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Abstract
The present study focused on function generation task of mechanism. To achieve flexibility and high accuracy in function 
generation task, two loops of four-bar mechanism are considered. Both loops are connected with each other. The output 
of first loop becomes input for the second loop, and the output of second loop becomes desired generated output. Error 
in function generation task is minimized into two stages. The first loop partially minimizes error, and the second loop can 
tune error for precise function generation. Total function y = f(x) is subdivided into two stages as w = g(x) in the first loop 
and y = h(w) = h(g(x)) in the second loop. Freudenstein’s equations are used to generate mathematical models for both 
loops. Desired precision points for the function generation task are calculated based on Chebychev spacing theorem. 
In double-loop configuration of mechanism, total six-link length is required to find out. Due to the higher number of 
parameters, genetic optimization technique is adopted to find out optimal solution. Numerical examples are discussed 
and obtained results compared with the available literature.

Keywords Double-loop four-bar mechanism · Synthesis of mechanism · Genetic algorithm · Function generation

List of symbols
a  Length of crank link in the first loop
b  Length of coupler link in the first loop
c  Length of rocker link in the first loop
d  Length of fixed link in the first loop
θ0  Inclination of the second loop w.r.t. first loop
α  Adjustment angle for input of the second loop
a1  Length of crank link in the first loop
b1  Length of coupler link in the first loop
c1  Length of rocker link in the first loop
d1  Length of fixed link in the first loop
ϕ  Rocker link angle of the second loop w.r.t. 

horizontal
θs  Input starting angle for crank of the first loop w.r.t. 

horizontal
θf  Input finishing angle for crank of the first loop w.r.t. 

horizontal

ϕs  Output starting angle for rocker of the second loop 
w.r.t. horizontal

ϕf  Output finish angle for rocker of the second loop 
w.r.t. horizontal

θd  Desired crank angle
ϕd  Desired rocker angle
θg  Generated crank angle
ϕg  Generated rocker angle

1 Introduction

In the literature survey, different kinds of methodology 
and modifications are found for four-bar mechanism. Pol-
ynomial approximation methods such as interpolation, 
least square and Chebychev approximation methods are 
commonly used to get better function generation work. 
Also modifications are found like to vary link length of 
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crank, coupler or rocker or by providing adjustment with 
fixed pivot for creating flexibility in mechanism to achieve 
accurate function generation task.

Firstly, Levitskii et al. [1] had carried out a modifica-
tion with four-bar mechanism. Author has replaced turn-
ing joint between coupler link and rocker with sliding 
bar. Slider can move along coupler link. Addition of slid-
ing pair increases accuracy for function generation, but 
mechanism is converted into 2 degrees of freedom (DOF). 
Simionescu and Beale [2] had replaced rigid coupler link 
of four-bar mechanism by elastic body using springs, due 
to the modification, accuracy of mechanism increased, but 
mechanism converted into five-bar 2 DOF. Zhou [3] had 
used a concept to adjust the fixed pivot of rocker and fixed 
link. With this, modification accuracy of function genera-
tion is increased. The parallelogram linkage mechanism is 
used for adjustment of fixed pivot. Due to the modifica-
tion, four-bar 1-DOF mechanism is converted into 7-bar 
2-DOF mechanism. Soong and Chang [4] have used the 
concept of variable driver link length in four-bar mecha-
nism for precise function generation synthesis. For that, 
joint between driver and coupler link is replaced with 
slider. Slider bar can move on driving link. Specific guide 
slot is used for guiding adjustable moving pivot on driving 
link in specific contour with fixed link, so the mechanism 
will possess a single degree of freedom and no other sepa-
rate adjustment is required for moving pivot on driving 
link.

In all modifications stated above, function generation 
task has the following drawback. (1) Operation of mecha-
nism becomes complex, due to conversion of mechanism 
from 1 DOF to 2 DOF. (2) Soong and Chang [4] have modi-
fied mechanism by providing a guiding groove and con-
verted mechanism into 1 DOF, but due to the fact that the 
use of sliding pair in mechanism will decrease its accuracy 
by wearing effect of the slider.

