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Abstract
The reactivity of a catalyst is in part determined by its geometric and electronic structure. Here we present a model that 
is able to describe the energy trend of the important oxidation catalyst material MoVO, as obtained from hybrid density 
functional calculations for various  V4+/V5+ configurations. For an exemplary V/Mo occupancy, we systematically examined 
the universe of all  V4+ distributions. The distribution of these  V4+ centers, in combination with the induced lattice distor-
tions, plays a key role in determining the stability of the material, entailing energy variations of up to ~140 kJ mol−1 per 
unit cell. Hence, for this kind of catalyst, it is crucial to account for the  V4+ distributions. To this end, we are proposing novel 
predictive models based on features like the number of Mo centers with two reduced neighbors  V4+ and the locations of 
potentially reducible centers  V5+. For the V/Mo occupancy chosen, these models are able to describe the energy variation 
due to the  V4+ distribution with root mean square errors as low as 6 kJ mol−1. Accordingly, catalytically selective sites 
featuring pentameric units with a single polaron center are among the most of stable configurations. Another aspect of 
this work is to understand energy contributions of polaron arrangements bracketing Mo centers.

Keywords Mixed metal oxide MoVO · Distribution of  V4+/V5+ · V4+/V5+ redox processes · Linear energy models · Hybrid 
DFT calculations

1 Introduction

In modern chemical industry, acrylic acid and acrylonitrile 
are important functionalized raw chemicals for produc-
ing higher-value products [1, 2]. Alkanes, in view of their 
better availability, are desirable raw materials for synthe-
sizing these chemicals via selective partial oxidation or 
ammoxidation [1]. MoVO–type mixed metal oxides (e.g., 
MoVNbTe oxides) are a class of catalysts potentially useful 

for these types of conversions [3]. MoVNbTeO catalysts 
show a promising activity, yet any optimization based on 
insight is very challenging due to the complicated struc-
ture of these materials [4]. In 2003, an alternative MoVO 
catalyst material was synthesized, featuring qualitatively 
the same framework structure as MoVNbTeO, yet a simpler 
composition. This less complex material MoVO has a lower 
selectivity for acrylic acid when propane is used as starting 
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material, but it works better than its four-component con-
gener when acrolein is provided [1, 5, 6].

The M1 (orthorhombic) phase of both materials, MoVO 
[7] and MoVNbTeO [8, 9], is the main active structure. 
In MoVO, compared to MoVNbTeO, the TeO species are 
removed from the channels and the Nb centers of the 
pentagonal units are replaced by Mo centers. Mechanistic 
insight at the atomic level [10, 11] into oxidative transfor-
mations over the M1 phase is highly desirable for under-
standing this type of catalysts. Specifically, the MoVO 
material gives rise to essentially the same processes [1, 6]. 
Thus, in the present work we interpreted it as model of the 
more complicated MoVNbTeO material.

The distribution of Mo/V at various metal sites [12–17] 
of the lattice and the location of  V4+/V5+ centers pose a 
tough challenge to modeling even the simpler material 
MoVO [11, 18]. The metal sites exhibit mixed occupancies 
by Mo and V [7, 11], which seem to vary with the synthesis 
approach [2, 7, 19]. A variation in Mo/V was revealed by 
scanning transmission electron microscopy using high-
angle annular dark-field imaging [11].  V4+,  V5+, and  Mo6+ 
are the prevalent oxidation states of the metal centers in 
MoVO [7, 11, 20]. Certain V centers of this selective oxi-
dation catalyst undergo  V4+/V5+ redox processes [18, 21, 
22]. A detailed computational study unravelling the con-
sequences of the distribution of  V4+/V5+ sites seems timely 
for a better understanding of the MoVO-type catalyst [17, 
23, 24].

Atomistic models with integer Mo and V occupations 
of all sites are required for carrying out calculations based 
on density functional theory (DFT). As several sites of the 
catalyst material under study feature mixed occupancies, 
one quickly ends up with unmanageable numbers of con-
figurations. Each of those compositions may have several 
dozens to even hundreds of distributions of reduced cent-
ers,  V4+, i.e., configurations of (small) polaron [23], that are 
typical for such a transition metal oxide [25, 26], have to be 
screened. Thus, from the very beginning, any modeling of 
the MoVO material is confronted with a rather large num-
ber of configurations [14]. Establishing guiding principles 
for screening such a large universe of configurations seems 
very desirable. We will alternatively use the term “polaron 
configuration” to indicate a certain distribution of  V4+ cent-
ers. To this end, DFT calculations recently were carried out 
on a set of 14 small-polaron distributions of an explicit V 
configuration. The results of this small sample were sub-
sequently used to derive a simple model for predicting 
the energy variation of the  V4+/V5+ distributions [23]. We 
were able to rationalize how the computed total energy 
depends on the distribution of polarons over the various 
V centers. In this way, we identified parameters that affect 

the energies of the polaron configuration. Accordingly, the 
stability of the material decreases with (1) the type of the 
site [23] that is reduced, in the order 1(V) < 3(V) < 7(V) (for 
the site labels, see Fig. 1); (2) an increasing number of Mo 
centers immediately bracketed between two  V4+ centers 
[23]; (3) a decreasing number of pentameric units with a 
single  V4+ center [23].

