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Abstract
In this paper, image restoration problem is formulated to solve a total generalized variation (TGV)-based minimization 
problem. The minimization problem includes an unknown regularization parameter. A Morozov’s discrepancy principle-
based method is used to choose a suitable regularization parameter. Computationally, by introducing two dual variables, 
the TGV-based image restoration problem is reformulated as a convex-concave saddle-point problem. Meanwhile, the 
Chambolle–Pock’s first-order primal–dual algorithm is transformed into a different equivalent form which can be seen as 
a proximal-based primal–dual algorithm. Then, the different equivalent form is used to solve the saddle-point problem. 
At last, compared with several existing state-of-the-art methods, experimental results demonstrate the performance of 
our proposed method.

Keywords Image restoration · Total generalized variation (TGV) · Morozov’s discrepancy principle · Primal–dual 
algorithm

1 Introduction

Image restoration is a fundamental and important prob-
lem in the field of image processing. The image restoration 
problem is often represented by a linear model as [1]

where H is a linear blurring operator, and n1 represents 
the Gaussian white noise with variance �2 . Our goal is to 
obtain the original image u from the blurred image g. The 
problem of finding u from (1) is a discrete linear inverse 
problem. The TV-based model [2] has been proposed to 
solve this inverse problem. The TV-based image restoration 
model can be written as

where 𝛺 ⊂ ℝ
n is a bounded domain, n ∈ ℕ , n ≥ 1 is a fixed 

space dimension, ∇u represents the gradient of u, and 
𝜆 > 0 is a regularization parameter.

As described in [3] and [4], the TV-based image restora-
tion model only takes the first derivative into account, and 
it often causes the staircase effect. In order to eliminate 
the staircase effect, high-order partial differential equation 
filters, such as fourth-order anisotropic diffusion strategy 
[5–9], and four-order partial differential equation regular-
ization-based minimization schemes [10–13] have been 
applied to image restoration. Bredies et al. [3] proposed 
the concept of TGV; the TGV provides a way of balancing 
between the first and second derivative of a function. 
Experimental results in [3] show that the TGV-based image 
restoration model is effective in eliminating the staircase 
effect. Bredies et al. [3] proposed a TGV-based image res-
toration model which can be written as

(1)g = Hu + n1,

(2)min
u ∫�

�∇u� dx + �

2
‖Hu − g‖2

2
,

(3)
min
u,w

�1 ∫�

�∇u − w� dx + �0 ∫�

��(w)� dx

+
�

2
‖Hu − g‖2

2
,
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where w represents an approximation of the first-order gra-
dient ∇u , �1 and �0 are the constants, �(w) =

1

2
(∇w + ∇wT ) 

is a symmetrized derivative.
The regularization parameter plays an important role in 

the TGV-based image restoration problem. If the regulariza-
tion parameter is too large, the regularized solution is under-
smoothed, whereas if regularization parameter is too small, 
the regularized solution does not fit the given data prop-
erly. Recently, Bioucas-Dias et al. [14] proposed the majori-
zation–minimization (MM) method to estimate the regu-
larization parameter. Liao et al. [15] utilized the generalized 
cross-validation (GCV) method to estimate the regularization 
parameter. Babacan et al. [16] proposed the parameter estima-
tion using the variational distribution approximations, which 
considered the Gamma distribution for the prior. Meanwhile, 
the discrepancy principle has been used to the problem of 
TV-based regularization parameter selection [17–20].

Our main contributions in this paper can be summa-
rized into three aspects listed as follows. First, we consider 
the choice of regularization parameter in the TGV-based 
image restoration problem. Secondly, the Morozov’s dis-
crepancy principle is used to choose a suitable regulari-
zation parameter. Thirdly, a proximal-based primal–dual 
algorithm is used to solve the TGV-based image restora-
tion problem.

The outline of this paper is organized as follows. In 
Sect. 2, the TGV-based image restoration model is intro-
duced. In Sect. 3, when the regularization parameter is 
fixed, the numerical Algorithm 1 is given, and when the 
regularization parameter is chosen by the Morozov’s dis-
crepancy principle, the numerical Algorithm 2 is given. 
In Sect. 4, experimental results are given to show that 
Morozov’s discrepancy principle-based parameter selec-
tion method is effective in improving the restoration 
effect. Finally, some discussions are given in Sect. 5.

