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Abstract
This study presents an analysis of modelling aspects on the effective composite properties of short glass fiber reinforced 
thermoplastics using representative volume elements (RVE). Although, many investigations were published showing 
effects of different modelling parameters of RVEs, we further elaborate in this contribution the parameters: influence 
of fiber packing, fiber shape, bonding of the fibers to the matrix, fiber length distribution and fiber orientation. The 
knowledge of these influences is used to determine the extent to which the increased modelling accuracy and thus the 
computational effort leads to an improved RVE’s forecast quality. This objective is achieved by creating and comparing 
different RVE models of a PBT-GF20 composite. The information required for the RVE models is obtained by experimental 
characterization of the PBT-GF20 and the PBT matrix material. It can be concluded based on the results of the numerical 
investigations in conjunction with the experimental tests of the composite that fiber packing, fiber length distribution, 
fiber orientation and fiber geometry are essential for a precise determination of the effective composite properties.

Keywords RVE · Short fiber reinforced · Fiber geometry · Fiber orientation · Homogenization

1 Introduction

The mechanical properties of the short fiber-reinforced 
plastics depend on a number of factors i.e. on the length 
and on the orientation of the fibers. Due to the injection 
molding process, these two factors vary spatially in an 
injection-molded part, resulting in locally varying com-
posite properties. For an exact dimensioning and design 
of a technical lightweight application, the spatial distribu-
tion of composite properties must be known. These can be 
calculated by different theories. From the first approaches 
of Reuss [1] and Voigt [2] up to the commonly two-stage 
homogenization method [3], the information content 
about the microstructure, which is included in the cal-
culation of the effective composite properties, increases. 
This increasing information content is the basis for the 
increasing forecasting quality of the effective composite 

properties. Accordingly, efforts are obvious to further 
increase the forecasting quality by further increasing the 
information content that is used to calculate the effective 
composite properties. In this context, the term representa-
tive volume elements (RVE) is well known. Hill [4] uses the 
term RVE for sections of a composite that are statistically 
representative for the entire composite. According to Hill, 
the number of inclusions must be sufficiently high so that 
the calculated composite properties are independent of 
the selected boundary conditions. Drugan and Willis [5] 
give a further definition of the term RVE: They define an 
RVE as the smallest volume with which an effective mean 
value of a composite property can be calculated. Gitman 
et al. [6] work out the existence respectively the non-
existence of RVEs depending on the used constitutive 
equations as well as the influence of size and periodicity 
on the effective composite properties on the basis of 2 
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dimensional RVEs with circular inclusions. It has also been 
shown in the literature that an effective mean value can 
be calculated over several small RVE’s rather than over a 
large one [7–9]. Especially Monte-Carlo simulations can be 
used, in which the realization of a single RVE is randomly 
generated [10].

The advantage of using RVE’s instead of micromechani-
cal models is that less assumptions and simplifications of 
the underlying microstructure have to be made. This has 
the advantage that arbitrary shapes of inclusions or an 
influence of inclusions on each other can be considered 
in RVEs in contrast to the micromechanical models using 
homogenization techniques. But, solving RVEs is generally 
very time-consuming and numerical expensive.

The central question is therefore which information 
must be at least contained in a RVE to achieve a reasonable 
representation of the composite properties. Therefore, it 
is the motivation for this paper to investigate this ques-
tion by an investigation of the influence of the modelling 
aspects of short fiber reinforced plastics on the effective 
composite properties. For this special case in the field of 
applied material- and engineering science, the influence of 
modeling aspects has not yet been fully investigated in the 
known literature. So far, the influence of modeling aspects 
has been investigated in recently published publications: 
Wang and Smith, for example, use a parameter study of a 
unit cell to determine the influence of fiber volume frac-
tion, aspect ratio and distance between the fibers on the 
effective composite properties [11]. The influence of fiber 
orientation and fiber volume fraction is investigated in [12, 
13]. Furthermore, Chen et al. investigates the composite 
properties with randomly oriented fibers in all spatial 

directions in [14, 15]. The distance between fibers as well 
as the influence of perpendicular fiber patterns are inves-
tigated by Pan et al. [16]. The influence of bent or more 
specifically kinked fibers is also investigated by Pan et al. 
in another study [17]. The dependence of linear-viscoe-
lastic properties with respect to the fiber volume fraction 
is considered in [18]. Wang and his co-authors investigate 
the effect of an considered interphase between fiber and 
matrix material in [19]. However, some modelling aspects 
remain unconsidered despite the known works.

