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Abstract
Gears are used to transmit mechanical power in systems such as automotives, automation and machine tools. The 
demand for lighter and optimally designed gears is high in power transmission systems, as they save material, energy 
and also considerably influence performance. Hence, in this paper, a bevel gear pair is optimized. The problem consists 
of a non linear objective function, four design variables and eight inequality constraints. The objective is to minimize the 
volume of the gear. The design variables are: number of teeth, module, face width and diameter of the shaft, which is a 
new addition. Apart from considering regular mechanical constraints, six other additional critical constraints on contact 
ratio, load carrying capacity, power loss, root not cut, no involute interference and line of action are also included. Nature 
inspired algorithms, namely, simulated annealing, fire fly, cuckoo search and fmincon solver are employed in MATLAB 
environment. Results of simulation are analysed, compared and validated with literature.

Keywords Design optimization · Bevel gear · AGMA · Nature inspired algorithms

1 Introduction

Bevel gears are used to change the direction of rotation 
of a shaft. They are usually mounted on shafts that are 90° 
apart. Three types of teeth can be identified on bevel gears 
viz. teeth straight, spiral or hypoid. Straight bevel gears 
have straight cut teeth, and a taper as shown in Fig. 1. They 
find their application in transmission systems, where low 
speed and production cost are required [1]. Bevel gears 
provide high coincidence and smooth transmission.

Designing a bevel gear pair is a tiresome job, as it 
involves various factors such as gear geometry, heat treat-
ment and manufacturing, while accounting for practical 
considerations such as high strength, high accuracy, low 
noise and low volume. Low volume gears offer a consider-
able decrease in energy consumption [2]. The stipulations 
of AGMA are used for standard mechanical constraints.

Here is an account of the various researches done by 
the researcher. Yokota et al. [3] deployed an improved GA 
to optimize the weight of the gear pair. They accounted 
gear bending strength and torsional strength of the 
shaft. Marjanovic et al. [4] established a realistic approach 
to optimize spur gears trains. Golabi et al. [5] applied a 
non-linear programming to find parameters for optimum 
design of gear box. They employed a two-phase evolution-
ary algorithm to optimize the design of a two-stage heli-
cal gear reducer [5]. Mendi et al. [6] got optimum volume 
of gearbox by using genetic algorithm (GA). The volume 
reduction was 1.47% as compared to that of analytical 
method. Thompson et al. [7] minimized volume of two 
and four stage gears taking into account surface fatigue 
life and executed trade off analysis. Gologlu and Zeyveli 
[8] demonstrated the capability of GA, for obtaining mini-
mum volume of two stage helical gearbox. Zhang et al. [9] 
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conducted design optimization on a bevel gear, through 
a software based on GA. Tudose et al. [10] optimized two 
stage coaxial helical gearbox by using GA. Tamboli et al. 
[11] minimized volume of a helical gear pair. They obtained 
energy efficient helical gear pair using particle swarm 
optimization (PSO). Panda et al. [12] applied differential 
evolution (DE) algorithm for minimizing the weight of 
spur gear. They also designed a CAD model and analysed 
stress using ANSYS for low velocity and production cost 
applications. Marcelin [13] solved a multi-objective opti-
mization problem of a gear pair design. He confirmed that 
GA was more efficient than conventional algorithms. Yang 
and Deb [14] presented a study on optimization of the 
design of springs and welded beam structures. The cuckoo 
search (CS) technique they used had newer standard and 
stochastic test functions. It yielded the best solutions than 
that of an efficient particle swarm optimiser. Kazemzadeh-
Parsi [15] presented a modified fire fly (FA), consisting of 
added memory, newborn fireflies and updated formula. 
He evaluated the applicability of the proposed method, 
with three classical engineering design optimization 
problems and compared results with literature. Zang et al. 
[16] reviewed that FA and CS algorithms are preferred by 
various researchers for design optimization problems, as 
they offer efficient computation and faster convergence. 
Savsani et al. [17] engaged simulated annealing (SA) and 
PSO algorithms to minimize weight of spur gears. Patel 
et al. [18] optimally designed a two stage spur gear train 
for minimum volume and maximum power transmission. 
They took into account standard mechanical constraints 
as well as wear and scuffing as tribological constraints. 
They proved that the inclusion of tribological constraints 
increase the efficiency. But it also slightly increases the vol-
ume of the gear box. Ang et al. [19] devised a 3-Dimen-
sional parametric modelling method for a straight bevel 

