
Vol.:(0123456789)1 3

Granul. Comput. (2017) 2:225–247 
DOI 10.1007/s41066-017-0040-y

ORIGINAL PAPER

Exploratory multivariate analysis for empirical information 
affected by uncertainty and modeled in a fuzzy manner: a review

Pierpaolo D’Urso1 

Received: 18 September 2016 / Accepted: 25 January 2017 / Published online: 24 March 2017 
© Springer International Publishing Switzerland 2017

Keywords Statistical reasoning · Information · 
Uncertainty and imprecision · Granularity · Information 
granules · Exploratory multivariate statistical analysis · 
Fuzzy data · Metrics for fuzzy data · Cluster analysis · 
Regression analysis · Self-organizing maps · Principal 
component analysis · Multidimensional scaling · 
Correspondence analysis · Clusterwise regression analysis · 
Classification and regression trees · Three-way analysis

1 Introduction

In Statistical Reasoning, the basic ingredients of a statis-
tical analysis are data and models. Both share an infor-
mational nature, which can be clearly sized in the knowl-
edge discovery process leading to the acquisition of an 
informational gain. These informational objects are often 
uncertain, imprecise, or vaguely defined. Fuzzy sets theory 
(Zadeh 1965) may take into account this uncertainty and 
imprecision, providing us with a means for dealing with 
fuzzy informational objects in statistical analysis. Early 
contributions deal mainly with cluster analysis and regres-
sion. New developments have been taking place in the last 
decades, in the context of a more systematic approach to 
fuzzy statistical methods (Coppi 2003). New techniques of 
analysis have been proposed in the literature, extending the 
domain of fuzzy exploratory multivariate analysis to cluster 
analysis, regression analysis, principal component analysis, 
multidimensional scaling, self-organizing maps, cluster-
wise regression analysis, three-way analysis, and recently 
regression trees.

The aim of this paper is to give an outline of these devel-
opments within an organic framework acting as the basis 
for the general fuzzy approach to multivariate statistical 
analysis. In this connection—focusing our attention on the 
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exploratory multivariate analysis of imprecise empirical 
information and considering a fuzzy approach to manage 
the uncertainty affecting the information (data and mod-
els)—we present a review of the exploratory multivariate 
methods proposed in the literature, i.e., cluster analysis, 
self-organizing maps, regression analysis, principal compo-
nent analysis, multidimensional scaling, and other explora-
tory multivariate methods.

Overall, the main purpose of this paper is to involve the 
Granular Computing scientific community and to stimulate 
and focus its interest in these statistical fields.

The paper is structured as follows: In Sect.  2, we ana-
lyze the informational paradigm and the uncertainty con-
nected to information. In Sect. 3, we focus our attention on 
empirical information affected by uncertainty formalized 
in a fuzzy manner, i.e., fuzzy data. In Sect. 4, we present 
an organic review of exploratory multivariate methods for 
fuzzy data, i.e., cluster analysis (Sect. 4.1), self-organizing 
maps (Sect. 4.2), regression analysis (Sect. 4.3), principal 
component analysis (Sect.  4.4), multidimensional scaling 
(Sect. 4.5), and other exploratory multivariate methods for 
fuzzy data (Sect. 4.6). In conclusion, in Sect. 5, we point 
out some potentially fruitful lines of research that could 
lead to future developments in this interesting and promis-
ing research area of Statistical Reasoning.

2  Information and uncertainty

A corpus of knowledge is a set of information elements. 
Each information element is represented by the following 
quadruple: (attribute, object, value, confidence), where 
attribute is the function which maps an object into a value, 
in the framework of a reference universe of elements; value 
is the predicate of the object, associated to a subset of refer-
ence universe; confidence is the indication of the reliability 
of the information element (Coppi 2003).

In the real world, an element of information is generally 
affected by imprecision (with respect to value) and uncer-
tainty (expressed through the notion of confidence). Both 
imprecision and uncertainty can be measured. When the 
measure of imprecision and/or uncertainty is different from 
zero, we have imperfect information (Coppi 2003).

In the reasoning process applied to a corpus of knowl-
edge, a system of rules is adopted. This allows us to reach 
conclusions which, when the initial information is imper-
fect, are themselves characterized by imprecision and 
uncertainty. When the phenomena and the situations under 
investigation are complex, the following Incompatibility 
Principle (Zadeh 1973) should be taken into account: “As 
the complexity of a system increases, our ability to make 
precise and yet significant statements about its behav-
ior diminishes until a threshold is reached beyond which 

precision and significance (or relevance) become almost 
mutually exclusive characteristics” (Zadeh 1973). This 
principle justifies the development and application of logics 
allowing the utilization of imprecise information, for draw-
ing relevant conclusions when faced with complex contexts 
(Coppi 2003).

In Statistical Reasoning, the statistical method repre-
sents a special category of knowledge acquisition, since it 
defines a class of procedures referring to a specific type of 
information elements and to the associated processing tech-
niques. This class is characterized by two essential enti-
ties: the empirical data and the models for data analysis, 
which in turn include both the theoretical assumptions and 
the algorithms for applying them to the data. The empirical 
data are special information elements, in which the attrib-
ute is represented by a statistical variable and the object 
by a statistical unit. The model for the data analysis can 
be considered as an information ingredient of a theoretical 
type, referring to abstract entities, such as variables, param-
eters, potential data, functional forms, and so on (Coppi 
2003).

Thus, a statistical analysis can be described as a process 
of knowledge acquisition which, starting from an empirical 
and theoretical initial information, applies computational 
procedures (algorithms), thus acquiring additional infor-
mation (information gain) having a cognitive and/or opera-
tional character (Coppi 2002).

Let us denote by  (IE,  IT) the pair empirical information 
 IE (data) and theoretical information  IT (real world theo-
ries, mathematical formalizations, general and statistical 
assumptions, and so on). Both  IE and  IT, to the extent to 
which they are informational entities (corpus of knowl-
edge), are constituted by information elements which can 
be imprecise and uncertain. Generally, in real world appli-
cations, the pair  (IE,  IT) represents imperfect information. 
A way to account for the imperfection of the information 
utilized in statistical analysis is to manage it using the 
fuzzy sets theory introduced by Zadeh (1965). This implies 
assuming that the pair  (IE,  IT) has a fuzzy nature, i.e., we 
can have the following cases:  IE is fuzzy,  IT is fuzzy, both  IE 
and  IT are fuzzy (see, e.g., Coppi et al. 2006b; Coppi 2008).

In this paper, we will follow an exploratory approach, 
focusing our attention multivariate analysis in which the-
oretical methods  (IT) and empirical data  (IE) are, respec-
tively, crisp/fuzzy and fuzzy.

3  Empirical information and uncertainty: 
imprecise data

In Statistical Reasoning, the uncertainty affecting empirical 
information  (IE) may stem from various sources (Coppi and 
D’Urso 2012):
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–– imprecision in measuring the empirical phenomenon 
represented by statistical variables;

–– vagueness of statistical variables when these are 
expressed in linguistic terms;

–– partial or total ignorance concerning the values taken by 
statistical variables on specific observational instances;

–– “granularity” of statistical variables, with reference to 
the way it is defined and used in the analysis (e.g., the 
age of a person may be described in terms of 5-year 
intervals, or just as “young,” “middle age,” “old”; to 
each of these “granulations” there is associated a dif-
ferent amount of uncertainty) (see, e.g., Zadeh 2005; 
Pedrycz 2013).

These kinds of uncertainty can be modeled in a fuzzy 
manner (Zadeh 1965). In the following, we present a 
review of works in which the empirical information is ana-
lyzed by means of fuzzy tools in a multivariate statistical 
framework.

3.1  Fuzzy data: mathematical and graphical 
representation

In exploratory multivariate analysis, following the fuzzy 
sets theory (Zadeh 1965), imprecise empirical informa-
tion (fuzzy data) can be formalized by considering a gen-
eral class of fuzzy data, i.e., the so-called LR fuzzy data 
(Dubois and Prade 1988; Zimmermann 2001). These data 
can be stored in a (fuzzy) data matrix, i.e., LR fuzzy data 
matrix, (n observation units × p (fuzzy) variables) defined 
as follows:

where x̃ij = (c1 ij, c2 ij, lij, rij)LR represents the LR fuzzy vari-
able j observed on the i-th unit, c1 ij and c2 ij indicate the left 
and right center, respectively, (the interval [c1ij, c2ij] is usu-
ally referred to as the “core” of x̃ij) and lij and rij the left and 
right spread, respectively, with the following membership 
function:

where L(zi j) (and R(zi j)) (zij is a generic variable, e.g., 
zij = (c1ij − uij)∕lij) is a decreasing ‘shape’ function from 
ℜ+ to [0,1] with L(0) = 1; L(zi j) < 1 for all zi j>0, ∀i,j; 
L(zi j) > 0 for all zi j<1, ∀i,j; L(1) = 0 (or L(zi j) > 0 for all 
zi j, ∀i,j, and L(+∞) = 0) (Zimmermann 2001). The fuzzy 

(1)
�̃� ≡ {

x̃ij = (c1 ij , c2 ij , lij , rij)LR: i = 1,… ,n; j = 1,… ,p
}

(2)𝜇x̃ij
(uij) =

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

L

�
c1ij − uij

lij

�
uij ≤ c1ij (lij > 0),

1 c1ij ≤ uij ≤ c2ij,

R

�
uij − c2ij

rij

�
uij ≥ c2ij (rij > 0),

number x̃ij = (c1ij, c2 ij, lij, rij)LR, i = 1,...,n; j = 1,...,p con-
sists of an interval which runs from c1ij − lij to c2ij + rij and 
the membership functions give differential weights to the 
values in the interval, respectively, to the left and to the 
right of the left and right “centers.”

The most common LR fuzzy datum is the trapezoidal 
one (with trapezoidal membership function). In particu-
lar, for a LR fuzzy number x̃ij, if L and R are of the form:

with α = 1 then � =
{
x̃ij:i = 1… , n;j = 1,… , p

}
 is a trap-

ezoidal fuzzy data matrix whose elements have the follow-
ing membership functions:

When c1ij = m2ij, we obtain a particular type of LR 
fuzzy number, denoted as x̃ij = (cij, lij, rij)LR, where mij 
indicates the center, i = 1,… ,n; j = 1,… ,p, determining 
the following particular case of LR fuzzy data matrix:

Particular cases of LR fuzzy data are the triangular, 
parabolic, and square root ones (when L and R are shown 
in Eq.  (3) with α = 1, α = 2, and α = 1∕2, respectively). 
Each case takes into account a different level of fuzziness 
around the centers of the fuzzy numbers. Specifically, 
the square root case denotes a low level of fuzziness, the 
triangular case a medium level, and the parabolic case a 
high level.

