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Abstract
Noise play a creative role in the evolution of periodic and complex systems which are essential for continuous perfor-
mance of the system. The interaction of noise generated within one component of a chaotic system with other compo-
nent in a linear or nonlinear interaction is crucial for system performance and stability. These types of noise are inher-
ent, natural and insidious. This study investigates the effect of state-dependent noise on the bifurcation of two chaotic 
systems. Circuit realization of the systems were implemented. Numerical simulations were carried out to investigate 
the influence of state dependent noise on the bifurcation structure of the Chen and Arneodo–Coullet fractional order 
chaotic systems. Results obtained showed that state dependent noise inhibit the period doubling cascade bifurcation 
structure of the two systems. These results pose serious challenges to system reliability of chaotic systems in control 
design, secure communication and power systems.
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1 Introduction

Fractional order models are best suited to capture the 
memory effects in mathematical models [1]. The lack of 
appropriate methods of solution has made fractional 
order systems unattractive to scientists. However, in 
recent times, adequate mathematical representation and 
solutions has created a resurgence and renewed interest 
in the subject of fractional order. The order of fractional 
derivative is an index of memory [2] and as stable as their 
integer order counterpart [3]. Due to their relevance, frac-
tional order models have been considered in finance [4], 
psychology [5] and electronic systems [6].

Noise is ubiquitous and inherent in nature. The role of 
noise in a system depends on how it was introduced and 
intended function of the system. Noise is desirable in some 

systems while it is unwanted in others. The threshold of 
chaos can be increased or reduced through noise per-
turbations [7] and synchronization of chaotic oscillators 
with noise [8]. Chaos suppression due to noise has been 
reported in the Duffing oscillator [9] , parametrically driven 
Lorenz system [10], Belousov-Zhabotinsky reaction [11] 
and logistic map [12]. Dennis et al. [13] suggests that noise 
cannot induce chaos. However, the introduction of noise 
has also been found to enhance synchronization of chaotic 
systems [14, 15] and induce chaos in systems [16–18]. Gao 
[19] showed that noise can induced chaos when the noise 
level is within a narrow range. It has been posited that real 
life neurons are robust to noise [20].

The possibility of generating noise from chaotic systems 
has been considered. The perceived similarity between 
chaos and random numbers make chaos a suitable 
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candidate to realize truly random numbers. Murch and Bates 
[21] proposed a mechanism for generating coloured noise 
through by hierarchies of nonlinear recursive loops. This was 
extended to study the performance of random noise gener-
ated by bounded and unbounded chaos with a gaussian 
noise [22]. A chaotic digital phase-locked loop system has 
also been developed to generate pseudo-random noise [23]. 
The successful generation of large scale chaos random num-
ber generator was implemented using Duffing oscillators 
[24]. Random numbers generated from chaotic sequences 
have been employed in video encryption [25]. By using shift-
ers and multiplexers, the phase space from the Lorenz and 
Lu systems have been utilized to generate random numbers 
on Field programmable gate arrays [26].

The role of different types of noise has been investigated 
on integer and discrete chaotic systems. There is the need to 
understand the dynamic influence of noise on the memory 
effect of fractional order chaotic systems. Since memory is 
an intrinsic property of a system, it is intuitive to understudy 
the interaction of noise generated within the system states 
and the system itself. Previous researches have considered 
the role of external noise on the dynamics of chaotic system. 
Although external noises play a significant role, the impact 

of intrinsic noise cannot be ruled out. In our approach, we 
aim to generate noise from within a chaotic system and feed 
the same noise back into the system. This approach is differ-
ent from the other approaches which uses external noise or 
generate noise from a chaotic system but do not consider 
its effect as feedback noise. This research is motivated by the 
need to understand noise generation by fractional order sys-
tems and the influence of the generated noise as a feedback 
into the system. The aim of this study is to investigate the 
impact of state-dependent noise in a class of fractional order 
chaotic systems. The potential of chaotic system in secure 
communication makes this study important. It will provide 
information to systems designer on the role of noise in the 
system, as well as, the impact of internally generated noise 
on system performance. In Sect. 2, the concept and defini-
tion of fractional order systems, state dependent noise, as 
well as, systems to be considered are introduced. In Sect. 3, 
we discuss the result of our analysis while our conclusions 
are presented.

2  Methodology

2.1  Fractional order derivatives

Fractional derivatives have been defined in different ways 
[27]. The Caputo’s definition of fractional order differ-integral 
equations are given as

where m − 1 < 𝛼 ≤ m 𝜖 ℕ and � � ℝ is a fractional order of 
the differ-integral of the function f(t) [28, 29].