This initial model was relatively successful in describing 
the energy trend for a small set of configurations. The cur-
rent work aims at probing and generalizing this previous 
model as accurate hybrid DFT calculations are now avail-
able for 60 symmetry-inequivalent structures, that may 
be extrapolated to all 210 polaron configurations associ-
ated, with the chosen V/Mo distribution. By exploring the 
origin of the model parameters, we set out to determine 
an improved model that may also be applied to alterna-
tive occupancies. The central aim of the present study is 
to understand, for a given occupancy of V and Mo, the 
energetics of all polaron distributions with the help of lin-
ear regression models such that general aspects of other 
occupancies and even other oxides may be gleaned.

Fig. 1  Sketch of the atomic structure of the unit cell  Mo30V10O112 
(top view). Vanadium at the sites 1, 3 and 7; molybdenum at the 
sites 2, 4, 6, 8, and 10. Atoms equivalent in the space group Pba2 
are discriminated by letters a, b, c, or d 
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2  Models and methods

2.1  Models

We started with a periodic model using the (experimen-
tal) unit cell of the orthorhombic M1 phase of the MoVO 
material [7]. From an elemental analysis [7], we derived the 
formula  Mo30V10O112 for the primitive unit cell, using the 
highest occupancies of all metal sites [7]. The ideal mate-
rial shows a layered structure [23, 24] with a unit cell that 
belongs to the space group Pba2, Fig. 1. In this structure, 
one finds three types of symmetry inequivalent centers 
occupied by V atoms, 8 centers occupied by Mo atoms, 
and 29 centers by O atoms. For easy comparison, we use 
the same nomenclature as in our previous work [9, 23, 
24]. Accordingly, the symmetry inequivalent sites occu-
pied by Mo and V centers in the unit cell are referred to by 
the labels n = 1, 2, …, 11, Fig. 1. We distinguish symmetry 
equivalent sites by adding a letter. a, b, c, or d, to the site 
labels n.

A primitive, neutral unit cell of the composition 
 Mo30V10O112 includes six reducing electrons under the 
hypothesis that all metals are fully oxidized, i.e.,  V5+ and 
 Mo6+. As indicated by XANES [18], these electrons pref-
erentially locate at V centers, leading to the V redox cou-
ple  V4+/V5+. Therefore, we assume these extra electrons 
to occupy 6 of 10 V centers, resulting in 6C10 = 210 distri-
butions in total, of which 60 are symmetry inequivalent. 
Two, four, eight, and 46 symmetry inequivalent structures 
belong to the space groups Pba2, P2, Pc, and P1, respec-
tively. Each of the two structures of the space group Pba2 
is unique. Each of the four structures with space group 
P2 is two-fold degenerate; the same holds for each of the 
eight structures with space group Pc. The degenerate 
structures can be obtained by applying a two-fold rota-
tion around an axis along the c direction or one of the two 
glide reflections (mirror operations followed by a suitable 
translation) of the full space group Pba2. Each of the 46 
structures of space group P1 is associated with three other, 
degenerate structures; these associated structures may be 
generated by applying one of the non-trivial symmetry 
operations of the space group Pba2. We refer the reader to 
Sect. S1 of the Electronic Supplementary Material (ESM) for 
details of how we constructed the complete manifold to 
achieve a proper weighting of the 60 symmetry inequiva-
lent structures.

To characterize the 60 symmetry-inequivalent struc-
tures, we use the nomenclature previously introduced [23] 
with labels indicating the six reduced V sites. For example, 
the label 1ab3abcd represents a configuration where the 
V centers at sites 1a, 1b, 3a, 3b, 3c, and 3d are reduced, 
Fig. 1 and Table 1. For easier reading, we alternatively 

enumerate these structures by the labels 1, …, 60, Table 1. 
We carried out electronic structure calculations of the 60 
symmetry-unique polaron configurations and derived the 
energies of the remaining 150 of the 210 configurations in 
total by applying suitable symmetry operations of space 
group Pba2; see above.

2.2  Computational method

In the electronic structure calculations, we applied a 
method based on Density Functional Theory (DFT) to 
periodic models with a single-layer unit cell. For solving 
the Kohn-Sham problem (in the spin-unrestricted fashion), 
we chose the hybrid functional B3LYP [27] as implemented 
in the code CRYSTAL14 [28], as evaluated favorably in our 
earlier benchmark studies [29, 30]. In this way, the locali-
zation of unpaired electrons at transition metal centers 
and the oxidation states of the latter can be well described 
[23]. Van der Waals interactions were approximated with 
the D2 method [31]. We chose the following Gaussian-type 
basis sets: 86-411d31G for V [32], 8-411d1 for O [33], and 
5-11G* for H [34]. For Mo, we used the valence basis set 
[35] 311(d31)G in combination with a Hay-Wadt small-core 
effective core potential [36]. We converged the Kohn-Sham 
SCF procedure to  10−7 a.u. Structures were considered con-
verged, when the RMS value for atomic displacements fell 
below 1.2 × 10−3 a.u. and simultaneously the RMS value 
for the gradients was below 3.0 × 10−4  a.u. We used a 
1 × 1 × 4 k-point mesh to carry out the integrations over the 
Brillouin zone [37]. No symmetry constraints were applied.

