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Abstract
Commissioning of new dissolved air flotation (DAF) installations and optimization of already existing installations takes at 
least one year of laboratory and pilot plant experiments. Such studies are labor-intensive. Using mathematical modeling, it 
is possible to minimize time and costs. For such purposes, mathematical model of the DAF process was developed based 
on the law of momentum (impulse) behavior and Navier–Stokes equations. The model allows to describe the kinetic rela-
tions between the water stream, air bubbles and aggregates arising as a result of coagulation of surface water pollution. 
The model takes into account the exchange of impulses between different phases as a result of laminar and turbulent 
flow. The developed model was used to prepare a simulation computer program. In order to check the feasibility of the 
model, laboratory tests were carried out under static conditions. Comparison of the results of laboratory tests with the 
results of computer simulation showed its suitability for analyzing the effectiveness of removing solid phase from water 
by means of dissolved air flotation. Proposed model was also compared with models proposed by different authors.

Keywords Surface water treatment · Dissolved air flotation computer modeling · Flocculation · Water air saturation

1 Introduction

Dissolved air flotation (DAF) is a method that enables 
the separation of the solid phase from the liquid phase 
by using the bubble growth phenomenon in the contact 
area of the two phases. In some situations, it is an alterna-
tive to other phase separation processes. The DAF process 
has strengths and weaknesses compared to conventional 
sedimentation. The advantages of DAF include compact 
design, short retention times, high hydraulic loads and 
small size of flocculation and flotation chambers, which 
leads to low capital costs [1, 2]. The short detention time 
allows for quick start-up, and the resulting high quality 
water ensures longer filtration cycles compared to sedi-
mentation. DAF also provides a high degree of removal 
of parasitic protozoa, and due to the short time of water 
retention reduces the problems of taste and odor caused 
by phytoplankton decaying in sedimentation basins [3, 4]. 

DAF is relatively insensitive to water temperature. How-
ever, this process is not suitable for raw waters with high 
density suspensions. The disadvantages also include rela-
tively complex plant systems and operating costs associ-
ated with the need to use recirculation stream of water.

It should also be noted that the separation mecha-
nism used in DAF is relatively difficult to describe from 
a theoretical point of view. The separation mechanism is 
based on the interaction between aggregates (structures 
obtained as a result of coagulation of impurities) and air 
bubbles (appearing in the contact zone as a result of a sud-
den drop in the pressure of liquid saturated with air) [5–8]. 
This kind of interaction is very dynamic and also can be 
considered by computational fluid dynamics (CFD) [9–11]. 
It is true that there are mathematical models that describe 
the process of interaction and separation of such sys-
tems, but these models have their advantages and weak-
nesses. For example, classical DAF mathematical models 
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[5–8] considering mechanism of bubbles and aggregates 
interaction in detail, but have poor consideration of fluid 
dynamics and influence of reactor shape on the process, 
what is the main benefit of CFD.

The main objective of this article is to propose a math-
ematical model describing DAF system based on previ-
ous theoretical knowledge that allows process simulation. 
The developed mathematical relationships and algorithms 
were used to prepare a computer program that allows to 
perform DAF simulations and visualize its results in real 
time. To check the reliability of the proposed model, lab-
oratory tests were carried out. The results obtained by 
means of computer simulation were compared with the 
results obtained in laboratory tests.

2  Theoretical background

The most important mathematical models allowing to 
describe phenomena occurring in the DAF process can 
be “single collector collision” (SCC) [5, 6] and “heterogene-
ous coagulation” (HC) [7, 8]. The SCC model suggests that 
the interaction of bubbles and solid particles is based on 
the forces acting between air bubbles and aggregates and 
the adhesion of bubbles to the surface of the flocs. Such 
forms of interaction are based on the analysis of forces and 
cases of adhesion of one bubble to one aggregate. The 
extension of such analysis to the analysis of the process 
occurring in a given volume of liquid allows to describe 
the number of particles removed from the water as a result 
of flotation. This model can be used in the case when the 
bubble surface is large, the phenomenon of bubble cap-
ture on the surface of aggregates is very significant, and 
the flow regime of the multiphase system is laminar. The 
SCC model is more suitable for process descriptions in ver-
tical flotation columns or in the case of a classic installa-
tion and its use to describe the processes taking place in 
the separation zone. In the case of turbulent flow, which is 
often observed in the contact zone, it is better to use the 

HC model taking into account electric charges of aggre-
gates and bubbles. The air bubbles have a negative elec-
tric charge, while the aggregates have a neutral electric 
charge, which results in their connection.

