and (28) gives
PR

7, = -"TP ¥ 5[A5(/1 (&Rp) — 1 (£Ry))
— A Ky (ERy) = K (&Rp)) |

The flow impedance A is defined as
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z

P
A= / g(;Z) dz (47)

0

For various values of the parameters involved in this analy-
sis, numerical values of resistance to blood flow can be
computed by using the numerical integration on Eq. (47).

4 Special cases

When the blood flows through a constricted artery with
porous wall, the velocity profiles for different blood flow
models, namely Newtonian-Newtonian, Bingham-New-
tonian and Casson-Newtonian are obtained as limiting
cases as follows:

4.1 Newtonian-Newtonian fluid model

The velocity distribution of Newtonian-Newtonian fluid
model can be calculated by taking the limit of the veloci-
ties we, wp, wy and wy, in Egs. (26)-(29) as the yield stress
(7p) and K-L fluid parameter (6,) tend to zero. As 7, — 0
and 6, — 0, then the constitutive equation of core (K-L)
fluid reduces to the Newtonian viscous fluid, which is
given by

ow,
T, =—b6, 7 (48)

Therefore, the velocity profiles in each layer can be given
by

Pgr2 5 o
=—— 4
We= "%, T5 49)
Pgr2
Wp = —T+B3In(r)+B4 (50)
Wg = Bs Io(&r) + Bg Ky (&) + PgDa (51)
Wp = PgDa (52)

4.2 Bingham-Newtonian fluid model

The velocity distribution of Bingham-Newtonian fluid
model can be calculated by taking the limit of the veloci-
tieswg, wp, wg, wpand Wy in Eqgs. (26)—(30) as the K-L fluid
parameter (6,) tends to zero. As §; — 0, then the constitu-
tive equation of core (K-L) fluid reduces to the Bingham
plastic fluid, which is given by
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ow,
T, =Tp+ 02 <_a_l’c> (53)

Therefore, the velocity profiles in each layer can be given
by

1 :Dgl’2
WC=0—2 T~ 4 + G, (54)
Pyr?
Wp=———+ GInin+¢, (55)
wg = Cs 1o(&r) + C Ky (ér) + PgDa (56)
Wp = PgDa (57)
P_R?
1 g pl
Wpi = 5 <TORpI 4p ) +G (58)

4.3 Casson-Newtonian fluid model

The velocity of distribution Casson—Newtonian fluid
model can be calculated by taking the limit of the veloci-
ties wc, wp, wg, wpand w), in Egs. (26)-(30) as the K-L fluid
parameter (0;) tends to 24/7,0,. If 0; = 24/7,0,, then the
constitutive equation of core (K-L) fluid reduces to the Cas-

son fluid, which is given by

Ty = \/;0+ 02<_7> (59)

Therefore, the velocity profiles in each layer can be given

by
P r2 STOPg
g V
Wc=—9—2 TOr+T_3—92r3/2 +D, (60)
Pyr?
Wp = _T+D3In(r)+D4 61)
wg = Ds I(&r) + Dg Ko(&r) + PyDa (62)
wp = PyDa (63)

2 [8r,P
R Png/ %o 9R3/2

_ 1
Wp,——_

+ D, (64)

The expressions for the arbitrary constants B,-B,, C,—C¢ and
D,-D4 can be obtained as the limiting cases of the arbi-
trary constants A,-Ag for the respective model. It is worth
noting that the analytical expressions for velocity profiles
[Egs. (60)—-(64)] are coincide with the expressions obtained
by Sharma and Yadav [24].

5 Graphical results and discussion

The objective of the present study is to investigate the
change in flow pattern due to stenosis and the effect of a
porous wall on the blood flow in arterial stenosis whose
porous wall is composed of two layers, namely Brinkman
and Darcy. It is also intended to bring out the simultane-
ous effects of non-Newtonian behavior of blood, yield
stress, plasma layer thickness, Darcy number, porosity,
Darcy slip parameter, and stress jump parameter on physi-
ologically pivotal flow characteristics such as velocity pro-
file, plug core radius, flow flux, wall shear stress, and resis-
tive impedance. For computational purpose, the range of
the values of different parameters involved in the present
analysis is chosen as [22, 27, 31]: length of the stenosis
L, = 1; location of the stenosis in the axial directiond = 4,
z =4 -75; stenosis shape parameter m =2 — 5; maxi-
mum height of the stenosis ; = 0 — 0.2; porosity ¢ = 0.5;
Darcy slip parametera = 0.01 — 0.7; stress jump parameter
B = 0.1; effective viscosity 4, = 1.7; K-L fluid parameters
0, =02-2,0, =0.8— 1.2 yield stressz, = 0 — 0.T; plasma
layer thickness h, = 0 — 0.7; Darcy number Da = 0.01 — 0.7;
Darcy region thickness h, = 0.4 — 1.8.