gear. Zhang et al. [9] developed design optimization soft-
ware for a bevel gear for minimum volume. It was based 
on integer serial number encoding GA. He took module, 
face width and face width factor as design variables sub-
ject to normal mechanical constraints. Zolfagari et al. [2] 
optimized volume of straight bevel gear governed by the 
AGMA instructions, through SA and GA. Nevertheless, Zolf-
agari et al. [2], had not considered an important design 
variable, namely, the shaft diameter and also certain other 
critical mechanical constraints. To narrow down the gap 
identified in Zolfagari et al. [2], an additional critical design 
variable and constraints are introduced in this paper.

The literature on bevel gear volume optimization 
reveals a gap as follows:

1. Research based on nature inspired algorithms, namely, 
SA, FA and CS algorithms is very much limited. Most of 
the optimization problems in engineering are highly 
nonlinear, dynamic and large. This calls for the applica-
tion of powerful optimization techniques such as SA, 
FA and CS that handle variables or constraints, to make 
a huge difference to the industry [16].

2. The researchers used either conventional or less effi-
cient techniques, that end up in local minimum search, 
converge slowly, and inefficient and thus fruitless [9]. 
In many cases, they do not find global optimum and 
require too many resources to obtain the same. Fur-
ther GA and PSO techniques are also less efficient, as 
they converge prematurely. [2].

3. Critical mechanical constraints viz. contact ratio, load 
carrying capacity, and power losses, root not cut, no 
involute, line of action are extremely important in opti-
mum bevel gear design. But these constraints were 
not considered in the literature.

4. Traditional techniques such as gradient-based algo-
rithms reported in the literature are mostly local search 
methods. They often find it difficult to confront chal-
lenging optimization problems [16].

To tide over these, in this paper, besides considering 
regular constraints, one more design variable and six 
other mechanical constraints are added. Certain other 
equivalent constraints in Zolfagari et al. [2] are replaced 
by a single inequality constraint to make the work sim-
pler. This research is based on Zolfagari et al. [2], but this 
paper bridges the gap identified in their work, by intro-
ducing certain essential additional design variable and 
constraints.

The novel things added in the present paper are as 
follows:

1. Shaft diameter—It is added as one more design vari-
able. Also a constraint is imposed on it, taking into 

Fig. 1  A bevel gear pair
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account both torque and maximum bending moment 
on the shaft [18].

2. Contact ratio (CR)—It is the average number of teeth 
in contact as the gear rotates together. It is absolutely 
required that the tooth profiles be proportional, in 
order that a second pair of mating teeth comes into 
contact, before the first pair loses contact. CR must be 
between 1.2 and 2 for bevel gear [20]. With greater 
CR, the operations of the gear become quieter and 
smoother.

3. Load carrying capacity—It is one of the functional 
characteristic of the gear [21]. In this work, first, the 
optimum values for minimum volume are obtained. 
These values are applied to find out the load carrying 
capacity. Now the constraint condition is set in such a 
way that, this value should be more than the minimum 
allowed load carrying capacity of the gear.

4. Power loss—There are mainly two types of power 
losses in the gears viz. load dependant and load inde-
pendent losses. The total power losses due to meshing 
of gears, loss in bearings and in the seals should be less 
than 1.2–2.2% of input power. The range of power loss 
percentage is arrived based on the results available in 
[18].

5. Root not cut—In this research, prevention of undercut-
ting is countered by considering only one equation. 
Zolfagari et al. [2] did consider this constraint, but they 
addressed the problem with six equivalent constraints. 
But in this research, the task is simplified, by using a 
single equivalent constraint, in order to provide the 
designer an acceptable solution in less time.

6. Line of action—In order to experience smooth continu-
ous rotation, the arc of action should be greater than 
the line of action [1]. Accordingly, the constraints are 
formulated.

7. Popular nature inspired algorithms are used in this 
research. They are much simpler and powerful enough 
to solve any design problems [9, 22–24]. They also give 
faster convergence and greater computational speed. 
Many research [23, 24] indicate nature inspired algo-
rithms are superior and effective in dealing with opti-
mization problems involving both continuous and 
discrete variables [9].