Therefore, in this study further modelling aspects of 
short fiber reinforced composites, that have not been 
considered so far, are investigated. In addition, not only 
individual modeling aspects are examined, but also the 
combination of different modeling aspects. These model-
ling aspects are depicted in Fig. 1 and include the fiber 
packing, meaning the influence of the distance of fibers 
from each other, the geometry of the fibers as well as the 
bonding of the fibers to the matrix. The effect of a fiber 
length distribution in contrast to a homogenous fiber 
length is also investigated as well as the effect of a fiber 
orientation in contrast to a perfect alignment of fibers. The 
modelling aspects mentioned are analyzed individually as 
well as in combination with each other.

The investigation is carried out using PBT-GF20, exem-
plarily. Several RVE’s considering different modelling 
aspects are created and evaluated regarding their effec-
tive composite stiffness. The aim of this study is to identify 
the influence of these modelling aspects and to conclude 
which of them should be modelled with particular preci-
sion in order to achieve the best possible RVE’s forecast 
quality results.

Fig. 1  Visualization of the con-
sidered modeling aspects with 
constant fiber volume fraction
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2  Modelling of RVE

In this section the geometric definition and evaluation of the 
RVE’s using the Finite Element Method (FEM) is presented. In 
principle, an RVE is created on the basis of certain modeling 
aspects, as shown in Fig. 2. In the context of this contribu-
tion these modeling aspects comprise the dimension of the 
RVE, the fiber geometry, the fiber volume fraction, the fiber 
orientation and the fiber length distribution. The mechanical 
properties of each phase are also required. In the following, 
the procedure for creating an RVE is explained in more detail.

First, the dimension and volume of the RVE VRVE must be 
determined. The volume results from the fiber volume frac-
tion vF and the Volume of all fibers VF to be considered:

The dimension �RVE =
(
lRVE ,wRVE ,wRVE

)
 result from the 

volume and an aspect ratio aRVE of length lRVE to width wRVE 
of the RVE, assuming a quadratic base area:

Since the aspect ratio of the RVE influences the fiber 
packing, this is the first modeling aspect to be investigated 
in Sect. 4.1.

(1)VRVE = VF∕vF .

(2)aRVE = lRVE∕wRVE .

According to Hill’s definition, RVE’s must be independ-
ent of boundary effects. This can be achieved by creating 
the RVE large enough so that the boundary effects are 
negligible. A more efficient approach is to use periodic 
boundary conditions [20, 21]. For this purpose, the RVE 
has to be created in such a way that a periodic fiber con-
stellation is generated.

To create a RVE, first the fibers are considered, whereby 
the length and the orientation of n fibers are derived from 
the fiber length distribution and the fiber probability ori-
entation. The n fibers are then placed one by one in the 
volume. The position of the fibers are randomly selected 
and periodically continued. This means that fibers that 
extend the boundary of the RVE are cut off and continued 
on the opposite side. Figure 3 illustrates this by a sketch of 
a two-dimensional RVE. The fiber marked by “1” protrudes 
beyond one edge of the RVE and is continued periodi-
cally on the opposite side. Furthermore, in the creation of 
the RVE, each fiber and each periodically shifted part of 
a fiber is checked for collision with other fibers. If a col-
lision is detected, a new random position of the fiber is 
determined. The described procedure is carried out until 
all considered fibers are placed.

Following the geometry creation, the RVE is discre-
tized by finite elements. The finite element mesh has a 

Fig. 2  RVE reconstruction on 
the basis of a characterization 
and analysis of a real micro-
structure
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significant influence on the result of the finite element 
analysis. In this paper tetrahedral elements with a quad-
ratic shape functions are used only.

