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Abstract Variable universe is through a group of nonlinear
contraction expansion factors online timely to adjust the
input domain, so that the input domain is subdivided as
detailed as possible at surrounding the expected control
points. It is characteristic of constant rules, quick response,
and high stability precision. In this paper, a nonlinear hybrid
fuzzy system was established by introducing adjusting
parameters to combine Mamdani fuzzy system and Takagi—
Sugeno (T-S) fuzzy system. The input—output expression of
the nonlinear hybrid fuzzy system based on variable uni-
verse was deduced according to the hybrid inference rules
and contraction expansion factors. Furthermore, the second-
order approximation of the nonlinear hybrid fuzzy system
based on variable universe on the second-order continu-
ously differentiable function was proved by multiple Taylor
formula and maximum norm, and a sufficient condition for
the approximation of the nonlinear hybrid fuzzy system was
disclosed when adjusting parameters and approximation
accuracy are known. Finally, the simulation example con-
firmed that the established nonlinear hybrid fuzzy system
based on variable universe has better approximation per-
formance than other systems under different adjusting
parameter meanings.
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1 Introduction

Since linguistic variable and approximate reasoning were
proposed for the first time by Zadeh in 1975, fuzzy system
and its approximation research have become an important
field of many scholars at home and abroad. It has been
applied successfully in automatic control, communication
engineering, and space technology fields (Buckley 1993;
Castro 1995; Hassine et al. 2003; Kosko 1994; Wang and
Mendel 1992; Zeng and Singh 1995). Generally, Mamdani
fuzzy system and T-S fuzzy system are two most repre-
sentative ones. Liu and Li (2000, 2001) studied the
approximation performance of fuzzy system of Lebesgue
integrable function for the first time by introducing
piecewise linear function, proving T-S fuzzy system is a
universal approximator with respect to p-integrable func-
tions. Recently, Wang and Duan (2012) combines Mam-
dani and T-S fuzzy system by using adjusting parameters
to establish a generalized hybrid fuzzy system and reduce
its rules based on different hierarchical methods of input
variables. In Wang et al. (2014), K-integral norm was
redefined by quasi-subtraction operator, and the general-
ized Mamdani fuzzy system was proved still having
approximation performance on one type of integrable
function under the significance of K-integral norm. These
research results play an important role in further explo-
ration of fuzzy control and system modeling (Wang et al.
2015; Yang et al. 2013; Mendel 2016; Zeng et al. 2008).
However, previous researches on the approximation of
fuzzy system are mainly based on subdivision of refined
universe. Total rules of the fuzzy system will achieve
exponential growth as the input space dimension increases,
which is easy to cause rules explosion. Hence, how to
control total rules growth is an important issue that has to
be considered.
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Pedrycz (1989) first put forward the idea of the vari-
able universe of discourse to make an universe is subdi-
vided better near the expected control point, and studied
the nonlinear context adaptation questions in the calibra-
tion of fuzzy sets (Pedrycz et al. 1997). Li (1997) gave
the concept of variable universe based on a group of
nonlinear contraction expansion factors, and the design
issues of high precision adaptive fuzzy controller are
effectively discussed (see Li 1999; Li et al. 2002). In
addition, Li et al. (2002) applied the fuzzy controller
based on variable universe successfully to the simulation
control experiment of level-4 inverted pendulum which
was the theoretical basis for spacecraft control and
research of chaotic system robustness. Long et al. (2008)
proposed a latent genetic algorithm of fuzzy control based
on variable universe for two inputs and one output fuzzy
controller. The approximation of adaptive fuzzy system
based on variable universe was studied by Long et al.
(2010). Long et al. (2012) constructed the input output
expression of Mamdani fuzzy system based on variable
universe using singleton fuzzifier, product inference
engine and central average defuzzifier. These useful
results demonstrate that fuzzy controller based on variable
universe can increase approximation accuracy of nonlin-
ear fuzzy system, which lays foundation for following
discussion on fuzzy control and system modeling of
complicated fuzzy system. Actually, the nonlinear hybrid
fuzzy system based on variable universe breaks previous
limitation of independent research on Mamdani or T-S
fuzzy system. It achieves approximation accuracy by
initializing fine universe dissection and timely adjustment
of contraction expansion factors.

The main purpose of this paper is to set up an analytical
expression of the multiple input and one output nonlinear
fuzzy system based on the variable universe approach, and
the two types of common fuzzy systems (Mamdani and T—
S fuzzy systems) are unified by introducing a control
parameter, so as to establish the nonlinear hybrid fuzzy
system based on the hybrid inference rules and variable
universe method. The result shows that the nonlinear
hybrid fuzzy system has better advantages than the separate
Mamdani fuzzy system or T-S fuzzy systems.