We restrict the discussion below to results for unpaired 
electrons, all aligned in parallel, on 6 V centers, to avoid 
methodologic complications. Applying a Mulliken popula-
tion analysis to the spin density, we identified the  V4+ cent-
ers and the corresponding localized states in the band gap, 
1.5–2 eV below the bottom of the conduction band, based 
on their partially occupied 3d shell [30]. We interpreted a 
spin density of at least 0.9 e as sufficient to identify a center 
as reduced in the spirit of previous work [30]. The localiza-
tion of  V4+ centers was achieved by expanding the V–O 
bonds at the polaron center in question [30]. For further 
computational details, we refer to our previous work [23].

To analyze the lattice distortions caused by the small 
polarons, we determined an ideal structure, referred to as 
Ox, of the  Mo30V10O112 unit cell without any polarons, i.e., 
with all metal centers fully oxidized,  V5+ or  Mo6+. As such, 
this unit cell carries a charge of +6 e; to keep the system 
neutral, we added a uniform background charge, −6 e [38]. 
In that electronic structure calculation of Ox, we fixed the 
lattice parameters at their experimental values [7] and 
relaxed the atomic positions within the unit cell. For all 
other structures we optimized both parameters.



Vol:.(1234567890)

Research Article SN Applied Sciences (2020) 2:1909 | https://doi.org/10.1007/s42452-020-03686-y

2.3  Statistical methods

To associate features of the system with the set of DFT 
energies, one may invoke regression methods [39], as done 
previously [23, 24]. Thereby, one approximates the energy 
vector EDFT of DFT results in a multiple linear regression 
model M of the form EM = N ε + CM where EM is the vector of 
the model energies. The matrix N describes the features of 
the system, the vector ε holds the regression coefficients. 
The ordinate intercept CM shifts the energy to match the 
reference system. The features N are a priori countable 
quantities, e.g., polarons shifted with respect to a refer-
ence state.

In view of the relatively large number of features 
desired, we resorted in the following to a partial least 

square regression (PLSR) method as implemented in 
the library Scikit-learn [40] for minimizing the length of 
the difference vector ΔE = EM − EDFT in iterative fashion. 
PLSR was developed to deal with regression problems 
that potentially require tackling collinearity challenges 
[41]. The truly independent linear combinations of 
features will be referred to as “components”, resulting 
from the PLSR procedure. The number of components 
was optimized with respect to the root mean square 
error of the training set (see below) until it changed by 
<0.01 kJ mol–1 or was equal to the number of features, 
which occurred for the models B and C that use very 
few features.

In such complex regression problems, there is the 
danger of using too many fit parameters such that 

Table 1  Configurations of the 
bulk structures of with six  V4+ 
centers. For the sites 1, 3, and 
7 and the locations a, b, c, and 
d, see Fig. 1. Energy  valuesa 
 EDFT from DFT calculations and 
the corresponding results  EC of 
model C (kJ  mol–1)

a DFT energies relative to the value of a previously obtained isomer 1′ of structure 1, Ref. [23]

Label V4+ Energy Label V4+ Energy

1(V) 3(V) 7(V) DFT C 1(V) 3(V) 7(V) DFT C

1a ab abcd −9.1 −11.5 31 ab c abd 18.7 18.0
2 ab abcd 38.8 46.3 32 b acd ad 21.0 17.4
3a ab ab cd 35.8 35.3 33 b acd bc 24.0 17.4
4a ab cd cd 39.6 35.3 34 ab c abc 24.5 26.9
5 abcd cd 69.4 73.2 35 ab d bcd 24.9 26.9
6 ab abcd 108.8 120.0 36 b acd ac 28.8 26.4
7 ab ad ad –17.1 −10.4 37 ab ad cd 33.9 35.3
8 ab ac bd –13.2 −28.3 38 a cd acd 37.6 45.8
9 ab ad bc –11.5 −10.4 39 ab ac cd 43.5 35.3
10 ab ac ac 6.1 7.4 40 a cd abc 46.3 45.8
11 abcd bc 20.9 27.4 41 a ad acd 48.6 54.8
12 abcd ac 23.0 27.4 42 b ad abc 48.9 54.8
13 ad abcd 107.3 120.0 43 a acd cd 50.3 54.2
14 ac abcd 119.9 120.0 44 b ad acd 54.0 54.8
15 ab ad ac –15.8 −10.4 45 b ac abd 57.3 45.8
16 ab cd ac –15.5 −10.4 46 b ad bcd 59.4 54.8
17 ab cd ad –12.9 −10.4 47 a acd ab 60.7 54.2
18 ab acd d –9.1 −11.0 48 b cd abc 63.3 63.7
19 ab acd c –6.4 −2.0 49 b acd ab 64.0 63.2
20 ab acd a –6.3 −2.0 50 b ac abc 65.4 63.7
21 ab acd b –6.3 −11.0 51 b ac bcd 68.5 45.8
22 ab ac ad –1.3 −10.4 52 b cd acd 69.9 63.7
23 a acd bd 2.7 −0.4 53 acd abd 70.1 73.7
24 b abcd a 8.4 8.0 54 acd bcd 71.5 73.7
25 a acd ad 10.0 8.5 55 b acd cd 72.2 63.2
26 b abcd c 10.3 8.0 56 acd acd 76.1 82.6
27 a acd bc 12.9 8.5 57 acd abc 77.4 82.6
28 b acd bd 15.3 8.5 58 b b abcd 80.0 83.2
29 a acd ac 16.5 17.4 59 b ac acd 82.1 63.7
30 ab c bcd 18.1 18.0 60 b c abcd 93.3 92.1
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non-generalizable fluctuations in the set of results are 
replicated in the model; that situation is referred to as 
“overfitting”. One strategy to check for such issues is a 
cross-validation, based on partitioning all data 75:25 
into training and test sets, respectively, where only the 
first set is used for determining the regression coeffi-
cients ε. Subsequently, the quality of the fit is exam-
ined by applying the resulting model to the smaller 
test set. Limitations in the quality of the fitting may be 
recognized when more complex models do not yield a 
sufficiently adequate fit for the test set. We report the 
quality σM(set) of prediction as the root mean square 
error for model M, with “set” referring to the training 
or test set.