Next, the creation of the periodic boundary condi-
tions is presented. The periodic boundary conditions are 
defined on opposite surfaces of the RVE and connect 
them with each other. Considering a RVE with a peri-
odic mesh, the mathematical description of the periodic 
boundary condition reads:

where u denotes the displacement of opposite nodes on 
the surfaces j+ and j− in the direction of �i denotes the 
displacement of opposite points x on the surface j+ and 
j −. The implementation of the periodic boundary condi-
tions into a finite element analysis is carried out with linear 
constraint equations. Here the displacement �i

(
xj+ − xj−

)
 

is provided by a reference point:

This reference point is not connected to the mesh of 
the RVE. Although the structure of the RVE is periodic, 
the finite element mesh may not be periodic. Opposite 
surfaces of the RVE are identical, but below the surface 
the geometries are different. Therefore, enforcing a peri-
odic mesh simply by shifting of the nodes is not advan-
tageous, since strongly distorted elements can result. 
Therefore, an interpolation approach is used instead 
that projects the periodic boundary conditions to a non-
periodic mesh. This publication uses an interpolation 
approach based on quadratic interpolation functions 
that is presented in the following.

Two opposite sides of the RVE mesh are being consid-
ered: For each node, with the coordinates xv , on one side 
of the RVE the surface of an opposite, enclosing element 
must be identified. If the nodes are virtually projected 
to a plane, the coordinates of the individual nodes are 
reduced to xv,red . These can be written in natural triangu-
lar coordinates �  of the enclosing element with

Here xI
i
 are the virtually reduced coordinates of the 

corner nodes of the enclosing element. With quadratic 
trial functions [22] and the natural triangle coordinates, 
the displacement of the node is interpolated with

(3)u
j+

i
− u

j−

i
= �i
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x
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j−
)
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In addition to the creation of the RVE’s and the imple-
mentation of the periodic boundary condition, the 
homogenization method used is presented: both stresses 
and strains are integrated over the volume with

or respectively

Due to the discretization already performed by the 
finite elements, the volume-integrals can be solved 
numerically with

and

VI is the integration weight, which can be understood as 
the corresponding volume to the integration point.

In principle, the shown procedure can be carried out 
for each load direction (tension or compression in three 
spatial directions as well as shear in three spatial direc-
tions), so that the complete effective stiffness tensor can 
be analyzed. In this paper, only tensile deformation in 
the fiber direction (i = j = 2) is applied, so that only the 
Young’s modulus in fiber direction is analyzed:

3  Characterization

The definition of the microstructure of a short fiber rein-
forced plastic requires knowledge about the fiber orienta-
tion and fiber length distribution as well as of the mechan-
ical properties of the individual phases of the composite. 
A PBT-GF20 (Type 2300 GV1/20, 20 wt% glass fiber) from 
 Celanex® is used for all following investigations [23]. The 
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mechanical material behavior of the glass fibers is consid-
ered to be isotropic, linear elastic with a Young’s modulus 
Ef = 73.000MPa and a Poisson’s ratio �F = 0.22 [24, 25].

The mechanical behaviour of the matrix material PBT 
is tested by temperature-dependent mechanical ten-
sile tests on bar-shaped specimens cut from 2 mm thick 
injection moulded plates in the dimensions w: 2 mm, 
d: 3  mm, l: 20  mm. The mechanical behaviour of the 
composite material PBT-GF20 is also measured using 
the same specimen geometry. The fibers of the speci-
mens are oriented in the longitudinal direction of the 
specimens. The tensile tests are carried out at 0 °C, 50 °C 
and 80  °C, since these temperatures classify roughly 
the rubbery-, transition- and glassy regime of the PBT. 
The measured Young’s moduli at these three tempera-
tures of the PBT are EM = 500; 1000 and 2000MPa and 
EC = 3050; 4500 and 6800MPa for the PBT-GF20.

The fiber orientation is determined by a micro com-
puted tomography (μCT) measurement of a cylindrical 
specimen with a 1 mm radius, extracted out of the injec-
tion moulded plates. The voxel edge length measures 
1.80 μm. The two-stage fiber orientation tensor a is deter-
mined on a cylindrical sample of an injection-molded plate 
[26]. The averaged fiber orientation tensor is represented 
by its eigenvalues eig(a) = (0.244, 0.711, 0.045).