2  The TGV‑based image restoration model

According to [21], the TGV-based image restoration model 
can be written as

its discrete form is

By using the Legendre–Fenchel dual transform and the 
computation method in [22], Eq. (5) can be rewritten as

(4)
min
u,w

�1 ∫�

�∇u − w� dx + �0 ∫�

��(w)� dx

+
�

2
‖Hu − g‖2

2
,

(5)min
u,w

�1‖∇u − w‖1 + �0‖�(w)‖1 + �

2
‖Hu − g‖2

2
.

where p and q are the introduced dual variables. The indi-
cator function �P(p) and �Q(q) are defined as

Meanwhile, the associated feasible sets of two variables 
are defined as

where ‖p‖∞ = max
i,j

�pi,j� , with |pi,j| =
√

(p1)
2
i,j
+ (p2)

2
i,j

 ,  

a n d  ‖q‖∞ = max
i,j

�qi,j�  ,  w i t h  |qi,j| =√
(q11)

2

i,j
+ (q12)

2

i,j
+ (q21)

2

i,j
+ (q22)

2

i,j
 . Here, the symbol T 

represents the transpose operation. For u, v ∈ ℝ
m×n , the 

inner product and induced norm are defined as

The first-order forward and backward difference operators 
with suitable boundary conditions are defined as

The discrete gradient operator ∇ ∶ ℝ
m×n

→ ℝ
m×n×2 

is defined as (∇u)i,j = ((�+
1
u)i,j , (�

+
2
u)i,j) , and the sym-

metrized derivative � ∶ ℝ
m×n×2

→ ℝ
m×n×4 can be sepa-

rately expressed as

(6)

min
u,w

max
p∈P,q∈Q

< p,∇u − w > + < q, 𝜀(w) >

+
𝜆

2
‖Hu − g‖2

2
− 𝛿P(p) − 𝛿Q(q),

(7)

�P(p) =

{
0, if p ∈ P,

∞, otherwise,
, �Q(q) =

{
0, if q ∈ Q,

∞, otherwise.

(8)

P =
�
p = (p1, p2)

T � ‖p‖∞ ≤ �1
�
,

Q =

�
q =

�
q11 q12
q21 q22

�
�‖q‖∞ ≤ �0

�
,

(9)< u, v >=

m�
i=1

n�
j=1

ui,jvi,j , ‖u‖2 =
�

m�
i=1

n�
j=1

u2
i,j

�1∕2

.

(10)

(𝜕+
1
u)i,j =

{
ui+1,j − ui,j , if 1 ≤ i < m,

0, if i = m,

(𝜕+
2
u)i,j =

{
ui,j+1 − ui,j , if 1 ≤ j < n,

0, if j = n,

(11)

(𝜕−
1
u)i,j =

⎧
⎪⎨⎪⎩

ui,j − ui−1,j , if 1 < i < m,

ui,j , if i = 1,

−ui−1,j , if i = m,

(𝜕−
2
u)i,j =

⎧
⎪⎨⎪⎩

ui,j − ui,j−1, if 1 < j < n,

ui,j , if j = 1,

−ui,j−1, if j = n.
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I f  the discretized divergence operator div is 
defined as div = −∇∗ ,  where ∇∗ is the adjoint 
of  ∇ ,  then for  u ∈ ℝ

m×n, p ∈ ℝ
m×n×2 ,  we have 

< ∇u, p >= − < u, div(p) > . If the discretized divergence 
operator divh is defined as divh = −�∗ , where �∗ is the 
adjoint of � , then for w ∈ ℝ

m×n×2, q ∈ ℝ
m×n×4 , we have 

< 𝜀(w), q >= − < w, divh(q) > . Thus, div(p) is defined as 
div(p) = �−

1
p1 + �−

2
p2, and divh(q) is defined as

The norm ‖.‖1 in the space ℝm×n×k reflects that for 
w ∈ ℝ

m×n×k , we consider wi,j as a vector in ℝk on which we 
use the Euclidean norm

with �wi,j� = (
k∑
l=1

w2
i,j,l
)1∕2.