Although the use of these models allows to describe 
the effectiveness of DAF based on the values of selected 
parameters, the models are not perfect. For example, they 
do not take into account the possibility of flocs damaging 
through the effect of aggregates and bubbles collisions, 
which leads to a reduction in the likelihood of bubbles 
and flocs collisions. Also, the interactions between bubbles 
(the exchange of momentum between bubbles as a result 
of their collisions) and the influence of such phenomena 
on the system are not described. These models are also 
based on the adhesion of bubbles to the surfaces of flocks 
and their further formation in the reactor. This approach is 
not accurate enough. Not only the phenomenon of bubble 
and floc adhesion is observed, but also the phenomenon 
of bubble detachment from aggregates and the exchange 
of momentum between bubbles, which makes the process 
complex and dynamic.

Looking at the flotation system, it can be seen that the 
system consists of three phases, namely water, air and solid 
phase (aggregates, flocs). The mentioned phases actively 
interact with each other. An example of such interaction 
is acting of forces between flocs and air bubbles, colli-
sions between bubbles, water resistance during rising of 
flocs and air bubbles. As a result of such interaction, pulse 
exchange between phases takes place.

To determine the exchange of pulses between phases, 
Navier–Stokes equations can be used. In the case of such 
a system, it is necessary to solve a set of Navier–Stokes 
equations for each phase (Table 1):
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where Vb is the bubble volume,  m3; ρl and ρg are density 
of water and air, respectively, kg/m3, Vrise is the rise veloc-
ity of bubble, m/s; S is the bubble contact surface,  m2; ξ is 
the coefficient of environment resistance, which can be 
calculated according to Eq. (10) keeping count of Froud`s 
number (Fr):

Thus, in the system of Navier–Stokes equations, the 
exchange of impulses between water and air is taken 
into account. In a simpler form, it is the speed of rising of 
aggregates at the next point of the generated mesh in the 
reactor space. The case of the effective interaction of bub-
bles with the aggregate is described by the probability of 
collision and randomization. In the case when the aggre-
gates rising does not occur at the current point of the grid, 
the speed of aggregates movement at the current point is 
equal to the sedimentation rate:

where ρa is the density of aggregate, kg/m3; d is the aggre-
gate’s size, m; μ is the dynamical viscosity of environment, 
Pa s.

Velocity distribution for each phase can be obtained as 
the result of Navier–Stokes equations system solving for a 
given mesh and selected parameters of DAF. Knowing the 
value of the aggregates velocity of by x and y axis, it is pos-
sible to determine direction of the vector of phase total 
velocity:

Sedimentation take place, when Vx
a
 < 0 and Vy

a < 0 or Vx
a
 > 0 

and Vy
a < 0.

Knowing the number of grid points, where the direction 
of velocity is up, it is possible to calculate the efficiency of 
aggregates removal from water:
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velocity has positive value.
Another one process, which should be taken into con-

sideration by the model, is checking the case of aggre-
gates destruction, which depends on force of bubbles 
flow acting on aggregate. The strength of the bubble 
flow is equal to:

If Fbb > Fa, destruction of aggregate occurs and subse-
quently, the contact surface of the aggregate is decreas-
ing. Fa is the strength of the aggregate, which can be 
determined with atomic microscope study or mathemat-
ical model allowing to determine such kind of parameter, 
N.

As mentioned previously, mechanism of treatment of 
DAF process is based on aggregates (flocs) rising using air 
bubbles. From this, it follows that the treatment process 
depends on two other processes (coagulation/floccula-
tion and saturation). The results of these processes can be 
obtained using selected parameters. Thus, the efficiency 
of DAF treatment method depends on the geometrical 
parameters of floc aggregates and their strength, which 
can be determined using atomic force microscopy [12] or 
modeling with models allowing to simulate flocculation 
process and obtain such information [13].