The following are the advantages of SA, FA and CS algo-
rithms employed in this paper.

(a) SA shows better robustness and global searching 
capability [25].

(b) FA is a very capable global optimizer based on swarm 
intelligence. It is successfully demonstrated in solv-
ing various engineering problems. [16] Further, it can 
give the global and local optima simultaneously and 

electively. As the firefly does not memorize any his-
tory of better situation and move regardless of it, it 
searches in the global space instead of local search. 
Thus it is superior over traditional algorithms [26]. 
Furthermore, FA has a special merit that different 
fireflies function almost independently. This makes 
it suitable for parallel implementation as well.

(c) Certain problems which demand large search spaces 
can be easily addressed by CS algorithm. As CS is a 
good and efficient combination of DE, PSO, and SA, it 
has efficient random walks and balanced mixing. Lévy 
flights of CS are more competent than other random-
walk-based randomization techniques. Hence CS is 
adept in global search and global convergence [16, 
23, 27, 28].

8. The equivalent constraints in Zolfagari et al. [2] are 
replaced by a single inequality constraint, as given in 
Eq. (8) to make the work simpler in this research. In 
order to check interference, increase contact ratio and 
get stronger pinion teeth, the working depth of teeth 
is taken as 2 m, the bevel pinion is planned with the 
larger addendum (0.7 working depth) and the gear 
addendum is taken as 1 [1].

This is how the paper is organised: in Sect. 2, the nature 
inspired optimization algorithms SA, FA, CS and MATLAB 
solver fmincon are discussed. In Sect. 3, the formulation of 
the mathematical model of the bevel gear design problem 
is presented. In Sect. 4, a design example, simulation and 
numerical analysis of the design are reported. Finally, the 
conclusion drawn and scope of the work is presented.

2  Methods of solution

Nature inspired methods viz. SA, FA, CS are employed for 
solving the problem. These methods are briefly discussed 
in the following section.

2.1  Nature inspired metaheuristic algorithms

The supremacy of contemporary metaheuristic algorithms 
is in the imitation of the best characteristics from nature, 
principally biological systems.

2.1.1  Simulated annealing (SA)

SA is a primitive and an admired algorithm [25]. It is an iter-
ative technique launched by Kirkpatrick in the year 1993. 
It imitates the annealing process in solids. Its potential is 
lofty and searching capacity is vast. It does not use any 
data collected while searching. In this algorithm, firstly, 
an initial answer is obtained at an elevated temperature, 
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wherein adjustment can be accommodated with greater 
possibility. Upon running the algorithm further, and as the 
temperature goes down slowly, the accommodation of 
favourable moves increases. It also has the power to give 
global optimality, as it can differentiate between diverse 
local optima.

The parameters of SA applied in this research are:
Initial temperature, T_init = 1.0; Final stopping tem-

perature, T_min = 1e−10; Min value of the function, 
F_min = −1e + 100; Maximum number of rejections, 
max_rej = 500; Maximum number of runs, max_run = 150; 
Maximum number of accept, max_accept = 50; Initial 
search period, initial_search = 500; Boltzmann constant 
k = 1; Energy norm (e.g., Enorm = 1e−8) Enorm = 1e−5;

2.1.2  Firefly algorithm (FA)

FA was introduced by Xin-She Yang at Cambridge Univer-
sity in 2007 [26, 29]. It is one of the powerful techniques. It 
imitates the blinking manner of firefly insects. This manner 
of fireflies is an attempt to attract the opposite sex. Math-
ematically, it is assumed that all fire flies are unisex. Also no 
firefly is exempted in attraction. The level of attractiveness 
is directly relative to its brightness. Given a group of binary 
combination of fireflies, a dim firefly is more attracted to 
the flashing one. In the absence of brighter one, it moves 
randomly. In FA algorithm, it is possible to adjust the val-
ues γ and α to outperform conventional algorithms and 
PSO. Fireflies have the unique feature of combining more 
closely around each optimum.

For implementation of FA, in this work, the parameters 
used are: No. of fireflies = 20, number of iterations = 250, 
α = 0.5, γ = 1 and βo = 0.2. These have been preferred 
after cautious adjustment to suit for solving bevel gear 
optimization.