3  Two numerical algorithms

In this section, the Chambolle–Pock’s first-order pri-
mal–dual algorithm is firstly transformed into a different 
equivalent form which can be seen as a proximal-based 
primal–dual algorithm. Then, two proximal-based pri-
mal–dual algorithms are proposed. On the one hand, 
when the regularization parameter � is fixed, Algorithm 1 is 
given. On the other hand, when the regularization param-
eter � is chosen by the Morozov’s discrepancy principle, 
Algorithm 2 is given.

(12)

�(w) =
1

2
(∇w + ∇wT )

=

(
�+
1
w1

1

2
(�+

2
w1 + �+

1
w2)

1

2
(�+

1
w2 + �+

2
w1) �+

2
w2

)
.

(13)divh(q) =

(
�−
1
q11 + �−

2
q12

�−
1
q21 + �−

2
q22

)
.

(14)‖w‖1 =
m�
i=1

n�
j=1

�wi,j�

3.1  The transformed Chambolle–Pock’s first‑order 
primal–dual algorithm

The primal–dual algorithm [23–28] has efficient iterative 
pattern, and it has been used in the field of image process-
ing. In 2011, Chambolle et al. [29] proposed the first-order 
primal–dual algorithm to solve the saddle-point problem

where x is primal variable, y is dual variable, F and G are 
proper, convex, lower-semicontinuous functions, F∗ is the 
convex conjugate of F, and < ., . > represents the inner 
product, K is a linear operator. Here, the Chambolle–Pock’s 
first-order primal–dual algorithm is transformed into a dif-
ferent equivalent form which can be written as

where the parameters s, t > 0 are step sizes of the primal 
and dual variables, respectively, and � is a fixed param-
eter. According to [29], it has also enjoyed convergence 
with rate O(1 / n) when � = 1 and the step sizes satisfy 
s t < 1∕‖K‖2

2
.

3.2  The first numerical algorithm

The transformed Chambolle–Pock’s first-order primal–dual 
algorithm can be seen as a proximal-based primal–dual 
algorithm. In order to apply the proximal-based pri-
mal–dual algorithm to (6), Eq. (6) is needed to be formu-
lated as the form of (15). Denote

F∗(y) = �P(p) + �Q(q),G(x) =
�

2
‖Hu − g‖2

2
 , where I is the 

identity matrix. It is easy to check that (6) completely fits 
into the framework of (15).

(15)min
x

max
y

< Kx, y > −F∗(y) + G(x),

(16)

xn+1 = arg min
x

G(x)+ < Kx, yn > +
1

2s
‖‖x − xn‖‖22,

�xn+1 = xn+1 + 𝜃 (xn+1 − xn),

yn+1 = arg max
y

< K�xn+1, y > −F∗(y) −
1

2t
‖‖y − yn‖‖22,

(17)K =

(
∇ − I

0 �

)
, x =

(
u

w

)
, y =

(
p

q

)
,
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When the regularization parameter � is fixed, the result-
ing proximal-based primal–dual algorithm is summarized 
into Algorithm 1.

firstly introduced. Then, when the regularization param-
eter is chosen by the Morozov’s discrepancy principle, the 
numerical Algorithm 2 is given.

In Algorithm 1, the regularization parameter � is only 
included in the subproblem for u; the subproblem for u 
can be written as

Its optimality condition is

Thus, we have

3.3  The Morozov’s discrepancy principle

Here, the basic theory of choosing the regularization 
parameter by the Morozov’s discrepancy principle is 

(19)

un+1 = arg min
u

< pn,∇u − w >

+
𝜆

2
‖Hu − g‖2

2
+

1

2s
��u − un��22

= arg min
u

< pn,∇u >

+
𝜆

2
‖Hu − g‖2

2
+

1

2s
��u − un��22.

(20)−div(pn) + �HT (Hu − g) +
1

s
(u − un) = 0.

(21)un+1 = (I + �s HTH)−1(un + s(div(pn) + �HTg)).

