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Abstract

In this paper we give a module-theoretic description of the isomorphism classes of
abelian varieties A isogenous to Br , where the characteristic polynomial g of Frobenius
of B is an ordinary square-free q-Weil polynomial, for a power q of a prime p, or a
square-free p-Weil polynomial with no real roots. Under some extra assumptions on the
polynomial g we give an explicit description of all the isomorphism classes which can
be computed in terms of fractional ideals of an order in a finite product of number
fields. In the ordinary case, we also give a module-theoretic description of the
polarizations of A.
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1 Introduction
It is well known that abelian varieties of dimension g over the complex numbers can be
functorially described by full lattices L ⊂ C

g and that such a description becomes an
equivalence of categories when we only consider the lattices L such that the associated
torus C

g/L admits a Riemann form. When we move to the wilder realm of positive char-
acteristic we cannot have such a functorial description due to the existence of objects like
supersingular elliptic curves whose endomorphisms form a quaternionic algebra which
does not admit a 2-dimensional representation, as pointed out by Serre. Nevertheless,
when we are working over a finite field Fq , with q a power of a prime p, we have analogous
descriptions if we restrict ourselves to some subcategories of the category of abelian vari-
eties over finite fields. More precisely, Deligne proved in [8] that there is an equivalence
between the category of ordinary abelian varieties over Fq and the category of finitely
generated free Z-modules with an endomorphism satisfying some easy-to-state axioms.
This description has been extended by Centeleghe and Stix in [7] for abelian varieties over
the prime field Fp whose characteristic polynomial of Frobenius does not have real roots.
In the ordinary case, Howe has included in this equivalence the notions of dual variety
and polarizations, see [16].
In [24] we have used such descriptions to produce algorithms to compute the isomor-

phism classes of abelian varieties with square-free characteristic polynomial of Frobenius
and, when applicable, the polarizations and the corresponding automorphismgroups. The
algorithms make use of the fact that the target category of Deligne’s and Centeleghe–Stix
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functors is equivalent to a category of fractional ideals of a certain order in the étale algebra
Q[x]/(h), where h is the characteristic polynomial.
In the present paper we extend such a description to the case when the characteristic

polynomial h is a power of a square-free polynomial, say h = gr . Instead of fractional ideals
we will have to consider lattices in Kr with an R-modules structure, where K = Q[x]/(g)
andR = Z[x, y]/(g(x), xy−q). In the ordinary case we translate the notion of a polarization
to this context.
When the order R is Bass there is a classification of such modules, see [2] and [22],

and we can explicitly compute representatives of the isomorphism classes of the abelian
varieties.
There are other categorical descriptions of the category of abelian varieties isogenous

to a power of elliptic curves in terms of modules with extra-structure, see the Appendix
in [19,21] and [18]. We do not make use of such descriptions and instead we work with
Deligne’s and Centeleghe–Stix equivalences because they allow us to deduce results also
about powers of abelian varieties of dimension greater than 1.
The paper is structured as follows. In Sect. 2 we recall the notion of an order and

a fractional ideal, with a focus on Bass orders. In Sect. 3 we describe the categorical
equivalences that we are going to use in Sect. 4, where we focus on the case of abelian
varieties with characteristic polynomial of the form h = gr , with g square-free. These
equivalences are based on the theorems of Deligne and Centeleghe–Stix cited above and
the target categoryof the functors realizing them iswell suited for computational purposes.
In Sect. 5 we translate the notion of a polarization into module-theoretic language.

Finally, in Sect. 6 we apply our description and present the results of some computations.
The aim of the paper is to provide an effective algorithm to perform computations

of isomorphism classes of abelian varieties. The implementations can be found on the
author’s web-page.We plan to use such algorithms to produce representatives that will be
uploaded to the LMFDB [29]. Nevertheless the machinery built allows us to produce also
theoretical results about the isogeny classes with characteristic polynomial of the form gr .
For example, if R is a Bass order, we can prove that if r > 1 then an abelian variety in such
an isogeny class is not just isogenous but also isomorphic to a product of r abelian varieties,
see Corollary 4.3. We can also prove that given two abelian varieties A and B is such an
isogeny class, there exists and integer r such thatAr and Br are isomorphic if and only ifA
and B have the same endomorphism ring, see Corollary 4.6. We get also statements about
polarized abelian varieties, see Corollary 5.7 and Remark 5.8. In a forthcoming paper we
plan to use the machinery introduced to answer questions related to field extensions, for
example, whether an abelian varietyA over Fq can be defined over a proper subfield of Fq .