3  Results and discussion

In the current work, we rely on data for 46 symmetry 
inequivalent structures, beyond the original 14 struc-
tures [23], each structure representing a different dis-
tribution of small polarons. Recalling the degeneracies 
of these two sets of structures, we are dealing with 184 
and 26 underlying structures, respectively. The addi-
tional 46 structures do not exhibit any spatial symmetry; 
they belong to space group P1. As these structures rep-
resent the majority of configurations, it is worthwhile to 
check how the original linear models [23] B and C carry 
over to the full universe of 60 polaron distributions—or 
210 polaron distributions if degeneracies are accounted 
for. Next, we will adapt those early models to all struc-
tures using the PLSR procedure. Then we continue with 
model D that analyses the energy characteristics of Mo 
centers surrounded by polarons. We follow with a dis-
cussion of the outliers and their connection to structural 
aspects. Finally, we will complement these deliberations 
by discussing aspects of catalytic performance.

3.1  Early linear models B and C for representing 
a set of DFT energies

For a subset of 14 selected polaron distributions, we 
earlier presented three models [23] A, B, and C, with 

Fig. 2  Equatorial metal-oxygen bond lengths (pm) for two types 
of V-O-Mo-O-V motifs, around the center 2a(Mo) of a pentameric 
unit and the center 8a(Mo) in a pentagonal unit, for different states 
of reduction of the centers 7a(V), 7b(V), and 3c(V). The structures 
represent the following configurations (a) 1 1ab3abcd, (b) and (e) 
7 1ab3ad7ad, (c) 2 1ab7abcd and (d) 3 1ab3ab7cd, and (f) 10 
1ab3ac7ac; see Table 1. Reduced (polaronic) V centers are marked 
by a shaded disc in the background: 7a in panels b, c, e, f; 7b in 
panel c; 3c in panel f 

▸
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two and three independent variables, respectively, that 
originally were obtained by a full linear regression, i.e., 
a least-squares fit:

Here, we used the following features of the systems:

 (i) the number Nsh(a-b) of (formally) shifted 3d elec-
trons from V centers at 1(V) to 3(V), a = 1 and b = 3, 
or from 3(V) to 7(V), a = 3 and b = 7, taking the 
structure 1 ≡ 1ab3abcd as reference [The quantity 
Nsh, without further specification, refers to the total 
number of shifts, Nsh = Nsh(1–3) + Nsh(3–7)];

 (ii) the number Npp of Mo centers bracketed between 
two immediately adjacent  V4+ centers, representing 
the energy penalty caused by the expanded local 
V-O equatorial shell, as well as,

 (iii) in model C, in addition (iii) the number Nas2 of metal 
centers 2(Mo) at the center of the pentameric unit 
with an asymmetrically reduced/oxidized sur-
rounding along the diagonal 7(V)–2(Mo)–7(V).

Thus, the last variable counts the number of pen-
tameric units where exactly one of these centers 7(V) 
is oxidized  (V5+) and the other one reduced  (V4+). All 
these values Nj are taken per unit cell. Both parameters 
Npp and Nas2 characterize the structural flexibility of the 
metal oxide lattice, probed by the distribution of the 
(small) polarons. Sometimes we pictorially refer to the 
metal sites counted by Npp as “squeezed” Mo centers; for 
examples, see Fig. 2.

As mentioned, the various energy values ɛk were 
obtained in a least-squares procedure [23], thus quan-
tify the energy contribution of the features just intro-
duced, Table 2. All DFT energies were referenced to the 
energy of structure 1. The quantity CM (M = B, C) rep-
resents the intercept at the energy axis of the linear 
model M. To allow a better comparison with models to 
be discussed subsequently, Sect. 3.3, we re-evaluated 
these earlier models using the PLSR procedure in the 
following subsection.

3.2  Extending models B and C to the full set of 60 
structures

To stay comparable with our previous work [23, 24], we 
kept the previous configuration 1′ 1ab3abcd as energy 
reference, although we identified the lower energy 

(1)EA = CA + �sh(1–3) Nsh(1–3) + �sh(3–7) Nsh(3–7)

(2)EB = CB + �sh Nsh + �pp Npp

(3)EC = CC + �sh Nsh + �pp Npp + �as2 Nas2

isomer 1 in the meantime. This results in the new con-
figuration 1 having a DFT energy of −9.1 kJ mol–1 with 
respect to the previously used reference isomer 1′. 
The added 46 configurations span an energy range of 
109 kJ mol–1, from −16 kJ  mol–1 to 93 kJ mol–1. This range 
is about 80% of the full energy span of 137 kJ mol–-1 
determined for all 60 structures. Hence the 46 configu-
rations do not extend the range of DFT energies at the 
low or the high end, but rather fill (quite smoothly) gaps 
between the 14 previous configurations.

