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Abstract
The fractional order proportional integral derivative controller (FOPID) replaces the conventional PID controller for its 
immense merits such as its simple structure, better set point tracking, high disturbance rejection, higher capability of 
handling model uncertainties in nonlinear and real time applications. This paper addresses the effectiveness of the FOPID 
controller on a level control of single conical system in real time. It is one of the classical nonlinear control problem and 
its shape not only contributes the proper mixing of liquids and also guarantee to drainage of solid wastes. This study, a 
dual loop controller is proposed and constructed with a master process and slave process for a level control of a single 
conical tank system. In the slave process, the output response obtained by the traditional PID controller combined with 
the conical tank reference model and compared with the output response of the master process. The obtained error 
signal is used to dynamically correct the parameters of the FOPID controller in the master process. The tuning of FOPID 
controller is a challenging task due to its presence of extra parameters and it efficiently carried out by particle swarm 
optimization (PSO) algorithm. The obtained result reveals that the Proposed PSO optimized FOPID controller with refer-
ence model demonstrated the better set point tracking, smooth controller response than other conventional integer 
order controllers.

Keywords FOPID controller · Single conical tank system · Reference model · PSO algorithm

1 Introduction

Fractional order calculus is a famous mathematical area 
with over 300 years of antiquity that generalizes a conven-
tional integer calculus into arbitrary orders. In the initial 
theory of fractional order derivative was developed in the 
seventeenth epoch assumption between L’Hospital and 
Leibniz [1]. Mostly, real time problems can be described, 
defined, modeled and controlled more precisely in frac-
tional order methods than the integral order methods. 
Several engineering fields and science applications uti-
lize fractional calculus due to well theoretical explanation 
and development of the computing area in the last two 
decades. Subsequently, new design tools makes fractional-
order integro-differential equations more effortlessly. 

Moreover, the applications of fractional-order differential 
equations has got in different prospects in control systems. 
Accordingly, various research work has been completed in 
the fractional order control (FOC) in the last decades due 
to its extra flexibility to meet control applications more 
specifically.

Conventional PID is the utmost typical controller 
employed in the process industries in last six decades, 
because of simplicity, ease of implementation, availability 
of many tuning methodologies and minimum knowledge 
of the process enough to control. However, there is no 
guarantee of dynamic responses, structural complexity, 
nonlinearities, and large time delays. The uncertainties in 
some realistically constrained cases in modern industries 
is makes increasing the attention for an improvement of 
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PID controller. Podlubny et al. [2] has stretched integer 
order PID controller theory to fractional order PID con-
troller and suggested in fractional order formats of PI and 
PID controller i.e. PI� and PI�D� . These controllers have an 
integrator order � and differentiator order � and this two 
extra parameter provides an added degree of freedom in 
the performance of controller that makes FOPID control-
ler performance better than conventional PID controller. 
Then Podlubny’s works related to fractional order theory 
and fractional order controller has given lot of new ideas 
to researches and industrial real time application. Some of 
the very important literatures are: Roy et al. [3] developed 
adaptive fractional order PI controller for a variable quad-
ruple tank process with feed forward controller and com-
pared with decentralized PI and sliding mode controller. 
Padula et al. [12] proved advantages of FOPID controller 
than other integer order controller with large number of 
experiment under set point following and load disturbance 
rejection. This paper also minimize the integrated absolute 
error subject to a constraint to the maximum sensitivity. 
Ranganayakula et al. [4] studied the different tuning rules 
for a FOPI and FOPID controllers and validated using differ-
ent stable first order time delay processes. Sharma et al. [5] 
developed fuzzy FOPID controller for a robotic manipulator. 
This paper shows advantages of FOPID controller under 
trajectory tracking, model uncertainty, disturbance rejec-
tion and noise rejection compared to the other integer 
order controller. Azarmi et al. [6] demonstrated and proved 
FOPID controller for a CE 150 type laboratory helicopter 
model is better than PID and FOPI controller under change 
in disturbance. Moreover, the flexibility of handling uncer-
tainties, robustness, sinking undesired oscillations and fast 
change of control signal makes requirement of fractional 
order controller concepts into many advanced control 
strategies such as phase lead lag compensator [7, 8], slid-
ing mode control based FOC [9, 10], quadratic regulator 
based FOC [11, 12], smith predictor based FOC [13], inter-
nal model based FOC [14, 15], H∞ norm based FOC [16, 
17], set-point weighted FOC [18], FOC with pre-filter [19] 
and Loop shaping method [20]. From the above literature 
clearly shows FOPID controller is better than other integer 
order controller. Also, currently many researchers chosen 
FOPID controller due to extra parameters makes system 
more robust and effective for different applications.