The effectiveness of water treatment depends also 
on the size of the bubbles formed in the contact zone. 
The size of the bubbles depends in turn on the pressure 
used during saturation of water with air. It should also be 
noted that the number of bubbles is also very important 
in this case, because the number of bubbles influences 
the effectiveness of their interaction with flocs. The num-
ber of bubbles can be determined by the recirculation 
rate R, which determines the volume of saturated water 
that will be introduced into the reactor:

where Qin is the discharge of water volume containing 
flocs,  m3/s; Qs is the discharge of saturated water volume, 
 m3/s.

As a rule, it is customary to use R value in range of 
5–20%. Knowing flow rate of the water saturated with 
air in the chamber of DAF, it is possible to determine the 
number of bubbles generated in the chamber due to 
defined time step:

where Vds is the volume of dissolved air,  m3; Vb is the vol-
ume of one bubble,  m3.

(14)Fbb = Fpop − Fres

(15)R =
100Qs

Qin

(16)Np =
Vds

Vb
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Volume of air dissolved in water can be determined 
according to Henry`s law [14, 15]. The diameter of bub-
bles depends on the pressure under which water is satu-
rated with air and is determined by Eq. 17:

where σ is the surface tension of water, kg/s2; Ps is the pres-
sure in saturator, Pa; Pn is the pressure in point of introduc-
tion of saturated air into reactor, Pa.

Since the proposed method of simulation of the DAF 
process is mainly based on pulse exchange law, it is nec-
essary to define a probability of collisions of flocs (aggre-
gates) with air bubbles:

where Sa is the contact surface of floc,  m2; Na is the num-
ber of flocs per volume unit; Sb is the contact surface of 
bubble,  m2; Nb is the number of bubbles per volume unit.

The values of Sa and Na can be defined using micros-
copy analysis or mathematical model.

It is also necessary to note that it is better to determine 
the value of Pcol for selected volume of water and not for 
the entire volume of flocculation tank, since the concen-
tration of these phases during treatment process can be 
changed.

3  Materials and methods

3.1  Computer process simulation

Thus, taking into account relationships described above, 
the algorithm of the model action has the following 
scheme, presented in Fig. 1 (model for static flotation 
reactor).

Algorithm shown in Fig. 1 contains two branches. The 
first one is the determination of size and strength of aggre-
gates and volume of dissolved gas during saturation pro-
cess. Determination of size and strength of aggregates was 
performed using mathematical modeling [13]. The second 
one is volume of air dissolved which can be defined by 
Henry’s law. These parameters are necessary for the col-
lision probability between aggregates and air bubbles 
determination. Strength of aggregates is necessary for 
destruction cases definition. One more important step, 
which is next in this algorithm, is the shape grid defini-
tion. Grid was used for solving Navier–Strokes equations, 
what allowed to obtain velocity distribution. Also should 
be noted that the algorithm showed in Fig. 1 has cycle 
character and stops after percent of recirculation reached, 

(17)Rb =
2�

Ps − Pn

(18)Pcol = 1 −
SaNa

SbNb

due to static character of laboratory installation, which was 
used for proving mathematical model feasibility.

Proposed mathematical relationships and algorithms 
were translated into a computer program. C++ program-
ming language and framework Qt were used to write the 
program. OpenGL library was used to visualize the results 
of simulation. All the simulations were performed using 
Intel Core i7-4650U 1.7–2.3 GHz CPU (2 cores, 4 threads) 
and graphical card NVIDIA GeForce 840 M. Multithreading 
technology was not used to write this part of program.

3.2  Laboratory experiments

Laboratory studies were carried out to check the feasibility 
of proposed method. Tap water contaminated with humic 
acids extract at the dose of 13.6 ml/L was used as studied 
water. The color of obtained water was 69.0 ± 0.1 mg Pt/L, 
turbidity was 12.0 ± 0.1 NTU, and pH of water was 7.0 ± 0.1. 
Coagulation/flocculation was performed with aluminum 
sulfate  (Al2(SO4)3·18H2O (10%).