The function generating accuracy of mechanism is 
improved by increasing number of design variables. Func-
tion generation quality is improved significantly using the 
following strategies: (a) by placing new reference position 
for the crank or rocker of the mechanism [5]; (b) additionally 
by considering the quantity of displacements of the crank 
or the rocker link [6]; (c) by introducing gear as extra mem-
bers combined with links [7]; (d) by introducing new design 
parameters in modeling for adding extra flexibility [8]; and 
(e) by introducing additional loops for a in mechanism [9]. 
Several authors have worked on six-link mechanisms. Svo-
boda [10] has considered six-bar linkage mechanism with 9 
design variables. He used decomposition method for func-
tion generation task. He shows different methods for synthe-
sis task from mechanism. Kinzel et al. [11] have considered 
geometric constraint programming (GCP) for synthesizing a 
Stephenson III configuration of mechanism which is having 

six links and have considered 11 precision points for func-
tion generation task. He used both graphical and analytical 
approaches to find solution for task. Author has used CAD 
software package for geometric constrained programming. 
Hwang and Chen [12] have worked on Stephenson II-type 
configuration of the mechanism. The author has used con-
strained optimization techniques for synthesis work. He 
has used constraints for input angle sequence and branch 
defects. Sancibrian [13] has used reduced gradient optimi-
zation technique to find the optimum solution for function 
generation. The author has used Stephenson II, III and Watt 
II-type configuration of the mechanism for the function gen-
eration task. Kiper et al. [14] have worked on Watt II-type 
configuration for function generation work and proposed 3 
different methods for synthesis task. The author has done all 
computations in Microsoft excel sheet. The advantage from 
his work is that one can generate several solutions in a small 
time span as compared with other methods. But having a 
drawback in his proposed method is that it can give solution 
for up to three precision points only.

Literature survey mentioned above is based on modi-
fications and methodologies used by different authors to 
increase accuracy in function generation task of mechanism. 
Here robust side of the proposed method in this work is that 
the mechanism is having 1 DOF. The proposed method can 
be used to mechanism synthesis for more than three preci-
sion points of the function generation task. Due to two loops 
considered, error tuning for function generation is possible 
in two steps. As compared to other configurations of the 
mechanism, two-loop configuration can generate function 
more accurately.

2  Mathematical modeling

Coupler link of four-bar mechanism is replaced with three 
links. So four-bar mechanism is converted into six-bar mech-
anism having double loops. Mechanism is configured with 
6 bars and 7 joints, so the mechanism is having 1 DOF. Con-
figuration of mechanism is as shown in Fig. 1.

2.1  Mathematical formulation

Considering loop closure equation for the first loop abcd

By considering X and Y components of the first four-bar 
loop

According to Freudenstein’s equation with the use of the 
above two equation’s eliminating angle θ3, we can obtain

(1)a⃗ + b⃗ − c⃗ − d⃗ = 0

a cos �2 + b cos �3 − c cos �out − d = 0

a sin �2 + b sin �3 − c sin �out = 0
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where K1 = d∕a, K2 =
d∕c, K3 =

a2−b2+c2+d2

2ac
.

With the use of trigonometric equations

By substituting the above values in Freudenstein’s 
equation

w h e r e  A =
(
1 − K2

)
cos �2 + K3 − K1 ,  B = −2 sin �2  , 

C = K1 + K3 −
(
1 − K2

)
cos �2.

By solving the above quadratic equations

For considering the second four-bar loop, rocker angle 
(θout) generated from the first loop will become input crank 
angle for the second loop.

Input crank angle (θIn) for the second loop is as follows

Considering loop closer equation for the second loop 
from Fig. 1.

By considering X and Y components of the second four-
bar loop

(2)K1 cos �out + K2 cos �2 + K3 = cos
(
�2 − �out

)

sin �out =
2 tan

(
�out∕2

)

1 + tan2
(
�out∕2

) & cos �out =
1 − tan2

(
�out∕2

)

1 + tan2
(
�out∕2

)

(3)A tan2
(
�out∕2

)
+ B tan

(
�out∕2

)
+ C = 0

(4)
tan

�
�out

2

�
=

−B ±
√
B2 − 4AC

2A

�out = 2 tan−1
−B ±

√
B2 − 4AC

2A

(5)�In = �out − � − �0

(6)���⃗a1 + ���⃗b1 − ���⃗c1 − ���⃗d1 = 0

According to Freudenstein’s equation with the use of 
above two equation’s eliminating angle θ3,

where K4 = d1∕a1 , K5 =
d1∕c1 , K6 =

a12−b12+c12+d12

2a1c1
.

With the use of trigonometry

By substituting the above values in Freudenstein’s 
equation

w h e r e  D =
(
1 − K5

)
cos �2 + K6 − K4  ,  E = −2 sin �In  , 

F = K4 + K6 −
(
1 − K5

)
cos �2.