When the fluid flows in a stenosed artery with
porous wall, the velocity profiles for different fluid mod-
els such as Newtonian-Newtonian (¢, = 0,6, =0),
Bingham-Newtonian (z;=0.0560,=0), Cas-
son—-Newtonian (z, = 0.05,0, = 0.4899), and K.L-New-
tonian (r, = 0.05,0, = 0.2 and 0, = 0.8) are compared
and displayed graphically in Fig. 2. It is obvious that,
relative to the fluids with yield stress, the Newtonian
fluid velocities are much greater. Another notable
observation is that the plot of the velocity profile of
Casson fluid (ry = 0.05, 6, = 1/27,0,) [24] lies between
those of the K.L fluid with 7, = 0.05,0; < /27,0, and
7y = 0.05, 0, > 4/27,0,. Figure 3 shows the radial variation
of axial velocity with the yield stress (z,) and plasma layer
thickness (h,). It depicts that the axial velocity declines as
the yield stress increases. Additionally, it may be observed
that with the increase in plasma layer thickness, the axial
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Fig.2 Comparison of the axial 1r
velocity profiles in the stenotic
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Fig. 3 Radial distribution of blood velocity in the stenotic zone with plasma layer thickness (h,) and yield stress (z,)

velocity continues to increase. The distribution of axial
velocity with the radial distance (r) for different values of
K-L fluid parameters (6, and 6,) is shown in Fig. 4. It may
be noticed that the rise in the K-L fluid parameters con-
tributes to a decrease in velocity and for the lower values
of 6,(6, < 2), the rate of decrease in velocity is observed
to be greater.

Figure 5 describes the effect of Darcy number (Da) and
Darcy slip parameter (@) on the radial distribution of the
axial velocity of the fluid. The figure shows that the velocity
of the fluid (blood) in the stenotic region increases rapidly
for the higher values of Da, whereas the velocity increases
gradually with the increase of a. We infer from the result
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that in contrast to the Darcy number, the Darcy slip param-
eter is a weak parameter in the sense that it induces less
variation in the magnitude of the axial velocity. Figure 6
reveals the combined effect of a thickness of Brinkman
and Darcy layers on the radial variation of the axial veloc-
ity of the fluid. We note that the Brinkman layer thickness
(hp)is altered by the change in the Darcy region thickness
(hp) as the relationship between hz; and h, is considered
to be hy = hp /9 [27]. It is clear from the figure that the
axial velocity in the core, plasma, and Brinkman regions
increases as the thickness of the Darcy region decreases,
but it starts to decrease at the end of the Brinkman region.



Fig.6 Distribution of velocity
of blood in the stenotic zone

with Darcy layer thickness (hp)
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It is noticed that the axial velocity is very much
decreased as yield stress increases, and therefore the plug
flow becomes prominent in the flow of blood. The effects
of various parameters (z, hp, 0, Da, a, hp, 6., and m) on the
plug flow radius (R,) are shown in Figs. 7, 8,9, 10, 11 and
12.1tis illustrative that as zincreases from 4 to 4.5, the plug
flow radius decreases, and as z increases from 4.5 to 5, it
increases. It can be observed from Figs. 7 and 8 that the
plug core radius (R,)) increases when yield stress increases

and the same behavior is noted as plasma layer thickness
(hp) increases, whereas its variation with 6, is always having
an opposite nature when other parameters are held fixed.
Further, one notices from Fig. 8 that the plug core radius
is found to be constant along the axial direction (z) in the
absence of stenosis (6, = 0).