An alternative formalization of trapezoidal fuzzy data 
has been proposed by Hathaway et al. (1996) and Yang and 
Ko (1996).

Examples of membership functions generated by the 
family of membership function shown in Eq. (4) are illus-
trated in Fig. 1. In particular, in Fig. 1, we show the process 
of transformation from trapezoidal fuzzy data to triangular 
fuzzy data and uniform fuzzy data and then to crisp (non-
fuzzy) data (D’Urso and De Giovanni 2014).

3.2  Fuzzy data: elicitation and specification 
of the membership functions

Two very important topics, connected with the representa-
tion of certain terms of natural language by means of fuzzy 
data, are the elicitation and specification of the membership 
functions.

(3)L(z) = R(z) =

{
1 − z� 0 ≤ z ≤ 1

0 otherwise,

(4)�̃�xij
(uij) =

⎧
⎪⎪⎨⎪⎪⎩

1 −
c1ij − cij

lij
uij ≤ c1ij (lij > 0)

1 c1ij ≤ uij ≤ m2ij

1 −
cij − c2ij

rij
uij ≥ m2ij (rij > 0).

(5)� ≡ {
x̃ij = (cij, lij, rij)LR: i = 1,… ,n; j = 1,… , p

}
.
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–– Elicitation of the membership functions As remarked by 
Coppi et al. (2006a) “as for the subjectivistic approach 
to probability, also the choice of the membership func-
tions is subjective. In general, these are determined by 
experts in the problem area. In fact, the membership 
functions are context-sensitive. Furthermore, the func-
tions are not determined in an arbitrary way, but are 
based on a sound psychological/linguistic foundation. 
It follows that the choice of the membership function 
should be made in such a way that a function captures 
the approximate reasoning of the person involved. In 
this respect, the elicitation of a membership function 
requires a deep psychological understanding.”

–– Specification of the membership functions In the statis-
tical analysis of fuzzy multivariate data, attention must 
be paid to the specification of the membership functions 
when we deal simultaneously with a set of p variables. 
In this case, we can consider two approaches: the con-
junctive approach and the disjunctive approach (Coppi 
2003). In the conjunctive approach, we take into account 
the fuzzy relationship defined on the Cartesian product 
of the reference universes of the p variables. Within 
this perspective, we can distinguish non-interactive and 
interactive variables. From a statistical point of view, 
the adoption of the conjunctive approach to the multidi-

mensional fuzzy variables involves a specific interest in 
studying the fuzzy relationship treated as a “variable” in 
itself, which can be observed in n objects. Conversely, 
in the disjunctive approach, we are not interested in 
studying a fuzzy variable which constitutes the resultant 
of the p original variables. Instead, our interest focuses 
upon the set of the p “juxtaposed” variables, observed 
as a whole in the group of n objects. In this case, we 
have p membership functions and the investigation of 
the links among the p fuzzy variables is carried out 
directly on the matrix of fuzzy data concerning the np-
variate observations (Coppi 2003; D’Urso 2007). With-
out loss in generality, let us consider the bi-dimensional 
case; furthermore, let be assumed that a unidimensional 
fuzzy variable is represented by a (symmetrical) trian-
gular membership function and a bi-dimensional fuzzy 
variable is represented by two (symmetrical) triangular 
membership function (disjunctive approach) or a coni-
cal membership function (conjunctive approach). An 
example of geometrical representation of the consid-
ered membership functions based on the disjunctive and 
conjunctive approach is shown in Fig. 2. An analytical 
representation of two triangular fuzzy variables with 
(symmetrical) triangular membership functions (dis-
junctive approach) (Coppi 2003; D’Urso 2007) can be 

c1ij =c2ij  cij                                                                                                sij =0 

                                                                              c1ij =c2ij  cij

                                                                                   sij =0 

1ij =c2ij  cij

0 

1 

trapezoidal fuzzy datum 

0

1

      triangular fuzzy datum

0

1

uniform fuzzy datum

0

1

crisp datum

0

1
     symmetric  triangular fuzzy datum

0

1
symmetric trapezoidal fuzzy datum

                                     c1ij =c2ij cij lij =rij =0

lij =rij sij

lij =rij =0                                                                               sij = 0

lij =rij sij

                                     c1ij =c2ij  cij                  

ij =rij sij

                                     c1ij =c2ij  cij                  

                                          lij =rij=0

Fig. 1  Trapezoidal fuzzy data and their transformations. (source D’Urso and De Giovanni 2014)
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easy obtained by (4) fixing c1ij = c2ij,  lij = rij and j = 1, 2. 
For an analytical formalization of a conical fuzzy vari-
able with conical membership function (conjunctive 
approach), see Celminš (1987, 1991).

3.3  Fuzzy data: fuzzy representation of linguistic 
terms, ordinal scales, and categorical data

In the literature, there are different tools for treating in a 
fuzzy manner the imprecise empirical information repre-
sented by linguistic terms, ordinal scales, categorical data.

In particular, we have the following approaches:

–– Fuzzy linguistic scales These scales are frequently 
considered for different goals as an a posteriori tool 
to encode data from a discrete (often a Likert) scale 
by means of fuzzy numbers (see, for instance, Zadeh 
1975a, b, c; Tong and Bonissone 1980; Pedrycz 1989; 
Herrera et  al. 1998, 2008; Lalla et  al. 2008; Li 2013; 
Akdag et al. 2014; Estrella et al. 2014; Massanet et al. 
2014; Tejeda-Lorente et al. 2014, 2015; Villacorta et al. 
2014; Wang et al. 2014; Garcia-Galán et al. 2015; Liu 
et al. 2015a; Tavana et al. 2015).

–– Fuzzy rating scale This scale has been introduced by 
Hesketh et al. (1988). See also, among others, Hesketh 
and Hesketh (1994), Matsui and Takeya (1994), Take-
mura (1999, 2007, 2012), Yamashita (2006), Hesketh 
et al. (2011) and de la Rosa de Saa et al. (2015), Lubi-
ano et al. (2016a, b) for some developments and appli-
cations. This kind of scale is considered as an a priori 
tool to directly assess fuzzy values and integrating the 
continuous nature and free assessment of the visual ana-
logue scales with the ability to cope with imprecision 

of the fuzzy linguistic ones. This kind of scale inherits 
the advantages of the visual analogue scale (this scale 
can be utilized in questionnaires, and in accordance 
with which respondents specify their rating by indicat-
ing a position along a continuous line between two end-
points, i.e., by choosing a point within a given bounded 
interval). In particular, in a fuzzy rating scale along a 
continuous line between two end-points: (1) a respond-
ent selects or draws a ‘representative position/interval’ 
of the respondent rating (i.e., the set of points which 
she/he considers to be fully compatible with such a rat-
ing); (2) and the respondent also indicates ‘latitudes of 
acceptance’ on either side by determining the highest 
and lowest possible positions for the respondent rating 
(i.e., the set of points she/he considers to be compatible 
to some extent with such a rating). In this way, the fuzzy 
rating scale takes advantage of the synergies existing 
between the visual analogue and the fuzzy linguistic 
scales (de la Rosa de Saa et al. 2015). See de la Rosa de 
Saa et al. (2015) for a detailed discussion on the advan-
tages of this kind of scale and for theoretical, compara-
tive, and applicative aspects.

For a deep and interesting discussion on the different 
approaches, see de la Rosa de Saa et al. (2015) and Lubiano 
et al. (2016a, b).

3.4  Fuzzy data: metrics

In the literature, several proximity measures—dissimilar-
ity, similarity, and distance measures—have been pro-
posed for comparing pairs of objects in which imprecise 
(i.e., fuzzy) variables have been observed (D’Urso 2007). 
Some of these proximity measures are defined by taking 
into account the membership functions of the fuzzy data. 

Fig. 2  Examples of member-
ship functions based on the 
disjunctive and conjunctive 
approach. (source Celminš 
1987, 1991)

membership function of a conical fuzzy 
bi-dimensional variable (conjunctive 
approach) 

membership function of the 2nd  component of a fuzzy 
bi-dimensional variable) (disjunctive approach)  

component of a fuzzy bi-dimensional 
variable) (disjunctive approach)  

1st fuzzy variable

2 fuzzy variable

membership 
function
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These distances can be classified according to the follow-
ing approaches (D’Urso et  al. 2014; Bloch 1999; Zwick 
et al. 1987):

–– Functional approach Based on the comparison of the 
membership functions by means of Minkowski and 
Canberra distance measures (Lowen and Peeters 1998; 
Pappis and Karacapilidis 1993).

–– Information theoretic approach Based on the defini-
tion of fuzzy entropy (De Luca and Termini 1972).

–– Set theoretic approach Based on the concepts of fuzzy 
union and intersection (Chen et  al. 1995; Pappis and 
Karacapilidis 1993; Wang 1997; Zwick et al. 1987).

–– Weighting system approach Based on the comparison 
of the fuzzy data by using directly the empirical infor-
mation represented by the centers and the spreads of 
the fuzzy data and by adopting suitable weighting sys-
tems that somehow capture the information connected 
to the shape of the membership functions (see, e.g., 
Coppi et al. 2012; D’Urso and Giordani 2006a; Yang 
et al. 2004; Yang and Ko 1996; Yang and Liu 1999).