2.1.3  Cuckoo search algorithm (CS)

It is a potent nature-inspired algorithm, launched by Yang 
and Deb [14, 23, 24]. It is purely inspired by the manner of 
cuckoos looking for nests where they could lay eggs. It has 
three rules as follows: (1) Each cuckoo can lay an egg in an 
arbitrarily chosen nest. (2) The feasible nests carry over to 
the next generation of cuckoos. (3) The number of exist-
ing host nests is limited, and the egg laid by a cuckoo is 
discovered by the host bird with a probability, pa between 
0 and 1. Each egg in a nest stands for a solution and a 
cuckoo egg a fresh solution. The plan is to use the recent 
and best solutions that are the cuckoos to substitute an 
average solution in the nests.

The parameters used in CS are: n = 25 nests, α = 1 and 
pa = 0.25 for implementation. From the simulations, it is 

found that the considered parameters are good for the opti-
mization problem.

2.2  MATLAB solvers

MATLAB optimization solvers try to find a local minimum 
of the objective function in the vicinity of a starting point. 
These solvers can be used for obtaining optimum solutions 
for unconstrained, linear programming, quadratic program-
ming, and nonlinear programming problems.

2.2.1  Fmincon

It is a function built in optimization Toolbox of MATLAB, 
which seeks the minimum of a scalar function of multiple 
variables, within a region specified by linear constraints and 
bounds [30]. It is one of the most flexible Nonlinear Program-
ming solvers. It is based on sequential quadratic program-
ming. It finds a constrained minimum of a scalar function of 
several variables starting from an initial estimate.

3  Formulation of optimization model 
for bevel gear pair

3.1  Objective function

It is the volume of bevel gear equation adopted by Zolfagari 
et al. [2]:

where r is the cone pitch radius (mm), and �1∕�2 is the cone 
angle of pinion/gear (radians).

3.2  Design variables

Four parameters of the bevel gear pair are selected as design 
variables, namely, number of teeth z, module of the gears m, 
face width b and diameter of the shaft ds. The design param-
eters vector is given by:
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3.3  Constraints

3.3.1  Condition of contact and bending stress

The upper limits of both contact stress and bending 
stress should not exceed the permissible values as per 
AGMA instructions. Also the linear velocity on the outer 
diameter should be within acceptable values of AGMA 
standards as follows [2]:

where KA, KV , KH� , K� are overload, dynamic, load distri-
bution and temperature factors, and ZJ, ZI, YZ, Y

�
 are the 

bending, contact geometry factors, size factor for bending 
and lengthwise curvature factor for bending strength, and 
�Hlim, �Flim are the allowable contact and bending stress 
numbers (N/mm2).ZX , ZC , ZNT , ZZ , ZW  and ZE are the size 
factor, crowning stress cycle factor, reliability factor and 
hardness factor for pitting resistance and elastic coefficient 
for pitting resistance (N/mm2)0.5, and Wt is the transmitted 
load (N). SH and SF are contact safety and bending safety 
factors.

where Am, met are the mean cone distance (mm) and outer 
transverse module (mm).

3.3.2  Condition of minimum number of teeth on pinion

The condition for minimum number of teeth on pinion 
is given by [31],

3.3.3  Condition of not root cut in small bevel gear

The condition of rot not cut for a small bevel gear is 
given by [9],
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,

(8)C5(x) ∶ 2∕ sin2 � ≤ z ≤ zmax

(9)C6(x) ∶ 17 cos �1 ≤ z ≤ zmax

3.3.4  Condition of maximum peripheral speed

For straight bevel gear, the peripheral speed of the aver-
age diameter vm should satisfy the constraint as follows 
[9]:

3.3.5  Condition of modulus

For efficient power transmission, the minimum modulus 
is not less than 1.5, given by,

3.3.6  Condition of shaft diameter

The constraint from [18] is applied as the action of bevel 
gears is same as that of equivalent spur gears [32].

where Sy is the yield strength of the shaft material (N/
mm2), T, torque transmitted by the shaft (N mm) and maxi-
mum bending moment M, on the shaft (N mm).

3.3.7  Power loss

The power loss equation in [18] is used in this work, as 
the action of bevel gear is same as that of equivalent 
spur gears [18]. The range of power loss percentage is 
arrived from the results for various power inputs pre-
sented in [18]. It must be limited to 1.2–2.2% of input 
power.

