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Abstract
Bottom hole pressure (BHP) is a fundamental parameter for the proper design of the production process and the devel-
opment of reservoirs. BHP can be measured directly through the deployment of pressure down-hole gauges (PDG) or 
by the application of existing correlations and mechanistic models based on surface measurements. Unfortunately, 
these methods suffer from two main problems: the cost of measurement which is quite expensive mainly for PDG, and 
the inaccuracies for the correlations and mechanistic models, due to the limitation of their ranges of application. In this 
work, a new model based on support vector regression (SVR) optimized with firefly algorithm (FFA) is proposed to pre-
dict BHP of vertical wells with multiphase flow. Firefly algorithm is implemented for the optimal selection of SVR hyper-
parameters. SVR-FFA model development is done using real-life measurement datasets obtained from distinct Algerian 
oil wells. The performance of the SVR-FFA model is compared with another hybridization SVR-genetic algorithm, trial 
and error SVR and with existing correlations and mechanistic models. The results demonstrate that the SVR-FFA model 
outperforms all the other models.

Keywords Flowing bottom hole pressure (BHP) · BHP correlations and mechanistic models · Support vector regression 
(SVR) · Firefly algorithm (FFA)

1 Introduction

Bottom hole pressure (BHP) is an essential parameter for 
a well from its completion till its abandonment stage. It is 
used to establish the development strategies, design facili-
ties (such as well head completion and tubing size), and 
also in predicting suitable time for implementing activa-
tion mechanisms. Two main categories of methods can be 
distinguished for estimating BHP: the first is by using a per-
manent gauge in the bottom hole or by applying well test-
ing; and the second is by a direct calculation using well-
known empirical correlations and mechanistic models that 
are based on the available surface measurements. The 
most widely used correlations for BHP determination are 
those proposed by Hagedorn and Brown [1], Duns and Ros 

[2], Orkiszewski [3], Beggs and Brill [4], Aziz and Govier [5], 
Mukherjee and Brill [6]. The mechanistic models includes 
those of Ansari et al. [7], Chokshi et al. [8], Gomez et al. [9] 
and Gray [10]. Although the accuracy of the first category 
(i.e. gauge and well tests) and the simplicity of application 
of the second (i.e. the correlations and the mechanistic 
models), both of them present sensible limitations. These 
incudes the cost which is expensive for the first category, 
and the poor performances for the second, since all the 
existing correlations and mechanistic models were devel-
oped under a range of conditions, consequently, when 
their applications are out of these domains, their results 
became mediocre.

During the last years, data-driven through its differ-
ent methods has been increasingly introduced in several 
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fields of science and technology including petroleum 
engineering, to resolve practical problems [11–13]. 
Accordingly, very attractive frameworks such as Artap, 
which is based on machine learning and nature-inspired 
algorithms have been implemented for practical applica-
tions [14]. Accurate prediction of BHP using data-driven 
techniques is one of these successful applications as we 
have demonstrated in our previously published work 
[15]. On the other hand, support vector regression (SVR) 
is one of the most popular data-driven methods. It is 
characterized by the high generalization capability that 
is assured by the exploitation of both structural risk min-
imization (SRM) and empirical risk minimization (ERM) 
principles [16]. It has been applied in various fields of 
science and technology, such as signal processing [17], 
finance [18], biology [19], biomedicine [20], engineering 
[21, 22], oil industry [23, 24] and others. Many articles 
shed light the successful application of this tool in petro-
leum and reservoir engineering. Ansari and Gholami [25] 
have applied SVR to estimate the saturation pressure of 
crude oils. Na’imi et al. [16] have used SVR to estimate 
reservoir porosity and water saturation distributions. 
Bian et al. [26] have employed SVR to predict minimum 
miscibility pressure (MMP) of the system  CO2-oil. Fattahi 
et al. [27] have used SVR in the prediction of asphaltene 
precipitation.

Recently, firefly algorithm (FFA), which is a popula-
tion-based and a nature-inspired heuristic algorithm 
has been applied in many fields as a global optimization 
approach [28]. It is based on flashing behavior of fireflies 

[29]. This algorithm often leads to a significant improve-
ment for solving problems with multimodal functions. 
In this paper, it is applied as an optimization method 
to increase the accuracy and the prediction reliability 
of SVR by finding the optimum SVR hyper-parameters.