In particular, focusing on the last theoretical approach, 
Coppi et  al. (2012) proposed a dissimilarity measure 
for LR fuzzy data that represent a generalization of the 
dissimilarity for symmetrical fuzzy data suggested by 
D’Urso and Giordani (2006a). By means of these meas-
ures, the dissimilarity between each pair of objects is 
computed by comparing the fuzzy data observed on each 
object, i.e., by considering, separately, the (squared) 
Euclidean distances for the centers and the spreads of 
the fuzzy data and using a suitable weighting system for 
such distance components. The weights can be chosen 
subjectively a priori by using suitably external or sub-
jective information (external weighting system) or can 
be computed objectively within a suitable data analysis 
procedure (internal weighting system). In their methods, 
D’Urso and Giordani (2006a) and Coppi et  al. (2012) 
opted for an internal weighting system. These dissimilar-
ity measures based on the internal weighting system have 
been utilized in different exploratory multivariate meth-
ods (see, for instance, D’Urso and De Giovanni 2014; 
D’Urso et  al. 2014). Yang and Ko (1996) suggested a 
dissimilarity measure for univariate fuzzy data, in which 
the selection of the weights is external. The Yang–Ko’s 
distance has been used in Cappelli et al. (2013). D’Urso 
and De Giovanni (2014) and D’Urso et  al. (2014) used 
in their methods a multivariate version of dissimilarity 
measure proposed by the Yang and Ko. For more details, 
see D’Urso et al. (2014).

Following a conjunctive approach for the specification 
of the membership functions, Yang and Liu (1999) pro-
posed a suitable distance measure for conical fuzzy data.

3.5  Fuzzy data: definitions in an inferential framework

In the literature, we find approaches in which uncertainty 
is modeled using simultaneously the random (stochas-
tic) approach and the fuzzy one by means of the concept 
of Fuzzy Random Variables (FRVs). From a theoretical 
viewpoint, this implies constructing appropriate probabil-
ity measures of fuzzy sets. Various proposals have been 
made, in the last decades, based on this theoretical perspec-
tive. One of the most significant proposals is the notion of 
FRV used by Puri and Ralescu (1986) and Klement et al. 
(1986). Another definition for a fuzzy-valued random vari-
able which is mathematically equivalent, albeit conceptu-
ally different and which can only be stated for the univari-
ate case, is the one proposed by Kwakernaak (1978, 1979) 
and Kruse and Meyer (1987).

4  Theoretical information and uncertainty: 
exploratory multivariate analysis of imprecise 
data

In the following, we present a systematic review of the 
principal exploratory multivariate methods for imprecise 
data proposed in the literature. In particular, we review the 
following exploratory multivariate approaches based on a 
fuzzy framework:

–– cluster analysis (Sect. 4.1),
–– self-organizing maps (Sect. 4.2),
–– regression analysis (Sect. 4.3),
–– principal component analysis (Sect. 4.4),
–– multidimensional scaling (Sect. 4.5),
–– other methods (Sect. 4.6).

4.1  Cluster analysis for imprecise data

In the last few years, in the literature, a lot of attention has 
focused on clustering of imprecise data. In particular, by 
considering on fuzzy clustering of imprecise data, we have 
the following contributions.

Sato and Sato (1995) proposed a fuzzy clustering pro-
cedure for fuzzy data through an additive fuzzy clustering 
model based on a multiple criterion. Hathaway et al. (1996) 
and Pedrycz et al. (1998) proposed clustering methods for 
fuzzy data based on, respectively, a parametric and non-
parametric approach. Yang and Ko (1996) suggested fuzzy 
clustering methods for LR fuzzy univariate data. Yang and 
Liu (1999) extended the clustering techniques proposed by 
Yang and Ko (1996) to fuzzy vectors, i.e., conical fuzzy 
vectors. Takata et al. (2001) discussed the fuzzy clustering 
for data with uncertainties using minimum and maximum 
distances based on  L1 metric. Auephanwiriyakul and Keller 
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(2002) proposed a linguistic fuzzy clustering method for 
fuzzy data based on the extension principle and the decom-
position theorem. Yang et al. (2004) suggested a fuzzy clus-
tering method for mixed data, i.e., fuzzy and symbolic data, 
by defining a “composite” dissimilarity measure. Hung and 
Yang (2005) proposed a robust fuzzy clustering procedure 
for LR fuzzy univariate data based on exponential-type dis-
tance measure. D’Urso and Giordani (2006a) proposed a 
fuzzy clustering method for symmetrical fuzzy data based 
on a “weighted” dissimilarity measure composed of two 
distances: the so-called center distance and spread distance. 
A peculiarity of this model is the objective computation, 
incorporated in the clustering procedure, of weights per-
taining to the center distance and spread distance of the 
fuzzy data. After the computation is performed, the pro-
cedure automatically evaluates the influence of the two 
components of the fuzzy data to compute the center and 
spread centroids in the fuzzy clustering. Coppi et al. (2012) 
proposed two clustering methods for LR fuzzy data based 
on, respectively, the fuzzy and the possibilistic approach. 
The fuzzy clustering method represents a development of 
the fuzzy clustering method for symmetrical fuzzy data 
proposed by D’Urso and Giordani (2006a). The possibil-
istic method is a development of the possibilistic k-means 
clustering model for crisp data proposed by Yang and Wu 
(2006).

Interesting applications of the fuzzy clustering method 
suggested by Coppi et  al. (2012) to e-health have were 
pointed out by D’Urso et  al. (2013a) and, following a 
bagged clustering approach, to tourism by D’Urso et  al. 
(2013b, 2015a, b).

A very interesting line of research is the managing of 
fuzzy clustering problems in the presence of anomalous 
fuzzy data (Coppi et al. 2012). In this connection, different 
methods have been proposed in the literature.

Butkiewicz (2005) proposed the transformation of 
fuzzy data into crisp data and uses a classical robust 
fuzzy clustering method for non-fuzzy data, the so-called 
robust c-prototypes algorithm proposed by Frigui and 
Krishnapuram (1996), after artificially transforming fuzzy 
data into scalar data (defuzzification). In particular, the 
defuzzification of trapezoidal fuzzy data—represented by 4 
parameters, 2 centers and 2 spreads—is obtained through 
the computation of the mean of these 4 parameters. All 
cluster prototypes produced through this optimization pro-
cedure are scalars. A re-fuzzification of the cluster proto-
types is artificially produced as the mean of the original 
fuzzy data units, weighted with the membership degrees 
of each data unit to each cluster. As remarked by D’Urso 
and De Giovanni (2014), however, that, as a consequence 
of this defuzzification/re-fuzzification process, the fuzzy 
nature of the data is not properly taken into account in the 
optimization procedure.

Hung and Yang (2005) defined a robust fuzzy cluster-
ing procedure for univariate fuzzy data based on exponen-
tial distance. This is the first interesting attempt to define a 
robust method in which the fuzziness of the data is authen-
tically and explicitly taken into account in the clustering 
process. However, this clustering method can only analyze 
univariate data.

Hung et al. (2010) suggested a robust clustering proce-
dure based on a similarity measure for fuzzy data. In par-
ticular, the authors proposed a robust clustering method 
for fuzzy data based on the Similarity-based Clustering 
Method (SCM) elaborated by Yang and Wu (2004). SCM 
exhibits three robust clustering characteristics: (1) robust 
management of initialization (cluster number and initial 
guesses), (2) robust management of cluster volumes (abil-
ity to detect different volumes of clusters), and (3) robust 
management of noise and outliers. In order to achieve these 
objectives, the authors use a strategy for clustering LR-type 
fuzzy data based on a combination of three algorithms, i.e., 
the Correlation Comparison Algorithm (CCA), the (non-
fuzzy) Similarity Clustering Algorithm (SCA), and the 
(non-fuzzy) Agglomerative Hierarchical Clustering (AHC) 
(i.e., the authors use the single linkage method). However, 
the clustering methods utilized in the strategy proposed 
by Hung et al. (2010) are not based on fuzzy theory. This 
means that the fuzzy data are clustered using non-fuzzy 
clustering methods, thus renouncing the potentiality and 
benefits of the fuzzy approach to cluster analysis (D’Urso 
2015).

Zarandi and Razaee (2011) proposed two robust 
fuzzy clustering methods for fuzzy data. The first model 
is based on a Wasserstein-type distance and the influ-
ence weighting approach. The second model is based 
on a transformation that reduces the fuzzy clustering of 
fuzzy data to the fuzzy clustering of crisp data. Using 
the influence weighting approach, both methods analyze 
a particular type of LR fuzzy data, i.e., triangular fuzzy 
data. This prevents these methods from being used with 
other types of data belonging to the LR family, such as 
parabolic fuzzy data, square root fuzzy data, uniform 
fuzzy data, trapezoidal fuzzy data, and so on. It should 
also be noted that the second type of model, through a 
suitable adaptation of the Wasserstein-type distance uti-
lized in the first model, reduces the fuzzy clustering 
problem for fuzzy data to the fuzzy clustering problem 
for crisp data. As such, the second method is amenable 
to the same criticism of the method proposed by Butkie-
wicz (2005). Coppi et  al. (2012) introduced a clustering 
method for multivariate fuzzy data based on the possi-
bilistic k-means clustering approach and therefore inher-
its the benefits of Possibilistic Theory. However, within 
a clustering framework, the possibilistic approach also 
has a number of limitations. As already noted, e.g., by 



232 Granul. Comput. (2017) 2:225–247

1 3

Barni et  al. (1996) and Coppi et  al. (2012), an undesir-
able characteristic of k-means algorithms based on the 
possibilistic approach is the tendency to produce trivial 
solutions consisting in “coincident clusters.” In other 
words, the algorithms may assign all prototypes to the 
same location. A practical work-around that is often 
adopted (see, e.g., Krishnapuram and Keller 1996) is to 
use the fuzzy k-means solution as starting point for pos-
sibilistic k-means. For the clustering of fuzzy data, Coppi 
et  al. (2012) also recommend using the fuzzy k-means 
clustering solution as the starting point for the possibil-
istic k-means algorithm. Through a simulation study, they 
show that this work-around limits the risk of obtaining 
coincident clusters.

D’Urso and De Giovanni (2014) proposed different 
robust clustering methods for fuzzy data based on a suit-
able distance measure for fuzzy data. This measure is a 
metric version of the dissimilarity measure proposed by 
Coppi et  al. (2012). In particular, using a “Partitioning 
Around Medoids” (PAM) approach (Kaufman and Rous-
seeuw 1990), D’Urso and De Giovanni first proposed a 
timid robustification of the fuzzy clustering of LR fuzzy 
data proposed by Coppi et  al. (2012), i.e., the so-called 
Fuzzy k-Medoids Clustering method for Fuzzy data 
(FkMedC-F method). Successively, they proposed three 
robust fuzzy clustering methods, i.e., the Smoothed Fuzzy 
k-Medoids Clustering method for Fuzzy data (SFkMedC-
F method), the Fuzzy k-Medoids clustering with Noise 
Cluster method for Fuzzy data (FkMedC-NC-F method), 
and the Trimmed Fuzzy k-Medoids Clustering method for 
Fuzzy data (TrFkMedC-F method). Each method neutral-
izes in a different manner the negative effects of outliers 
in the clustering process. In particular, the SFkMedC-F 
method achieves its robustness with respect to outli-
ers by taking into account a “robust” distance measure; 
the FkMedC-NC-F method achieves its robustness with 
respect to outliers by introducing a noise cluster repre-
sented by a noise prototype and the TrFkMedC-F method 
achieves its robustness with respect to outliers by trim-
ming away a certain fraction of the data units.