By solving the above quadratic equations

So, rocker angle (ϕ) of the second loop with respect to 
horizontal

a1 cos �In + b1 cos �31 − c1 cos �4 − d = 0

a1 sin �In + b1 sin �31 − c1 sin �4 = 0

(7)K4 cos �4 + K5 cos �In + K6 = cos
(
�In − �4

)

sin �4 =
2 tan

(
�4∕2

)

1 + tan2
(
�4∕2

) & cos �4 =
1 − tan2

(
�4∕2

)

1 + tan2
(
�4∕2

)

(8)D tan2
(
�4∕2

)
+ E tan

(
�4∕2

)
+ F = 0

(9)
tan

�
�4

2

�
=

−E ±
√
E2 − 4DF

2D

�4 = 2 tan−1
−E ±

√
E2 − 4DF

2D

(10)Rocker angle (�) = �4 + �0

Fig. 1  Configuration of 
double-loop planer four-bar 
mechanism
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3  Objective function formulation

For function generation work, desired function is selected 
and is used to relate crank angle with rocker angle. Com-
mon formulation for function generation is as follows.

Total function y = f(x) is decomposed into two functions 
as shown in Fig. 2.

Precision points for function generation are considered 
based on Chebychev spacing theorem.

3.1  Objective function

The main objective is to minimize error between desired 
and generated input (crank) and output (rocker) angles of 
the mechanism. So objective function will be as follows.

where θ2d = desired crank angle, θ2g = generated crank 
angle, ϕd = desired rocker angle, ϕg = generated rocker 
angle.

3.2  Variables in synthesis task

For any kind of mechanism configuration, it is important 
to find length of every link used in the mechanism. So 
here from the configuration as shown in Fig. 1 it is clear 
that all link length is considered as a variable to be found 
out for minimization of error. Other than that the incli-
nation angle of the second loop with respect to the first 
loop in configuration is also considered as variable that is 
required to found out. Also here input angles are assumed 
and then compared with desired values of input angles, 

(11)

Objective function (Error)

= Error in generation of input angle

+ Error in generation of Output angle

Objective function (Error)

=
(
�2d − �2g

)2
+
(
�d − �g

)2

so input angle to the mechanism is considered as input 
variable. For getting flexibility with input at the second 
loop, one more variable is considered to change input at 
the second loop from the generation of the first loop, so 
the total number of variable used to achieve objectives 
of error minimization is tabulated with its working limits 
considered in this work (Table 1).

3.3  Constraints in synthesis task

First constraint in synthesis task is to maintain sequence 
between input crank angle for the first loop of mecha-
nism as follows. θ21 < θ22 < θ23 < ………….. < θ2n or 
θ21 > θ22 > θ23 > ………….. > θ2n depend on required rota-
tion direction of the crank.

Second constraint in generation of mechanism and 
minimization of error is to avoid branching defect in the 
mechanism. This defect can be avoided by considering 
those populations of algorithm only which can satisfy 
equation as B2 − 4AC > 0 for avoiding branching defect 
in the first loop and E2 − 4DF > 0 for avoiding branching 
defect in the second loop according to Freudenstein’s 
equation. If values of B2 − 4AC and E2 − 4DF will be less 
than zero, then according to Eqs. (4) and (9), the values 
of θout and θ4 become undefined. So close loop will not 
be formed.

4  Genetic optimization algorithm

Genetic optimization is a global search optimization 
technique. GA work based on stochastic search tech-
nique and copy genetic changes biological immune sys-
tem of human being. Alotto et al. [15] had presented 
features of genetic algorithm. GA is a stochastic search 
technique work based on fittest can survive based on 
Darwin’s natural evolution theory. Due to stochastic 
search technique, GA can search best approximate 

Fig. 2  Configuration for func-
tion generation
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solution easily. GA has a better advantage as com-
pared to other global search optimization techniques 
as follows

1. GA can encode decision variable as operational object.
2. In GA objective function is considered directly to 

search solution.
3. It can use to search information at several points at the 

same time.
4. It can use probability search technique so can have less 

running time as compared with other global search 
techniques.

GA generates population and applies on objective 
function, the best fittest population is considered for 
the next generation, and best fittest population algo-
rithm makes genetic changes, which can give diversity 
to search best approximate solution and reapply those 
populations again with objective function and try to 
minimize objective function. To search best solution ini-
tially, GA creates random population. And then after the 
next generation GA successively improves population 
and uses to search solution. GA work is based on binary 
system. GA has the following three stages for running 
algorithm and finding best solutions.