This paper is organized as follows. After the introduc-
tion, the basic concepts of the variable universe and the
structure of the nonlinear hybrid fuzzy system are briefly
summarized in Sect. 2. In Sect. 3, the approximation per-
formance of the nonlinear hybrid fuzzy system is discussed
by multiple Taylor formula and maximum norm. Section 4
gives a sufficient condition for approximation of the non-
linear hybrid fuzzy system based on variable universe. In
Sect. 5, the approximation of the nonlinear hybrid fuzzy
system based on variable universe is realized through a
simulation example.
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2 Variable universe and hybrid fuzzy system

Usually, an adaptive fuzzy controller was designed by
applying variable universe for the first time in Li (1999),
which opens new research fields of adaptive fuzzy control
and fuzzy system based on variable universe. In fact,
general fuzzy system is the mapping relation between input
and output. Generally speaking, whether the control func-
tion got from interpolation can approximate to actual
control function effectively is determined by whether the
distance between peak points of input fuzzy set is arbi-
trarily small? In other words, it requires adequate control
rules, which is very difficult for designing fuzzy controller.
According to the proposed contraction expansion factors in
Li (1999). First, Mamdani fuzzy inference rules, T-S fuzzy
inference rules, and hybrid fuzzy inference rules were
given as follows.
Mamdani fuzzy inference rules:

Riir i, :
X2 is A2i2; ..

if X1 iSA]il,

. Xn 18 Ani,,; then y 18 Bil i iy -

T-S fuzzy inference rules:

Ty, ifxpis Ay, 2)
X2 iSAZig» <o Xn is Am',,; then y is Ct(il 120l 3 X1 X2 e X))
where i =1,2,...,N;, j=12,...,n, N;€N, and

X1,X2,...,X, are input variables; Ay;,,As,,..., Ay, are

antecedent fuzzy sets; y is output variable; Bgi],-z__,in and
C‘,(,-],»zm,-n;xl ...x,) are consequent fuzzy sets; (-) is a linear

function shown as follows:
o4 Cch x
iy iy...0y iy ip...0y

+C* x4+ C x,

15 iz...ln 3] l'24..i,,

.. . )
t(iyip. . dp; X1,%2, .. X,) = C;

Let y; ;, ; represent the center of fuzzy sets éil,izmin in
(1). In (2), the output value corresponding to the iji,. . .i,
rule s £(i1ip. . dn; X1, X2, Xn) = 21 Ch o Xi, Where
xo = 1.

1 x=x
0 x#x"’
we can combine (1) and (2) to get the hybrid fuzzy infer-
ence rules:
Giyip..iy + IF Xy i8 Ay,
X218 Agiy, + .. Xy 18 Agiy, THEN Y iS A4,y iy o)
+ (1= 2)Bi,iy..i.

Based on single point fuzzifier C,(x') = {

(3)

where A€ [0,1] is an adjusting parameter. Select step
length k =0,1,2,---. Let

Xk = [_Uicv U]f] X [_U]2{a U]2<] X.o..X [—Uﬁ, Ulrﬂ - R
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represent the input variable universe, then the output
variable universe is Y* = [~V V¥] C R, where U¥, V¥ €
RT,i=1,2,...,n.

The following text introduces the concept of contraction
expansion factor in variable universe proposed by Li
(1999). The input and output universes of the given fuzzy
system are X =[—a,a] and Y = [—b,b], respectively,
where a,b € R, X and Y are taken as the initial input
universes.

Definition 1 (Li 1999) A function o : X — [0, 1] is called a
contraction expansion factor on the universe X. If the fol-
lowing 1-4 axioms are satisfied: 1. a(x) = a(—x), for
arbitrary  x € X(allelomorphism); 2. (zeroprotection);
3.2(0) = 0 a(x) has strict monotone increasing on [0, a]
(monotonicity); 4. |x| <a(x)a, for arbitrary xé€
X(coordination).

Let X0 = [-U), U0] x [-U9,U9] x ..
a given n-dimensional

X [=U2, UY be

initial input universe, o; :
[-U? U% — [0,1] a contraction—expansion factor on
[-UY U], i=1,2,...,n. In the variable universe, the

initial input universe is X? = [-U?, U?] and the initial
output universe is x € X. Clearly, the contraction expansion
factors Y are strictly increasing on Y(y)= B(y)Y, and
%(0) =0, o(xk) = oy(—xk), [xF] <ou(x)U?, for any

xF e X9, If we agreed that

X () = 0, ()XY = [~ (X)) UY, oi(x}) U}
= {0 ()| € X7} (4)

Then, X?(x¥) is called a variable universe on the initial
universe X? for the i variable.

In the same way, f:Y°—[0,1] and Y°(*) =
B(*)Y® on x € X can be defined. Based on contraction
expansion factors and Definition 1 of variable universe,
it is easy to deduce that both initial input universe and
initial output universe meet the following boundary
conditions:

0 (£UY) =1, (V) = 1.

Suppose the parameter 7 € (0,1), o is a known suffi-
ciently small positive number, which is to ensure nonzero
denominator of o;(x¥) and B(y*) during division. According
to Definition 1 and above mentioned boundary conditions,
the contraction expansion factors at the kth step during
input variables into Eq. (4) are selected as:

sy = () o pon-(B)+0 o

Therefore, for any i € { 1,2,...,n} and x* € X?, the
input variable universe implementation of an hybrid fuzzy
system can be implemented according to Eq. (5) under any

k=0,1,2,.... In particular, we may select the initial
variable x* = (x,x9,...,x9) € X° when k = 0.