This research aims to establish a robust and fast 
approach to estimate BHP in vertical wells with mul-
tiphase flow using hybridization SVR with firefly algo-
rithm. 100 field data gathered from various Algerian 
fields and covering a wide range of variables are used 
for this purpose. The performance of the combined SVR-
FFA model is compared with SVR-GA (hybridization SVR 
and genetic algorithm), SVR-TE trial and error SVR) and 
existing correlations and mechanistic models.

The rest of the paper is organized as follows. Section 2 
briefs the implemented data-driven technique, i.e. SVR and 
the applied optimization algorithms. Section 3 describes 
the utilized data sets. Results are presented and discussed 
in Sect. 4. The paper ends with Sect. 5 which summarizes 
the main findings of the study.

2  Methodology

2.1  Support vector regression (SVR)

SVR is a well-formulated supervised learning technique 
which was developed by Vapnik [30, 31]. SVR aims to 
identify a function that approximates the functional 
dependency between targets T =

{
t1, t2,… , tm

}
 defined 

Fig. 1  SVR-FFA flow chart
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on R , and inputs X =
{
x1, x2,… , x

m

}
 where x

i
∈ Rn and 

m is the number of data points. This approximation is 
defined as follows [30]:

where �(x) points out a mapping function that transforms 
the input space vector x to a high dimensional feature 
space, w represents a weight vector and b is a bias.

To find the proper values for the elements of w and b , 
the following regularized risk function should be mini-
mized [30]:

where C 1

m

∑m

i=1
L(f (xi) − ti) shows the empirical error and 

1

2
w2 is the measure of function flatness. The constant C > 0 

is the penalty parameter, which computes the trade-off 
between the empirical error and the model complexity 
(regularization factor).

ε-insensitive loss function L(f (xi) − ti) proposed by 
Vapnik is used for estimation of empirical error and is 
determined using the following equation [30]:

where � denotes the error tolerance.

(1)f (x) = w�(x) + b

(2)RSVR(C) = C
1

m

m∑
i=1

L(f (xi) − ti) +
1

2
w2

(3)L(f (x) − t) =

{
0 if |f (x) − t| ≤ �

|f (x) − t| − � otherwise

Then, the optimum parameters are obtained in the 
following equation by formulating the constrained opti-
mization problem as:

(4)minimize
1

2
w2 + C

m∑
i=1

(
�−
i
+ �+

i

)

subjectto

⎧⎪⎨⎪⎩

ti −
�
w�

�
xi
�
+ b

�
≤ � + �+

i�
w�

�
xi
�
+ b

�
− ti ≤ � + �−

i

�−
i
, �+

i
≥ 0, i = 1, 2,… ,m

Fig. 2  SVR-GA flow chart

Table 1  Statistical parameters for the study datasets

Parameters Min value Max value Mean

Inputs
Qoil (bbl/d) 8 1660 226.46
Qgas (Mscf/d) 22,500 572 6018.22
Qwater (bbl/d) 0 750 16.34
Oil gravity 0.569 0.931 0.724
Gas gravity 0.602 0.884 0.703
ID (in) 1.61 4.404 2.52
Depth (ft) 3678 14,742 8977.02
WHP (Psi) 450 8472 2828.30
WHT (°F) 46 184 105.25
GOR (bbl/scf ) 701 1,170,000 62,147.66
Output
BHP (Psia) 653 11,250 3927.60
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�−
i
and �+

i
 are positive slack variables which demonstrate 

lower and upper excess deviations, correspondingly.
To solve this problem, the constrained optimization 

function of (4) can be transformed into dual space using 
Lagrange multipliers, and the solution obtained is shown 
below [32]:

In the above-equation, �i and �
∗
i
 are Lagrange multi-

pliers and are subjected to the constraints 0 ≤ �i , �
∗
i
 ≤ C, 

and the term K
(
xi , xj

)
 represents the kernel function. 

This latter aims to map the input space into some higher 
dimensional space. This trick allows SVR to conveni-
ently solve non-linear regression problems. There are 
many kernel functions proposed in the literature [33], 
the popular ones are polynomial function, radial basis 
function (RBF) and Gaussian function. In this study, RBF 
is used as the kernel function and it is defined as shown 
below:

where � is the kernel parameter.
The ideal performance and the high accuracy of SVR 

depend greatly on the combination of C , � and the kernel 
function parameter � . Hence, it is necessary to optimize 

(5)f (x) =

m∑
i=1

(
�i − �∗

i

)
K
(
xi , xj

)
+ b

(6)K
(
xi , xj

)
= exp

(
−�xi , xj

)

these parameters using robust algorithms able to auto-
matically select their optimum combination.