4.1  Reproduction

In this function best population is selected based on 
their values of objective function and acts as a parent 
population to generate new population for the next 
generation of algorithm.

4.2  Crossover

Crossover creates new population by combining informa-
tion from the parent population. Combination of parent 
population is randomly done. After converting parent 
population in binary system single crossover point taken 
randomly in each of two strings and information of strings 
crossed over and create new generation of population.

4.3  Mutation

In this stage randomly any population selected and 
change any binary string from whole string and change 
its value from 0 to 1 or from 1 to 0, due to this newly gener-
ated population get biological diversity to search solution 
in global space.

Number of generation is considered as 20,000. Crosso-
ver fraction is considered as 0.8. As migration factor value 
is higher, algorithm wanders to search solution but not 
converges to minimum values, so migration factor value 
is considered as 0.1. Flow chart for implementation of 
genetic algorithm with the proposed mathematical model 
is shown in Fig. 3.

5  Numerical examples

All equations obtained in Sect. 2 of mathematical mod-
eling are implemented in MATLAB by creating MATLAB 
code. Optimization is carried out using the GA tool of 
MATLAB. A new configuration of mechanism is tested by 
different examples of function generation task. Different 
functions considered for function generation tasks are 

Table 1  List of variables Variable Symbol No. of variables

Length of crank link in the first loop a 1
Length of coupler link in the first loop b 1
Length of rocker link in the first loop c 1
Length of fixed link in the first loop d 1
Length of crank link in the second loop a1 1
Length of coupler link in the second loop b1 1
Length of rocker link in the second loop c1 1
Length of fixed link in the second loop d1 1
Inclination of the second loop with respect to the first loop 

position
θ0 1

Adjustment angle for input of the second loop α 1
Start crank angle θs 1
Star rocker angle ϕs 1
Angular position of crank in the first loop θ2 Depend on number 

of precision points 
‘n’
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logarithmic, exponential and trigonometric functions. And 
obtained results are compared with the available literature 
of function generation task.

In the first example work is carried out on function 
Y = X2, for the range of X is taken as 1 ≤ X ≤ 5. In the second 
example function Y = log10(X) is considered, for the range 
of x is taken as 1 ≤ X ≤ 2. And in the third example function 
Y = sin(X) is considered. For range of x is taken as 0 ≤ X ≤ π/2.

Precision points are required for implementation of all 
three functions in MATLAB. Precision points for all three 
functions are obtained based on Chebychev spacing theo-
rem. Five precision points are considered for each exam-
ple. Obtained precision points are listed in Table 2.

The main objective of this study is to minimize total 
error between desired and generated angles at crank of 
the first loop and at rocker of the second loop as shown 
in Fig. 2. Results obtained for precision points as shown in 
Table 2 are tabulated in Table 3. Total error is calculated as 
per Eq. 10. The value |δmax| is maximum error at particu-
lar precision point of a function. It can be defined as the 
following.

The obtained values of |δmax| are less than 1. So it will 
be lower than total error of particular function. Values of 

(12)|�max| = |||�d − �g
|||

Fig. 3  Flow chart for implementation of GA with mathematical model

Table 2  Functionwise precision 
points

Function with input 
domain

Angle Precision points

1 2 3 4 5

Y = X2 θ2d 30 34.0192 60 85.9808 90
1 ≤ X ≤ 5 ϕd 30 31.5192 50 83.4808 90
Y = log(X) θ2d 30 34.0192 60 85.9808 90
1 ≤ X ≤ 2 ϕd 30 35.6126 65.0978 87.0511 90
Y = sin(X) θ2d 30 34.0192 60 85.9808 90
0 ≤ X ≤ π/2 ϕd 30 36.3018 72.4264 89.6681 90
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maximum error at particular precision point of different 
functions are graphically represented in Fig. 4.

According to obtained results as shown in Table 3, con-
figuration of double-loop four-bar mechanism for each 
function is shown in Fig. 5. Line with black color is fixed 
links of both four-bar loops. Line with green color is crank 
of the first loop. Line with red color is rocker of the second 
loop. By providing desired motion to input crank of the 
first loop, rocker of the second loop will generate desired 
output according to a function considered for generation.

In the literature survey, authors have used different con-
figurations of mechanism for function generation task. The 
same function generation task is obtained with this work. 
For comparison of results, term percentage error is defined 
as per Eq. (13).