For a survey on fuzzy clustering methods for fuzzy 
data, see D’Urso (2007).

Notice that, in the literature, there are various clus-
tering methods proposed for classifying imprecise data 
that are modeled as interval-valued data. In this case, the 
interval algebra is used for formalizing these kinds of 
data. In a fuzzy framework, the interval-valued data can 
be seen as fuzzy data with uniform membership function. 
In this connection, interesting contributions on (non-
fuzzy) clustering of interval-valued data have been pro-
posed, e.g., by de Sousa and de Carvalho (2004), Guru 
et al. (2004), de Carvalho et al. (2006a, b), de Carvalho 

and Lechevallier (2009a, b), Hardy and Kasaro (2009), de 
Carvalho and de Souza (2010), and Kao et al. (2014).

Attention has also been focused on fuzzy clustering of 
interval-valued data (see, e.g., El-Sonbaty and Ismail 1998; 
D’Urso and Giordani 2006a, b; de Carvalho 2007; de Car-
valho and Tenorio 2010; D’Urso et  al. 2015a, b). In this 
regards, an interesting line of research is that of the man-
aging of fuzzy clustering in the presence of outlier inter-
val-valued data, i.e., robust fuzzy clustering (D’Urso and 
Giordani 2006a; D’Urso et  al. 2015). For interval-valued 
data, according to our knowledge, only four robust fuzzy 
clustering methods have been proposed in the literature, 
i.e., the noise approach-based fuzzy clustering proposed 
by D’Urso and Giordani (2006b), the trimmed approach-
based fuzzy clustering proposed by D’Urso et  al. (2015), 
the exponential distance-based fuzzy clustering proposed 
by D’Urso et al. (2017), and the fuzzy c-ordered-medoids 
clustering for interval-valued data proposed by D’Urso 
and Leski (2016) that is a Partitioning Around Medoids 
(PAM) fuzzy clustering method based on Huber’s M-esti-
mators and Yager’s OWA (Ordered Weighted Averaging) 
operators.

4.1.1  A representative example

As an example, we here illustrate schematically the fuzzy 
clustering for LR fuzzy data proposed by Coppi et  al. 
(2012), which is characterized by the following steps:

1. input data and distance measure;
2. clustering procedure.

4.1.1.1 Input data and distance measure The input data 
are represented by Eqs.  (1)–(2). However, prior to com-
puting the distance measure and to applying the clustering 
model, it may be advisable to preprocess the data in order 
to eliminate unwanted differences among the variables. The 
LR fuzzy data can be pre-processed as follows. Taking into 
account that each LR fuzzy number is characterized by 
two “centers” and two spreads, it is possible to standard-
ize simultaneously the “centers” by considering the mean 
and the standard deviation of both “centers.” Thus, each left 
and right spread is divided by the standard deviation of the 
corresponding “centers.” By means of this pre-processing 
step, it is possible to remove artificial range differences 
while keeping the information about the relative sizes of the 
spreads (Coppi et al. 2006a).

In order to measure the dissimilarity between each pair 
of objects, i.e., the observed data and the estimated ones, 
Coppi et  al. (2012) proposed a distance measure for LR 
fuzzy data, which is an extension of the distance suggested 
by D’Urso and Giordani (2006a), i.e.,
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where d(�1i, �1i� ) = ‖‖ �1i − �1i�
‖‖ is the Euclidean distance 

between the left centers �1i and �1i′; d(�2i, �2i� ) = ‖‖ �2i − �2i�
‖‖ 

is the Euclidean distance between the right centers 
�2i and �2i′; d(�i, �i� ) = ‖‖ �i − �i�

‖‖ is the Euclidean distance 
between the left spreads �i and �i′;  d(�i, �i� ) = ‖‖ �i − �i�

‖‖ is 
the Euclidean distance between the right spreads �i and �i′;  
�1i ≡ (c1i1, ..., c1ij..., c1ip)

�, �1i� ≡ (c1i�1, ..., c1i�j..., c1i�p)
�,  

�2i ≡ (c2i1, ..., c2ij..., c2ip)
�, �2i� ≡ (c2i�1, ..., c2i�j..., c2i�p)

�, 
�i ≡ (li1, ..., lij..., lip)

�, �i� ≡ (li�1, ..., li�j..., li�p)
�, 

�i ≡ (ri1, ..., rij..., rip)
�, �i� ≡ (ri�1, ..., ri�j..., ri�p)

�; w
C
,w

S
≥ 0 

are suitable weights—computed objectively within the 
clustering procedure—for the center component and the 
spread component of CDGd(�̃�i, �̃�i� ), where �̃�i and �̃�i′ denote 
the fuzzy data vectors, respectively, for the i-th and i’-th 
objects, i.e., �̃�i ≡ {

x̃i j = (c1 i j , c2 i j , li j , ri j)LR: j = 1,...,p
}
 

and �̃�i� ≡ {
x̃i ’j = (c1 i ’ j , c2 i ’ j , li ’ j , ri ’ j)LR: j = 1,...,p

}
.

D’Urso, De Giovanni and Massari (2014) proved 
that the distance shown in Eq.  (6) satisfy the metric 
properties.

4.1.1.2 Clustering procedure Coppi et  al. (2012) pro-
posed the following fuzzy clustering method for LR fuzzy 
multivariate data:

where m > 1 is a weighting exponent that controls the 
fuzziness of the obtained partition (see D’Urso et  al. 
2014);

u i g indicates the membership degree of the i-th object 
in the g-th cluster;

CDGd
2(�̃�i, �̃�g) represents the suggested dissimilarity 

measure between the i-th object and the prototype of the 
g-th cluster, analogously for its components 
d2(�1i, �

C1

g ), d2(�2i, �
C2

g ), d2(�i, �
L
g
), d2(�i, �

R
g
), where the 

fuzzy vector ̃𝐡g ≡
{
h̃g j = (h

C1

g , h
C2

g , hL
g
, hR

g
)
LR
: j = 1,...,p

}
 

represents the fuzzy prototype of the g-th cluster; 
�
C1

g ≡ (h
C1

g1
, ..., h

C1

g j
, ...h

C1

g p)
�, �

C2

g ≡ (h
C2

g1
, ..., h

C2

g j
, ...h

C2

g p)
�, 

�L
g
≡ (hL

g1
, ..., hL

g j
, ...hL

g p
)�, and �R

g
≡ (hR

g1
, ..., hR

g j
, ...hR

g p
)� are 

p-vectors, whose j-th element refers to the j-th variable, 
that denote, respectively, the (left and right) centers and 
the (left and right) spreads of the g-th fuzzy prototype.

(6)
CDG

d(�̃�
i
, �̃�

i�
) =

[
w
2

C
[d2(𝐜1i, 𝐜1i� ) + d

2(𝐜2i, 𝐜2i� )]

+w2

S
[d2(𝐥

i
, 𝐥
i�
) + d

2(𝐫
i
, 𝐫

i�
)]
] 1

2 ,

(7)

min
uig, 𝐡g,𝐰

:JFkM−LR ≡
n∑
i=1

k∑
g=1

um
i g CDGd

2(�̃�i, �̃�g) =

n∑
i=1

k∑
g=1

um
i g
[w2

C
[d2(𝐜1i, 𝐡

C1

g
) + d2(𝐜2i, 𝐡

C2

g
)] + w2

S
[d2(𝐥i, 𝐡

L
g
) + d2(𝐫i, 𝐡

R
g
)]],

s.t. uig ∈ [0, 1],
∑
g=1

u
i g

= 1,

𝐰 ≡ (wC wS)
� ≥ 𝟎2, wC ≥ wS, wC + wS = 1,

By solving the constrained quadratic minimization 
problem shown in Eq.  (7) via Lagrangian multiplier 
method with respect to u i g and by setting the first deriva-
tives of JFkM−LR with respect to �C1

g , �
C2

g , �L
g
, �R

g
 and w 

equal to zero, Coppi et  al. derived the iterative solution 
(see, Coppi et al. 2012).

Notice that, in the clustering method shown in Eq.  (7), 
before computing the membership degrees and the cen-
troids iteratively, the number of clusters k has to be fixed. 
Cluster validity criteria that will can be used are the Xie-
Beni criterion (Xie and Beni 1991) and the silhouette cri-
terion (Campello and Hruschka 2006). Furthermore, in 
order to display the obtained optimal partition, different 
graphical procedures can be considered, e.g., silhouette 
plot (Campello and Hruschka 2006), ternary plot, Modified 
Sammon Mapping; for other visualization procedures, see 
D’Urso (2015).

We observe that, by considering the same metric shown 
in Eq. (6), Coppi et al. (2012) also suggested a possibilis-
tic version of the method shown in Eq. (7). Method shown 
in Eq. (7) represents an extension of the D’Urso–Giordani 
model (2006a) proposed for a particular case of LR fuzzy 
data.

4.2  Self‑organizing maps (SOMs) for imprecise data

In the literature, there are various examples of Self-Organ-
izing Maps (SOMs) for imprecise data modeled as interval 
and symbolic data.