The fine tuning of fractional order PID control is chal-
lenging compared to conventional PID control due to the 
existence of extra two parameters and to meet some spe-
cial constraints like gain margin, phase margin, gain cross-
over frequency, and sensitivity conditions. Nevertheless, 
evident from a literature shows that the development of 
the meta-heuristic methods are created the tuning of con-
straints very ease [21–23] in last few years such as genetic 
algorithm [24, 25], Big bang big crunch algorithm [26], 

particle swarm optimization [27], bacterial foraging opti-
mization algorithm [22, 23, 28], artificial bee colony algo-
rithm [29, 30], stochastic multi- parameters divergence 
optimization [31], multi objective optimization design 
[32], cuckoo search algorithm [33, 34], bacterial foraging 
chemotaxis gravitational search algorithm [35], differen-
tial evolution [36], chaotic ant swarm optimization [37], 
gases brownian motion optimization [38], bat algorithm 
[39], tabu search algorithm [40] than analytical approach.

Even though development of many natural inspired 
algorithms, PSO has got some constant place among 
researchers due to its simplicity, simple calculation, lots 
of freedom given to modify the structure of algorithm and 
a substitute solution to the non-linear complex optimiza-
tion problem. Its base idea was stimulated from the social 
activities of animals such as fish schooling, bird clustering, 
etc. PSO depends on the natural activity of communication 
between the teams and to share individual information 
when a team of birds or insects searching food or through-
out migration. All the birds don’t know wherever the best 
position, however from the social behavior, if anyone of 
the members within the group can find the desired path to 
travel and therefore remainder of the particle track quickly. 
In this article, to optimize the FOPID controller parameters 
PSO algorithm is concentrated.

As far as design for tuning of PID and FOPID control-
ler, performance index such as integral square error (ISE), 
integral absolute error (IAE), and integral time absolute 
error (ITAE) only used in an objective function. IAE and ISE 
produce comparatively minor overshoot but a lengthy 
settling time. Though ITAE surpassing this drawback, but 
produces problem in the stability margin. In this article 
includes time domains performance criteria such as set-
tling time, rise time, and peak overshoot with weighting 
values in the objective function to improve the optimiza-
tion performance. Recently many researchers are giving 
importance for tuning of PID controller with reference 
model and this idea was originate from the concept of 
model reference adaptive control. A reference model is 
designed based on the expected output from the plant 
model [41]. Recently, many researchers given importance 
to tuning the controller with reference model. Barbosa 
et al. [42] and Li et al. [43] utilized Bode’s ideal transfer 
function for tuning PID controller. Neural network based 
reference model is proposed for positioning control sys-
tem by [41] and [44]. Wang et al. [45] developed reference 
model based sliding mode control for helicopter system. 
Jeng [46] addressed different specifications for a refer-
ence model and analyses the control strategy with refer-
ence model for a different stable and unstable plants. In 
this article, time domain criteria such as settling time and 
peak overshoot values are utilized for conical system ref-
erence model implementation. In the proposed dual loop 
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structure, closed loop reference model with PID control-
ler setup is known as slave process and plant model with 
FOPID controller is known as a master process. The dif-
ference between the response from the reference model 
and plant response is considered as an error which is used 
as an objective function with some time domain specifi-
cations for tuning of FOPID controller parameters using 
PSO algorithm. This difference of error value improves the 
efficiency of the controller to perform control in the plant.