2.2  Firefly algorithm (FFA)

Firefly algorithm is a smart-swarm based algorithm which 
was developed by Yang [34] for solving optimization prob-
lems. The inspiration and the basic formulation of FA is 
based on the natural behavior of fireflies which emulate 
flashes of lights as a strategy of communication. Accord-
ingly, one firefly is attracted towards other if the latter one 

Fig. 3  Correlation coefficient 
analyses of the experimental 
data

Table 2  FFA and GA setting parameters

Algorithm Parameters Value/setting

FFA Number of fireflies 20
Maximum number of iterations 30
alpha 0.5
beta 5
gamma 1

GA Population size 20
Crossover’s probability 90%
Mutation’s probability 70%
Type of replacement Elitist (10% of 

the popula-
tion)

Type of selection Linear ranking
Max number of generations 30
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emits higher light intensity [29]. It is worth noting that 
the brightness of every firefly imitates the quality of the 
solutions.

The movement task of a firefly “i” towards a more attrac-
tive firefly “j” is done basing on the following equation:

In the above-equation, the term �0e
−�r2

i,j

(
xi − xj

)
 corre-

sponds to the attraction effect; and the term �
(
rand −

1

2

)
 

is a randomization term and essentially it provides a ran-
dom sign or direction, where � corresponds to the rand-
omization coefficient. �0 is the light intensity at distance 
r = 0 and generally it corresponds to 1. � is absorption 
coefficient, whose the value is distributed over [0, ∞]. The 
Cartesian distance is applied to calculate the distance 
between any two fireflies i and j: ri,j =

�∑D

k=1

�
xi,k − xj,k

�
.

The traveling mechanism of fireflies is repeated itera-
tively until a stopping condition is satisfied. The fittest 
firefly represents the best solution.

In this paper, firefly algorithm is employed to tune SVR 
hyper-parameters ( C , � and �).

The flowchart of the proposed hybridization SVR-FFA 
is shown in Fig. 1.

2.3  Genetic algorithm (GA)

Genetic algorithm (GA) is an evolutionary optimization 
technique based on genetic principles developed by 
Holland [35]. The algorithm begins by representing an 
initial population of possible solution in a form of chro-
mosomes. Then, three types of genetic operators are 
applied to explore the different regions of the search 
space and find the optimal solutions. These operators 
are: selection, crossover and mutation operators. More 
details about these operators can be found in previously 
published works [35, 36]. This process is repeated until 
some predefined termination criteria are fulfilled.

In the current work, and as FFA, GA is used to optimize 
SVR hyper-parameters (C, ε and γ). Figure  2 describes 
briefly SVR-GA model.

(7)xi = xi + �0e
−�r2

i,j

(
xi − xj

)
+ �

(
rand −

1

2

)

3  Data analysis

To implement the described paradigms for accurate pre-
diction of BHP under wide-ranged operational condi-
tions, a representative database should be considered. 
Accordingly, 125 real points are collected from distinct 
oil wells located in some Algerian oil fields. These points 
are the same used in our previous work [15]. The data 
used for developing the model cover the variables 
ranges illustrated in the Table 1. To evaluate the cor-
rectness of the collected data and delete the suspected 
outliers, empirical correlations and mechanistic models 
were used to predict the BHP and compare it with the 
measured value. Data sets which consistently resulted 
in poor predictions by all correlations and mechanistic 
models were considered to be invalid and, therefore, 
removed. A cut-off-error percentage (absolute relative 
error) of 20% is implemented for the whole data. After 
a such screening, a total 100 data sets are remained 
to develop the SVR models. Among the filtered data 
points, 80% of are used to build (training) the models, 
and the other 20% are utilized to check their accuracy 
(predictive test).

4  Results and discussions

Before highlighting and explaining the obtained results, 
the influence of the individual independent variables illus-
trated in Table 1 on BHP is done through the coefficient of 
correlation analyses between these independent variables 
and BHP. As the correlation coefficient between any input 
variable and output variable increases, the influence of 
that input in determining the output’s value increases. Fig-
ure 3 depicts the correlation coefficient analyses. Accord-
ing to this figure, WHP has the maximum degree of linear 
relation with BHP. In addition, BHP follows the fairly linear 
tendency with the depth.