The effect of parameter constant in K-L model fluid
(6,) on plug core radius along the axial direction is shown
in Fig. 9. It may be pointed out that the plug core radius
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Fig.7 Axial distribution of plug flow radius (R,)) with plasma layer thickness (h,) and yield stress (z)
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Fig. 10 Axial distribution of plug flow radius (R,,) with Darcy number (Da) and slip parameter of Darcy (a)

increases as 0, decreases. Figure 10 sketches the variation
of plug core radius along the axial direction with Darcy
number (Da) and Darcy slip parameter («). It is clear from
the results that the plug core radius enhances with the
increase in the values of Da and a. Figure 11 shows that
the joint impact of the thickness of the Darcy region (hp)
and Brinkman layer (hg) on the plug core radius. It may be
noted that as the value of h raises, the plug core radius
upgrades. Figure 12 reveals that the plug core radius

escalates in the upstream region of the constriction and
reaches its minimum value at some stage, and further, it
decreases in the downstream region with the advance-
ment in the value of stenotic shape parameter (m). Also, it
is seen that the point at which the plug core radius takes
the least value is shifting towards downstream along the
axial direction as the value of n increases, which forms the
new evidence added to the literature.
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Fig. 12 Axial variation of plug flow radius (R,,) for different values of shape parameter of constriction (m)

Wall shear stress or skin friction signifies a tangential
force applied to the wall of the blood vessel by the flowing
blood which is produced because of the traction between
the wall and the fluid (blood) along the wall. The axial vari-
ation of wall shear stress (7,,) for different values of 7y, h,
0, Da, a and m in the stenotic region has been studied and
illustrated in Figs. 13, 14, 15, 16, and 17. Figure 13 shows
the variation of the wall shear stress with z-axis for dif-
ferent values of the yield stress (z,) and thickness of the
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plasma layer (h,). It is observed that the shear stress at
the arterial wall decreases as the plasma layer thickness
increases while it increases with the enhancement in yield
stress for a fixed value of h,. It is noticed that the rate of
increase or decrease of wall shear stress with respect to the
tube axis is found to be higher in the case of yield stress
in comparison with the plasma layer thickness. Figure 14
is drawn to analyze the influence of parameter constant
in K-L fluid (8,) on the axial variation of skin friction. It is
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Fig. 14 Axial variation of wall shear stress (z,,) with parameter constant in K-L fluid (6,)

established that the skin friction in axial direction increases
considerably with the increase of parameter constant in
K-L fluid (6,). One can see that as z moves from 4 to 4.5,
the skin friction along the axial direction upsurges, and
then it declines symmetrically as z moves further from 4.5
to 5.

In Fig. 15, how the combined role of Darcy number (Da)
and Darcy slip parameter (a) in changing the pattern of
skin friction (z,,) has been displayed. It is seen that the

skin friction decreases rapidly with the increase of Darcy
number (Da), but it decays marginally as the Darcy slip
parameter () increases for a fixed value of Da. Figure 16
is drawn to explore the combined effect of the thickness
of Brinkman layer (hg) and Darcy region (hp) on the skin
friction. When the value of h, < 1.0, the wall shear stress
increases, and it starts decreasing for h, > 1.0. Therefore,
the understanding of the joint role of hz and h, may be
helpful in normalizing the blood flow. The drive of Fig. 17
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Fig. 16 Wall shear stress (r,,) distribution in the stenotic zone for different values of the Darcy region thickness (hp)

is to illustrate the effect of stenosis shape parameter (m)
on the axial distribution of skin friction. It is important to
note that in the upstream of the stenotic zone, skin friction
decreases and then increases in the downstream of the
region as the m value increases. A rise in the magnitude of
m tends to change the position where the wall shear stress
achieves its maximum towards the downstream.

For more insight into the physical characteristics of
the shear stress on the wall geometry of the artery, the
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response of shear stress in separate regions and total wall
shear stress for the two cases such as §, = 0.0 (uniform
artery) and §, = 0.1(stenosed artery) is depicted in Table 1.
From this table, we can see that the magnitude of shear
stress is positive at the end of the plasma layer ((z,,) , > 0),
whereas it is negative in the Brinkman region ((z,, ) , < 0).
It is due to the fact that the axial velocity profiles continue
to decrease till the end of the plasma layer, and increase
gently in the Brinkman region (see Figs. 2, 3, 4, 5 and 6).
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However, the magnitude of total shear stress (z,,) exerted
by the flowing blood on the porous wall of the artery is
positive, and is observed to be higher in the case of sten-
osed arteries as compared to the uniform vessels.