Examples discussed above have best results obtained as 
function Y = log10(X) is %ε = 1.93 × 10−3, function Y = X2 is 
%ε = 2.79 × 10−6, function Y = sin(X) is %ε = 7.32 × 10−4, and 
function Y = e0.5X is %ε = 4.31 × 10−5.

Kinzel et al. [11] have synthesis of Stephenson III-type 
mechanism for function generation task. He used func-
tion Y = log10(X) with the range of X as 1 ≤ X ≤ 2. %ε in his 
work is 0.0054%. For the same function generation task 
with double-loop four-bar mechanism configuration, %ε 
obtained is 1.93 × 10−3 % and total error is minimized up 
to 2.268 × 10−9 % for five precision points which is lower 
than Kinzel [11]. Hwang and Chen [12] have synthesized 
mechanism for function Y = X2 and %ε in his task is 0.83. In 
comparison with Hwang and Chen [12], %ε in obtained 

(13)%� = 100 ×
|Maximum Error|
Range of Output

results for double-loop four-bar mechanism configuration 
with the same function is 4.03 × 10−5 % which is lower than 
Hwang and Chen [12]. Kiper et al. [14] have worked with 
double-loop configuration of mechanism, but having limi-
tation of his mathematical model is limitation of precision 
point up to 3. If more than 3 precision points required, the 
methodology of author is not applicable. In results com-
parison with Kiper et al. [14] with the same kind of configu-
ration for function Y = sin(X), obtained %ε is 7.32 × 10−4 % 
which is lower than Kiper et al. [14].

Results comparison of the above discussion is shown 
in Table  4. From the tabulated data, it is clear that 

Table 3  Obtained results for various functions

Variable Function
Y = X2

Function
Y = log(X)

Function
Y = sin(X)

a 50.2340987 34.3530471 57.70657541
b 98.9704682 44.06393759 58.72538148
c 50.1180717 19.82540737 67.02333956
d 98.5576146 56.60902001 67.68099995
a1 40.5440501 45.5013055 44.93474831
b2 68.5517459 30.51354931 61.71815921
c3 36.9912404 65.42098578 27.69050692
d4 99.0289189 45.73822271 47.78045897
θ0 18.5245793 − 19.27795232 34.79240087
Α 69.9219464 − 77.11362284 30.76477968
θs 89.2030812 − 10.43126715 107.0683473
Φs 74.6067667 71.73685855 46.28784111
Total error 2.22 × 10−10 2.268 × 10−9 4.4599 × 10−10

|δmax| 9.676 × 10−6 5.825 × 10−6 7.323 × 10−6

Fig. 4  Structure error in all function

Fig. 5  Mechanism configuration for function Y = X2, Y = log10(X) and 
Y = sin(X)



Vol:.(1234567890)

Research Article SN Applied Sciences (2019) 1:423 | https://doi.org/10.1007/s42452-019-0407-6

double-loop four-bar mechanism configuration has bet-
ter flexibility and accuracy. So with the use of double-loop 
four-bar mechanism better function generation task is 
achieved.

6  Conclusions

In this study, the double-loop planer four-bar mecha-
nism is used. As compared to single loop, double-loop 
planer four-bar mechanism can tune functions in two 
stages, and due to that better function generation is 
possible. Comparison study between single-loop and 
double-loop four-bar mechanism is carried out by Kiper 
et al. [14] and has proved that double-loop planer four-
bar mechanism can generate function better than the 
single-loop four-bar mechanism. But limitation of the 
methodology adopted by him is that it can apply only 
with three precision points, which is eliminated in this 
work. In the present study, decomposition for func-
tion generation is successfully applied with the use of 
Freudenstein’s equations and optimization is carried 
out using genetic algorithm. From results comparison, 
it is clear that with double-loop six-bar configuration of 
mechanism, function generation task is performed more 
accurate than other kinds of configuration. Here study is 
carried out for five precision points in each example. It 
is possible to use more than five precision points to get 
better precise function generation using demonstrated 
methodology.

Synthesis method discussed herein can be applied to all 
kinds of function generation task which can be performed 
with single-loop four-bar mechanism and also gives better 
results compared to it.
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Hitesh et al. Y = log10(X) 1 ≤ X ≤ 2 Double-loop configuration 1.93 × 10−3 %
Hitesh et al. Y = X2 1 ≤ X ≤ 5 Double-loop configuration 4.03 × 10−5 %
Hitesh et al. Y = sin(X) 0 ≤ X ≤ π/2 Double-loop configuration 7.32 × 10−4 %
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