The proposed dual loop control structure is validated 
in real time using highly nonlinear single conical tank sys-
tem. It is one of the classical nonlinear control problem 
whose objective is to control the level of the tank. This 
shape not only contributes the proper mixing of liquids 
and also guarantee to drainage of solid wastes [47]. This 
type structure widely used in food factories, petroleum 
industries and chemical industries. So controlling of 
conical tank is important and challenging task in process 
control industry. If the level of the tank increases, then 
overflow of the valuable liquid. Similarly decreases in the 
level produces bad significances in the sequential opera-
tion. Hence dedicated and efficient control algorithm is 
required for efficient operation. Vijayalakshmi et al. [48] 
developed linear parameter varying model and then con-
trolled using adaptive PI controller. Ramanathan et al. [47] 
presented reinforcement learning technique based on 
Q-learning algorithm for a conical tank level control. Ravi 
et al. [49] demonstrated regime-based multi-model adap-
tive control strategy for decoupling-based decentralized 
PI controller for a conical tank system. Tamilselven et al. 
[50] estimated the plant parameters and control using 
online kalman filter based fuzzy logic controller. Similarly, 
adaptive passivity based adaptive control algorithm with 
Taylor polynomial approximation for a level regulation of 
a conical tank system is developed by [51]. Lot of control 
algorithm is proposed for control of conical tank system 
but still, it is an open issue in current and future. In this 
article proposed FOPID controller with reference model is 
proposed for level control of a single conical tank system.

The major contributions of this article are,

1. Better controller performance and smooth control sig-
nal is achieved using dual loop FOPID control structure 
with reference model for a single conical tank system.

2. The difference between the reference model and plant 
model, dynamically adjust the FOPID controller param-
eter by using PSO algorithm with multi-objective func-
tion.

This paper is prepared as, a detailed review of frac-
tional order calculus and FOPID controller is described 

in Sect. 2. Section 3 comprises the detail description of 
single conical tank system and first order plus dead time 
approximation. Overview of PSO is explained in Sect. 4. A 
detail block diagram arrangement of the proposed tech-
nique and reference model formation of a single coni-
cal tank system with multi-objective function is given in 
Sect. 5. A practical result of the FOPID controller based 
PSO algorithm with reference model for a single conical 
tank system is described in Sect. 6. Lastly Sect. 7 con-
cludes article.

2  Review of fractional calculus and FOPID 
controller

The first study of fractional calculus was described by Liou-
ville (1832), who was principally involved by deep compo-
nents of Laplace and Fourier. Later M. Axtell discussed and 
recommended an extensive usage of fractional calculus in 
control system in 1990, first time. The detailed review of 
fractional order calculus and FOC is available in [52–54].

2.1  Fractional order calculus and approximation

This is the generalized illustration of the differentiation 
and integration for non-integer order fundamental opera-
tor �D

�

t  where � and t are limits of an operator. The integro-
differential operator in continuous domain is defined as

where � ∈ ℝ but �  could be a complex number and � , 
t are limits of an operator. Some definitions available for 
fractional order calculus in literature but the commonly 
used are as follows.

Definition 1 Grunwald–Letnikov is defined as,

where, 
[
t−�

g

]
 is the integer part and b is the integer which 
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� (⋅) is the gamma function.

Definition 2 Riemann–Lioville is defined by,

Definition 3 Caputo fractional is defined by,

Fractional order differential equation is not a simpler in 
numerical simulation like a standard differential equation. 
Therefore, Laplace transforms tool is frequently utilized by 
engineers, especially control engineering applications.

The Laplace transform of Riemann–Lioville definition is 
as follows [55, 56]

Laplace transform of Caputo’s representation is as, [57]

where s = j� represents the Laplace operator. For null ini-
tial conditions, Laplace transform of Riemann–Liouville 
fractional derivative and Caputo’s fractional derivative are 
equivalent, it’s given in (8) [57, 58]

Hence, the fractional integer operator β embodied by 
the transfer function L f (t) = F(s) = 1∕ s� in the frequency 
domain.

2.2  Integer‑order approximation of fractional 
derivative

The fractional differential equation is not simply like an ordi-
nary differential equation and it is very tough to develop in 
the time domain. This can be addressed by approximate the 
fractional operator using standard integer-order operator. In 
this article, fractional order term S� is approximated using 
Oustaloup’s filter [59, 60] method.