A discrete fiber orientation probability � can be calcu-
lated according to Onat and Leckie [27] on the basis of 
the fiber orientation tensors. In addition to the measured 
second order fiber orientation tensor the fourth order fiber 
orientation tensor is approximated using the hybrid clo-
sure method [28]. Figure 4 shows the reconstructed ori-
entation distribution on a unit sphere using a color plot. A 

red color indicates a high probability that fibers are point-
ing in this direction.

The μCT can not be used to measure the fiber length 
distribution, as only fibers with an length exceeding 30 μm 
can be detected due to the quality of detection of these 
fibers with the μCT. The fibers shown in Fig. 5 are gener-
ated by incineration of a sample cut out of the injection-
molded plates. The fibers are mixed with ethanol and 
distributed on a Petri dish so that they are arranged as 
randomly as possible. Randomly selected sections of the 
Petri dish are then viewed under a light microscope and 
the length of the fibers is measured. The results in Fig. 5 
proves that not negligibly few fibers are shorter than the 
µCT resolution. The length distribution is determined by 
measuring 420 fibers from 3 different samples, which is 
shown in Fig. 6. A particularly high number of very short 
fibers can be seen here. The arithmetic mean is 172.7 μm , 

Fig. 4  Orientation distribution of injection molded speci-
men as color plot on a unit sphere. Recalculated by spheri-
cal harmonics with use of hybrid closure. Eigenvalues of a are 
eig(a) = (0.244, 0.711, 0.045)

Fig. 5  Light microscopic image of exposed fibers from an ashed 
sample of PBT-GF20 to determine fiber length distribution
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Fig. 6  Histogram of the fiber lengths of the exposed fibers from the 
injection molded sample
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which corresponds to an aspect ratio of 15.4 since the 
mean diameter of the fibers is 11.4 [26].

4  Influence of modeling aspects

This section examines the influence of modelling aspects. 
First, the influence of the fiber packing is investigated, fol-
lowed by the fiber geometry. The influence of the fiber 
length distribution and the fiber orientation is then exam-
ined individually. Finally, the mentioned modeling aspects 
are combined. Each of the following finite element analysis 
is repeated with a refined mesh using 50% smaller element 
edges until a convergence of 1% deviation of the effective 
composite stiffness is reached.

4.1  Influence of the fiber packing

First, the influence of the fiber distance to each other is 
investigated using a unit cell. A unit cell is an RVE with 
a single fiber, where the position of the fiber can be ran-
dom, but is always periodic. The influence of the distance 
between individual fibers can only be investigated in a 

unit cell with the use of periodic boundary conditions. 
With these, the mechanical behavior is identical to an infi-
nitely extended RVE with homogeneous fiber distribution. 
The distance between the fibers is varied accordingly by 
changing the shape of the RVE. Figure 7 illustrates the 
arrangement of the unit cell. With the same volume and 
fiber volume content ( vF = 0.116 ), the distance between 
the fibers can be changed by varying the aspect ratio aRVE . 
In the shown variant low RVE aspect ratio, the distance 
between the fibers is small in the direction of the fibers 
and large at right angles to them. In the high RVE aspect 
ratio variant, the distance in the fiber direction is larger 
than across it.

The change in the homogenized stiffness in the direction 
of the fibers is shown in Fig. 8. It can be seen that the stiff-
ness decreases with increasing RVE aspect ratio. This effect 
is even more pronounced for the stiffer matrix material than 
for the less stiff matrix material. With a homogeneous fiber 
packing, i.e. when the distance l = w , the calculated effec-
tive composite stiffness by means of the RVE corresponds 
very accurate to that of the classical theory of Mori–Tanaka 
[3]. With a rheological equivalent model, the influence of 
the RVE aspect ratio can be explained by a simple series or 

Fig. 7  Variation of RVE aspect 
ratio to vary distance of fibers 
with constant fiber size and 
constant fiber volume fraction

Fig. 8  Effective modulus in 
direction of reinforcement 
calculated by RVE model for 
different matrix modulus and 
in dependence of RVE shape 
[3, 33]
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parallel connection of spring elements. If the aspect ratio of 
the RVE is large, the first approximation is a series connec-
tion of springs. If the aspect ratio is small, it is more likely 
that the springs are connected in parallel. Accordingly, the 
stiffness must be higher with a small aspect ratio of the RVE. 
The figure also shows that the effect of the fiber package is 
by no means negligible, as it has an extremely significant 
influence on the composite properties.