Now, adjust the contraction expansion factors of vari-
able universe continuously according to Eq. (5), so that the
horizontal coordinates of a group of fuzzy sets on each
input universes will decrease by o;(x*) times and the hor-
izontal coordinates of a group of fuzzy sets on corre-
sponding output universes will decrease by S(y*) times. As
a result, when step kth increases continuously, the corre-
sponding input—output variable universes are as follows:

[~ Uf, Uf] = [—oi(x) U, 0 (x}) UYY;
[—VE V] = [=BOM)VO, BOH)VO)

and
x
e [-Uk U iff L€ [-U),U); y* € [-VE, VA
o (x7)
k
iff €[~V v

Fuzzy system based on variable universe can be estab-
lished with approximate trend of rules, but does not need
to much professional knowledge. In fact, whether the
universe is divided equidistance or what membership
function is selected during variable universe contraction
makes no difference. The following text determines both
antecedent fuzzy sets and consequent fuzzy sets as a group
of two-phase trapezoidal waves, that is, a list of normal,
consistent and complete trapezoid membership functions.
A corresponding variable universe implementation is
shown in Fig. 1.

The universe in Eq. (4) contracts continuously with the
unceasing adjustment of contraction—expansion factor and
the shrinkage of input variables. Of course, this agrees with
the basic idea and characteristic of variable universe, and
analytical expression of the nonlinear hybrid fuzzy system
based on variable universe will be given in the following
text according to contraction expansion factors.

Based on above-mentioned formulas of variable uni-
verse, let a component of the initial input variable be x¥ =
xt /o(x}) and the center of the output fuzzy setbe y? , =
Voo /BOY) for any 2€[0,1] and x* = (x}, o, xf)
€ Xk, According to the triangular fuzzifier, product infer-
ence engine, center average defuzzifier, and the variable
universe method, we can get the output expression of the
nonlinear hybrid fuzzy system based on variable universe
as follow:
where the adjustment coefficients C!, . (x*) and the
center point y¥, . (x*) are functions about the input vari-

able x* = (x¥,x5,...,x%), which may also be a constant,
k=0,1,2,...
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Fig. 1 Contracting and N
expanding of a universe - - ~ - ~
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' i
>
U/ ey (x) o Yo (xh)

Particularly, when 1 =0, Eq. (6) will degrade into a
Mamdani fuzzy system; when 4 = 1, Eq. (6) will degrade
into a T-S fuzzy system.

adaptive fuzzy control system based on variable universe
is an effective processing tool of nonlinear system, which
is superior for short adjustment time, high stability pre-

no o~ x*
Doiviniver =1 Aji (%j(;f ) ( E i, OO+ (1= Dy, iz"'i"(Xk))
Y =f(x) = - ** ’
Zil ir...ipel 1lj= lA <1j(x*)>

Note 1 Equation (6) is an output expression of the non-
linear hybrid fuzzy system based on variable universe
which is gained by combining Mamdani and T-S fuzzy
systems with 4. Since both Cj , . (x*) and y;,  (x")
are functions about input variable x*, Eq. (6) is not the
simple linear combination of Mamdani and T-S fuzzy
systems. The nonlinear hybrid fuzzy system based on
variable universe has suffered fundamental structural
changes, and its numerator is not linear functions any
more. Actually, as the step k increases continuously, the
universe of the nonlinear hybrid fuzzy system contracts
with the decreasing of error, but expands with the
increasing of error. In other words, a universe contrac-
tion is equivalent to increase the rules, or the interpo-
lation node encryption, thus enabling to increasing the
approximation accuracy of the system. Therefore, the
concept of variable universe has important theoretical
significance to further increasing response speed and
stability precision of fuzzy system as well as optimizing
design of adaptive fuzzy controller.

3 Approximation performance

Actually, the variable universe is characteristic of con-
stant number of rules, quick response, and high stability
precision, which are the key to increase approximation
accuracy of general fuzzy systems. In addition, an

@ Springer

cision, strong robustness, and wide stability range. The
approximation performance of the nonlinear hybrid fuzzy
system based on variable universe on the second-order
continuously differentiable function is further discussed in
this section. The maximum norm is defined

11100 = supep [ f(2) |-

Theorem 1 Let g: X° — R be a second-order continu-
ously differentiable function, but its analytic expression is
unknown, and o; represent the given contraction expansion

factor on [-U?,U?] (i=1,2,---,n). Then, there’s a
group of adjusting  parameters Cloll2 i (xK), Cii,..
il (x5),. Gl (x¥) under the significance of variable

universe, so that
n

§ i
Ci] (2

(x)xf — g(x
i=0

o4 (%) o () 13,

wherek =0,1,2, ..., and h; = max; <j<n,—1 \el (1) E?i
is the maximum distance between two adjacent centers of
initial input fuzzy sets.