Bock (1999, 2008) proposed to visualize symbolic data 
(i.e., interval-valued data) by using SOMs. Chen et  al. 
(2010) suggested a batch version of the SOMs for sym-
bolic data. D’Urso and De Giovanni (2011) proposed Mid-
point Radius-Based Self-Organizing Maps (MR-SOMs) 
for interval-valued data showing a suggestive telecommu-
nications application. Hajjar and Hamdan proposed a self-
organizing map for individuals-variables interval data using 
 L2 distance (Hajjar and Hamdan 2011a; Hamdan and Hajjar 
2011), Hausdorff distance (Hajjar and Hamdan 2011b), City 
block distance (Hajjar and Hamdan 2012), an extension of 
 L2 distance for interval data (Hamdan and Hajjar 2012), 
and Mahalanobis distance (Hajjar and Hamdan 2013). Yang 
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et  al. (2012) suggested SOMs for symbolic data. Cabanes 
et  al. (2013) proposed a clustering algorithm for interval 
data, based on the learning of a self-organizing map. The 
algorithm suggested by Cabanes et al. (2013) is a two-level 
clustering method for interval data. The key idea of the two-
level clustering approach based on SOM is to combine the 
dimension reduction and the fast learning capabilities of 
SOM in the first level to construct a new reduced space, 
then to apply a clustering method in this new space to pro-
duce a final set of clusters in the second level. El Golli et al. 
(2004) defined an adaptation of the self-organizing map to 
interval-valued dissimilarity data by implementing the SOM 
algorithm on interval-valued dissimilarity measures rather 
than on individuals-variables interval data.

According to our knowledge, the only work on SOMs for 
data imprecisely observed in which the imprecise data are 
modeled in a fuzzy manner D’Urso et  al. (2014). D’Urso 
et al. (2014) proposed an extension of the SOMs for fuzzy 
data in which the learning algorithm is based on two dis-
tances for fuzzy data. The proposed SOMs allow clustering 
and vector quantization of fuzzy data.

4.2.1  A representative example

As an example, we illustrate the SOM for LR fuzzy num-
ber-valued data (SOMF-LR) proposed by D’Urso et  al. 
(2014) based on the distance shown in Eq. (3) and a multi-
variate extension of the Yang–Ko distance (1996). This can 
be divided in following steps:

1. input data and distance measure;
2. model, learning rule, and quality of learning.

4.2.1.1 Input data and distance measure The input data 
are represented by Eqs. (1)–(2). For a possible data pre-pro-
cessing, see sub-Sect. 4.1.1.

The distance measured utilizing the self-organizing 
maps is shown in Eq. (6).

4.2.1.2 Model, learning rule, quality of learning, and plot-
ting procedure The SOM is a network (topology, lattice) 
of q functional units or neurons arranged in a one-dimen-
sional or multidimensional configuration. Each neuron p, 
1 ≤ q ≤ ̃q has a (scalar or vectorial) location (coordinate) rq 

dependent on the configuration (one-dimensional or mul-
tidimensional), and an initial p-dimensional weight φq= 
(φq1, ... φqs, ..., φqp). Then, there is a set of n p-dimensional 
input vectors ξi = (ξi1, ..., ξis, ..., ξip). At ordering step t, an 
input vector ξi(t) is compared in any metric with the weight 
vectors and the winner neuron c̃ (response or best match-
ing unit, bmu) whose weight vector 𝜑c̃ is closest to ξi(t) is 
selected. The learning rule of the weights is the following 
(Kohonen 1995):

where α(t) is the learning rate and Nc̃ = Nc̃(t) is the topo-
logical neighborhood of 𝜑c̃.

The neighborhood is often given in terms of a neighbor-
hood function. In this case, the learning rule of the weights is 
the following:

where hq,i(t) is the neighborhood function measuring the 
distance between the locations of neuron q and closest 
(winner) neuron c̃ to the input vector ξi(t). A frequently 
used form for neighborhood function is 

hq,i(t) = exp

�
−
‖r̃q−r̃c̃‖2

2𝜎(t)2

�
, where r̃q and r̃c̃ identify the 

locations (coordinates) of neurons q and c̃ in the configura-
tion (topology) and σ(t) is the (decreasing) width of the 
neighborhood.

According to Kohonen (1995), the randomly chosen initial 
values for the �q gradually change to new values in a learn-
ing process specified by Eq. (5) or Eq. (6) such that, as t→∞, 
the weight vectors of the neurons φ1, …, φq, …, φq̃ become 
ordered (neurons with nearest location exhibit smaller dis-
tance with respect to weights), and that the probability den-
sity function of the weight vectors finally approximates some 
monotonic function of the probability density function f(ξ) of 
the p-dimensional continuous random variable ξ.

Considering the SOM algorithm shown in Eq.  (9), in 
order to use the SOM for clustering and vector quantization 
of LR fuzzy data, the winner is selected on the basis of the 
distance shown in Eq.  (6). According to Eq.  (6), the dis-
tance considered between the weight vector φq(t) and the 
generic input vector i sorted for updating the SOM at order-
ing step t, ξi(t)= ̃𝐱i is

(8)

𝜑q(t + 1) = a(t)𝜉i(t) + (1 − a(t))𝜑q(t) if q ∈ Nc̃

𝜑q(t + 1) = 𝜑q(t) otherwise

(9)�q(t + 1) = a(t)hq,i(t)�i(t) + (1 − a(t)hq,i(t))�q(t)

(10)

CDGd(�q(t), �i(t)) ≈(
w2
C

( ‖‖‖ �1q(t) − c1i(t)
‖‖‖
2

+
‖‖‖ �2q(t) − c2i(t)

‖‖‖
2
)
+ w2

S

( ‖‖‖ �lq(t) − li(t)
‖‖‖
2

+
‖‖‖ �rq(t) − ri(t)

‖‖‖
2
))1∕2

=

(
(1 − �(t))2

( ‖‖‖ �1q(t) − c1i(t)
‖‖‖
2

+
‖‖‖ �2q(t) − c2i(t)

‖‖‖
2
)
+ �(t)2

( ‖‖‖ �lq(t) − li(t)
‖‖‖
2

+
‖‖‖ �rq(t) − ri(t)

‖‖‖
2
))1∕2
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where φq (t) is the p-dimensional vector of left and right 
centers and left and right spreads for the weight vector of 
neuron q in which φ1q(t), φ2q(t), φlq(t), and φrq(t) are the 
p-dimensional vectors of left centers, right centers, left 
spreads, and right spreads, respectively.

The quality of learning in the SOM is measured through 
the average expected quantization error and the average 
expected distortion measure that are, respectively,

where ξ ∈ ℜp is the input vector, 𝜑c̃ is the weight vector 
closest to the input vector ξ according to CDGd, and hq,�(t) is 
the degree of neighborhood between the locations of neu-
ron q and winner neuron c̃.

The SOM algorithm might be derivable from the opti-
mization (minimization) of the average expected distortion 
measure by computing the gradient of the measure shown 
in Eq.  (12) (Kohonen 1995). The average quantization 
error and the average distortion measure are the sample 
counterparts of Eqs. (8) and (9) and are defined as follows:

In order to improve the quality of learning, the value of 
ν is determined so as to minimize the average distortion 
measure shown in Eq.  (14). By computing the derivative 
of the measure shown in Eq. (14) with respect to v(t), the 
optimum value of v(t) becomes

Considering distance shown in Eq.  (6), the updating 
rules for the weight vector �q (t) when the generic input 
vector i is sorted for updating the SOMs at ordering step t 
ξi(t) = ̃𝐱i are

(11)∫
ℜp

CDGd(�c̃, �)f (�)

(12)∫
ℜp

q̃∑
q=1

hq,�(t)CDGd
2(�q, �)f (�)

(13)n−1
n∑
i=1

CDGd(�c̃, �i)

(14)
I∑

i=1

q̃∑
q=1

hq,i(t)CDGd
2(�q, �i).

(15)v(t) = min

⎧
⎪⎪⎨⎪⎪⎩

n∑
i=1

q̃∑
q=1

hq,i(t)

� ��� �1q(t) − �1i(t)
���
2

+
��� �2q(t) − �2i(t)

���
2
�

n∑
i=1

q̃∑
q=1

hq,i(t)

���� �1q(t) − �1i(t)
���
2

+
��� �2q(t) − �2i(t)

���
2

+
��� �lq(t) − �i(t)

���
2

+
��� �rq(t) − �i(t)

���
2
� ,0.5

⎫
⎪⎪⎬⎪⎪⎭

.

where c̃ is the neuron closest to ξi(t).
For a formalization of the SOMF-LR based on the mul-

tivariate extension of the Yang–Ko distance, see D’Urso 
et al. (2014).

4.3  Regression analysis for imprecise data

Regression analysis constitutes one of the most popular 
methodological areas for the use of fuzzy sets theory to 
manage imprecision affecting empirical data. It is certainly 
the most prolific area in terms of scientific productivity as 
there are several papers published on regression analysis 
with fuzzy variables (i.e., fuzzy-dependent variables and/or 
fuzzy explanatory variables).

In particular, in the literature, different approaches to 
regression analysis for fuzzy data have been developed, 
starting from the pioneering works by Tanaka et al. (1982), 
Celminš (1987), Diamond (1988), based respectively 
on possibilistic principles (Tanaka et  al. 1993) and least 
squares principles. In this connection, two main approaches 
are available:

–– The possibilistic approach In this framework, given 
a regression model involving fuzzy regression coeffi-
cients, these are estimated by minimizing the fuzziness 
of the estimated response variable, conditionally on 
obtaining fuzzy response values which contain (to a cer-
tain possibility degree) the observed fuzzy responses. 
Several papers have been published in this area (see, for 
instance, Tanaka et al. 1982; Tanaka and Watada 1988; 
and, in a comparative perspective; Kim et al. 1996; Dia-

mond and Tanaka 1998; Chang and Ayyub 2001).
–– The least squares approach This approach is based on 

suitable extensions of the well-known least squares cri-
terion to the fuzzy setting. It aims at finding a linear 

(16)

�1q(t + 1) = a(t)hq,i(t)�1i(t) + (1 − a(t)hq,i(t))�1q(t)

�2q(t + 1) = a(t)hq,i(t)�2i(t) + (1 − a(t)hq,i(t))�2q(t)

�lq(t + 1) = a(t)hq,i(t)�i(t) + (1 − a(t)hq,i(t))�lq(t)

�rq(t + 1) = a(t)hq,i(t)�i(t) + (1 − a(t)hq,i(t))�rq(t)
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model which “best approximates” the observed data 
in a given metric space. The least squares criterion is 
then utilized with respect to the chosen metric. This 
approach has been followed by many researchers in the 
last two decades (for instance, Celminš 1987; Diamond 
1988; Chang and Lee 1996; Ma et  al. 1997; D’Urso 
and Gastaldi 2000, 2002; Coppi and D’Urso 2003a, b; 
D’Urso 2003; Wu 2003; Coppi et al. 2006c; D’Urso and 
Santoro 2006a, b; D’Urso et al. 2011; Takemura, 2011; 
D’Urso and Massari 2013). However, the proposals 
made in the papers devoted to this line of thought are 
very heterogeneous. The main features distinguishing 
the different suggestions are represented by the defini-
tion of the linear regression model, on one side, and, on 
the other side, by the specific metric space introduced 
for applying the least squares criterion (Coppi et  al. 
2006a, b, c, d).