In the case of multiple fibers in an RVE, the package is 
no longer determined exclusively by the RVE dimension. 
In addition, the packing is determined by the arrangement 
within the RVE. The package, which is determined by the 
RVE dimension, is less important the more fibers are used 
in the RVE. This is illustrated by the mean distance between 
the fibers compared to the RVE dimension. In the case of 
several fibers, the mean value of the distance is 1∕n of the 
RVE dimension, where n is the number of fibres. However, 
this means that the influence decreases with an increasing 
number of fibers, but remains significant for appropriate 
numbers of fibers (< 30). Therefore, the RVE dimension for 
n fibers of different lengths, diameters and orientation is 
determined in such a way that the mean distance between 
the fibers is identical in all spatial directions: First, the volume 
of the RVE VRVE is determined according to Eq. 1.

Then the RVE dimension is determined by an encapsulat-
ing rectangle for each fiber. The dimension of an encapsulat-
ing rectangle is identical to the maximum dimensions of the 
associated fibers, in the RVE’s coordinate system. This means 
that a surrounding rectangle has surfaces parallel to the RVE. 
The dimensions of the enclosing rectangle is

with x, y, z as the minimal or maximal coordinates of the 
fibers. From the encapsulating rectangles a middle encap-
sulating rectangle with

is calculated. The dimension of the RVE is now determined 
by a constant offset s to this middle encapsulating rectan-
gle with

For the offset s, the condition that the product of the 
dimension of the RVE is equal to the volume of the RVE 
applies:

This cubic equation can be solved either analytically 
or numerically, for example using the Newton method. 

(12)�i =
(||xi,max − xi,min

||, ||yi,max − yi,min
||, ||zi,max − zi,min

||
)
.

(13)�F =

∑n

i=1
�i

n

(14)�RVE = XF + s

(15)
3∏
i=1

(
Xi + s

)
= �RVE

Among the three possible mathematical solutions only 
one is a physically feasible solution. This one solution is 
not a complex solution.

4.2  Fiber shape

Next, the influence of the geometric shape of the fibers 
on the effective composite behavior is investigated. For 
this purpose, the stiffness of the composite in relation 
to the aspect ratio of the fiber is examined using a unit 
cell with one fiber and homogeneous fiber packing. The 
fiber volume fraction is constant with vF = 0.116 . The fib-
ers are modeled as ellipsoids and as cylinders. In the case 
of fibers represented by cylinders, a distinction is made 
between a matrix fully tied to the fiber and a matrix tied 
to the lateral surface of the fiber only. This strategy is moti-
vated by the fiber sizing. The sizing serves as an adhesion 
agent between matrix and fiber and is applied during the 
manufacturing process of endless fibers before they are 
cut to short fibers. In the injection molding process, the 
fibers break further into smaller pieces. Accordingly, there 
is no sizing on the fiber’s cross section surfaces, leading 
to a poor adhesion between fiber and matrix at these 
positions.

The Fig. 9 shows the result of the investigation regard-
ing the influence of the geometric shaping of the fibers. 
One can state, that in the case of cylindrical fiber reinforce-
ments and a matrix fully tied to the fibers the homoge-
nized composite stiffness is independent of the matrix 
stiffness greater than that of the ellipsoid fiber reinforce-
ment. This effect is almost repeatable for aspect ratios of 
the fibers from 1 to 30. The composite stiffness using a 
matrix that is tied to the lateral surface of the cylindrical 
fibers only ranges between the composite stiffness of ellip-
soid and fully bonded fibers.