According to the Morozov’s discrepancy principle, we 
can adjust u is always in a feasible region D. The feasible 
region D can be written as

where c2 = �n1n2�
2 , and � ∈ (0, 1] is default parameter. 

According to [30], one sets � = 1 . n1 × n2 represents the 
size of image, �2 is the variance of the noise. If the variance 
�2 of the noise is unknown, it can be estimated using the 
median rule [31, 32].

When the regularization parameter � is fixed, according 
to (21), one can see that

Similarly, if the regularization parameter � is chosen by the 
Morozov’s discrepancy principle, we can let

which can also obtained by (32). If we let

(22)D = {u ∶ ‖Hu − g‖2
2
≤ c2},

(23)un+1 = (I + �s HTH)−1(un + s(div(pn) + �HTg)).

(24)
un+1 =(I + �n+1s H

TH)−1(un + s(div(pn)

+ �n+1H
Tg)),

(25)
en+1 =Hu

n+1 − g = H(I + �n+1sH
TH)−1(ũn

+ s�n+1H
Tg) − g
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w i t h  ũn = un + s div(pn)  .  U s i n g  i d e n t i t y 
H(I + �n+1sH

TH)−1 = (�n+1sHH
T + I)−1H , we obtain

Define the function �(�, ũ) as

It is obvious that �(�n+1, ũn) = ‖‖en+1‖‖22 . By directly comput-
ing the first and second-order derivatives of �(�, ũ) with 
respect to � , it is easy to certify that �(�, ũ) is a strictly posi-
tive and strictly monotonically decreasing strictly convex 
function of � . Moreover, combining with the strictly con-
vexity of the function �(�, ũ) , the equation �(�, ũ) = n1n2�

2 
has a unique solution when

(26)en+1 = (�n+1sHH
T + I)−1(Hũn − g).

(27)�(�, ũ) =
‖‖‖(� sHHT + I)−1(Hũ − g)

‖‖‖
2

2
.

(28)‖‖r0‖‖22 ≤ n1n2𝜎
2 < 𝜅(0,�u) = ‖‖H�u − g‖‖22,

where r0 denotes the orthogonal projection of Hũ − g onto 
the null space of HHT  . Thus, when ‖‖H�un − g‖‖22 > n1n2𝜎

2 , 
i.e., ũn ∉ D , the equation �(�, ũn) = n1n2�

2 has a unique 
solution, which means that a unique solution 𝜆n+1 > 0 
can be found to satisfy ‖‖Hun+1 − g‖‖22 = n1n2�

2 . When 
‖‖Hũn − g‖‖22 ≤ n1n2�

2 , i.e., ũn ∈ D , we can simple let 
�n+1 = 0 . This leads to un+1 = ũn , see (25) and (26). There-
fore, there always exists a unique �n+1 ≥ 0 such that 
un+1 ∈ D . Here, the Newton method is used to solve the 
nonlinear equation �(�n+1, ũn) = n1n2�

2.

3.4  The second numerical algorithm

When the regularization parameter � is chosen by the 
Morozov’s discrepancy principle, the resulting proxi-
mal-based primal–dual algorithm is summarized into 
Algorithm 2.
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In Algorithm 2, the subproblem for u can be written as

Its optimality condition is

Thus, we have

The subproblem for w can be written as

Its optimality condition is

Thus, we have

The subproblem for the dual variable p can be written as

Combining with the definition of the projection operator 
PP(z) , i.e., PP(z) = arg min

p∈P
‖p − z‖2

2
 for any z ∈ ℝ

m×n×2 , we 

have pn+1 = PP(p
n + t(∇ûn+1 − ŵn+1)) . The Euclidean pro-

jector PP represents the projection onto the convex set P, 
which can be computed by

(30)

un+1 = arg min
u

< pn,∇u − w >

+
𝜆n+1

2
‖Hu − g‖2

2
+

1

2s
��u − un��22

= arg min
u

< pn,∇u >

+
𝜆n+1

2
‖Hu − g‖2

2
+

1

2s
��u − un��22.

(31)−div(pn) + �n+1H
T (Hu − g) +

1

s
(u − un) = 0.