The axial variation of resistive impedance (1) experi-
enced by the flow of blood is shown in Figs. 18, 19, 20,
21 and 22 for various values of the critical parameters
involved in the study. The joint effect of yield stress (z;)
and plasma layer thickness (h,) on flow impedance has

been studied from Fig. 18. The resistance to flow enhances
as the yield stress (z,,) increases for a fixed value of h;,
whereas its variation with plasma layer thickness (hp) is
of inverse nature. Figure 19 displays the axial distribu-
tion of the resistive force (flow impedance) for different
values of parameter constant in K-L fluid (6,). It is seen
that the flow resistance is increased as the value of param-
eter constant in K-L fluid increases. Figure 20 exhibits the
combined effect of the thickness of the Brinkman layer
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Table 1 Shear stress on the wall geometry in separate regions for different values of stenotic height

S dw,
’ = ().
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) _ dwg dwg
(7w)g = dr ), g, dr ), g
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Fig. 20 Axial variation of resistive impedance (1) in the stenotic zone with the Darcy region thickness (hp)
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(hg) and Darcy region (hp) on the resistive impedance. As
the value of h, < 0.8, the flow resistance increases while
it has an opposite nature when h > 0.8. Thus, the collec-
tive relevant role of hg and h could be provided suitable
eminence in updating the blood flow model.

Figure 21 is drawn to see the influence of Darcy num-
ber (Da) and parameter of Darcy slip (a) on the axial

distribution of resistive impedance. One can easy to
observe that the impedance to flow decays rapidly as the
Darcy number (Da) enhances, but it decreases marginally
with the rise of the parameter of Darcy slip («) for a fixed
value of Da. Figure 22 depicts how the flow resistance is
affected by the severity of the constriction. The maximal
constriction height has been modified by the variation of

SN Applied Sciences

A SPRINGERNATURE journal



SN Applied Sciences (2021) 3:508 | https://doi.org/10.1007/542452-021-04399-6

Research Article

parameter §.. It is found that for 6, = 0, i.e., when there
is blood flow through the artery in the absence of ste-
nosis (uniform artery), the curve representing the varia-
tion of the flow impedance becomes perfectly linear. This
linearity of the results is gradually lost with enhancing
the maximal constriction height (6,), and the results are
observed to grow nonlinear. Further, one can see that the
flow impedance increases gradually throughout the con-
stricted region as the maximum height of the constriction
(8,) increases. These interpretations are self-explanatory
in the sense that when the maximal stenotic height (5;)
is drastically changed, say for 6, = 0.2, the resistive force
exerted by the streaming blood appears, as predicted, to
be a maximum. Hence, the height of the constriction plays
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(a)

a vital role in the flow impedance encountered to char-
acterize the flow behavior of blood in a stenosed artery.
To get more insight into the flow behavior, streamlines
are plotted for the whole region in Figs. 23 and 24. The
impact of the thickness of the porous wall on the stream-
line pattern is shown in Fig. 23. As the Darcy region thick-
ness increases from h, = 0.6 to h, = 1.2, the number of
bolus increases but the size of the trapping bolus dimin-
ishes, whereas the inverse behavior of the streamline pat-
tern is noticed in the Brinkman region. Figure 24 elucidates
that the blood flow pattern (streamlines) in the stenotic
region when the stenosis shape changes from symmetric
(m = 2)to asymmetric(m = 5). It is observed from this pat-
tern that the trapping bolus is shifting towards the down-
stream along the z-axis as the value of m increases.

(b)

Fig. 23 Streamlines for different values of Darcy region thickness:ah, = 0.6,bhy = 1.2

Fig. 24 Streamlines for different values of stenosis shape parameterram =2,bm =5
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6 Conclusion

The theoretical study of a two-fluid model of blood flow
in a stenosed artery with porous wall treating blood in
the core region as non-Newtonian fluid and peripheral
plasma, Brinkman and Darcy regions filled with Newto-
nian fluid has been done in the present work. Due to the
presence of the Brinkman and Darcy layers in the porous
wall, the study brings out several curious fluid mechanical
phenomena. It is found that blood velocity in the stenotic
region attenuates with the increasing values of the K-L
fluid parameters. Further, the velocity in both plug flow
and non-plug flow regions increases with the increase
of plasma layer thickness, but it slows down by the yield
stress.