(3)
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b

q
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2B + 1 is the number of poles and zeros selected earlier. K is 
gain adjusted so that the approximation shall have a unit 
gain at 1 rad/s. �z,b and �p,b are,

In (10) and (11), �a and �g are limits of frequency 
approximation. Generally �a�g equal to one and thus 
K = �

�
g . For |𝜒| > 1 , the approximation becomes unsat-

isfactory those cases fractional power of s is split like,

2.3  Fractional order proportional integral 
derivative controller

Fractional order PID controller 
(
PI�D�

)
 is the continuation 

of conventional PID control and �,� ∈ ℝ . From the litera-
ture can also observe that FOPID controller enhance the 
system performance, less sensitive to change of param-
eters and attain property of iso-damping very easily. 
General form of FOPID controller is defined as,

where C(s) is the transfer function model of FOPID control-
ler, E(S) is an error signal and U(s) is controller’s output and 
block diagram of FOPID controller is presented in Fig. 1. 
The control signal u(t) is stated in time domain as,

(9)s𝜒 ≈ K

B∏
b=−B

1 +
(
s
/
𝜔z,b

)

1 +
(
s
/
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) , 𝜒 > 0
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2B+1

(11)�p,b = �a

(
�g
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) b+B+(1+�)∕ 2
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(12)s� = sbs� , � = b + �, b ∈ Z, � ∈ [0, 1]

(13)C(s) =
U(s)

E(s)
= Kp +

Ki

s�
+ Kds

� , (�,� ≥ 0)

(14)u(t) = Kp + KiD
−�e(t) + KdD

�e(t)

Fig. 1  Block diagram FOPID controller
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By choosing � = 1 and μ = 1, a conventional PID control-
ler is develop again. Similarly other combination is repre-
sented in the Fig. 2.

3  Description of a single conical tank system

Adjusting the level of a conical tank system is a very inter-
esting task, owing to their variations in the control area, 
uncertainty, time varying parameters and dead time on 
input and output variables. Nonlinear systems like coni-
cal tanks used in wide choice of applications such as gas 
plants, food industries, petrochemical plants because of 
merits like better disposal of solids and easy mixing. In this 
section real time setup, mathematical modeling and iden-
tification of conical tank system is described.

3.1  Real time setup and technical specifications 
of single conical tank system

Real time conical tank system consists of one input (inflow) 
and one output (level of the tank) as shown in Fig. 3 and 
experimental setup is illustrated in Fig. 4. The inflow is 
taken from the reservoir tank through the centrifugal 
pump with single phase motor. The inlet pipe has rotom-
eter, flow transmitter, air-to-open type pneumatic control 
valve and a hand valve to control the flow rate and this 
same setup of equipment available in outlet pipe side as 
well. The level in the tank is directly proportional to the 
pressure created by the liquid in it and this level inside 
the tank is measured with the differential pressure trans-
ducer which is calibrated for 0-450 mm and is converted 
to an output range of 4–20 mA. This converted output 
current from differential pressure transmitter (DPT) is 

passed through I/V converter to convert into standard 
voltage range of 1–5 V which is acquired by DAQ module 
of National Instruments Ltd. The detailed technical speci-
fication of single conical tank system is shown in Table 1.

3.2  Modeling of a single conical tank system

The objective is to control a level of the tank, which can be 
achieved by controlling the input flow of the conical tank 
by using a valve at an inlet. At steady state, both the inflow 
(Fi) and outflow (Fo) rates remain the same. At each height 
of the conical tank, the radius will vary due to the non-
linear nature which is due to the shape of the tank. The 
difference between the inflow and the outflow rate will 
be based upon the cross section area of the tank and level 
of the tank with respect to time. The flow and the level of 
the tank can be regulated by properly modeling the tank.

The area of the conical tank (A) is given by

At any level (h),

where θ is the angle difference which relates the current 
height of fluid to the total height of the tank (Degrees), R 
is the maximum radius of the tank and H is the maximum 
height of the tank.

Therefore cross sectional area of the tank (A) is

According to law of conservation of mass

(15)A = �r2

(16)tan � =
r

h
=

R

H

(17)r = R
h

H

(18)A =
�R2h2

H2

Fig. 2  FOPID controller convergence from point to point represen-
tation

Fig. 3  Real time setup of a single conical tank system
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Inflow rate
(
Fi
)
− outflow rate

(
Fo
)
= Accumulation in the tank

(19)Fi − F0 = A
dh

dt

Then outflow (Fo) can be written as,

where, C is the valve discharge coefficient of the outlet 
valve.