As models A and B were fitted to structures 1–6, 
but were not working well for structures 7–14 [23], we 
expected a rather poor new fit when using the PLSR 
procedure [40] for the test set of all available polaron 
distributions, Table S1 of the ESM. This is indeed the 
case: σA(test) = 19.2 kJ mol–1 and σB(test) = 15.7 kJ mol–1, 
Table 2. The reason for this failure was an inadequate 
description of centers 2 with a single neighboring 
polaron in the training set. In consequence, a feature 
NaS2 describing these asymmetric centers 2(Mo) was 
introduced in model C, Table 2 [23]. The newly fitted 
PLSR parameters of Model C describe the DFT energies 
of the 60 structures rather well: σC(test) = 6.1 kJ mol–1, 
Table 2, and Fig. 3. Thus, the additional 46 configura-
tions likely do not contain any new feature beyond those 
already present in the first 14 structures.

Comparing the coefficients of the previous least-
squares fits for 6 structures (models A, B), or 14 struc-
tures (model C) with the new coefficients from the 
corresponding PLSR procedures may entail a better 
understanding of the observed energetics. This com-
parison should be taken to indicate trends, rather than 
stringent measures of changes between the two types 
of least-squares procedures.

We note that especially the energy penalties for 
polaron shifts increased, by 2.5 kJ mol–1 to 12 kJ mol–1. 
When model A is refit to the larger data set, the parame-
ter εsh(1–3) changes by only 2.5 kJ mol–1 to 26.2 kJ mol–1, 
while εsh(3–7) is modified by 12  kJ  mol–1 to arrive at 
24.0 kJ mol–1. This seems to suggest that treating both 
shifts differently is not compulsory for the set of 60 
structures. Inspecting the common shift coefficient εsh 
of models B, and C, one notes that its value increased to 
21.6 kJ mol–1 and 18.9 kJ mol–1, respectively. The three 
models A, B, and C produce analogous values within the 
range of 19–26 kJ mol–1 for shifting a polaron.

Going to the full data set, the coefficient εpp for polaron-
polaron interaction increases by 1–2 kJ mol–1 for models B 
and C. Likewise, the energy associated with an asymmet-
ric S2 unit, εaS2 increases by a similar amount, ~2 kJ mol–1, 
when model C is treated by the PLSR approach, Table 2. 
These minor modifications underline the generality 
of model C, as this model is able to represent also the 
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much larger set of polaron distribution energies in a 
quite reliable way, as indicated by the statistical crite-
ria σE(train) = 6.6  kJ  mol–1, σE(test) = 6.1  kJ  mol–1, and 
R2(test) = 0.93, Table 2.

When analyzing the outliers of model C, Fig. 3, some 
common features among them led us to set up linear 
model E, see Sect. S2 of the ESM. These features, inspired 
by previous work for MoVNbTeO [42], represent groups of 
three polarons surrounding two neighboring Mo centers 
of the pentagonal unit. Yet, the improvement achieved in 
the description of the energetics is quite small, Table S2 
of the ESM.

3.3  Energy model D: an alternative view on features

Next, we will try to improve our understanding of the ener-
getics of various polaron distributions by devising a model 
with a larger set of features. As just discussed, model C is 
quite successful in describing the energies of the full set 

of 60 structures, Table 2. Using one parameter Nsh [23] for 
polaron shifts from sites 1(V) to 3(V) as well as from sites 
3(V) to 7(V) seems plausible also in the light of the PLSR 
fits of the full set of DFT energies just presented. Yet, it will 
be worthwhile to examine below this hypothesis in more 
detail.

However, it seems more questionable to apply a single 
value for the energy penalty associated with all types of 
“squeezed” Mo centers 2(Mo), 6(Mo), 8(Mo), and 10(Mo). 
In particular, the Mo centers at sites 2, in the pentameric 
unit, are stressed by polarons in trans locations, while 
the Mo centers at sites 6, 8, and 10, located in the pen-
tagonal units, undergo “squeezing” by polarons in cis 
locations, Fig. 2. Especially these latter restrictions, ren-
dering model C conceptually rather simple, might miss 
systematic energy variations.

On the basis of the now available full ensemble of 60 
DFT energies, we developed model D, eq. (D), by releas-
ing the restrictions of models B and C:

Table 2  Coefficients (kJ  mol–1) 
and other characteristics of the 
linear models A, B, C, D and D′ 
fitting DFT  energiesa

a εsh—generic energy associated with a polaron shift relative to structure 1, εsh(a-b)—energy associ-
ated with a polaron shifting from a center a to center b; ε1, ε3, or ε7—energy contribution per polaron 
occupying sites 1(V), 3(V), and 7(V); εaS2—energy associated with the presence of an asymmetric 2(Mo) 
center; εpp—average energy quantifying the polaron-polaron interactions; ε2, ε6, ε8, or ε10 —energy 
associated with a “squeezed” Mo centers at 2(Mo), 6(Mo), 8(Mo), or 10(Mo); CM—intercept of model 
M; Ncomp—number of components selected in the partial least squares regression (PLSR) procedure; 
σM(set)—root mean square error of the indicated set, train, test, or full (all models previously fitted on 
the full data set, Ref. [23]); R2(set)—coefficient of determination of the fit, set = test, full; SE(full)—stand-
ard error on the full set as reported in a previous study, Ref. [23]
b Previously reported parameters derived from linear regression: model A—6 structures, model B—6 
structures, model C—14 structures; Ref. [23]
c PLSR applied to the training set, i.e., 45 randomly chosen configurations, including their symmetric 
congeners, to achieve appropriate weighting, see the ESM