Since several contributions belonging to two previous 
approaches have been proposed in the literature, we refer 
to interested readers the journals devoted to this topic, such 
as Fuzzy Sets and Systems, IEEE Transactions on Fuzzy 
Systems, Information Sciences, Applied Soft Computing, 
Soft Computing, and Computational Statistics and Data 
Analysis.

4.3.1  A representative example

As an example, in the following, we illustrate schemati-
cally the so-called weighted least squares approach-based 
fuzzy linear regression analysis for studying the relation-
ship between a LR fuzzy response variable and a set of LR 
fuzzy explanatory variables, proposed by D’Urso and Mas-
sari (2013). This represents a generalization of the fuzzy 
regression analysis proposed by Coppi et  al. (2006c) and 
Coppi and D’Urso (2003a, b). D’Urso and Massari (2013) 
also proposed a robust version that is an extension of the 
robust model proposed by D’Urso et  al. (2011). All these 
least squares-based regression models are inspired by the 
following simple idea (D’Urso and Gastaldi 2000, 2002; 
D’Urso 2003): the general fuzzy regression model is based 
on different sub-models. The first one interpolates the cent-
ers of the fuzzy data, the other sub-models are built over 
the first one and yield the spreads. This formulation allows 
the model to consider possible relations between the size of 
the spreads and the magnitude of the estimated centers, as 
it is often necessary in real case studies.

Schematically, the steps of the fuzzy regression analysis 
suggested by D’Urso and Massari (2013) are the following:

1. input data and distance measure,
2. model.

4.3.1.1 Input data and  distance measure LR fuzzy data 
are considered in the regression analysis, i.e., LR fuzzy 
response variable Ỹ = (c1 , c2 , l, r )LR and a set of p LR fuzzy 
explanatory variables X̃s = (c1s , c2s , ls , rs )LR, s = 1, … p.

For the data pre-processing, see sub-sect. 4.1.1.
The metric considered in the least squares estimation 

process is a multivariate extension of the Yang–Ko distance 
(1996).

4.3.1.2 Model The linear regression model for a fuzzy 
response variable Ỹ = (c1 , c2 , li , ri )LR and a set of p LR 
fuzzy explanatory variables X̃s = (c1s , c2s , lis , ris )LR, s = 1, 
… p is

where
�1, �2 are the n-vectors of the left and right centers of the 

fuzzy response variable;
l, r are the n-vectors of the left and right spreads of the 

fuzzy response variable;
�1, �2 are the (n×(p + 1))-matrices of the left and right 

centers of the fuzzy input variables containing a vector of 
ones;

L, R are the (n×(p + 1))-matrices of the left and right 
spreads of the fuzzy input variables containing a vector of 
ones;

�1, �2, �l, and �r are the (p + 1)-vectors of coefficients of 
the models on the left centers �1;

�1, �2, �l and �r are the (p + 1)-vectors of coefficients of 
the models on the right centers �2;

γ0, γ1, and γ2 are the coefficients of the models on the left 
spreads, l;

δ0, δ1, and δ2 are their counterparts for the model on the 
right spreads, r;

��1, ��2 are the n-vectors of the error terms of the models 
on the left and right centers;

�l, �r are the n-vectors of the residual terms of the mod-
els on the left and right spreads;

1 is the n-vector of ones;
the theoretical values of the centers and spreads are 

marked with an asterisk symbol (*);
�∗ is the (n × 3) matrix whose columns are the vector of 

ones and the vectors of the theoretical values of the left and 
right centers of the response variable;

γ and δ are the (3 × 1) vectors of the coefficients of the 
model on the left and right spreads.

Notice that in order to neutralize possible problems 
connected to the negativity of estimated spreads suitable 
solutions can be adopted, e.g., considering the logarithmic 

(17)

�1 = �∗
1
+ ��1 �∗

1
= �1�1 + �2�2 + ��l + ��r

�2 = �∗
2
+ ��2 �∗

2
= �1�1 + �2�2 + ��l + ��r

� = �∗ + �l �∗ = ��0 + �∗
1
�1 + �∗

2
�2 = �∗�

� = �∗ + �r �∗ = ��0 + �∗
1
�1 + �∗

2
�2 = �∗�



237Granul. Comput. (2017) 2:225–247 

1 3

transformation of the spreads (see D’Urso 2003; D’Urso 
and Massari 2013).

By adopting the multivariate version of the 
Yang–Ko metric, the objective function to be minimized 
is the weighted squared Euclidean distance between the 
observed fuzzy variables and their estimates is

where the parameters � = ∫ 1

0
L−1(�)d�, � = ∫ 1

0
R−1(�)d� 

have the twofold role of taking into account the variabil-
ity of the membership function and decreasing the empha-
sis on the spreads (Coppi et al. 2006c; D’Urso and Massari 
2013), and W is a diagonal matrix, whose elements are the 
weights attached to each observation.

By minimizing the objective function shown in Eq. (18), 
D’Urso and Massari (2013) obtained the iterative solution 
of the model shown in Eq. (17).

Suitable indices for measuring the goodness of fit have 
been suggested by D’Urso and Massari (2013). See also 
Coppi et al. (2006c) and D’Urso and Santoro (2006a).

4.4  Principal component analysis for imprecise data

Several contributions have been proposed for Principal 
Component Analysis (PCA) in a fuzzy domain, e.g., Yabu-
uch and Watada (1997), Yang and Wang (2000), Sarbu 
and Pop (2005), Honda and Ichihashi (2006), Yang et  al. 
(2008), Pop et  al. (2009), Heo et  al. (2009), Honda et  al. 
(2010), Rezaee and Moini (2013), Xian et al. (2013), and 
Baklouti et al. (2016).

With respect to the specific area of PCA for imprecise 
data, we draw attention to the following contributions: 
Denœux and Masson (2004), D’Urso and Giordani (2004, 
2005), Giordani and Kiers (2004a, b, 2006), Coppi et  al. 
(2006a, b, c, d), Giordani (2006, 2010), Douzal-Chouakria 
et  al. (2011), Le-Rademacher, Billard (2012), Liu et  al. 
(2014, 2015), and Calcagnì et  al. (2016). In particular, 
Denœux and Masson (2004) suggested a PCA of fuzzy 
data using autoassociative neural networks. D’Urso and 
Giordani (2004) proposed a least squares-based PCA for 

(18)

Δ̃2

�
= ‖‖�1 − �∗

1
‖‖2� + ‖‖�2 − �∗

2
‖‖2�

+
‖‖‖
(
�1 − 𝜆�

)
−
(
�∗
1
− 𝜆�∗

)‖‖‖
2

�

+
‖‖‖
(
�2 + 𝜌 �

)
−
(
�∗
2
+ 𝜌 �∗

)‖‖‖
2

�

imprecise data, i.e., interval-valued data. The same authors 
proposed a PCA for fuzzy data based on a possibilis-
tic approach (D’Urso and Giordani 2005). Giordani and 
Kiers (2004a) suggested a PCA for LR fuzzy data based 
on the least squares approach. The same authors (Giordani 
and Kiers 2006) compared some PCA methods for fuzzy 
data. Coppi et al. (2006a) proposed a new PCA for fuzzy 
data. In particular, in Coppi et  al. (2006a), the problem 
of detecting the underlying structure of LR fuzzy data is 
dealt with. The basic inspiration is the PCA decomposi-
tion. In particular, they look at this decomposition from a 
least squares viewpoint. This perspective implies finding 
component matrices such that the overall distance between 
observed and modeled data is minimized. This task must 
be achieved while trying to reduce as much as possible the 
number of necessary dimensions for approximating the 
observed data. Liu et al. (2014, 2015b) suggested a group 
decision-making method based on the interval-valued 
intuitionistic fuzzy PCA. Calcagnì et  al. (2016) proposed 
a dimension reduction technique for two-mode non-convex 
fuzzy data.

See Denœux and Masson (2007) for a brief and inter-
esting survey on dimensionality reduction and visualization 
of interval and fuzzy data, i.e., PCA and multidimensional 
scaling (see Sect. 4.5).

4.4.1  A representative example

By way of example, we illustrate schematically the Prin-
cipal Component Analysis for Fuzzy LR data (PCAF-LR) 
proposed by Coppi et al. 2006a, considering the following 
steps:

1. input data and distance measure,
2. model.

4.4.1.1 Input data and distance measure The input data 
are represented by Eqs. (1)–(2). Also in the PCAF-LR prior 
to fitting the model, it may be advisable to preprocess the 
data. To this purpose, we suggest following the same indica-
tions shown in sub-sect. 4.1.1.

In order to compare the observed data and the estimated 
ones, Coppi et  al. (2006a) considered the following mul-
tivariate extension of the Yang–Ko distance for LR fuzzy 
data (Yang and Ko 1996):

(19)
YKd

2
LR

= ‖‖�1 − �∗
1
‖‖2 + ‖‖�2 − �∗

2
‖‖2+

+

v∑
s=1

‖‖‖
[(
�1 − �Λ

)
�L

s
+
(
�2 + ��

)
�R

s

]
−
[(
�∗

1
− �∗Λ

)
�L

s
+
(
�∗

2
+ �∗�

)
�R

s

]‖‖‖
2

,
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where �1, �2, L, R and �∗
1
, �∗

2
, �∗, �∗ are, respectively, the 

observed and estimated matrices of the left “centers” and 
right “centers,” left spreads and right spreads of order 
(n × p) and the matrices �L

k
 and �R

k
, s = 1, … , v are diago-

nal matrices with 0 and 1 diagonal elements, which allow 
us to describe suitable each and every vertex of the hyper-
rectangles (see Coppi et  al. 2006a). The left and right 
spreads are differently weighted by means of the matrices 
Λ and Ρ. These are diagonal matrices whose elements are, 
respectively, �j and �j that take values according to the left 
and right membership functions of the fuzzy variable at 
hand. More specifically, �j = ∫ 1

0
L−1
j
(�)d� and 

�j = ∫ 1

0
R−1
j
(�)d�, where Lj and Rj are, respectively, the 

left and right membership functions of the j-th fuzzy varia-
ble. These parameters take into account the variability of 
the membership function and reduce accordingly the influ-
ence of the spreads in the computation of the distance 
shown in Eq.  (19), (for more details, see Coppi et  al. 
2006a).

in which �C1
, �C2

, �L, and �R are the component score 
matrices of order (n × p̃) pertaining, respectively, to the 
left and right “centers,” left spreads and right spreads, and 
p̃ is the number of extracted components. F (p × p̃) is the 
matrix of the component loadings that is assumed to be the 
same for the left and right “centers” and the (left and right) 
spreads. Finally, �C1

, �C2
 and �s, s = 1,… , v are matrices 

of residuals of appropriate order.
The model shown in Eq. (21) aims at finding a compro-

mise structure between centers and spreads: the vertices 
have the same component loadings, whereas the component 
scores take values around those pertaining to the left and 
right “centers.” Once more, the model admits rotations of 
the obtained solution without affecting the model estimates.