SIS Bpo A

i=1 j=1

Proof Let x° =
input variable, the A*

(x9,x9,...,x%) € X° represent the initial

ik
Ty s A%+ e o
fuzzy set at the kth step of variable universe implementa-
tion. Coordinates of the corresponding center are recorded

as é]fi, (x’f), ééiz (xlﬁ)a ) é]:zin (xﬁ)

Ak
A, represent the input
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According to the formulas
ek (x) —(xj(xk) jl,] 1,2,...,

A
. . k
is simplified as &

of variable universe,

. . . ‘k k
n. For simplicity, & (x;)
which is recorded uniformly as a n-

vector xf-‘l by, = (E’]‘il,é’;iz, @), Its index set is
_ . . . 7k
I={iii...0ni;=1,2,...,N;; j=1,2,...,n, so € €

Ker(A;{i/-) = A;(ij(é}{i/-) =1

In addition, g(x) supposed as a second-order continu-
ously differentiable function, and for arbitrary x =
(x1,%2,...,%,) € X?and iy, is, .. .i, € I. In accordance with
the Taylor formula of multivariate function, g(x) can be

expanded to Taylor formula at the vertex x* as follows:

1112 i

n
og 1
. _k
(K i) T Z@_xj ‘X:Xh iz-in (= &) + 2! x

J=
o Xicl iz...i,l) (vzg’x:y,) (X

g(x) =g

T
- Xf] iz...i,,) ’
(8)

where V?g is the Hessian matrix of g, and # is an interior
point of the hypersphere which is determined by moving
point x and central point x,l iy

Specifically, the central point (e_’fl-] &, ... e

7i'll

) of the
output fuzzy set at the kth step of variable universe
implementation is as follows:

Xﬁ,iz---ln (é’]‘ll,egw : ’élnci,l) = ( (x )®le ia.. z”)

= (u (xlf)é(l)i, ) “Z(XIE)é(z)iga D) an(x{;)égin)v
where o(x*) = (o1 (x}), 02 (), .. ., 2, (%)), and o;(xF) is the
contraction—expansion factor of each input component x
[_ Uz{(’ Uzk]
Substitute it into formula (8),

(xl,x’g,...,

on universe X¥ =
and g(x) at xtF=

x¥) € X* of k step can be represented as:

g(x) = (8(7(5'(] bpein) Za x=xk, o aj(xf)é?i,>
A

xk

—vk s
X=X igin

—1 axj

: T
JFE (Xk - O‘(Xk)x?lizmin> Vg =1 (Xk - OC(Xk)X?] izmin> :

On the other hand, we may determine

Chigeniy (), Gty i, ()5, Gl (X6)

l]lz l,, l|lz ln l|l2 l,,

when the step length of variable universe is k as
follows:

C?l iz.”l”( ) = g( i .. 1,,) Z

c’ (xK) :6_g

k
i ip...1, X=X". .
it ij ipig--in

Select parameters according to formulas (9) and
then,

§ : k k __ § ky 50
Czl .. zn )xi - ( l]h l,, C1112 l,, xj)ejij)

k
— | X .
+ ;ax]' X_Xh iin
For arbitrary x* = (x,x4,---,xX) € X%, we can obtain
that
where h; = max;<j<n,—1 |el (1) e?]| and hf = oci(xf)h,-,
i=1,2,...,n

Note 2 In Theorem 1, the maximum distance of variable
universe dissection at the kth step is /¥ = o;(x¥)h; (h; is a
constant determined by initial input universe). When the
initial input universe of fuzzy system is divided equidistance,
then ;= [e);,,) —e}|. In fact, o (x) and o4(x}) can
influence approximation performance of the nonlinear
hybrid fuzzy system based on variable universe. More details
of this will be introduced in the following discussion of
approximation performance of fuzzy system on continuous
function as well as corresponding sufficient conditions.

The approximation performance of the nonlinear hybrid
fuzzy system based on variable universe on the second-
order continuously differentiable function is studied based
on Theorem 1 in the following text.

Theorem 2 Let f(xX) represent the nonlinear hybrid fuzzy
system (6) based on variable universe, and g(x) be a sec-
ond-order continuously differentiable function on X°, but
the analytical expression of g(x) is unknown. Then, for
arbitrary 4 € [0,1],

1—4 n 62g 2
_ <= —2 -
||g fHoc — ) i=1 ale o !
)., n n 2
+§Zi:1 Zj:l ax;ox ||

where k =0,1,2..