Another common definition is Riemann–Liouville, 
which can be denoted as:

In Eq. 2, Γ(⋅) is the gamma function, where n − 1 < 𝛼 < n 
and n is an integer. The Laplace transform of Eq. 2 can be 
written as
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Table 1  Statistical properties 
of state-dependent noise 
considered

Chen system Arneodo–Coullet system

U1 U2 �(U1,U2) U1 U2 �(U1,U2)

Mean 0.8683 0.8808 − 0.0042 1.8461 0.0809 0.0051
Median 1.6761 1.8132 0.3603 1.9403 0.3346 0.3774
STD 7.6955 8.3352 1.6158 0.8544 1.7650 0.9030
Skewness − 0.1833 − 0.1776 0.0524 − 0.3723 − 0.4250 0.1719

0 5 10 15 20 25 30 35 40
-4

-2

0

2

4
Chen System

0 5 10 15 20 25 30 35 40
-4

-2

0

2

4
Arneodo-Coullet

Fig. 1  State dependent noise for (top figure) the Chen system 
with system parameters (a, b, c) = (40, 3, 28) using fractional order 
0.9 (bottom figure) the Arneodo–Coullet system with parameters 
(e, f ) = (65.0) using fractional order 0.9
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If the initial conditions are zero for Eq. 3, it implies the Rie-
mann–Liouville fractional derivative is

However, the transfer function F(s) for the fractional inte-
gral operator of order � can therefore be expressed as 
F(s) =

1

sq
 in the frequency domain. With approximation 

approach, the errors of 2 dB have been deduce for frac-
tional integral operator 1

s�
 [30]. Fractional order systems 
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are said to be commensurate if the orders are the same (ie 
�1 = �2 = ⋯ = �n = �).

2.2  State dependent noise

We define a state-dependent noise as feedback noise aris-
ing from one or more components of the system. Consider 
a system defined as f(x, y, z). If a fraction of the output y 
is made to interfere with the input x, a state-dependent 
noise has been introduced. This state-dependent noise 
can be a linear or nonlinear function of the state variables. 
Box and Muller [31] proposed that using Eq. 5, two ran-
dom number streams ( U1 and U2 ) can be used to gener-
ate standard random numbers. In this study, we consider 

0
10

20
30

40

−20

0

20

40
−20

0

20

x(t)
y(t)

z(
t)

−20
0

20
40

−40
−20

0
20

40
−30

−20

0

20

z(
t)

(ii)α=0.8; d=1.0(i)α=0.8; d=0.0

(a) (b)

Fig. 2  3D Phase space representation of system 8 with fractional order � = 0.8 and noise level, d a 0.0; and b 1.0
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Fig. 3  3D Phase space representation of system 9 with fractional order � = 0.97 and noise level, d a 0.0; and b 1.0
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two systems f(x, y, z) where the state z is perturbed with 
feedback noise which is a nonlinear function of x = U1 and 
y = U2 states.

where d is the noise strength. If the states of the system are 
independently chaotic, the noise �(x, y) can be regarded 
as a chaotic noise. The statistical properties of �(U1,U2) are 
shown in Table 1 and the time series in Fig. 1.

2.3  Systems

The Chen and Ueta [32] and Arneodo et al. [33] chaotic 
systems were considered in this study. The integer order 
Chen system is defined as

(5)�(U1,U2) = d
�

√

(−2 logU1) cos 2�U2

�

This system has been shown to be chaotic when a = 35 , 
b = 3 , and c = 28 . Chen system is related to but not topo-
logical equivalent to either the Lorenz [34] or Rössler [35] 
chaotic systems.

The Arneodo–Coullet chaotic system is defined as

The fractional order form of the Chen and Arneodo–Coullet 
systems with continuous time, state-space noise (Sect. 2.2) 
are given in Eqs. 8 and 9 respectively.

(6)

ẋ = a(y − x)

ẏ = (c − a)x − xz + cy

ż = (xy − bz)

(7)

ẋ = y

ẏ = z

ż = ex − fy − z − x3

Fig. 4  Bifurcation diagram of 
the Chen system (Equation 8) 
with fractional order � = 0.97 
and noise level, d (top) 0.0; and 
(bottom) 1.0
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The constants are given as a = 35 , b = 3 , c = 28 , e = 5.5 
and f = 5.0 for the two systems. The circuit realization 
and phase space for the two fractional order systems are 
shown in “Appendix A”.