4.3  Length distribution

If more than one fiber is used for the reconstruction of 
the microstructure, two concepts regarding the fiber 
length can be adopted in principle. On the one hand, 
all fibers can be modeled of the same length equals 
the average fiber length. The mean fiber length can be 
defined, for example, by the arithmetic mean or the 
median. On the other hand, a fiber length distribution 
can be applied. The difference between the two con-
cepts in terms of homogenized composite stiffness will 
be analyzed in the following study. For this purpose, 
both concepts are applied and compared. For the con-
cept of mean fiber length, the arithmetic mean value 
of the fiber length distribution measured in Sect. 3 is 
used as the mean length. In the concept of fiber length 
distribution, the measured fiber lengths are divided into 
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classes (see Fig. 6) of 25 μm width. For each class, a prob-
ability is determined according to the number of fibers 
within the class. This probability is used to reconstruct 
the microstructure so that the same fiber length distri-
bution is obtained with a statistically sufficient number 
of reconstructed fibers. For both concepts the constant 
fiber volume content vF = 0.116 and a matrix stiffness 
EM = 2000MPa are identical. All fibers are distributed ran-
domly in space. Accordingly, a Monte-Carlo simulation 
must be carried out for both concepts in this investiga-
tion. Figure 10 shows the implementation of the Monte 
Carlo simulations. First n RVE’s are generated and the 
effective stiffness of each is determined by finite element 
analyses and the homogenization scheme described in 
Sect. 2. A probability distribution is then determined 
from the calculated values. In contrast to the unit cell 
with a single fiber, the result depends on the spatial 
position of the fibers in the RVE due to fiber interacting. 
Additionally, the Monte-Carlo simulation is necessary 
for the fiber length probability, since reconstructions 
with few fibers do not provide a good approximation to 
the measured fiber length distribution. This means that 
the reconstruction is carried out several times (min. 100 
times) for both concepts. Both concepts are repeated 

for different numbers of fibers. The result of the study is 
shown in Fig. 11.

The normal distributions of the calculated effective 
stiffness of the composite in fiber direction are shown for 
both concepts and 10, 30 and 50 fibers respectively. The 
mean values of both concepts converge to different val-
ues. For a uniform length distribution, the mean value for 
50 fibers is approximately 6500 MPa, using a fiber length 
distribution it is approximately 7600 MPa. The mean value 
of the effective stiffness is thus significantly higher with 
fiber length distribution than with uniform fiber length. In 
both concepts, the mean values with 10, 30 and 50 fibers 
are approximately identical, with the exception of 10 fib-
ers in the case of the fiber length distribution. In this case 
the dimensions of the RVE are smaller than some fibers. 
Therefore, the RVE may not be modelled as short fibers, 
but as endless fibers. This leads to a higher mean value of 
the effective composite stiffness. In addition, it becomes 
apparent that the standard deviation of the effective com-
posite stiffness is greater with the concept of fiber length 
distribution than with a uniform fiber length, because it 
contains another random variable. Accordingly, the con-
vergence rate is lower when using the fiber length distri-
bution, so that more RVE’s have to be considered in order 
to determine the stiffness with the same confidence level.

Fig. 9  Effective modulus in 
direction of fiber reinforce-
ment calculated by RVE model 
for different matrix modulus 
to determine the influence of 
the geometrical modeling of 
the fibers

Fig. 10  Illustration of the 
Monte Carlo simulation. Crea-
tion of n RVE’s with subsequent 
homogenization and deriva-
tion of the probability function 
of the effective Modulus
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Another important aspect becomes also evident with 
the distribution of the homogenized composite stiffness. A 
higher homogenized stiffness means that the local stresses 
within such an RVE are higher with the same deformation 
than the local stresses within RVE’s which lead to a lower 
homogenized stiffness. The local stresses are therefore 
dependent on the fiber arrangement and are statistically 
depended variable.