On solving (20) in (19),

On solving (18) in (22)

Then rate of change of height (dh/dt) can be written as,

where,

(20)F0 = C
√
h

(21)Fi − C
√
h = A

dh

dt

(22)dh

dt
=

Fi − C
√
h

A

(23)
dh

dt
=

FiH
2

� (Rh)2
−

C
√
hH2

� (Rh)2

(24)
dh

dt
= � Fih

−2 − � h(−3∕2)

(25)� =
1

�

(
H

R

)2

(26)� = � C

Fig. 4  Experimental setup of a 
single conical tank system

Table 1  Technical specifications of a single conical tank system

Part name Technical specifications

Conical tank Stainless steel body
Top radius (R): 240 mm
Bottom radius (r): 8 mm
Height (H): 50 cm
Inflow: 0–1000 lph

Differential pressure transmitter Capacitive type
Range : 2.5–250 mbar
Output : 4–20 mA

Pump type Centrifugal 0.5 HP
Single phase AC motor

Control valve Size : ¼”
Equal percentage valve
Air–open type
Input : 3–15 psi

Rotameter Range: 0–18 lpm
Air regulator Size: ¼” BSP

Range: 0–2.2 bar
I/P converter Input: 4–20 mA

Output: 0.2–1 bar
Pressure gauge Range: 0–30 psi
Compressor 20 psi
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3.3  FOPDT approximation of a single conical tank 
system

The first order plus dead time (FOPDT) model is not alone 
delivers the simple description of a process, however is 
identified to capture properly well dynamics of the numer-
ous applications in process control industry. Very impor-
tant in the representation of dead time delay in transfer 
function is to accurate control in real-time and most of 
PID tuning techniques are derived from FOPDT model. In 
general FOPDT model represented as,

where K is process gain, τ is dead time and T is time con-
stant of process.

FOPDT approximation is one of the important research 
areas among process control and chemical engineers in 
more than 70 years. Ziegler and Nichols [61] and Cheng 
and Hung [62] founded the parameters of FOPDT model 
by creating the tangent on the open loop step response at 
the point of inflection. These crossing of the tangent with 
the time axis offers the time delay but in practice, location 
of the inflection point is difficult, may not be precise and 
computationally complex. Prabhu and Chidambaram [63] 
observed the parameters of the FOPDT model from the 
process reaction curve. Sundaresan and Krishnaswamy 
[64] founded a method based on the two time instants of 
the process reaction curve for predicting the dead time 
and time constant of FOPDT model. This technique con-
sists of the estimation of two time instants t1 and t2 when 
the open loop reaches 35.3% and 85.3% of its last steady 
state value respectively. This method is very simple and 

(27)Gm =
Ke−s�

1 + sT

effective compared to other techniques in the literature. 
The open loop response of single conical tank system as 
shown in Fig. 5. By using estimated t1 and t2 values dead 
time calculated as follows:

Dead time obtained from the open loop response is 
around 178 s and thus the transfer function representa-
tion for a single conical tank system is given in (29).

4  Particle swarm optimization

This section already explain in [41], and is repeated in this 
article for a sake of completeness. PSO is a unique popula-
tion based stochastic search algorithm proposed by Ken-
nedy and Eberhart [65]. The original idea of PSO algorithm 
is inspired from a model of the communal performance 
of animals such as fish schooling and bird gathering. This 
algorithm is based on communication of individual knowl-
edge and natural learning when birds or insects hunt for 
food or migration in the search space. Popularity of PSO 
in the last decades due to its simple structure and only 
few parameters needed to adjust the optimization of any 
kind of problems.

In PSO, each possible result of the problem is 
considered as a bird or particle represented as 
i ∈ (1, 2,… ,m) and m > 1. The set of particle is in 
a colony (m) is flown in the D dimensional search 

(28)� = 0.67
(
t1 − t2

)

(29)Gp =
1.678 e−178 s

730 .67 s + 1

Fig. 5  Real time open loop 
response of a single conical 
tank system
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planetary. This location of every particle is represented 
as Xi(t) =

(
xi1(t), xi2(t),… , xiD(t)

)
 . The D dimensional 

space is created by Xi(t) ∈
[
ld , ud

]
 where ld and ud are 

the limits. The velocity vector also represents like a 
position vector Vi(t) =

(
vi1(t), vi2(t),… , viD(t)

)
 .  Each 

particle tracks the personal best particle position from 
its own experience and particle fitness value calcu-
lated from objective function, which is represented 
as Pbi (t) =

(
pbi1(t), pbi2(t),… , pbiD(t)

)
 . An optimal value 

among the Pbi is called Gb and it is represented as 
Gb(t) =

(
gb1(t), gb2(t),… , gbD(t)

)
 . A PSO algorithm is 

worked based on (30–33).