To improve the convergence conditions of SVR mod-
els, the used data points are standardized. Afterwards, 
and for GA and FFA cases, the investigated SVR hyper-
parameters (C, ε and γ) are codified in forms of vectors 
for FFA and chromosomes for GA. During the optimiza-
tion process of these two algorithms, mean square error 
(MSE) is considered the fitness function to distinguish 
between the quality of the individuals. This function is 
expressed as:

where ti and oi point out the real and the predicted BHP, 
respectively, and m is the number of data points.

(8)MSE =

∑m

i=1

�
ti − oi

�2
m

Table 3  Obtained SVR hyper-parameters for developed models

C ε γ

SVR-FFA 9500.70 0.0145 6.5980
SVR-GA 9128.40 0.1625 6.7002
SVR-TE 9050 0.3500 8.25
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Fig. 4  Cross plots of the results: a BHP measured versus BHP SVR-FFA; b BHP measured versus BHP SVR-GA; c BHP measured versus BHP SVR-
TE
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The corresponding parameters of FFA and GA con-
sidered in this study to establish SVR-FFA and SVR-GA 
paradigms, respectively, are reported in Table  2. For 
SVR-TE model, trial and error is developed by manually 
searching a specified subset of the hyper-parameter (C, 
ε and γ).

To evaluate the developed models and existing 
approaches, and their predictive performances, the 
average absolute percent error (AARD %), the standard 
deviation (SD), and the correlation factor  (R2) are calcu-
lated by the following equations:

Fig. 5  A comparison between 
the measured BHP and the 
predicted values using the pro-
posed SVR models: a SVR-FFA; 
b SVR-GA; c SVR-TE
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(9)AARD% =
1

m

m∑
i=1

|||||
BHP

exp

i
− BHPcal

i

BHP
exp

i

|||||
× 100

(10)SD =

√√√√√1∕(m − 1)

m∑
i=1

(
BHP

exp

i
− BHPcal

i

BHP
exp

i

)2

(11)R2 = 1 −

∑m

i=1

�
BHP

exp

i
− BHPcal

i

�2
∑m

i=1

�
BHPcal

i
− BHP

�2

where m represents the number of the measured informa-
tion, BHPexp

i
 is the observed bottom hole pressure values 

while BHPcal
i

 is the calculated BHP values which are pre-
dicted by the developed models. Average value of the BHP 
data is shown by BHP.

The optimum hyper-parameters for each of the estab-
lished models are shown in Table 3. For all these models, 
high values of the regularization factor (C) and small Epsi-
lon values are achieved, while medium values of the kernel 
parameter (γ) are expected.

Cross plots between output and target values for 
training and test data of the developed models are illus-
trated in Fig. 4. For each model, all the predicted val-
ues are sketched against the experimental values, and 
therefore across plot is created and compared against a 
unit slope line which states the perfect model line. The 
closer the plotted data to this line, the higher is the reli-
ability of the model. Furthermore, another comparison 
is presented in Fig. 5 for all data in sample series plots. 
According to Figs. 4 and 5, the prediction capability of 
the three models is documented. For a deep compari-
son between the BHP calculated by SVR-FFA, SVR-GA 
and SVR-TE and the experimental data, the detailed 
statistical results (the average absolute percent error 
(AARD %), the standard deviation (SD), and the corre-
lation factor  (R2)) are shown in Table 4. According to 
Table 4, for the whole data set, the AARD %,  R2 and SD 
values are 2.13% (1.01% for the training data and 6.65% 
for the test data), 0.9981 (0.9997 for the training data 

Fig. 5  (continued)

Table 4  Comparison of SVR-FFA. SVR-GA and SVR-TE models for 
BHP prediction

Model AARE (%) R2 SD (%)

Training SVR-FFA 1.01 0.9997 2.86
SVR-GA 1.09 0.9997 2.94
SVR-TE 1.65 0.9995 3.79

Testing SVR-FFA 6.65 0.9917 9.20
SVR-GA 6.63 0.9918 9.17
SVR-TE 6.72 0.9922 9.62

All SVR-FFA 2.13 0.9981 4.13
SVR-GA 2.20 0.9981 4.18
SVR-TE 2.66 0.9980 4.96
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and 0.9917 for the test data) and 4.13% (2.86% for the 
training data and 9.20% for the test data) for SVR-FFA, 
while these values for the SVR-GA are 2.20% (1.09% for 
the training data and 6.63% for the test data), 0.9981 
(0.9997 for the training data and 0.9918 for the test 
data) and 4.18% (2.94% for the training data and 9.17% 
for the test data), respectively, and for SVR-TE are 2.66% 
(1.65% for the training data and 6.72% for the test data), 
0.9980 (0.9995 for the training data and 0.9922 for the 
test data) and 4.96% (3.79% for the training data and 
4.96% for the test data) respectively. The comparison 
reveals that SVR-FFA model gives the best performance 
with the data as shown from the values of the three 
statistical indicators.