(32)un+1 = (I + �n+1s H
TH)−1(un + s(div(pn) + �n+1H

Tg)).

(33)

wn+1 = arg min
w

< pn,∇u − w > + < qn, 𝜀(w) >

+
1

2s
‖‖w − wn‖‖22

= arg min
w

< pn,−w > + < qn, 𝜀(w) >

+
1

2s
‖‖w − wn‖‖22.

(34)−pn − divh(qn) +
1

s
(w − wn) = 0.

(35)w = wn + s(pn + divh(qn)).

(36)

pn+1 = arg max
p∈P

< p,∇�un+1 − �wn+1 >

− 𝛿P(p) −
1

2t
‖‖p − pn‖‖22

= arg min
p∈P

1

2t
‖‖p − pn‖‖22− < p,∇�un+1 − �wn+1 >

= arg min
p∈P

‖‖‖p − (pn + t(∇�un+1 − �wn+1))
‖‖‖
2

2
.

(37)PP(p
n
) =

p
n

max(1, |pn|∕�1)
,

where pn = pn + t (∇ûn+1 − ŵn+1).
Similarly, for the dual variable q, we have

If we denote qn = qn + t �(ŵn+1) , then

3.5  Convergence analysis

As is discussed above, Algorithm 1 and Algorithm 2 can 
be seen as the transformed Chambolle–Pock’s first-order 
primal–dual algorithms. According to [29] and [33], they 
enjoy convergence with rate O(1 / n) when � = 1 and the 
step sizes satisfy s t‖K‖2

2
< 1 . Thus, an estimate on ‖K‖2

2
 

is needed. According to the definition of the divergence 
operator div , it is easy to show that

thus ‖∇‖2
2
= ‖div‖2

2
≤ 8 . Similarly, one can see that 

‖�‖2
2
=
���div

h���
2

2
≤ 8 which leads, after some computations, 

to the estimate ‖K‖2
2
≤ 17+

√
33

2
< 12.

4  Experimental results

The blurred signal-to-noise ratio (BSNR) is used to meas-
ure the quality of the observed images, and the improved 
signal-to-noise ratio (ISNR) is used to measure the quality 
of the restored images. They are defined as

Meanwhile, the signal-to-noise ratio (SNR), the peak signal-
to-noise ratio (PSNR) and the mean square error (MSE) are 
also used to measure the quality of image restoration. 
They are defined as follows

(38)qn+1 = PQ(q
n + t �(ŵn+1)).

(39)qn+1 =
q
n

max(1, |qn|∕�0)
.

(40)

‖div(p)‖2
2
=
�
i,j

((p1)i,j − (p1)i−1,j + (p2)i,j − (p2)i,j−1)
2

≤ 2
�
i,j

[((p1)i,j − (p1)i−1,j)
2

+ ((p2)i,j − (p2)i,j−1)
2]

≤ 4
�
i,j

[((p1)i,j)
2 + ((p1)i−1,j)

2

+ ((p2)i,j)
2 + ((p2)i,j−1)

2]

≤ 8‖p‖2
2
,

(41)
BSNR = 10 log10(‖g‖22∕‖n1‖22),
ISNR = 10 log10

�
‖g − u‖2

2
∕��û − u��22

�
.
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where u denotes the original clean image, û is the restored 
image. Generally speaking, the larger the SNR, PSNR and 
ISNR, and the lower the MSE, the better the performance.

The Lena image, the Barbara image and the Camera-
man image are used for testing, all with size 256 × 256 . 
The MATLAB commands fspecial(�average�, 9) and 
fspecial(�Gaussian�, [9 9], 3) are used to generate the uni-
form blur of size 9 × 9 and the Gaussian blur of size 9 × 9 
with variance 9, respectively. In order to show that our 
method is effective in image restoration, our method is 
compared with the methods of [14] and [34]. Meanwhile, 
for the TGV-based image restoration problem, our method 
is also compared with the method of fixed regularization 

(42)