The setup of installation used is shown in Fig. 2. Trans-
parent plastic pipe was used as a reactor for DAF. The 
height of the reactor was of 2 m, and its diameter was of 
0.08 m. Stainless-steel pressure container was used as satu-
rator reservoir. The diameter of saturator was of 0.19 m, 
and its height was of 0.35 m. (The available pressure was 
of 0.6 MPa.) The water saturation was performed using 
AMICO 50/2500SF compressor (effective performance 
0.115  m3/min, maximal pressure-0.8  MPa). Laboratory 
experiments were conducted at the room temperature.

The process of mixing was performed using handmade 
stainless-steel stirrer. The rotation of stirrer was realized 
using electric engine placed on the top of whole con-
struction. After coagulation/flocculation performance 
and water saturation process (saturation pressure could 
be applied in range of 0.45–0.60 MPa), flotation was per-
formed using the percent of recirculation (R) in range of 
5–20% from polluted water volume.

As an example of laboratory studies was chosen run 
of laboratory simulation, which had operated param-
eters such as dose of  Al2(SO4)3·18H2O 10%–50 mg Al/L; 
stirrer`s velocity 50 rpm; flocculation time-8 min; pressure 
of water saturation-0.55 MPa and percentage of recircula-
tion (R)-15%.

Water purified by flotation method was analyzed using 
spectrophotometer Hitachi U-2001 (to determine water 
color) and turbidity meter Hach 2100 N IS (to determine 
water turbidity).
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4  Results and discussion

Results of all laboratory studies runs, which are shown in 
Table 2, were obtained using optimal values of inspected 
parameters from previous runs.

Optimal dose of coagulant was studied using 5 min. 
flocculation time and 40 rpm of mixing velocity. Optimal 
coagulant dose was determined as 50 mg Al/L, so the next 
operative parameter in Table 2 (optimal mixing velocity) 
was determined using 50 mg of Al/L coagulant dose and 
so on. Table 2 contains all important DAF operative param-
eters. It also proves flexibility of proposed mathematical 
model. The result of such applied parameters was purified 
water, which had the rate of color decrease of 85.96% and 
decrease in turbidity of 68.08%.

Optimal operation parameters obtained during labora-
tory studies were used for process computer simulation. 

Model with such modification can be used to analyze lami-
nar and turbulent zones in reaction tank. The results of this 
computer simulation are shown in Fig. 3.

The proposed model allowed also to analyze aggre-
gates destruction during their interaction with air bubbles. 
Anyway, it was observed during computer simulation of 
the process that such phenomena of destruction do not 
occur in the reactor. Also, such kind of aggregates destruc-
tion was not observed during laboratory studies.

Moreover, it should be noted that written program 
allows to visualize obtained results of simulation in real 
time. Such option allows to follow how does treatment 
efficiency changes during flotation process (Fig. 3).

Treatment efficiency was very limited at the start of 
simulation (first appearance of dissolved gas in reactor), 
due to the biggest part of discretization grid, which had 
sedimentation value of velocity. Efficiency increased up 

Fig. 1  Algorithm of DAF simu-
lation (static flotation reactor)
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to 80–88% during the treatment (relatively stable value 
of treatment efficiency). After this stabilization of phases 
appeared in reactor, treatment efficiency was in the range 
of 77–87%. Such phenomena demonstrated dynamics and 
deviation of purification efficiency obtained using defined 
operative parameters, what can be often observed in real 
conditions. Such dynamics of purification efficiency can 
be explained by turbulence conditions inside reactor. 
(As the result, some areas of reactor had vorticity effects, 
which were undesirable.) Equation 13 takes into consid-
eration such undesired vorticity phenomena. Proposed 
model includes also analysis of aggregates destruction 
cases during their interaction with air bubbles, but how 
was observed during computer simulation of the process, 
such phenomena of destruction did not occurred in reac-
tor (due to low value of bubbles mass). Also, such kind of 
aggregates destruction was not observed during labora-
tory studies.