By considering the least squares estimation procedure, 
the solution of the PCAF-LR model is based on the mini-
mization of the distance shown in Eq.  (20) with respect 
to �C1

, �C2
, �L, �R, and F. For the iterative solution, see 

Coppi et al. (2006a).
In order to evaluate the model’s fitting, Coppi et  al. 

(2006a) proposed the following goodness of fit index:

High values of this index show that the PCAF-LR model 
fits the data very well.

To plot the objects into the low-dimensional space 
spanned by the orthonormal component loadings, 

1 −
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As shown by Coppi et  al. (2006a), after some algebra, 
the distance shown in Eq. (19) can be simplified as follows:

4.4.1.2 Model The principal component analysis for 
Fuzzy LR data (PCAF-LR) adopts the following model:

(20)
YKd
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Coppi et  al. (2006a, b, c, d) suggested a suitable plotting 
procedure.

4.5  Multidimensional scaling for imprecise data

In Multidimensional Scaling (MDS), the concept of dis-
tance/dissimilarity is involved in various steps, i.e., in the 
input data step (the input data are fuzzy distances/dis-
similarities) and during the process of analysis. In classi-
cal MDS, the aim is to represent the data contained in a 
distance/dissimilarity (proximity) matrix onto a Euclidean 
space in which the distances between the “objects” approx-
imate, in some sense, the observed distances/dissimilari-
ties. This may happen in various situations. For instance, 
the distance/dissimilarity assessment may be formulated 
in linguistic terms (such as “very close,” “close,” “quite 
different,” “different,” “very different,” and so on) or the 
assessment may be made by several judges in a quantitative 
way (thus causing an imprecision in any synthetic value 
chosen for summarizing the different distance/dissimilar-
ity measures). In the above situations, the original data may 
be “fuzzified” so that to each pair of objects a distance/dis-
similarity value is associated (Coppi 2003).

For instance, Hébert et al. (2006) point out the following 
examples of situations:

–– “The dissimilarities may be directly elicited from 
human evaluators who have some difficulty in precisely 
quantifying the proximity of two objects. A fuzzy num-
ber rather than a real value may be more suitable to 
account for the vagueness of the evaluation.”

–– “The dissimilarities may be measured independently by 
several sensors, so that the available information con-
cerning the dissimilarity between any two objects takes 
the form of an empirical distribution. One way to ana-
lyze such data is to describe the distribution by a fuzzy 
number computed from some fractiles of the distribu-
tion.”

In the literature, some MDS methods in a fuzzy frame-
work have been suggested. In Denoeux and Masson 
(2000) and Masson and Denoeux (2002), generalizations 
of Euclidean MDS to interval-valued and fuzzy data are 
suggested. Hébert et al. (2006) reviewed these generaliza-
tions and extended them to spherical MDS. In the same 
year, Groenen et  al. (2006) suggested a MDS for interval 
dissimilarities based on iterative majorization. Masson and 
Denoeux (2002) suggested also a possibilistic version of 
the MDS by using in place of the least squares fitting a pos-
sibilistic fitting procedure.

4.5.1  A representative example

In the following, we show briefly the multidimensional 
scaling for fuzzy dissimilarities (MDSF) proposed by Mas-
son and Denoeux (2002), which is characterized by the fol-
lowing steps:

1. input data and distance measure,
2. model.

4.5.1.1 Input data and distance measure The input data 
are represented by fuzzy distances/dissimilarities that, as 
explained before, may come from a linguistic evaluation by 
a single human subject or from the synthesis of responses 
from a panel of assessors.

Denoting by �i i′ the fuzzy distance/dissimilarity is 
measured between each pair of i-th and i′-th object, 
(i,i’ = 1, ...., n), and the input data matrix is constituted by 
� =

{
�i i� :i, i

� = 1, ..., n
}
.

A LR membership function may be assigned to each 
fuzzy distance/dissimilarity, although this is not strictly 
necessary for applying the method. In fact, the basic idea 
of the method consists in focusing on the Euclidean rep-
resentation of the objects, say ℜp̃, where each i-th object 
is represented by a fuzzy region, say Ri. The modeling job 
is carried out with reference to this fuzzy representation.

Applying the extension principle (Zadeh 1975a, b, c), 
a fuzzy distance measure between two fuzzy regions Ri 
and Ri’ can be defined as follows:

where the supremum is computed under the con-
straint � = ‖� − �‖. If Ri and Ri’ are multidimensional 
fuzzy numbers, each α-cut of di i′ is a closed interval 
�di i� = [�d−

ii�
, �d+

ii�
], whose bounds are, respectively, the 

minimum and maximum distances between the α-cuts of Ri 
and Ri’. Masson and Deneoux (2002) choose to represent 
each object by a fuzzy region whose α-cuts are concentric 
hyperspheres of radii ri and center ci, so that

where d∗
ii�

 denotes the Euclidean distance between centers 
ci and ci’.

4.5.1.2 Model By adopting the least squares principle, 
the following steps characterize the model:

–– choice of a set of z predetermined α-cuts with the con-
vention: 1 = 𝛼1 > ... > 𝛼s > ... > 𝛼z = 0;

𝜇dii�
(𝜔) = sup

�,�∈ℜp̃

min(𝜇Ri
(�),𝜇Ri�

(�)),

�d−
ii�
= max(0, d∗

ii�
− �ri −

�ri� )
�d+

ii�
= d∗

ii�
+ �ri +

�ri� ,
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–– definition of the stress function to be minimized: 
𝜎(ℜ) =

z∑
s=1

∑
i<i�

[(𝛼sd−
ii�
− 𝛼s𝛿−

ii�
)2 + (𝛼sd+

ii�
− 𝛼s𝛿+

ii�
)],

where ℜ indicates the set of fuzzy regions Ri.
The number of parameters of the model is n(p̃ + z) 

given by n centers with p̃ coordinates, plus n × z radii ri 
(constrained by z-1 inequalities). Introducing the param-
eters �s�i such that �s ri =

∑s

h=1
�h�i the above problem 

becomes an unconstrained non-linear optimization prob-
lem, which can be solved by means of an iterative gradi-
ent descent algorithm.

The amount of stress may also be used for judging the 
goodness of fit of the MDSF. The evaluation of the good-
ness of fit can be complemented graphically by the scree 
plot and the modified Shepard diagram (Hébert et  al. 
2006).

4.6  Other exploratory multivariate methods 
for imprecise data

Within an exploratory approach, there are other multivari-
ate statistical methods for imprecise data. In particular, the 
following multivariate analysis can be considered:

–– Correspondence analysis Loslever and Bouilland (1999) 
illustrated a fruitful marriage, to paraphrase the authors, 
between fuzzy sets and multiple correspondence analy-
sis. Starting from a two-way contingency table where 
its elements are positive fuzzy numbers and considering 
the fuzzy eigenvalue concept, Theodorou et  al. (2007) 
suggested a Correspondence Analysis for fuzzy data. In 
this context it is useful the concept of metric spaces for 
fuzzy sets (Diamond and Kloeden 1999) and the defini-
tion in a fuzzy manner of the so-called chi-square met-
ric. Pinti et  al. (2010) developed a tool in Matlab for 
multiple correspondence analysis of fuzzy coded data. 
Aşan and Greenacre (2011) using a fuzzy version of 
multiple correspondence analysis, suggested biplots of 
fuzzy coded data for visualizing them.

–– Clusterwise regression analysis In considering a multi-
variate version of the Yank-Ko metric in the estimation 
process, D’Urso and Santoro (2006a, b) and D’Urso et 
al. (2010), in order to overcome the heterogeneity prob-
lem in fuzzy regression analysis of fuzzy data, proposed 
various methods for clusterwise regression analysis of 
various types of fuzzy data, in which the regression and 
clustering goals are taken into account simultaneously 
in a fuzzy framework.

–– Classification and Regression trees To detect the num-
ber and location of change points of a fuzzy time series, 
Cappelli et  al. (2013) employed a Yang-Ko distance-
based deviation measure and its decomposition proper-

ties (see D’Urso and Santoro 2006a, b) in the framework 
of the so-called Atheoretical Regression Trees (ART). 
Lertworaprachaya et  al. (2014) suggested an interval-
valued fuzzy decision trees with optimal neighborhood 
perimeter Recently, Cappelli et  al. (2015) suggested a 
regime change analysis of imprecise time series (i.e., 
interval-valued time series) based on regression trees. 
Useful references on decision trees in a fuzzy frame-
work which can be considered for future studies are, 
e.g., Suarez and Lutsko (1999), Chiang and Hsu (2002), 
Olaru and Wehenkel (2003), Qin and Lawry (2005), 
Wang et al. (2008), Zeinalkani and Eftekhari (2014).

–– Three-way analysis: in the last decades, increasing 
attention has also been paid to fuzzy clustering models 
for complex structures of fuzzy data. In particular, in a 
three-way framework, Coppi and D’Urso (2002, 2003) 
suggested fuzzy clustering models for fuzzy time-vary-
ing data arrays based on suitable metrics, respectively, 
an unweighted version of the distance shown in Eq. (6) 
for a particular case of LR fuzzy data, i.e., triangular 
fuzzy data, and a multivariate version of the Yang-Ko 
distance (Yang and Ko 1996). Other models in the same 
filed have been suggested by Coppi et al. (2004, 2006d). 
In the statistical area of three-way PCA for imprecise 
data, we point out the contributions by Giordani (2006, 
2010).