40
. and h; = max; <j<y,1 | i1 — il

Proof At the kth step of variable universe implementation,
for any x* = (xk, x4, .., x¥) € X*, and yF € YX, 2 € [0, 1].
Substitute into Eq. (6), it is easy to get that:

Now, if we let the center of the output fuzzy sets be as:

e k 0
Vit in...iy (x) = By )yil ip...iy
= g(otl(x]f)é?il ’ dz(xg)égiz, EER) “n()di)égin)'

Combine Theorem 1 and inequality (10), for all 4 €
[0,1] and x* = (xf, 8, ..., xK) € XK,

@ Springer
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Cin. ’"(X Jxi 8| = ‘21 (x* - “(Xk)xg izu.i,l)vzg”(:ﬂ(xk - “(Xk)x?, >y
i=0
T
X1 = e (¥, Oe o' | o’g | X — o (e,
o2 11 Ox10x2 X=h Ox10x, =1
X~ sz(lé)égzz 21 5 R " X — az(xlé)églz
1 a_3| a_g‘ 0’g |
=3 : a0 g dxad, N
azg | azg | og |
Xy = ()20, ox,0xy 0w, 0y axﬁ ! X — o (x))eh,
:l i@27g| - (x’.‘—oc-(x’?)éo)(xk ) i ( a.(xlf)é(.))(xk_(xz(xk)éo )
2 = o, 0x; x=n\4; INTj T 1 ey, axzax (X )€, > 2)€,

628 k kY 7.2
< _E Vo (x VW=
~2 i=1 j=I Ox;Ox; OC,(X,)OCJ(XJ e
k k 1Ay azg 2,k 2
V(X)—g(x)|_—8 o2 o () b
i=1 illoo
i n n 62 . o
— g i .
2 Lo L axlaxl o ( )OCJ( g ) i

(10)

On the other hand, according to Lemma 4 in Long et al.
(2010), we have:

SRt (1)

mfgz

Since o; meets |o;(x¥)| <1, |o¢,(xj‘)\ < 1. On the basis of
the definition of maximum norm, we can obtain immedi-
ately that:

7 I
Hyi]izmi,,(x ) 6x

If = &lloo= sup Jf(x*) — g(x")]
xk:(xl;_’xg_’m7xh)exk
n 1 n n 12)
A g A g (
§ 2l n _§ E: 2
8 2 laell " 24 & lavay "

et Tt A (3 /3560 ) - (2o €1 (650

Note 3 When input universes of the nonlinear hybrid fuzzy
system contract continuously as k increases, the interval length
h* = 0;(x¥)h; — 0 (k — o0), and the initial subdivision
length A; remains unchanged. This is different from previous
increasing approximation accuracy by refining variable uni-
verse dissection. In fact, high approximation accuracy of the
nonlinear hybrid fuzzy system based on variable universe can
be achieved by timely adjustment with contraction expansion
factors. This method not only can increase response speed and
approximation accuracy of fuzzy system, but also would not
change the total number of rules in the system. Therefore, it
usually would not cause rules explosion.

4 A sufficient condition for approximation

In fact, Theorem 2 reflects that at the kth step of variable
universe implementation, the smaller the approximation
accuracy of the nonlinear hybrid fuzzy system on the second-
order continuously differentiable function is, the smaller the

— 8(x)) + (1= 2) (3, () — 229 |

o Gy (X7 — 8(x)

l]l‘) l,,

<Amax;, el

Zil in.in€l H;'l:l Aﬁj (xf/ot](x]k))

+(1_)) max |y1112 t,,(xk)_g(xk)|'

iyip...in€l
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contraction—expansion factor of its variable universe will be.
This finds good accordance with previously stated timely
adjustment of variable universe by using contraction
expansion factor. As a result, arbitrary approximate accuracy
can be achieved in practical application based on appropriate
dissection of initial input universe. The smaller the approx-
imation accuracy is, the smaller value the corresponding
independent variable xf.‘ will be and the closer the input
variable x* will be to the balance point. This is simpler than
refining dissection of variable universe.

In addition, the nonlinear hybrid fuzzy system (6) based
on variable universe is confirmed theoretically having
approximation performance, but sufficient conditions for
such approximation remain unknown. This is discussed in
the following text.

Theorem 3 Let g(x) be a second-order continuously dif-
ferentiable function on X°, but its analytic expression is
unknown. Then for arbitrary ¢ > 0 and J. € [0, 1], there is a
natural number mo(A) € N, such that ||f — g|| ., <& when-
ever m > myg(2).

Proof For simplicity, each initial input universe is supposed
XV=X=-..=X0=[-U%UY, and it is divided
equidistance into 2m sections. Therefore, the interval
length between two adjacent sections is hy = hy =
=h, = U)/m.

Implement variable universe to each [—UY, UY] accord-

ing to formulas (5). Based on Theorem 2, for arbitrary
¢>0and A €[0,1], if

non 2
8 2 og 2
1 fH“,_ hi + hi
12 2;; ;0|
1—4
(8 9 asles] )
w0\’
X (—1) <e.
m
It is very easy to solve
N = EEO R
! a2l 2 ~ axlax,
At this time, if let
(4) = -U° l_ii s +iii s 7+1
Mol = ! 8e 4= o? o 2645 = 0x; 0| )

2 €[0,1], we have ||f —

8lls

(13)

Of course, mg(4) € N. Then, for arbitrary ¢ > 0 and
<& whenm > mg(2).