The plug core radius rises in the upstream region of
the constriction, and then it dwindles in the downstream
region with the enhancement in the value of the shape
parameter of constriction (m). Further, the point at which
the plug core radius takes a minimum value is shifting
towards downstream along the axial direction as the
value of m enhances. The flow impedance and skin fric-
tion exerted by the streaming blood are found to reduce
with the increasing values of Darcy number and Darcy
slip parameter, but they are enhanced with the K-L fluid
parameter. The precious outcome of the present study
is that the joint effect of thickness of the Brinkman layer
and the Darcy region on the skin friction and flow imped-
ance. It is found that for lower values of hj, (Darcy region
thickness), the skin friction and resistive impedance are
enhanced with the rise in hp, while these are found to
be opposite nature for higher values of hj, which forms
the new information, at least to the authors’ knowledge,
added to the literature. Hence, looking at the significance
of the hemodynamic factors in the understanding of
blood flow in stenosed arteries, we can conclude that the
information about the effects of the rheology of K-L fluid,
the thickness of the plasma layer and porous wall on the
flow characteristics and the precious way of selecting the
appropriate dimensional values of these parameters men-
tioned above can be utilized to normalize the blood flow
in the abnormal arteries and lead to the development of
new diagnostic tools.
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Appendix

The system of algebraic Egs. (32)-(35) have been solved
by using general Matlab code and therefore, the explana-
tions for the arbitrary constants (A,, A,, As and Ag) can be
obtained as

A, = <Zaﬂ¢9$A(/o(5RP)Ko(‘§RB)
~Io(&Rs)Ko(&Ro)) + 26°Dab; A(l; (ERs) Ky (ERe)
—1,(€Rp)
Ky (£Rg)) — 20£V/Dab? Al (£Rp ) Ko (Rs)
+1o(&Rg ) Ky (£Rp)) + 25/ Dab? Al (£Rg)
Ko(£Rp) + 1o (ERp K, (£Rg))
+ 6aBPP,R0,02(l5 (ERg ) Ko (ERp )
= Io(&Rp)Ko (¢Rg)) + 667
DC’PgRC92912(/1 (&Rp ) Ky (£Rs)
-1 (5RB)K1 (é:RP))

+ 6a£P,R0,62V/Da(l, (ERp) Ky (ERs)

+ 1o (&Rg)K; (£Rp))

— 6520 V/DaP,R 0,071, (Rg) Ko (¢Rp)

+ 1o (ERp) Ky (ERg)) + 4afdP,
Rc:6,A0(ERp ) Ko (ERs) — lo (ERs) Ko (ER5))
+ 4§2DanRC9192A(/1 (&Rs)K: (ERp)

— 1, (€Rp)K; (£Rg))

— 4a&\/DaP R-6,0,A( (ER, ) Ky (ERs)
+1o(£Rs) Ky (ERp)) + 4PEPP,
V/DaR-0,0,A(, (ERg) Ky (R, )
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+ 1y (€Rp ) K, (£Rg)) =3P, (€Rg) Ko (£Rp)

+ 8a B0, 0,7, Ao (ERg ) Ko (£Rp) +1o(£Rp)K; (€R5))

- lo(fRP)Ko(‘fRB)) ¢@P§Ré9§

+8£2Daf, 0,70 Al (Rp ) K, (ERg) £ 120 pdP,R027(Io (£Rp ) Ko (€Rs)

— 11 (£Rg) Ky (£Re)) — Io(Rs) Ko (£R,)) + 1262DaP,R 621,
+8a£VDa 0, (1 (s K (o) — Iy (2Ro) K (2Rs))
7oA (‘SRP)KO(éRB) + Io(‘fRB)K1 (fRP)) 12, (pr)Ko(é‘RB)\/a

— 852V/Dab, 0,760, (£Rs) Ko (£R) + o (¢Rr) +1o(ERg ) Ky (2R5))

K, (€Rg)) + 12§2D02P;9§(I1 (5/3?},2)K21 (3§RB) : \/EPchegro

— 1, (£Rg) K, (€Rp)) + 12a&Da® P263(1 (£Re) + 12550 \/EPcheﬁro(h (Ea)io (e
Ko (ERs) + o (R ) Ky (£Ro ) +1o(¢Rp)K, (£Rs)) ) /1263P,

+3aP ¢l (ERs ) Ko (¢Rs) (@ VDatky (£Re) 1 (2Ro) + 1o (¢Rs)K: (R, ))