Figure 6 shows the results of sensitivity analysis of the 
new BHP SVR-FFA. This figure presents the correlation coef-
ficients that are calculated between the output variable of 
the SVR-FFA and the samples for each of the input param-
eters. The comparison between this figure and Fig. 3 shows 
that SVR-FFA results matches highly the experimental data 
with the interrelationship between the input and output 
variables, and thus proves the high robustness and accu-
racy of SVR-FFA.

Finally, to demonstrate the superiority of the SVR-
FFA model in contrast with well-known BHP correlations 
and mechanistic models, the aforementioned statistical 
parameters of the existing approaches versus those of 
the current study are depicted in Figs. 7. Bar plots (a), 

(b) and (c) show comparisons according to AARD %, 
 R2 and SD respectively. The comparison demonstrates 
the large superiority of SVR-FFA compared with other 
conventional methods. In summary, the performance 
and the accuracy analyses clarified that SVR, whether 
optimized or not, have a reliable ability to predict BHP. 
Also, it should be noted that the proposed SVR-FFA 
model, achieved minimum average absolute percent 
error and resulting more accurate output estimation 
over the other SVR or conventional approaches, thanks 
to the usage of FFA meta-heuristic algorithm for hyper-
parameters optimization and tuning. “Appendix 1” 
reports detailed steps for using the established SVR-FFA.

5  Conclusions

In this work, three new models have been proposed 
and applied to the prediction of BHP in vertical wells 
with multiphase flow from Algerian fields. Two of these 
models are on the basis of integrating support vector 
regression with firefly algorithm and genetic algorithm, 
respectively, and the last model is based on trial and 
error method. The results generated by the SVR-FFA, 
SVR-GA and SVR-TE, are then compared with the exper-
imental results and those generated by the existing 
approaches. The main findings of the paper are sum-
marized as follows:

Fig. 6  Correlation coefficient 
analyses of SVR-FFA results
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1. This study also provides a considerable improvement 
over previous proposed correlations and mechanistic 
models with broader applicability in terms independ-
ent variable ranges.

2. The proposed paradigms based on SVR provided very 
satisfactory prediction abilities.

3. Among the implemented models, SVR coupled with 
FFA is deemed the most reliable and outperforms the 
other proposed schemes.

4. SVR-FFA exhibited excellent prediction performance 
with an overall AARD value of 2.13% and a total deter-
mination coefficient of 0.9981.

Fig. 7  Comparison between 
performance indicators values 
obtained from SVR models 
and conventional methods: a 
AARD; b  R2; c SD
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5. The newly proposed hybridizations in this study out-
perform the prior correlation and mechanistic models 
for predicting BHP.
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Appendix 1

For using the best proposed model in this study, i.e. SVR-
FFA, the next steps should be followed (using MATLAB):

• First, it is worth noting that the build best model is 
given as: mdl = (X, t, ‘KernelFunction’, ‘rbf’, ‘KernelScale’, 
γ, ‘Solver’, ‘SMO’, ‘Epsilon’, � , ‘BoxConstraint’, C, ‘Standard-
ize’, true), where X and t represent the inputs and the 
output of the training set, respectively, while γ, � , and 
C are the best-found SVR hyper-parameters which are 
reported in Table 3.

• To apply this model, we use the following function: 
y = predict(mdl,X), where mdl is the formulated model 
described in the first step and X is the input parameters 
of the point (should be in the same order as in Table 1)

• For example:  Qoil = 95 (bbl/d);  Qgas = 2529 (Mscf/d); 
 Qwater = 0 (bbl/d); Oil gravity = 0.766; Gas gravity = 0.635; 
ID = 2.441 (in); Depth = 7552 (ft); WHP = 4850 (Psi); 
WHT = 100 (°F); GOR = 26,717 (bbl/scf ). The measured 
BHP is 5900 (Psia) and the calculated value using SVR-
FFA is 5905.5 (Psia).
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