Note 4 Theorem 3 shows how to select my to design a
hybrid fuzzy system with preset approximation accuracy,
where my is the number of subdivided initial input universe
[0, UY). Generally speaking, it select minimum mq for
known approximation accuracy ¢. In other word, the
smaller the my is, the simpler the system structure will be.
Therefore, Theorem 3 demonstrates that myg satisfying (13)
is the sufficient condition for approximation of the non-
linear hybrid fuzzy system based on variable universe. On
the other hand, approximation accuracy can be expanded or
contracted through timely adjustment with contraction
expansion factors according to Eq. (6).

5 Simulation analysis

First, for a given precision ¢ = 0.2, we may select a few
adjusting parameters 4 =0, 1 and 1/3. the number of
subdivision mg can be calculated from Theorem 3, so the
input—output expressions of three nonlinear hybrid fuzzy
systems based on variable universe are set up.

For simplicity, we suppose >, . . [T A (xf/
o (xjk)) = 1 under a group of known contractlon expansion

factors o;(-) and the antecedent fuzzy sets {Aj; }. It is easy
to be satisfied, such as common two-phase triangular wave
or two-phase trapezoidal wave (see Fig. 1). Then, Eq. (6)
can be rewritten as follows:

xf
Z el j H g (m> ‘yﬁizu.in (Xk)’ 2=0
f(Xk) _ i 0. J= ./( Z 7
Z H jij (L> Z Cl[[z iy (Xk)xf'(> A=1

it iy...in€l j= o( /)
(14)

It indicates that when 4 =0, Eq.(6) degrades into
Mamdani fuzzy system; when x|, Eq. (6) degrades into T—

S fuzzy system.

When /= 1/3, for arbitrary x* = (x% x4, ... xf) € X*
and at the kth step of variable universe implementation, the
nonlinear hybrid fuzzy system (6) turns into

4,2 I )

iy ip...in€l j

” (15)
i 2
(5 Z Ciii, (xk)xf + gy;(. ineiy (Xk)> )

i=0
A simulation example Suppose a given second-order
continuous differentiable function g is defined as g(x,y)
= x%y 4 cos?y, for any (x,y) € [-%,%] x [-3,%] = X°.
The approximation accuracy is determined ¢ = 0.2,
and n = 2. The approximation process of the nonlinear
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hybrid fuzzy system (6) on g is analyzed in the fol-
lowing text.

First, the number of subdivision my is calculated from
Theorem 3, so three nonlinear hybrid fuzzy systems based
on variable universe satisfying the given approximation
accuracy is established:

A :A<x_%)’ j=0, £1, £2,... +5. (17)

The fuzzy sets at the left and right end points are sep-
arately defined as follows:

n |1 g ’g 1 o%g

1/3 1] | — (= 1=6

mo(1/3)= [ \/24 (’ ox? OO+‘ 0y? Oo) * l.2< ox?| ﬁxay )oo +
&) = 12vlo=m |24 _= I-2cos2yl= ~ Zyos Jreas?
x|l oo 0?00 Alé(x): i 127772,
%’ = |[2x]| .= 0, Otherwise

*¥ Moo 12 5 T 57
According to formula (14), let 2 = 0 and substitute ¢ = A _¢(x) = 2T T 12

0.2 into Theorem 3 to get my(0) of Mamdani fuzzy 0, Otherwise.

system:

mo(o):lg\/lz< Oo+‘ OO)

Let A =1 and get my(1) of T-S fuzzy system:

ORI

=0.

g
ox?

62g

672 +1=4.

62

6x2 +1

A

Let A=1/3 and get mp(1/3) of the hybrid fuzzy
system (6):

ax@yH @y

Without loss of generality, a nonlinear hybrid fuzzy
system based on two-dimensional variable universe when
A =1/3 and my(1/3) = 6 is established.

In fact, 11 equidistant subdivision points can be inserted
into [—%, %] of x-axis when my(1/3) =6, where
2my(1/3) — 1 =11 and all subdivision points are expres-
sedby & (j=0, £1, £2,...,£6).

An equidistance fuzzy subdivision { A;;} can be con-
structed by taking each subdivision point as a peak value,
that is, Aj;(%) =1, j=0, £1, £2,...,£6. Therefore,
a triangular fuzzy set can be defined by the origin point of
coordinates (0,0) as a peak value:

12 m
~ —x+1, — E <x<0
Alx) = 12 (16)
——x+1 0<x< —
Moving A horizontally for 15 unit on [7%7 %] to left

first and then to right, i.e., let

@ Springer

Then, an equidistance fuzzy subdivision {Al,j} can be
obtained.

Similarly, if let Ay;(y)=A(y—%) (=0, £1,
+2,...,45) on [f%,g] of y-axis. Another equidistance

fuzzy subdivision { Ay;} can also be gained, and the
interval length of each component of the coordinates (x, y)
within the universes is & = h; = .

An equidistance fuzzy subdivision in the first quadrant
[0,2] x [0,%] is shown in Fig. 2.