Ab Ac Bb Bc Cb Cc Dc D′c

εsh 14.66 21.58 15.76 18.93
εsh(1–3) 23.68 26.18
εsh(3–7) 11.70 23.96
ε1 −11.97 −17.18
ε3 6.66 1.44
ε7 5.31 15.74
εaS2 −20.08 −18.40 −15.64
εpp 10.27 12.40 8.15 8.94
ε2 46.96 15.69
ε6 6.30 6.30
ε8 8.54 8.54
ε10 6.24 6.24
CM 6.64 −42.72 −40.44 −91.76 −33.11 −47.26 −38.05 −6.78
Ncomp – 2 – 2 – 3 6 6
σM (train) 17.0 13.1 6.6 8.1 8.1
σM (test) 19.2 15.7 6.1 8.7 8.7
R2 (test) 0.297 0.541 0.933 0.887 0.887
SE (full) 14.4 24.5 7.4
R2 (full) 0.910 0.820 0.963
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Thus, model D has seven features: the numbers Ns 
of polarons at the sites 1(V), 3(V), and 7(V), as well as 
the numbers of “stressed” centers at sites 2(Mo), 6(Mo), 
8(Mo), and 10(Mo), Table 2. In all cases, we weighted 
the structures according to their formal degeneracies. 
The resulting energy parameters of model D, obtained 
with six components [39], are shown in Table  2. On 
the 15 test configurations, model D does not provide 
a quantitative improvement over model C, R2 = 0.885, 
σD(test) = 8.7 kJ mol–1.

However, this latter model was mainly designed for 
learning more via an alternative set of features whereas 
the preceding models B and C had been set up to describe 
energy differences with respect to the energy of a selected 
reference configuration. Thus, for a more direct numerical 
comparison to these previous models, we have to resort 
to differences between energy parameters of model D. To 
this end, we relate the differences ε3 − ε1 and ε7 − ε3 to the 
shift value εsh of, say, model C, Table 2. Indeed, the former 
difference 18.7 kJ mol–1 of model D is almost identical to 
the value εsh of model C, 18.9 kJ mol–1.

However, shifting a polaron from site 3(V) to 7(V), at, 
–1.3 kJ mol–1 in model D, appears to entail a very differ-
ent energy change. One may speculate that the rela-
tively low value of ε7 and the high value of ε2, Table 2, 

(4)
ED = CD + �1N1 + �3N3 + �7N7 + �2N2 + �6N6 + �8N8 + �10N10

seem to be connected to the fact that model D is lack-
ing the asymmetric S2 feature of model C. To probe this 
hypothesis, we added the feature NaS2 to model D, gen-
erating model D′, Table  2. To a large part, the models 
D and D’ are of the same quality, with two exceptions. 
The coefficient ε2 = 15.7 kJ mol–1 is significantly lower, 
by ~30 kJ mol–1, in model D’, and the difference ε7 − ε3 = 
14.3 kJ mol–1 is increased by 15.6 kJ mol–1, now of similar 
size as ε3 – ε1 = 18.7 kJ mol–1. These findings confirm the 
hypothesis that a compensation is taking place in model 
D, distributing the favorable (negative!) value εaS2 to the 
electron shift parameters, ε7 − ε3, lowering it dramatically, 
while at the same time penalizing the "squeezed" Mo 
center at S2, ε2.

We will further illustrate this compensation by moving 
two polarons from sites 3(V) to sites 7(V), adjacent to a 
center 2a(Mo). In model C, this would yield

for the first polaron εsh + εaS2 = 0.5 kJ mol–1

and the second polaron 2 · εsh + εpp = 46.8 kJ mol–1,

whereas in model D one generates the energy changes

for the first polaron ε7 − ε3 = −1.4 kJ mol–1

and the second polaron 2 · (ε7 − ε3) + ε2 = 44.3 kJ mol–1

Thus, on the one hand, the energy consequences in 
both models are rather similar. On the other hand, mod-
els C and D, with their complementary energy decompo-
sitions, admit an improved understanding of the various 
sets of parameters.

Turning to the Mo centers with two neighboring 
polarons, we notice that our expectation, formulated ear-
lier, was correct, namely the energy ε2 = 47.03 kJ mol–1, 
associated with a pentameric unit, is much larger than the 
coefficients ε6, ε8, and ε10, which range from 6.23 kJ mol–1 
to 8.53 kJ mol–1, Table 2. These latter three energy values 
are quite comparable to the parameter εpp = 8.93 kJ mol–1 
of model C. Thus, two neighboring polarons in trans posi-
tion of a stressed Mo center result in a much larger energy 
penalty, likely accompanied by other effects.