The finest local location of every particle is updated 
as follows:

(30)vi(t + 1) = vi(t) + c1 × rand1(t) ×
(
pbi (t) − xi(t)

)
+ c2 × rand2(t) ×

(
gb(t) − xi(t)

)

(31)xi(t + 1) = xi(t) + vi(t + 1)

(32)pbi (t + 1) =

{
pbi (t) if f

(
xi(t + 1)

)
> pbi (t)

xi(t + 1) if f
(
xi(t + 1)

) ≤ pbi (t)

performance of the particle relative to the past perfor-
mance or distance at which a particle is situated from 
the best solution Pbi found by its own. The third term 
c2 × rand2(t) ×

(
gb(t) − xi(t)

)
 is termed as a social com-

ponent that measures the performance of the particle 
relative to a bunch of particle or neighbors and the 
best solution determined by its neighbor is Gbest . There 
is no control mechanism for velocity in the first version 
of PSO and makes the inefficient behavior of the algo-
rithm. Later Shi and Eberhart [66] address this problem 
and produce inertial weight (w) component in velocity 

Table 2  Pseudo code for a PSO algorithm

No of iteration
No of population size
For i=1: no of iteration

evaluate the particle by generating random value
For i=1: particle

sorting the value of data = [group data]
local best = min (sort) (E)   
fitness ⇐ fitness updation

End  
If    current value < global best

update value = gbest
outdata ⇐ store 

value
calculating error

Else if
check for global best

End if
overall value ⇐ global best

End if
overall value ⇐ global value
matrix best ⇐ store value
velocity ⇐ velocity updation
error out ⇐ error update + velocity

End

where f∶ℜm
→ ℜ . The global best location Gb is calculated 

by taking the conditions of all particles in the preceding 
stages is defined as:

vi is the velocity of particle i; xi denotes the current location 
of particle i with objective value fitness; Pbi is the best past 
position of particle i itself; gbi is the global best location 
among the group. rand1(t) , rand1(t) ∈ (0, 1) are the homo-
geneously distributed random numbers. c1 and c2 are the 
positive accelerated constraints. The constants c1 and c2 
express the confidence of the particle has in itself and in its 
neighbor and these parameters improve fast convergence 
of the optimal solution. The selection of values of c1 and 
c2 are depends on the problem, in the first version of PSO 
c1 = c2 = 2 , for better performance on real time problems 
recent work propose that c1 + c2 ≤ 4.

In velocity updating rule (30) has three components, 
in the first term vi(t) is termed as an inertia compo-
nent that gives a memory of the immediate past direc-
tion. The second term c1 × rand1(t) ×

(
pbi (t) − xi(t)

)
 is 

termed as a cognitive component that measures the 

(33)gb(t + 1) = argmin
xi

f
((
pbi (t + 1)

))

updating rule. Clerc [67] proposed constriction factor (� ) 
for ensuring convergence of optimal solution and con-
trol of the magnitude of particle velocity. This constric-
tion model also helpful to value selection of w, c1 and c2. 
This proposed constriction model with inertia weight is 
(34) and the pseudo code of PSO algorithm is given in 
Table 2.

(34)vi(t + 1) = �
(
w × vi(t) + c1 × rand1(t) ×

(
pbi (t) − xi(t)

)
+ c2 × rand2(t) ×

(
gb(t) − xi(t)

))
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where

 

5  Tuning of FOPID controller for a single 
conical tank system using PSO algorithm 
with reference model

The proposed FOPID controller based PSO algorithm with 
reference is used to control the level of a single conical 
tank system model. The detailed proposed block diagram 
of single conical tank system as exposed in Fig. 6. The ref-
erenced model with PID is known as a slave process and 
plant with FOPID controller based PSO algorithm is known 
as a master process. In variation between the response 
from the reference model and plant model is taken as an 
error which is used for objective function of PSO algo-
rithm. The obtained difference of model error dynamically 

(35)� =
2

2
���2 − � −

√
�2 − 4�

���

(36)𝜙 = c1 + c2,𝜙 > 4

the correct the FOPID controller parameters in the master 
process using PSO algorithm. Reference model can be 
modeled as the expected response from the plant model. 
Usually, reference model formulation is one of the difficult 
tasks and it requires a lot of experience about the dynam-
ics of a plant. Simply, for a level process, an overshoot 

(
Mp

)
 

is 2% and settling time 
(
ts
)
 is 3 min considered for develop-

ing reference model.

where � is the damping ratio, and ωn is the natural fre-
quency of a system. Thus the transfer function of a refer-
ence model is specified in (38)

Specifying the multi-objective function in the meta-
heuristic algorithm is one of a way of improving the 
optimal performance of algorithm [68] and the follow-
ing objective function (39) is proposed for tuning FOPID 
controller.