–– Discriminant analysis Following a non-parametric 
approach Colubi et  al. (2011) proposed a discriminant 
analysis for fuzzy data obtained from a random experi-
ment. References on fuzzy discriminant analysis useful 
for future works are, e.g., Watada et al. (1986), Tanaka 
et al. (1993), Chen et al. (1999), Lin and Chen (2004), 
Wu and Zhou (2006), Song et  al. (2010), Shia et  al. 
(2011), Heo and Gader (2011).

–– Support vector machine for classification and regres-
sion Useful references in this field are, e.g., Hong and 
Hwang (2003), Celikyilmaz and Turksen (2007), Wu 
and Law (2010), Wu (2010), Batuwita and Palade 
(2010), Abe (2015).

–– Strategies of analyses In many real situations when the 
structure of the imprecise information is more complex 
and the aims are multiple (e.g., data reduction with 
respect to objects and variables) it is necessary to adopt 
strategies of analysis in which all the previous multi-
variate methods for fuzzy data are suitably combined 
(e.g., principal component analysis and cluster analy-
sis). In this connection, the previous methodological 
approaches can be suitably combined and integrated to 
account for the complexity of the empirical information.

–– Hybrid analysis In recent years, several exploratory 
multivariate methods have been proposed in which the 
analyzed fuzzy variables are modeled within an inferen-
tial framework (fuzzy random variables). For instance, 
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Colubi et  al. (2009) proposed a clustering method for 
fuzzy random variables based on the hierarchical clus-
tering approach.

5  Final remarks and future perspectives

In this paper, we have shown the usefulness of fuzzy sets 
theory for exploratory multivariate statistical analysis when 
the empirical information is affected by uncertainty, impre-
cision, or vagueness (i.e., the data are imprecise). In this 
respect, we have focused our attentions on certain specific 
areas of this branch of statistics, i.e., cluster analysis, self-
organizing maps, regression analysis, principal component 
analysis, and multidimensional scaling.

We have provided an outline of these methodological 
approaches within an overall framework, which is the basis 
of the general fuzzy approach to multivariate statistical 
analysis and presented a detailed review of the theoretical 
contributions in the various thematic areas.

The relevant impact of the various methodological 
approaches is also underscored by the numerous applica-
tions in many practical fields. References to some examples 
of real applications are shown in Table 1.

As we have shown, in this field a lot has been done, but 
much more remains to be explored.

In the future, it could be stimulating to investigate in 
depth the fuzzy techniques for modeling the impreci-
sion affecting the data in specific areas of statistics, such 
as multiple correspondence analysis, canonical correlation 
analysis, three-way data analysis (e.g., STATIS, Tucker, 
Dynamic Factor Analysis), decision trees, and support vec-
tor machine for classification and regression.

Table 1  Some references on real applications

Methods Examples of real applications

Cluster analysis Behavior analysis (D’Urso et al. 2017); chemical analysis (D’Urso and Giordani 2006b; D’Urso and De Gio-
vanni 2014); consumers are social beings (D’Urso et al. 2015); e-health (D’Urso et al. 2013a); ecotoxicology 
(D’Urso and De Giovanni 2014); environmental analysis (D’Urso et al. 2017); medicine (D’Urso and Giordani 
2006a); meteorology (D’Urso et al. 2015; D’Urso and Leski 2016); sensorial analysis (D’Urso and De Gio-
vanni 2014; Hung and Yang 2005); student performance (D’Urso and Giordani 2006a); tourism (D’Urso et al. 
2013b, 2015a, b, 2017)

Self-organizing maps (SOMs) Meteorology (Hamdan and Hajjar 2011; Cabanes et al. 2013; D’Urso et al. 2014); satisfaction analysis (D’Urso 
et al. 2014); sensorial evaluation (D’Urso et al. 2014); social opinion (D’Urso et al. 2014); telecommunication 
(D’Urso and De Giovanni, 2011)

Regression analysis Chemical analysis (D’Urso and Santoro 2006a, b); economics (Manski and Tamer 2002); environmental analysis 
(Coppi et al. 2006a, b, c, d; D’Urso et al. 2011; D’Urso and Massari 2013); expert evaluation (D’Urso 2003; 
D’Urso and Gastaldi 2000); finance (Gonzalez-Rivera and Lin 2013); human performance (D’Urso 2003); new 
media opinion (D’Urso and Massari 2013); software reliability (D’Urso and Gastaldi 2002)

Principal component analysis Behavioral analysis (Calcagnì et al. 2016); chemometrics (Giordani and Kiers 2004a, b; D’Urso and Giordani 
2004, 2005); decision making (Liu et al. 2014; 2015b); environmental analysis (Sarbu and Pop 2005; Pop et al. 
2009); face recognition analysis (Le-Rademacher and Billar 2012); satisfaction analysis (D’Urso and Giordani 
2005); sensorial analysis (Denœux and Masson 2004; Giordani and Kiers 2006); socioeconomics (Calcagnì 
et al. 2016); social opinion (Coppi et al. 2006a, b, c, d)

Multidimensional scaling Chemical analysis (Denoeux and Masson 2000); sensorial analysis (Masson and Denoeux 2002; Hébert et al. 
2006); sound perception (Groenen et al. 2006); speech signal (Denœux and Masson 2000)

Correspondence analysis Medicine (Loslever and Bouilland 1999); meteorology (Aşan and Greenacre 2011); morphological evaluation 
(Pinti et al. 2010); psychology (Loslever and Bouilland 1999)

Clusterwise regression Expert evaluation (D’Urso et al. 2010); electricity consumption (D’Urso et al. 2010); environmental analysis 
(D’Urso et al. 2010); tone perception analysis (D’Urso et al. 2006a, b)

Regression trees Environmental analysis (Cappelli et al. 2015); finance (Cappelli et al. 2013); meteorology (Cappelli et al. 2013)
Three-way analysis Banking evaluation (Giordani 2010); oenology (Coppi and D’Urso 2002); tourism (Coppi and D’Urso, 2002); 

web advertising (Coppi and D’Urso, 2003a, b; Giordani 2006)

Fig. 3  Example of granulation of objects. (source Peters and Weber 
2016)
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In addition, since there are real situations in which the 
increasing level of complexity requires sophisticated tools 
to manage uncertainty, it would be interesting to develop 
exploratory multivariate methods based on extensions and 
derivatives of the fuzzy sets theory, such as the Type-2 
fuzzy sets (Zadeh 1975a, b, c), the Intuitionistic fuzzy 
sets (Atanassov 1986), the Rough sets (Pawlak 1991), the 
Evidential theory (Dempster 1967; Shafer 1976), and the 
Shadowed sets (Pedrycz 1998).

In this connection, to manage the imprecision affect-
ing the empirical information in data analysis, it could 
be useful to utilize the techniques of granular computing 
(Bargiela and Pedrycz 2003; Pedrycz 2007; Pedrycz et al. 
2008) in the exploratory multivariate framework. In fact, as 
Zadeh (1997) wrote “fuzzy information granulation under-
lies the remarkable human ability to make rational deci-
sions in an environment of imprecision, partial knowledge, 
partial certainty and partial truth.” Notice that in a granular 
framework, “by information granules one regards a collec-
tion of elements drawn together by their closeness (resem-
blance proximity, functionality, etc.) articulated in terms of 
some useful spatial, temporal, or functional relationships. 
Subsequently, Granular Computing is about represent-
ing, constructing, and processing information granules” 
(Pedrycz et al. 2015a). In this respect, e.g., in the cluster-
ing framework, in terms of granular computing, a cluster 
can be interpreted as an information granule that presents 
its objects on a coarser and more granular level (Gacek 
and Pedrycz 2015). In Fig. 3 (drawn by Peters and Weber 
2016), we show an example of granulation of objects. 
Useful references in this field are, e.g., Pedrycz and Bag-
iela 2002; Sanchez et  al. 2014; Gacek and Pedrycz 2015; 
Pedrycz et al. 2015b; Peters and Weber 2016; Lingras et al. 
2016; Dubois and Prade 2016. In addition to cluster analy-
sis, other areas of the exploratory multivariate statistics can 
benefit from the use of granular computing tools, such as 
regression analysis, principal component analysis, and so 
on. In particular, for regression analysis, we draw attention 
to the following contributions: Roychowdhury and Pedrycz 
2002; Peters 2011; Peters and Lacic 2012; Cimino et  al. 
2014. A useful reference on granular fuzzy data analysis is 
Pedrycz (2015).

Notice that, in a granular perspective, in this paper, we 
explored only a particular case of granular statistical meth-
ods, i.e., the fuzzy statistical methods—fuzzy clustering, 
fuzzy SOMs, fuzzy regression, fuzzy PCA, fuzzy MDS, 
fuzzy correspondence analysis, and so on. Since there 
are other well-known formal settings where information 
granules can be expressed and processed (Pedrycz et  al. 
2015a)—such as sets (intervals), shadowed sets, proba-
bility-oriented information granules, and rough sets—in 
future it will be interesting to explore other typologies of 
granular exploratory multivariate methods. In particular, 

in a clustering framework, it will be interesting to explore, 
e.g., shadowed sets-based clustering, rough clustering, 
intuitionistic clustering, and type-2 fuzzy clustering; in 
a regression framework, it will be useful to review, rough 
regression, interval-valued regression, and so on (Pedrycz 
2015).

In conclusion, when using a hybrid approach (statis-
tical modeling based on simultaneously exploratory and 
inferential tools), it could be particularly interesting to 
study exploratory multivariate methods for imprecise 
data in which inferential tools—such as likelihood func-
tion defined in a fuzzy framework, fuzzy extension of the 
EM algorithm or statistical test procedures—are consid-
ered (see, e.g., Colubi et  al. 2009; Quost and Denoeux 
2016).

All the previous methodological approaches can be 
explored individually and simultaneously from the perspec-
tive of analysis strategy. In this way, complex structures 
and very large amounts of imprecise data (big imprecise 
data) can be fruitfully analyzed using a synergic combina-
tion of the various methods.

Fields that could benefit from the application of these 
methodological approaches are, for instance, web analyt-
ics, social network, econophysics, neuroeconomics, and 
finance.
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