3.4  Structural aspects

Next, we will inspect the variations in the geometry, trig-
gered by the various polaron distributions. In general, 
small polarons cause on average a local lattice expansion 
around a metal center and its equatorial oxygen neigh-
bors. A second effect of such a reduction of  V5+ to  V4+ is 
an adaption of the equatorial oxygen centers such that 
trans located M–O bonds become more similar in lengths. 
This is related to the pseudo Jahn-Teller concept [43] 
which states that a d0 metal center is expected to exhibit 

Fig. 3  Comparison of model energies EC and energies EDFT calcu-
lated by a hybrid DFT method. Training set (black) and test set (red) 
data are shown together with the ideal trend line. Bold numbers 
(see Table  1) indicate the outliers with deviations of more than 
15 kJ mol–1
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a “non-symmetric” surrounding compared to the corre-
sponding d1 variant [44]. In consequence,  Mo6+ centers will 
usually not be situated close to the center of the rectangle 
defined by its four equatorial oxygen neighbors, e.g., see 
center 2a in Fig. 2a. Locating a polaron on a V center of this 
material has previously been determined to enlarge the 
average equatorial bond lengths 〈(V–O)eq〉 by ~8 pm [23]; 
this structure change also holds for the 46 newly deter-
mined structures of this work, Table S3 of the ESM.

In an exemplary way, we will focus the discussion on 
the local environments of the centers 2a(Mo) and 8a(Mo), 
i.e., their two neighboring V sites which may be either  V5+ 
or  V4+, Fig. 2. Center 8a(Mo) behaves rather comparable to 
the centers 6a(Mo) and 10a(Mo) bracketed by vanadium. 
Site 2a(Mo) is located at the center of the so-called penta-
meric unit [10]. Centers 6a(Mo), 8a(Mo), and 10a(Mo) are 
part of the pentagonal unit around site 9a(V) [10], Figure 
S1 of the ESM. Therefore, one expects them to respond to 
neighboring polarons in a similar fashion.

To simplify the discussion of these structure motifs, 
we identify the oxygen center of an equatorial bond by 
its second neighboring metal center, e.g., 2a(Mo)–O(7a) 
identifies the bond from 2a(Mo) to the oxygen center 
that forms also a bond to 7a(V), Fig. 2a. There are three 
scenarios regarding the arrangement of the neighboring 
polarons: (i) no polaron, Figs. 2a, d, (ii) one polaron at the 
neighboring center 7a(V), Fig. 2b, e, and (iii) bracketing 
polarons at the neighboring V centers, Fig. 2c, f.

 (i) Without neighboring polarons, we anticipate a non-
symmetric environment in the equatorial Mo–O 
bonds because of the d0 situation at the  Mo6+ 
centers in question. Indeed, for center 2a(Mo) the 
trans oriented bonds 2a(Mo)–O(7a) and 2a(Mo)–
O(7b) differ by 12 pm, 196 pm vs 184 pm, Fig. 2a. 
The situation at center 8a(Mo) is dissimilar, as its cis 
bonds 8a(Mo)–O(7a) and 8a(Mo)–O(3c) differ only 
by 1 pm, 180 pm vs 179 pm, Fig. 2d. Inspection of 
the center 7a(V) in configuration 1 reveals a rather 
asymmetric center, with differences between trans 
located 7a(V)–O bonds of more than 19 pm (203 
pm − 184 pm), Fig. 2a. The same center 7a(V) of 
configuration 3, although not carrying a polaron, 
shows only differences of 7–10 pm, Fig. 2d.

 (ii) Next, we address the case where center 7a(V) 
carries a polaron,  V4+. The bond 2a(Mo)–O(7a) 
is shortened by 19 pm compared to situation (i), 
from 196 pm to 177 pm, Fig. 2b vs Fig. 2a. In turn, 
the bond 2a(Mo)–O(7b), at the opposite side of 
the Mo center, elongates by the same amount, 
from 184 pm to 203 pm. This pattern of alternat-
ing bond shortening and elongation progresses to 
the center 7b(V), with the 7b(V)–O(2a) shortened 

by 18 pm and its trans located bond 7b(V)–O(6b) 
elongated by 19 pm with respect to situation (i). 
Turning to center 8a(Mo), we do not observe such 
strong effects of a polaron located at 7a(V). The 
bond 8a(Mo)–O(7a) shortens by 3 pm only, from 
180 pm to 177 pm, likely because it was already rel-
atively short, Fig. 2e. We also note a minor effect on 
the cis located bond, 8a(Mo)–O(3c), which expands 
by 1 pm compared to situation (i), 180 pm vs 179 
pm, Fig. 2e.

 (iii) Finally we inspect the effects when the Mo cent-
ers are bracketed by two reduced centers  V4+. At 
center 2a(Mo), the bond lengths 2a(Mo)–O(7a) and 
2a(Mo)–O(7b) are the same, 184 pm. Following the 
pseudo Jahn-Teller concept in a naïve fashion, this 
symmetric environment might erroneously lead to 
assign the Mo center as reduced,  Mo5+, d1 [43]. We 
notice that also the bonds 7a(V)–O(2a) and 7b(V)–
O(2a) take the same value, 189 pm. Indeed, also the 
remaining M–O bonds of centers 7a(V) and 7b(V) 
are very similar, as if the latter site were generated 
by a point reflection of the former site, Fig. 2c. With 
polaronic neighbors  V4+ on either side, also center 
8a(Mo) remains rather symmetric as discussed for 
situations (i) and (ii). The bond 8a(Mo)–O(7a) is cal-
culated at 179 pm and the bond 8a(Mo)–O(3c) at 
177 pm, Fig. 2f. The bonds, 7a(V)–O(8a) and 3c(V)–
O(8a), beyond the adjacent oxygen centers, are 
also very similar in length, ~191 pm.