F is the bearing load (N), v is the peripheral speed (m/s).

3.4  Design example and numerical results

A bevel gear pair is considered. The specifications, coeffi-
cients used in strength formulas and input values used for 
the same are given in Table 1 [2]. The design parameters 
and working conditions are presented in Table 2. All the 
parameters are considered as continuous.

The results given by the nature inspired algorithms 
SA, FA, CS and MATLAB solver fmincon are presented in 
Table 3. Also a comparison between the optimal design 
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parameters values given by the best algorithm (CS) of this 
work and literature [2] is presented in Table 4 and Fig. 5.

From Table 3, it is observed that optimal values given 
by SA, FA, CS and MATLAB solver and fmincon for z, m, 

b (17, 1.5, 23 mm) are almost the same. However, for ds 
different optimal values are given by SA, FA (17 mm, and 
24 mm). The CS and MATLAB solver fmincon give the same 
values (15 mm and 15 mm). The lowest value (64.071 dm3, 
64.071 dm3) is by CS and fmincon. As for module of the 
bevel gear, SA, FA, CS and fmincon, give the same value 
(1.5 mm). Same values of number of teeth values are given 
by SA, FA, CS and MATLAB solver (17 teeth). The highest 
value of time is taken by CS (46.8 s) and the lowest time by 
SA (0.878 s). Figure 2 shows the graphical representation 
of the results obtained by various algorithms and solvers.

In this research, CS technique and MATLAB fmincon 
solver give the best volume (64.071 dm3, 64.071 dm3). Fas-
cinatingly, the minimum volume of the bevel gear drive by 
both CS and fmincon are same. Being a non conventional 
method, CS algorithm is more desirable for solving the 
problem. Results show that all the algorithms of this work 
are faster and computationally efficient.

From Fig.  3, it is observed that at zeroth iteration, 
the function value is 7 × 108  mm3 and it decreases up 
to 4.2 × 108 mm3 in first iteration after that it keeps on 
decreasing to 1.8 × 108 mm3 up to the twentieth iteration 
and decreases further up to twenty-fifth iteration then and 
remains constant at 6.407 × 107 mm3 for the next itera-
tions. Optimal values of design variables and all objec-
tive functions given by fmincon are tabulated in Table 3. 
As CS gives the best results, it is decided to compare the 
optimum values of design parameters with literature [2]. 
Table 4 gives the percentage change in optimum param-
eter values between CS and literature.

Figure 4 shows the optimized values of design variables 
by fmincon. These graphs plot the vector entries of the 
individual with the best fitness value in each generation. 
Figure 3 shows the function value versus iteration and fit-
ness value versus generations given by fmincon.

Table 4 shows there is 8.2% reduction in volume of 
bevel gear drive, as compared to literature. At this point, 
it is important to mention that this reduction in volume of 
bevel gear drive is achieved after considering additional 
critical mechanical constraints. Also the optimal values 

Table 1  Input data for the bevel gear

Power to be transmitted, P (kW) 5 Bending safety factor, SF 1.2
Reduction ratio 1:1 Material Steel (Grade II)
Input speed, n (rpm) 900 Pinion/gear tooth hardness (HB) 350
Working temperature (°C) 50 Transmission accuracy number, QV 11
Pressure angle, ϕ 20° Life (no of cycles) 108

Contact safety and factor, SH 1.2 Load on driven machine Medium shock
Pinion/gear shape Properly crowned teeth Reliability 0.99
Gear teeth form Full depth, coniflex Installation condition Both members 

straddle 
mounted

Table 2  Design parameters and working conditions

Design variables Type Bound

Number of teeth, z Continuous 17–40
Module, m (mm) Continuous 1.5–5
Face width, b (mm) Continuous 20–40
Diameter of the shaft, ds (mm) Continuous 15–30

Table 3  Optimum design parameter values by SA, FA, CS algo-
rithms and solver

Design variable Power = 5 kW

SA FA CS Fmincon

Number of teeth 17.1482 17.124 17.097 17.097
module 1.525 1.521 1.520 1.52045
Face width 23.803 23.874 23.870 23.8709
Diameter o f the shaft 17.38 24.990 15.000 15.11060
Volume  (dm3) 64.7439 64.46 64.071 64.071
% of Improvement + 7.3 + 7.7 + 8.3 + 12.4
Time taken (s) 0.878 3.86 46.80 3.766
No of iterations/generations 1812 5000 100,000 326