(37)

� =
ln (Mp∕100)

−�

√√√√√
1

1 +
[
ln(Mp∕ 100)

−�

]2 and �n =
4∕� ts

(38)GR =
3.55

s2 + 2.66s + 3.55

(39)J
�
Kp, Ki,Kd , �,�

�
=

⎛⎜⎜⎝
�1 ×

T

∫
0

�e(t)�
⎞⎟⎟⎠
+
�
�2 ×Mp

�
+
�
�3 × tr

�
+
�
�4 × ts

�

Fig. 6  Proposed block diagram of FOPID controller based PSO with reference model for a single conical tank system



Vol:.(1234567890)

Research Article SN Applied Sciences (2019) 1:758 | https://doi.org/10.1007/s42452-019-0754-3

where e(t)is the error (difference between the reference 
model and real model), Mpis maximum peak overshoot, 
tr is rise time and tsis settling time. The �1,… ,�5 are the 
weighting values of objective function which vary from 
0 to 20 in this case. This proposed objective function is 
applied to the PSO algorithm for optimal tuning of FOPID 
controller parameters (Kp, Ki,Kd , � ,�) for the conical tank 
system model. It is essential to control the reference model 
and is done by PID controller with Z-N tuning method.

6  Simulation results and discussion

In this segment, the advantage of FOPID controller with 
reference model is proved through the real time level 
control of a single conical tank system and compared 
with PI controller, PID controller and FOPID control-
ler. This work is carried using MATLAB R2013a (Version 
8.1.0.604) platform and implemented in a PC with Intel 

Core2 Duo Processor with 2.27 GHz speed and 2.00 GB 
RAM. National Instruments conical tank system module 
is used for real time analysis of the proposed controller. 
The Simulink program is directly interfaced with the real 
time process system through DAQ module. It is enabled 
with National instruments VISA serial communication 
interface. The module supports ASCII data format with 
a sampling time of 0.1 s and a baud rate of 38400. With 
this, monitoring and control of the real-time process can 
be easily established with MATLAB software.

The proposed controller consists of two loops: the mas-
ter process loop consists of FOPID controller with real time 
conical plant setup and slave process consists of reference 
model and slave PID controller. The PSO algorithm is uti-
lized for tuning the controller in the master loop and Z–N 
method is used of tuning PID controller in the slave pro-
cess loop. The Z–N tuning result of slave PID controller for 
reference model as given in Table 3. For optimal tuning of 
FOPID controller using PSO algorithm, the FOPID param-
eters ranges are selected as Kp ∈ [0, 40] , Ki ∈ [0, 10] , 
Kd ∈ [0, 10] , � ∈ [0, 2],� ∈ [0, 2] and the parameters of 
PSO algorithm is listed in Table 4. In order to improve the 
accuracy and optimum result, PSO algorithm has been run 
for 20 separate times and best, worst among 20 iterations 
values listed in Table 5. The minimum value of objective 
function is denoted as best value and maximum value of 
objective function value is denoted as worst value among 
the 20 separate trials and mean of this 20 individual trials 
is denoted as mean value in Table 5. This small variation 
between the best and worst value is due to minor change 
in the current and reference error ratio at each separate trail. 
In standard deviation (SD) values are less than one which 
means that PSO algorithm is performed better in tuning 
of controller parameters. For tuning controller parameters, 
multi-object function is proposed that also help full to pro-
duced fairly optimized results. The inclusion of time domain 

Table 3  Z–N tuning result of slave PID controller for reference 
model

Controller parameters Kp Ki Kd

PID 6.544 3.094 5.189

Table 4  Values of PSO Parameters PSO

Dimension 5
Number of particles 50
Number of iteration 100
c
1

0.8
c
2

1.3
Inertia weight (w) 0.9

Table 5  Optimized controller 
parameters using PSO 
algorithm

Controller Kp Ki Kd � � J

PI Best 29.136 1.898 – – – 0.9955
Worst 29.152 1.861 – – – 0.9985
Mean 29.121 1.826 – – – 0.9923
SD 00.023 0.048 – – – 0.0026