Overall, inspecting the position of center 2a(Mo) within 
the framework of its equatorial oxygen neighbors, we 
notice a shift from situation (i), where center 2a(Mo) is 
displaced towards center 7b(V), over situation (ii) where 
center 2a(Mo) is shifted towards 7a(V), to situation (iii) 
where center 2a(Mo) is located at the center between 
both (reduced) V centers. These findings demonstrate how 
flexibly that center may respond to external influences. 
These results may even rationalize the high energy pen-
alty when center 2a(Mo) is “squeezed” by two polarons. 
Center 8a(Mo), on the other hand, is located close to cent-
ers 7a(V) and 3c(V) in all scenarios inspected.

Finally, a remark is in order regarding this structure 
comparison. We determined alternative isomers of struc-
tures 1, 3, and 4 that are rather symmetric, see Fig. S2 of 
the ESM. In all three cases, the equatorial 2a(Mo)–O bonds 
in trans position are of the same length, 190 pm in the 
directions to centers 7(V) and 193 pm in the directions to 
centers 4(Mo). However, in the present discussion, we took 
into account only the lowest-energy isomers.
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3.5  Consequences for catalysis and material design

Structures that feature a single  V5+ center in the penta-
meric unit are energetically preferred, which suggests that 
stable bulk structures contain these motifs. Pentameric 
units with exactly one  V5+ center were suggested to be 
catalytically relevant for the selective oxidation of small 
hydrocarbons at the M1 phase of MoVNbTeO materials 
[10]. It was also proposed that (1) a pentameric unit with 
two  V4+ centers is not active for the H abstraction reaction 
from a hydrocarbon, a fundamental step in the subsequent 
selective partial oxidation, and (2) a pentameric unit with 
two  V5+ centers leads to an undesired over-oxidation [10].

For the model unit cell examined in this study, 60 struc-
tures of the 210 structures (polaron distributions) in total, 
feature a single  V5+ center in both pentameric units. 80 
further structures contain one such active site with a sin-
gle  V5+ center as well as one pentameric unit with two  V5+ 
centers leading to over-oxidation. Twenty four structures 
exhibit one active and one inactive pentameric unit, i.e., 
with two  V4+ centers. In the remaining 46 structures, the 
pentameric units have no active site, as defined above.

Assuming that for making an impact on the catalyst 
performance, a structure has to occur at least at 1%. In 
consequence, configurations up to ~20 kJ mol–1 above the 
ground state should play a role according to the Boltz-
mann distribution for a reaction temperature of 240 °C. 22 
structures that feature a single  V5+ center in both penta-
meric units fulfill this condition. This catalytically favorable 
set represents more than 50% of all structures that would 
occur at those conditions. Only a single low energy struc-
ture (1) would not be active at all.

4  Conclusions

We studied the stability trend of  V4+/V5+ distributions 
in the bulk structure of the important catalyst material 
MoVO, using a method based on hybrid density functional 
theory which admits the localization of unpaired V 3d elec-
trons. For this purpose, we selected a (single-layer) unit cell 
 Mo30V10O112 motivated by XRD results [7, 11] where the 
V centers are located at the linker sites 1(V) and 3(V), as 
well as sites 7(V) of the pentameric unit. Although this is a 
rather likely scenario, one has to expect variations as the 
material used in experiment exhibits mixed occupancies 
[7, 11]. We examined the unit cell of an ideal bulk structure 
and calculated all 60 unique structures that result from 
distributing 6 unpaired electrons among the 10 V centers.

We were able to rationalize the (relative) energies by 
the location of the polaronic quasiparticles, i.e., rather 
local lattice distortions, as well as consequences of the 

interactions among these polarons. According to our 
hybrid DFT modeling, the suggested site crucial in selec-
tive oxidation catalysis, namely the pentameric unit with 
a single  V5+ center, occurs among the most stable polaron 
configurations. We developed partial least squares models 
to correlate the energy variations with the polaron config-
urations. The energy contribution from polarons and their 
interaction were related to the position of the polarons 
as well as their relative location to each other. Further 
analysis showed that locating polarons at centers 1(V) is 
strongly preferred, but “stressed” Mo centers (between two 
adjacent  V4+ centers) always lead to less favorable struc-
tures. Using linear model D, we elaborated that this energy 
penalty is especially high for centers 2(Mo) that may be 
stressed in trans fashion by a pair of polarons at sites 7(V). 
Therefore, we expect only low energy configurations when 
the unpaired electrons are distributed mostly among the 
V centers at linker sites.

The linear energy models show an increasing complex-
ity. Model A is based on the location of the polarons only, 
while model B also includes (always unfavorable) polaron-
polaron interaction, where two interacting polarons are 
immediately adjacent to a Mo center. Model C, in addition, 
features a correction term that characterizes an "asymmet-
ric" site 2 at the center of a pentameric unit; site 2(Mo) is 
favorable when it has exactly one polaronic (reduced) V 
center as neighbor. Finally, we developed model D that 
offers an alternative energy analysis on the basis of two 
notions: (i) polaron locations, 1(V), 3(V), and 7(V); (ii) the 
stressed Mo centers with two adjacent V polaron centers, 
namely 2(Mo), 6(Mo), 8(Mo), 10(Mo). In consequence, we 
arrived at the coefficients of our explanatory model D with 
the energy ordering of the polaron locations as 1 < 3 ≈ 7, 
and noted that stressing 2(Mo) by two neighboring 
polarons is particularly costly in energy.
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