Table 4  Percentage change in optimal parameter values by CS of 
this work and literature [2]

Design variable CS Literature [2] % 
change 
in value

Z 17.09 25 + 31.6
m (mm) 1.52 3.5 + 56.6
b (mm) 23.87 19.226 − 19.4
ds (mm) 15 Not considered –
Volume  (dm3) 64.071 69.81 + 8.2



Vol.:(0123456789)

SN Applied Sciences (2019) 1:1155 | https://doi.org/10.1007/s42452-019-1171-3 Research Article

Fig. 2  Comparison of results 
given by various algorithms
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Fig. 3  Function value versus Iteration by MATLAB fmincon solver

Fig. 4  Current point versus number of variables by MATLAB fmincon solver. Note 1 = number of teeth z, 2 = module of gears, 3 = face width b, 
4 = diameter of shaft  ds

Table 5  Optimal values by different algorithms of this work for various power inputs

Power 7.5 kW 10 kW 15 kW

Parameters SA FA CS SA FA CS SA FA CS

Number of teeth of gear, z 17.1242 17.0979 17.0973 17.104 17.099 17.097 17.132 17.097 17.097
Module (mm) m 1.8720 1.8731 1.8622 2.1517 2.1513 2.150 2.724 2.722 2.722
Face width (mm) b 29.2357 29.066 29.237 33.744 33.768 33.758 40.000 39.997 39.999
Diameter of the shaft (mm), ds 19.4848 22.233 15.0000 19.357 19.934 15.127 15.158 17.366 15.000
Volume  (dm3), V 113.24 112.5981 111.67 164.644 164.569 164.274 294.148 292.677 292.473

Fig. 5  Comparison of results 
of CS of this work and results 
presented in [2]
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by various algorithms of this research for different power 
inputs are obtained and presented in Table 5. Figure 5 
shows the graphical representation of the percentage 
change in optimal parameter values obtained by the CS 
algorithm and literature. Considerable percentage change 
in optimal design parameters values is also noted. It is 
observed that an increase in value of 19.4% in b, and a 
decrease of 56.6% in m of the drive. There is a significant 
reduction in volume by 8.2%.

Accordingly the graphical representation for various 
power input 5 kW, 7.5 kW, 10 kW and 15 kW are made in 
Fig. 6. 

Further, a significant percentage of volume reduction is 
achieved for other power inputs (7.5 kW, 10 kW and 15 kW) 
as compared to literature and the reduction is proportion-
ate. It is noteworthy to state that this reduction in volume 
is achieved after including additional critical mechanical 
constraints.

4  Conclusion

In this paper, optimal volume design for a bevel gear 
pair using nature inspired algorithms, namely, SA, FA and 
CS and MATLAB solver fmincon has been obtained. The 
design variables are: number of teeth, module, face width 
and the diameter of the shaft, which is newly added. Apart 
from considering regular mechanical constraints, six other 
additional critical constraints on contact ratio, load carry-
ing capacity, power loss, root not cut, no involute interfer-
ence and line of action are also considered. The following 
things are observed:

1. For computing optimum volume, CS algorithm gives 
the best result as follows: z = 17.097; m = 1.52 mm, 
b = 23.870 mm; ds = 15.00 mm and V = 64.071 dm3 for 
5 kW power. All constraints are well satisfied. The capa-
bility of the novel method is evaluated by comparing 
the results with literature.

2. The new approach combined with nature inspired 
algorithms is able to significantly reduce the volume 
by 7.3% (SA) and 7.7% (FA) and 8.2% (CS) for 5 kW 

input power. This trend continues for other power 
inputs as well. A significant percentage of volume 
reduction is achieved for other power inputs (7.5 kW, 
10 kW and 15 kW) also as compared to literature. It 
is worthwhile to mention that this much reduction in 
volume is achieved after including additional critical 
mechanical constraints.

3. The employed nature inspired algorithms SA, FA and 
CS are faster and computationally more efficient. Fur-
ther, this research can be used as reference for other 
related mechanical elements optimal designs.
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