In fact, an equidistance fuzzy subdivision of the initial
universe [0,%] x [0,%] is implemented according to Fig. 2.
It is easy to know that the coordinates of central point of

antecedent fuzzy sets is:

0 _ (0 )= T T,
Xi]i2 _( 111? 212) — (12”, 12[2),
i1,ip =0, &1, £2,..., £6.

According to formula (5), we might as well choose m =
10 and f. At the kth step of variable universe, for any
(xk,x4) € XO, the corresponding contraction—expansion

) = \/@, 0 (x5) = \/@7 % (xj) =

Xk
VAL =12 k=012,

According to the nonlinear hybrid fuzzy system (15), we
Will determine the coefficients of variable universe
Ci, (x4, x5) and ¥t . (X, x5). At the kth step of variable
universe, the coordinate of central point of input fuzzy sets
is xb, = (& (), &, (), with each component

11

satisfied:

f IS are:
actors are o
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7Il1
e_k' ( ) OCl(x 111 = 12

= 1,/ Ik, i = 0,+1,42,..., 6,

—| s

~.

6
TCll
&,(x3) = o(x3)él;, = _|2| D
:62 T, iy = 0,+1,42,..., +6.

Adjustment parameters at the kth step of variable uni-
verse can be calculated from (9) in Theorem 1:

1 [k _ o8
Ciliz(xhxé) T

m'1 i2
k=
i 36

Cl, (6, %) =

i

oy l*

Chiy (41, %3) =g(e1,l(xk1) &, (%)) — C;
tllz(xlf7x§)6212( )

In addition, the central point of output fuzzy sets is:

% l] /T /T
yi112 17'x2 7| k 5 Ig
Ty 2 T
%gl|§@+msGwyw)
where ij,ip =0, £1, £2, ..., £6. Specially, if let

1k = x, x4 =y, the nonlinear hybrid fuzzy system based on
two-dimensional variable universe when A = 1/3 can be
represented as:

e
‘@hﬁkgg

Mw‘m

N

N
IS

N
[¥)
P

N

“I\)

N

2,0

>©6@6% >

A13 A14 Al,s Am

vﬁxz

Fig. 2 Figure of an subdivision  on

[0,7/2] x [0,7/2]

equidistance  fuzzy

Al = 32 3 A (/) ()
. (§<c2,2<x )+ €L e+ G i)+ 37400 ).

(18)

Similarly, when A = 0 and my = 4, the Mamdani fuzzy
system based on two-dimensional variable universe is
gained according to Eq. (14):

where the central point
Vivin (6 ¥) = Il v/3] + cos? (y/31Y])-

When A = 1 and m; = 9, the T-S fuzzy system based on
two-dimensional variable universe can be gained according

to Eq. (14):

y) = Zi;g 22}9‘41”'1 (\/%)
o (ED1) (€] 5+ € b+ o)

Apparently, these three nonlinear fuzzy systems based
on variable universe can be viewed as bivariate continuous
function about x and y. With MATLAB software pro-
gramming, space curved faces of fi(x,y), fa(x,y) and
f3(x,y) in the plane closed region [—7/2, 7/2] x
[-7/2,7/2] are drawn.

Figures 3, 4, 5 and 6 confirm the approximation per-
formance of the nonlinear hybrid fuzzy system based on
variable universe on given the second-order continuously
differentiable function under different 4 values. Actually,
approximation accuracy of this nonlinear hybrid system
can be achieved not only through the kth step of variable
universe implementation, but also by adjusting the
parameters A and selecting appropriate number of subdi-
vision my, of course, the method of variable universe is one
of the most important.

In addition, aiming at the given differentiable function
g(x,y) = x?y + cos? y, the nonlinear hybrid fuzzy system,
Mamdani fuzzy system and T-S fuzzy system, we may
randomly select some sample points to obtain their corre-
sponding values and the error values by Fig. 2. Unfortu-
nately, except g(x,y), calculating the values of the
nonlinear fuzzy system fi(x,y), f2(x,y), and f3(x,y) in the
sample points is a more complex. This is because we must
first find out the corresponding a few fuzzy sets A; j and

A, j» so that the wvariable universe coefficients
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Cgiz(xvy)v Cilliz(xvy)v C%Iig(xay) and yﬁiz(xvy) can be
calculated.

Without loss of generality, we only compute the value
f (ﬁ, %) of the vertex (%, %) as follows. In accordance with
the Fig. 2, the corresponding fuzzy sets of the vertex (%, %)
may be obtained by Eqgs. (16) and (17), for example,

12 T T
_x_27 _SxS_
A N T 6 4
13(0) = 12 T '
_“ 4. = < =

nx—i— R 4<x_3

12 T T

*)’*3, 7Sy§7

e )= 4 3
A24() =9 12 St
N 5 —< —
T

At this time, the hybrid fuzzy system based on variable
universe contains at most four rules (iy = 3, 4; i, =4,5).
According to Eq. (18) and MATLAB software program-
ming, we may calculate that f; (%, %) ~ 1.395959402.