4.4  Fiber orientation

Finally, the influence of fiber orientation on the effective 
composite stiffness is investigated. The focus is particu-
larly on fiber orientations of small angles between the fib-
ers and the “flow” direction. This is because experimental 
material characterization tests are often carried out on 
injection molded specimens with a confined fiber orien-
tation, but of course, these specimens do not feature a 
perfectly unidirectional fiber orientation. Figure 12 shows 
the principle RVE design for the investigation of this mod-
elling aspect. The RVEs reconstructed for this study use 
a constant fiber volume ratio vf = 0.116 and 20 fibers of 
the same length of 172.7 μm . The polar angle � of the fib-
ers varies in 5° steps, while the azimuth angle � of each 
fiber is random between 0 and 360°. Each angular step is 

performed with 20 repetitions of the reconstruction, so 
that the calculated effective composite stiffness is statisti-
cally reliably evaluated. Figure 13 shows the result. For a 
matrix stiffness of EM = 2000MPa , the effective compos-
ite stiffness is maximum for an angle of 0° and decreases 
with increasing angle. For lower stiffnesses the maximum 
is shifted towards a small angle, but then also decreases 
for even larger angles.

4.5  Combination of modelling aspects

Up to now, the influence of four different modelling 
aspects on the effective composite stiffness has been 
investigated individually. In the following, the modeling 
aspects are considered in combination by reconstructing 
the characterized composite PBT-GF20. This means, that 
the measured fiber length distribution (see Fig. 6) and the 
reconstructed fiber orientation (see Fig. 4) are used for the 
RVE. Cylindrical fibers are considered where the matrix is 
tied at the fiber’s lateral surfaces. The combined modeling 
aspects indicate how precisely the effective composite 
properties can be determined. Figure 14 shows the normal 
distribution of the calculated effective composite stiffness 
in the fiber direction with combined modeling aspects. 
It can be conducted that the mean value converges to 

Fig. 11  Normal Gaussian distri-
bution of effective composite 
E-modulus E11 in direction of 
fiber reinforcement for 10, 30 
and 50 with equal fiber lengths 
and applied fiber length 
distribution

Fig. 12  Variation of fiber ori-
entation for small angles with 
the same volume fraction and 
aspect ratio of fibers
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approx. 6450 MPa with the consideration of 50 fibers. 
Obviously, the standard deviation is greater than for the 
investigations with uniform length or with fiber length 
distribution.

5  Discussion

In this section, a discussion of the investigated modelling 
aspects follows. The fiber package in short fiber reinforced 
plastics has a large influence on the resulting effective 
composite properties. For a unit cell with one fiber, the 
fiber package is only determined by the dimension of the 
RVE and its influence is principally studied frequently in 
the literature [11, 29–32]. With many fibers, in the sense of 
the definition of an RVE according to Hill the fiber packing 
is not effected by the dimensions of the RVE. With only a 
few fibers, however, as for the Drugan and Willis approach 
to determine an RVE as the smallest possible volume, the 
fiber package depends both on the realized arrange-
ment and on the dimension. As shown in this paper by 
the investigation of the influence of the fiber package, it 

is very significant for the effective composite stiffness of 
short fiber reinforced plastics. Therefore, it is important to 
model the fiber package accurately for a precise prediction 
of real composite materials. For the modelling of a RVE 
in the sense of the Drugan and Willis approach, it seems 
to be reasonable to determine the dimension of the RVE 
in such a way that a homogeneous fiber package results 
on average with the Monte-Carlo approach, which can be 
achieved with the presented approach in Sect. 4.1.

Using the Monte-Carlo approach with many fibers (uni-
directional and equal length), the mean value of the effec-
tive stiffness corresponds to that of a homogeneous fiber 
package (see Figs. 9, 11). It is important to note, however, 
that this only applies to the average stiffness. The effec-
tive stiffness of a single RVE always depends on the fiber 
constellation realized. As the size of the RVE increases, it is 
only more likely to produce a fiber constellation that cor-
responds to a homogeneous fiber packing.