— I(&Rg ) Ko (£Rp ) IP2OIRE + 3¢2
DaP2R263 (1, (£Rg ) K (ERe)

—h (5RP)K1 (5RB))

— 3a£V/DaP(l; (£Rp) Ko (£Rg) — I (£Rs)
K, (£Rp))RZ6;

+ 3£\ DaP?R263(1, (£Ry ) Ko (2R, )
+15(ERp) Ky (£R3))

— ped/Da(l; (ERs)Ko (ERp) + Ky (Ry)
Io(éRp)) + &°Da(K, (&Rs) 11 (£Rp)
— 1y (£Rs) Ky (£Ro)) + aPeplly (ER5) Ko (ERp)

— Ko(Rs)lo(2Ro) )

Ay = <2an¢\/aRP(IO(§RB)KO<§RP) - Ko(fRB)/0<§RP))
+ 4aéP,Da** (K, (£Rg )1, (£Rp)

+3afpPIR:0;

+ 1o (€Rs)K: (ERp)) + a&P, V/DaR2(Ky (£Rs )1 (€Ro)
(o (ERg) Ko (£Rp) — 1o (£Rp) Ko (€Rs)) + 1o (ERg ) Ky (£R5))
+3*DaP03 (I, (£Rp ) K (¢Rs) — pEP,dV/DaRA(l, (£Ry) Ko (ERp)
— 11 (€Rg)Ky (€Rp)) + K, (ERg)1o (ERp)) + 4E2P,Da* (K, (ERg) 1 (ERp)
RZ + 3a£V/DaP2R203(1, (£Ry ) Ko (£Rs) — 1, (£Rg)K, (£Rp)) + E2P,DaR3 (K, (£Rg )11 (£Rp)
+Io(&Ry ) Ky (2R, )) — 39269 V/DaP2R20(, (£R) ~h(ERs)K (<Rp)

— 2EP_¢pDaR, (1, (ERg ) K,y (ER
Ko(Rp) — o (£Rp) Ky (£Rs)) g#DaRp( (£Rs)Ko (Rr)

— 6§¢DaP;RP0§(I1 (gRB)KO (fRP) +K; (éRB)IO(éRP)) + aﬂPgd’Rﬁ(lo (éRB)KO(éRP)
+ /()(,»:/?P)K1 (gRB)) + 6a - K (§RB)IO(fRP))>/4<af\/§(Ko(§RB)l1 (fRP)
$V/DaP2Ro03 (1o (£Rs) Ko (£R,) + 1o (&R ) K (R ))
— o (£Rp ) Ko (€R5 ) — pE¢V/Da(l; (£Rg) Ko Ry ) + Ky (£Rg)lo (£Rp))
+ 3appP2R262(ly (£Ry ) Ko (£Rp) + éZ(Da(f;1 (~*§(R3)l; (€Rp)

— 1, (£Rg ) Ky (£R5))
— 1o (ERp) Ko (ER3)) 1(6hg) Ky (GRp
+382DaP2R262(1, (£Rp ) K, (£R5) + Bl (ERg ) Ko (¢Rs)
— 1, (¢Rs)K, (£Ry)) + 3a&V/DaP? ~Ko(£Ra)o(¢R0) )

R203 (1 (éRp) Ko (€Rs) + Io (4Rs) K (£Ro))
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As = (Py(V/DaR, — 2pDa) (£V/Dak, (¢R;)

+ako(&Rs))) /2( (£ VDak (<R,
+BPKy(ERp) )
(gx/ﬁh (ERg) — a/o(gRB)>

+ <§\/§K1 (éRB)
+aky(£Ry)) (o (£8) - £V/Dal (Ry) )

A = Pg¢(2ﬂDa - \/&Rp) (alo (£Rs)

~&V/Dal, (¢Rs) ) /2( P& VDal, (&R ) Ko (¢R,)
- 0‘5\/5/(0 (5RB)I1 (fRP) - af\/a/o(fRB)lﬂ (5RP)

+ BEd\/DaK, (Ry) o (£Rp)
+ &Da(l, (£Rg)Ky (ERp) — K (€Rg)11 (£Rp))

+ (Ko (£Re)lo (ERp) — lo(ERs) Ko (£R0)))

where A = \/912 +20,(P,R¢ — 27,).
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