3  Results and discussion

Numerical simulations of systems (8) and (9) using differ-
ent fractional order, � and noise level were implemented. 
Using fractional orders of 0.8 (Fig. 2) and 0.97 (Fig. 3), the 
3D phase space were found to experience distortion. 
With a fractional order of 0.97, the bifurcation diagram of 
Chen system was found to undergo significant changes 
(Fig. 4). Without the influence of state-dependent noise, 
the system is chaotic in the region 36 < a < 42.5 , however, 
the introduction of state-dependent noise with intensity 
d = 1.0 , this regime was found in the range 34 < a < 44 . 
The periodic regime ( 42.5 < a < 45 ) and chaotic regime 
( 45 < a < 49 ) were not observed when state dependent 
noise was introduced into the system. Similar distortions 
were found in the phase space (Fig. 3) and bifurcation 
(Fig. 5) diagram of the Arneodo–Coullet systems. In the 
bifurcation diagram of the Arneodo–Coullet system, the 
period doubling route to chaos was preserved but dis-
torted. The introduction of state-dependent noise was 
found to suppress chaos in the two systems considered. 
For increased values of d, it is expected that the chaotic 
state of the system will be destroyed. The inhibition of the 
period doubling cascade by noise has also been reported 
in [19]. Intrinsic, although not state-dependent, noise have 
been found to induce synchronization, coherence and sto-
chastic resonance in the CO2 laser system [36]. The results 
presented supports several reports in literature which sug-
gests that noise suppress chaos [9–12].

Serletis et  al. [37] used extrinsic additive noise to 
show that stochastic noise changes the dynamics of 
low dimension chaotic systems. In this work, we have 
shown that intrinsic additive noise can also shift bifurca-
tion points and produce noise-induced transitions. The 
impact of external stochastic noise on the phase space 
of Chen system has been reported [38]. The distortions 
reported were found to be distinctly different from what 
was obtained in this report. In this report, the phase 
space was found to be distorted while Bashkirtseva 
et al. [38] showed that small extrinsic noise perturbation 
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Fig. 5  Bifurcation diagram of the Arneodo–Coullet system (Equa-
tion  9) with fractional order � = 0.97 and noise level, d (top) 0.0; 
and (bottom) 0.5



Vol:.(1234567890)

Research Article SN Applied Sciences (2019) 1:1608 | https://doi.org/10.1007/s42452-019-1599-5

were found to create a stochastic attractor. It was 
reported in [39] that delayed self-controlling feedback 
noise caused stabilization of the system, however, this 
was not obvious in our analysis.

4  Conclusion

In this work, we have considered the effect of state 
dependent noise on the Chen and Arneodo–Coullet 
chaotic systems. The impact of external noise on the 
dynamics of chaotic systems have been investigated 
extensively. The role of internally generated noise fed 
back into the system has not been given much attention. 
The noise considered are dependent on feedback from 
other states of the system as against coloured noise. 
Hence, they can be regarded as intrinsic noise. The over-
all effect of state-dependent noise on the system studied 
is the suppression of chaos. The suppression of chaos by 
the intrinsic noise considered in this work was done by 
distortion of the route to chaos and phase space. In the 
two systems considered, the feedback noise from com-
ponents of the system was found to break the period-
doubling route to chaos. Thus, this approach will prove 
useful in the understanding of nonlinearity in systems 
susceptible to interference from other states of the sys-
tem. The noise proposed in this study can be used as a 

convenient way to control chaos in a system using the 
system variables. Further exploration can be made into 
the role of intrinsic feedback noise, as considered in this 
work, on the performance of chaotic systems in secure 
communication implementation. It will also be interest-
ing to investigate stochastic and vibrational resonance 
in systems with intrinsic chaotic noise [40].
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Appendix A. Circuit diagrams and simulation

The circuit representation and resultant phase space 
are shown here. The analog implementation of the two 
proposed systems can likewise be generated with pos-
sibility of injecting Pseudo-random noise generator. The 
electronic circuits consists of chain fractance (combined 
capacitor and resistors), operational amplifiers (TL081CD), 
multipliers (As) , resistors and capacitors with power sup-
ply unit. Figure 6 display the analog circuit realization of 
chaotic Chen and Arneodo–Coullet system as well as the 
phase space representation.



Vol.:(0123456789)

SN Applied Sciences (2019) 1:1608 | https://doi.org/10.1007/s42452-019-1599-5 Research Article

Fig. 6  Circuit diagram and phase space representation for the Chen (Eq. 8) and Arneodo–Coullet (Eq. 9) systems
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Fig. 6  (continued)
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