The dependence of the aspect ratio on the effective 
composite stiffness with ellipsoidal fibers is well known 
in the literature from the model of Mori–Tanaka [3]. Quali-
tatively, this dependence is the same for the fully and 

Fig. 13  Effective modulus in 
direction of fiber reinforce-
ment calculated by RVE model 
for a discrete fiber orientation 
depending on the E-modulus 
of the matrix material

Fig. 14  Normal Gaussian distri-
bution of effective composite 
E-modulus E11 in direction of 
fiber reinforcement for 10, 30 
and 50 fiber with equal fiber 
lengths, applied fiber length 
distribution and combined 
modelling parameters
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partially bonded cylindrical fibers, as shown in this study. 
Thereby the fully bonded cylinders results in higher effec-
tive composite stiffness compared to ellipsoids, while the 
partially bonded are in-between. The difference between 
fully and partially bonded decreases with increasing 
aspect ratio. The overall influence of the fiber shape and 
bondage on the effective composite stiffness can there-
fore be classified as medium, especially for aspect ratios 
which typically occur in technical applications. However, 
it remains to be investigated to what extent this is also the 
case in the calculation of the strength of the composite.

The results of the investigation with the combination 
of the different modelling aspects are also compared with 
experimental results of a characterization of PBT-GF20. For 
this purpose, the converged mean value of the calculated 
stiffness by the RVE is used. In addition, the calculated stiff-
ness using the Mori–Tanaka [3] approach, the approach of 
Duschelbauer [33] and the self-consistent [34] method are 
used as an additional comparison. To consider the effects 
of fiber orientation and fiber length distribution, a two-
step homogenization is used.

Figure 15 shows the results of the effective composite 
stiffness in fiber direction. The RVE’s method calculate the 
effective composite stiffness with a very small deviation. 
In contrast, the calculated stiffness’s of the three compari-
son models deviate significantly from the experimental 
results. Although ellipsoidal inclusions are used in each of 
the three comparison models to model the fiber’s geom-
etry, it can be shown (cf. Fig. 9) that ellipsoidal geometry 
cannot be the exclusive cause of the deviation between 
calculated and measured stiffness. As the self-consistent 
method has a higher prediction quality than the two other 
comparison models, it is evident, that the influence of the 
fibers on each other cannot be neglected for the fiber vol-
ume fraction used here. Nevertheless, due to the two-step 
homogenization method with the self-consistent method, 
no fiber influence can be performed across fiber classes 
of the two-step homogenization. With RVE’s there is no 

such disadvantage, in principle every modeling aspect can 
interact with others.

6  Conclusion

This paper investigates the influence of four modelling 
aspects on the effective stiffness of a short-fiber-reinforced 
plastics. For this purpose, RVEs are reconstructed on the 
basis of characteristic quantities determined experimen-
tally. The influence of the four modeling aspects on the 
effective composite stiffness are determined by variation. 
The four modeling aspects include fiber packing, fiber 
shape, fiber length distribution and fiber orientation.

• The fiber package has a very significant influence on 
the calculated homogeneous composite stiffness. This 
can be conducted by an RVE with an elliptical fiber and 
varied RVE dimensions. A homogeneous fiber package, 
i.e. the distance in all directions is the same, reproduces 
the results of the Mori–Tanaka model.

• The fiber shape has a medium influence on the homo-
geneous composite stiffness. Cylindrical fibers are 
stiffer than ellipsoid fibers with the same fiber volume 
content and aspect ratio. Fibers with a matrix tied on 
their lateral surface only owns a homogenized stiffness 
between the stiffness of cylindrical and ellipsoid mod-
elled fibers.

• A fiber length distribution influences the effective stiff-
ness compared to a constant average fiber length. In 
addition to the mean value of the stiffness, the scatter-
ing width of the effective stiffness is higher.

• The combined consideration of modeling aspects in 
the RVE provides a very accurate prediction of a com-
posite’s effective stiffness, in the case of the used PBT-
GF20 for the validation more accurate than the Mori-
Tanka-, Duschelbauer- or Self-Consistent Method [3, 33, 
34].

Fig. 15  Results of effective 
composite stiffness by experi-
ment, RVE model, self-consist-
ent method, Mori–Tanaka and 
Duschlbauer [3, 33, 34]
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From the results of the numerical investigations it can 
be concluded that a precise knowledge of the fiber pack-
ing, fiber length distribution, fiber orientation and fiber 
geometry is essential for a precise determination of the 
effective composite properties.

In further studies it has to be clarified to what extent the 
influence of the modelling parameters remains the same 
for other load directions as well as for a plastic or visco-
plastic modelling of the matrix material.
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