PID Best 28.655 4.965 8.944 – – 0.9165
Worst 28.685 4.956 8.956 – – 0.9189
Mean 28.625 4.925 8.925 – – 0.9145
SD 00.056 0.066 0.056 – – 0.0016

FOPID Best 24.852 3.466 6.473 0.469 0.656 0.7923
Worst 24.865 3.468 6.486 0.459 0.668 0.7985
Mean 24.898 3.462 6.476 0.486 0.685 0.7953
SD 00.045 0.012 0.028 0.056 0.049 0.0023
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specifications in the multi-objective function is ensures the 
desired response in the output of the plant.

The controller design is usually based on the approxi-
mation of the system to be controlled. In real time, the 
system behaves differentially than the model indicates. 
Hence analyzing the robust stability of the system is 
another important part of the controller design. Figure 7 
dissipates the open loop bode plot of FOPID, PID and PI 
controller. From this plot can be observed that the both 
magnitude and phase plots are flat and smooth compared 
to the PID and PI controller and it ensures robustness of 
system. Moreover, closed loop system with controller can 
be stable only if the condition,

is satisfied [69]. Where

and

(40)|T (j𝜔)|||GΔ(j𝜔)
|| < 1, ∀𝜔

(41)T (s) =
Gm(s)C(s)

1 + Gm(s)C(s)

(42)G�(s) =
Gm1(s) − Gm(s)

Gm(s)

Gm(s) is the model of the process, Gm1(s) is the model of 
the process at different operating condition and C(s) is 
the controller transfer function. The maximum value of 
|T (j�)|||GΔ(j�)

|| is found to be 0.658, hence closed loop 
system is robust stable. Therefore it can be conclude that 
reference model with FOPID controller produced better 
performance compared to the integer order controller.

To analysis the effectives of the proposed controller var-
ying setpoint is given to the input of the controller. Figure 8 
shows the performance comparison of different controller 
methodologies such as PID, FOPI controller, FOPID con-
troller and FOPID controller with reference model and the 
corresponding numerical data presented in Table 6. This 

Fig. 7  Bode diagram of a single conical tank system model

Table 6  Performance analysis of different control methodologies of 
single conical tank system

Controller ISE Mp tr(s) ts(s)

PI 196 5.35 42.82 146.86
PID 102 4.86 36.40 86.85
FOPID 75 1.34 21.36 29.34
FOPID with refer-

ence model
41 0.93 16.79 19.45
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clearly shows the FOPID controller with reference model 
is produced better performance compared to other con-
trollers. Figure 8 illustrates the control signal of different 
methodologies which shows FOPID controller with refer-
ence model produced smooth response compared to other 
controllers that avoids damage of sensitive components in 
the plant. While reducing error difference between slave 
and master process when time tends to infinity, the tra-
jectory tracking ability of the controller is increased and 
performance criteria such as selling time, overshoot, rise 
time, ISE is also improved (Fig. 9).   

7  Conclusion

The novel FOPID controller with the reference model has 
been offered for a single conical tank system in this arti-
cle. A mathematical model of a single conical tank has 

been identified and approximated as a first order plus 
dead time model. Closed loop reference model with PID 
controller is proposed with FOPID controller to tune the 
highly nonlinear single conical tank model effectively. 
The PSO algorithm with multi-objective function is used 
for dynamically adjust the FOPID controller parameters 
depends on the error difference between the reference 
model and plant model. The effectiveness of proposed 
dual loop controller over other controllers are proved in 
real time under change in setpoint. This critical analysis 
of the obtained result reveals that the proposed FOPID 
controller based PSO algorithm with reference model is 
provided smooth control signal, improved stability and 
better qualitative performance compared to integer 
order controllers. Robustness and stability of the control-
ler also analyzed for a single conical tank system model. 
We believe that the proposed methodology for control 
can benefit for control practitioners in lot of ways. One 

Fig. 9  Control input to single conical tank system

Fig. 8  Comparison of different controller performance of single conical tank system
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of the important benefit and key point of this proposed 
controller is that we can able to obtained required out-
put response by formulating reference model. This work 
will serve as a new control scheme in process control and 
several other applications.
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