SNR = 20 log10

�
‖u‖2

��û − u��2

�
, MSE =

1

mn
��u − û��22,

PSNR = 10 log10

�
2552∕

1

mn

m�
i=1

n�
j=1

(ui,j − ûi,j)
2

�
,

parameter. For simplicity, the method of [14] is called as 
MM, the method of [34] is called as TV-LR, and the method 
of fixed regularization parameter is called as TGV-fixed. All 
experiments were run on MATLAB R2014a, and the experi-
ments were performed under Windows 10 with a 2.5GHz 
Intel Core i5 processor and 4GB of RAM. In this paper, 
�1 = 1, �0 = 2, s = 1∕

√
12, t = 1∕

√
12 are set for Algo-

rithm 2. �1 = 1, �0 = 2, s = 1∕
√
12, t = 1∕

√
12, � = 15 are 

set for Algorithm 1. Algorithm 1 is the solving algorithm 
of the TGV-fixed method. On the one hand, these default 
parameters can guarantee the convergence; on the other 
hand, these default parameters can guarantee to obtain 
better restoration effect. Whether for Algorithm 2 or the 
MM, TV-LR and TGV-fixed methods, the stopping criterion 
all is

or the iteration number larger than 150.

(43)
��un+1 − un��2

‖un‖2 ≤ 10−4,

Fig. 1  The first row are the 
original Lena, Barbara and 
Cameraman images (from a 
to c). The second row are the 
blurred Lena, Barbara and 
Cameraman images under 
the uniform blur of size 9 × 9 
(from d to f). The third row are 
the blurred Lena, Barbara and 
Cameraman images under the 
Gaussian blur of size 9 × 9 with 
variance 9 (from g to i)
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Figure  1 consists of the original Lena, Barbara and 
Cameraman images, and the blurred Lena, Barbara and 
Cameraman images. In Fig. 1, the first row are the original 
three images, the second row are the blurred three images 
under the uniform blur of size 9 × 9 , and the third row are 
the blurred three images under the Gaussian blur of size 
9 × 9 with variance 9.

The restored Lena images obtained by four different 
methods under the uniform blur of size 9 × 9 are provided 
in Fig. 2. Table 1 is the restoration effect comparison of 
Lena image under the uniform blur of size 9 × 9 and the 
Gaussian blur of size 9 × 9 with variance 9. By combining 
with Fig. 2 and Table 1, it is clear to see that our proposed 
method is effective in improving the restoration effect. 
And the SNR and PSNR values of our proposed method are 
3–4 dB higher than the MM, TV-LR and TGV-fixed methods.

Similarly, the restored Barbara and Cameraman images 
obtained by four different methods under the uniform blur of 

size 9 × 9 are provided in Figs. 3 and 4, respectively. Tables 2 
and 3 are the restoration effect comparison of the Barbara 
image and the Cameraman image, respectively. The same 
observation can be made as described above. As might be 
expected, whether for the Barbara image or the Cameraman 
image, our method outperforms the methods of MM, TV-LR 
and TGV-fixed in terms of the SNR, PSNR and MSE values.

In order to show that the TGV-based image restoration 
model and our method can effectively eliminate the stair-
case effect and preserve the edge of image, the samples of 
the red bounding box in Fig. 3 are taken for experiments. 
The locally enlarged restored Barbara images using four 
different methods under the uniform blur of size 9 × 9 are 
provided in Fig. 5. From Fig. 5a, b, it is clear to see that 
the MM and TV-LR methods lead to very blocky images in 
the smooth regions. From Fig. 5c, it is clear to see that the 
TGV-fixed method has the advantage for eliminating the 

Fig. 2  The restored Lena images using four different methods 
under the uniform blur of size 9 × 9 . a MM b TV-LR c TGV-fixed d 
our method

Fig. 3  The restored Barbara images using four different methods 
under the uniform blur of size 9 × 9 . a MM b TV-LR c TGV-fixed d 
our method

Table 1  The restoration effect 
comparison of Lena image 
under the uniform blur of 
size 9 × 9 (BSNR=40) and the 
Gaussian blur of size 9 × 9 with 
variance 9 (BSNR=40)