Next, we randomly select a few sample points in Fig. 2,
the corresponding values and errors of the three systems
can be separately calculated, and the details please see
following Table 1:

Fig. 3 Surface figure of the second-order continuous differentiable
function g

Fig. 4 Surface figure of nonlinear hybrid fuzzy system f; based on
variable universe when 2 =1/3

@ Springer

y 2 %

Fig. 5 Surface figure of Mamdani fuzzy system f, based on variable
universe when 1 =0

bi x

Fig. 6 Surface figure of T-S fuzzy system f3 based on variable
universe when A =1

It is not hard to see from Table 1 that the approximation
accuracy of the nonlinear hybrid fuzzy system f to a given
second-order continuous differentiable function g is rela-
tively high. Usually, we do not need to know the specific
analytical expression of g, but just need to obtain the values
of g in some special points.

In addition, for describing the error values of the five points
intuitively, if we write the sample points as Al = (%, 29—"),
A2= (5.5 A3=(5.5), 44=(5,5). A5= (5, 5)- The
histograms of the error values can be expressed as follows:

Through the analysis of the above Table 1 and Figs. 7,
8, and 9, it is easy to get that the approximation perfor-
mance of the nonlinear hybrid fuzzy system f; based on
variable universe is the most effective, especially in the
boundary points and vertices the nonlinear hybrid fuzzy
system f; has better approximation. In fact, only from the
five random sample points Al,A2, A3,A4,AS, the approx-
imation performance of f; is better than f3, and f5 is better
than f,. Hence, the approximation performance of the
nonlinear hybrid fuzzy system f; based on variable uni-
verse is the best.
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Table 1 The corresponding

7 . n 21 T n T T
values and error values of some Sample Points X; (§v T) (Ev 4‘) (3’ 3) (3’ i) (57 5)
random sample points ¢(Xy) 0.767708076  0.840321366  1.395964098  0.836162774  0.436086736
fiX) 0.767707125 0.840325356 1.395959402 0.836157045 0.436079521
HX) 0.767943521 0.840579665 1.396048678 0.836455462 0.436357231
(X)) 0.767845263 0.840531758 1.395874651 0.836275433 0.436192675
i) —g()] 951 x 1077 399 x 107® 470 x 107® 573 x 100° 722 x 107°
B —g()] 235 x 107* 258 x107* 846 x 1070 293 x 107* 270 x 107*
() —g()] 137 x 107* 2110 x 107* 894 x 107°  1.13 x 10™ 1.06 x 1074
Fig. 7 The histograms of the 7. 00E-03
hybrid fuzzy system f; when 6. O0E-03
r=1/3 5. 00E-03
4. 00E-03 OThe values of £
3. 00B—03 [ The values of S
2. 00E-03 M The values of T
1. 00E-03 —|—-—
0. DDE+00 L ! L L
A1 42 43 44 45
Fig. 8 The histograms of 7. 00E—03
Mamdani fuzzy system f> when 6. DOE—03
A=0 5. 00E-03
4. 00E—03 O The values of £
3. 00B—03 M The values of S
2. 00E-03
1. OOE—03 - M The values of T
0. 00E+00 :
A1 AZ A3 A4 A5
Fig. 9 The histograms of T-S 7. O0E—03
fuzzy system f3 when 4 =1 6. 00E—03
5. 00E—03
4. O0E—-03 O Values of f
5. 00B-03 B values of T
2. 00E—03
1. O0E-03 m
0. O0E+00 :
Al AZ A3 A4 A5

According to the simulation example, we can obviously
see that the greater the adjusting parameters A value, the
smaller the subdivided number m{ value. Thus, it can lead
to reduce the number of fuzzy rules and antecedent fuzzy
sets; however, the approximation performance of the
hybrid fuzzy system is poor. On the contrary, if the smaller
the adjusting parameters A value, the greater the subdivided
number mg value, then the number of fuzzy rules and
antecedent fuzzy sets also will increase, of course, the
approximation effect is better, but the corresponding fuzzy
system is more complex. In particular, when 1 — 0% or
A — 17, the nonlinear hybrid fuzzy system based on

variable universe will tend to be more independent Mam-
dani fuzzy system or T-S fuzzy system, respectively.

6 Conclusions

First of all, the hybrid inference rules of a general
nonlinear hybrid fuzzy system are acquired by intro-
ducing an adjusting parameter Lambda in this paper.
Second, Mamdani and T-S fuzzy systems are combined
to establish the nonlinear hybrid fuzzy system based on
hybrid inference rules and variable universe. Therefore,
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the nonlinear hybrid fuzzy system has better advantages
of both Mamdani and T-S fuzzy systems, thus having
higher promotion value. In fact, implementation of
variable universe to input variable can keep same total
inference rules of the fuzzy system. This can make the
new universe contract as error decreases (or expand as
error increases). This indicates that the new universe
contraction is equal to rules growth, thus increasing the
approximation accuracy. Furthermore, what is the inter-
nal relationship between Lambda and approximation
performance of fuzzy system under certain conditions of
initial universe subdivision, and how to select the opti-
mal contraction expansion factors for best approximation
effect deserve key attentions of future researches.
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