Finally, proposed model was compared with “single 
collector collision” (SCC) model [5, 6] and “heterogeneous 
coagulation” (HC) model [7, 8]. Since installation used to 
verify proposed model had static character, it has com-
bined contact and separation zones. Regarding this com-
parison of mentioned and proposed models, analyzing of 
contact zone was performed. Authors of [5, 6] represented 
contact zone efficiency under different values of floc vari-
ables (such as size and density) and physical parameters 
(such as environmental temperature and air bubbles com-
position as the result of different water air saturation pres-
sure). The value of contact zone efficiency for 10 μm floc 

size was in range of 80 - 85% and increased to 95% with 
increase in floc size to 100 μm, respectively. The average 
size of flocs considered in our laboratory studies and com-
puter simulations was in range of 30–40 μm. Regarding the 
results shown in Table 2, the average purification efficiency 
was in the range of 80–87%. In HC model, results of mod-
eling are represented by removal efficiency under different 
values of recirculation percent. Our results of computer 
simulations and laboratory studies were compared with 
the results represented by HC model [7, 8], only until 8 s of 
simulation (because of static character of installation con-
sidered in laboratory studies and computer simulations). 
On the first second of simulation under similar percent of 
recirculation, removal efficiency in HC model was in range 
of 18% and in our model (Fig. 3)—16.6%. On fourth and 
later seconds, removal efficiency in HC model reached its 
maximum, which is in range 80–90%. In proposed model, 
purification efficiency on fourth and later seconds was 

Fig. 2  Setup of the laboratory stand (static DAF installation)

Table 2  Influence of different operative parameters on water color 
removal by DAF (%)

Process parameter applied value Labora-
tory 
studies

Computer 
simulation

Coagulant dosage, mg Al/L
 20 87.1 84.1
 30 87.5 86.2
 40 90.8 87.1
 50 90.9 87.8
 60 89.0 80.5

Mixing intensity during flocculation, rpm
 20 90.8 85.0
 30 89.5 85.9
 40 89.0 87.1
 50 89.9 86.3
 60 88.6 86.4

Flocculation time, min
 5 89.9 87.8
 8 90.3 86.4
 10 90.9 85.0
 12 87.7 85.2
 14 86.1 84.3

Recirculation, %
 5 36.5 44.4
 10 70.0 70.1
 15 85.9 82.9
 20 91.1 87.7

Saturation pressure, MPa
 0.45 87.7 83.1
 0.50 90.3 85.2
 0.55 91.1 87.5
 0.60 90.2 87.1
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oscillating in range of 81–86%. As can be seen, devia-
tion between results represented by different models is 
not very high, but it exists. As mentioned before in Eq. 13, 
correcting purification efficiency considering movement 
direction of solid phase is given by CFD modeling. Regard-
ing this not all of cases of bubbles and aggregates interac-
tion lead to eliminating impurities from water.

5  Conclusions

The paper presents a proposal for a model of coagula-
tion/flocculation/dissolved air flotation process in which 
the law of conservation of momentum during colli-
sions between aggregates resulting from coagulation/

flocculation and air bubbles, as well as between air bub-
bles, was used. The Navier–Stokes equations which are the 
foundation of CFD were used in the interpretation of the 
phenomenon. The model includes the reactor geometry 
and hydrodynamic conditions prevailing in the model as 
well as the main parameters of the coagulation/floccula-
tion and saturation processes.

The proposed model showed satisfactorily accurate 
results of simulation regarding the effectiveness of water 
treatment containing humic substances. The difference 
between the results of the research on the effectiveness of 
the removal of substances causing the color of water car-
ried out on a laboratory scale and the results of simulations 
at different doses of aluminum sulfate were in the range of 
1.29–6.72%. Small differences were also found by examin-
ing the influence of the rotational speed of the impeller 

Fig. 3  The velocity distribution of phases and treatment efficiency (static DAF installation)
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during the flocculation phase (4.42% on average). In the 
case of tests regarding flocculation time, it was found that 
the difference between the results of computer simula-
tion and the results of laboratory tests was in the range of 
2.13–4.97%. These differences were also small in the case 
of analysis of the parameters of the dissolved air flotation 
process. By analyzing the impact of the recirculation rate 
on the effectiveness of water purification expressed by 
the degree of color removal, differences between simula-
tion results and laboratory results were found at 2.88% on 
average, and when the effect of saturation pressure on the 
color removal efficiency was evaluated, the difference was 
3.28% on average.

The obtained high degree of compliance of the coagu-
lation/flocculation phase modeling and flotation proves 
that the proposed mathematical model can be used dur-
ing the simulation of the effectiveness of water treatment 
by the DAF method.
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