Method The uniform blur The Gaussian blur

SNR PSNR MSE SNR PSNR MSE

MM [14] 21.05 28.47 92.54 20.29 27.70 110.37
TV-LR [34] 22.96 30.37 59.71 21.62 29.03 81.27
TGV-fixed 21.32 28.73 87.02 20.51 27.92 104.93
Our method 24.68 32.10 40.12 23.34 30.76 54.60
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staircase effect, but it causes the unexpected edge blur-
ring. Figure 5d is the locally enlarged restored Barbara 
image obtained by our method. It is clear to see that our 
method can effectively restore the patterned fabric. In a 
word, our method can effectively eliminate the staircase 
effect, and it is able to overcome the blocky images while 
preserving edge details.

Finally, the figure of ISNR versus iteration number 
obtained by Algorithm 2 is given in Fig. 6. From Fig. 6, it 

is clear to see that as the iteration number increases, the 
ISNR values of three different images increase first and sta-
bilize to a certain value at last. The figure of the regulari-
zation parameter � versus iteration number obtained by 
Algorithm 2 is given in Fig. 7. Figure 7 demonstrates that 
our method can automatically choose the regularization 
parameter in each iteration. From Figs. 6 and 7, we can see 
that Algorithm 2 usually converges within 100 iterations, 

Fig. 4  The restored Cameraman images using four different meth-
ods under the uniform blur of size 9 × 9 . a MM b TV-LR c TGV-fixed 
d our method

Fig. 5  Locally enlarged restored Barbara images using four differ-
ent methods under the uniform blur of size 9 × 9 . a MM b TV-LR c 
TGV-fixed d our method

Table 2  The restoration effect 
comparison of Barbara image 
under the uniform blur of 
size 9 × 9 (BSNR=40) and the 
Gaussian blur of size 9 × 9 with 
variance 9 (BSNR=40)

Method The uniform blur The Gaussian blur

SNR PSNR MSE SNR PSNR MSE

MM [14] 20.72 26.16 157.44 18.89 24.33 239.88
TV-LR [34] 22.67 28.12 100.36 21.66 27.10 126.84
TGV-fixed 20.83 26.27 153.61 19.05 24.49 231.15
Our method 24.69 30.13 63.14 23.51 28.96 82.70

Table 3  The restoration effect 
comparison of Cameraman 
image under the uniform blur 
of size 9 × 9 (BSNR=40) and the 
Gaussian blur of size 9 × 9 with 
variance 9 (BSNR=40)

Method The uniform blur The Gaussian blur

SNR PSNR MSE SNR PSNR MSE

MM [14] 23.58 29.16 78.83 21.88 27.46 116.75
TV-LR [34] 23.67 29.25 77.27 22.05 27.63 112.17
TGV-fixed 21.55 27.14 125.76 20.12 25.70 175.08
Our method 25.52 31.10 50.46 24.05 29.63 70.77
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and the smaller the value of BSNR, i.e., the higher the level 
of the noise, the smaller the regularization parameter � , 
as one would expect. We also observe that �n+1 stabilizes 
within 100 iterations.

5  Conclusion

In this paper, the choice of regularization parameter in the 
TGV-based image restoration model is considered, and 
the regularization parameter is chosen by the Morozov’s 

discrepancy principle. The TGV-based image restoration 
problem is reformulated as a saddle-point problem. When 
the regularization parameter is chosen by our proposed 
method, the proximal-based primal–dual algorithm is 
applied to solve the saddle-point problem. For the sub-
problems of the primal variables and dual variables, each 
subproblem has a closed-form solution. Therefore, the 
regularization parameter associated with the solution of 
the restored image is chosen by the Morozov’s discrep-
ancy principle in the each iteration. Experimental results 
show that the Morozov’s discrepancy principle-based 
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Fig. 6  ISNR versus iterations for the Lena, Barbara and Cameraman images. a and b are the experimental results under the uniform blur of 
size 9 × 9 , c and d are the experimental results under the Gaussian blur of size 9 × 9 with variance 9
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regularization parameter selection method can effec-
tively improve the effect of TGV-based image restoration 
in terms of SNR, PSNR and MSE quality, compared with 
several existing state-of-the-art methods.
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