Conventions

All rings considered are commutative and unital. All morphisms between abelian varieties
A and B over a field k are also defined over k , unless otherwise specified. In particular, we
write Hom(A, B) for Homk (A, B). Also, an abelian variety A is simple if it is so over the
field of definition.
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2 Orders
Let g be an integral square-free monic polynomial, say of degree n. Let K be the étale Q-
algebraQ[x]/(g). Note thatK is a finite product of distinct number fields. An order R inK
is a subring of K whose additive group is isomorphic to Z

n. Among all orders in K there
exists a maximal one with respect to inclusion, which is called the maximal order of K
and is denotedOK . An over-order of R is an order S in K containing R. Since the quotient
OK /R is finite there are only finitely many over-orders of R. A fractional ideal of R is a
finitely generated sub-R-module ofK containing a non-zero-divisor. Given two fractional
R-ideals I and J , we have that I + J , I ∩ J ,IJ , (I : J ) and I t are also fractional R-ideals. Recall
that the quotient ideal (I : J ) and the trace dual ideal I t are defined respectively as

(I : J ) = {x ∈ K : xJ ⊆ I}
and

I t = {
x ∈ K : TrK/Q(xI) ⊆ Z

}
.

Observe that the underlying additive subgroup of any fractional ideal I is a free abelian
group of rank n, that is, I is a lattice in K . Recall that if I = α1Z ⊕ · · · ⊕ αnZ then
I t = α∗

1Z ⊕ · · · ⊕ α∗
nZ, where

{
α∗
i
}
i is the dual basis characterized by the relations

TrK/Q(α∗
i αj) = 1 if i = j and 0 otherwise.

Given any full lattice I in K the set (I : I) is an order. If I is a fractional R-ideal then
(I : I) will contain R. This order is called themultiplicator ring of I . A fractional ideal I is
called invertible if I(S : I) = S, where S is the multiplicator ring of I .
An order S is called Gorenstein if every fractional ideal with multiplicator ring S is

invertible, or equivalently if St is an invertible ideal, see [5, Proposition 2.7]. Examples of
Gorenstein orders are OK and the monogenic order R = Z[x]/(f ), see [5, Example 2.8].
An order R is called Bass if every over-order of R is Gorenstein. Since in this paper we will
extensively use the properties of Bass orders we will list here other equivalent definitions.

Proposition 2.1 Let R be an order. The following are equivalent:

• R is Bass (every over-order is Gorenstein);
• every fractional R-ideal can be generated by 2 elements;
• R is a cyclic index order, that is, the finite R-module OK /R is cyclic.

The study of such orders started with the paper [2] on Gorenstein rings. There are
many sources where one can find a proof of Proposition 2.1 (and other characterizations),
for example [22, Theorem 2.1]. Since every fractional ideal of a quadratic order can be
generated by 2 elements as an abelian group, they are examples of Bass orders.
Given an order R we define the ideal class monoid as

ICM(R) = {fractionalR − ideals}��
and the ideal class group as

Pic(R) = {invertible fractionalR − ideals}��,

where the operations are induced by ideal multiplication. We will denote the class of the
ideal I by [I]. Note that ICM(R) ⊇ Pic(R) with equality if and only if R = OK . In general
we have that

ICM(R) ⊇
⊔

S
Pic(S),
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where the disjoint union is taken over the over-orders of R, with equality if and only if R
is Bass. In particular, if this is the case, once we have a complete list of over-orders of R,
it is easy to compute all the ideal classes of R, using the results from [20]. For more about
the computation of ICM(R), even in the non-Bass case, we refer to [25].
Recall that anR-moduleM is torsion-free if the canonicalmapM → M⊗RK is injective.

Definition 2.2 For an order R in K , we define B(r) as the category of torsion-free R-
modulesM such thatM⊗K is a freeK -module of rank r. Themorphisms are the R-linear
morphisms.

Crucial for our purpose is the fact that, when R is a Bass order, the modules inB(r) can
be written in a canonical form in terms of over-orders of R and fractional ideals.

Theorem 2.3 Let R be a Bass order and let M be in B(r). Then there are fractional
R-ideals I1, . . . , Ir with (I1 : I1) ⊆ · · · ⊆ (Ir : Ir) such that

M � I1 ⊕ · · · ⊕ Ir .

The isomorphism class of M is uniquely determined by the chain of over-orders (Ii : Ii) and
the isomorphism class [I1 · · · Ir].
This result was first proved in [1, Theorem 1.7] for Noetherian integral domains with

finite integral closure such that every ideal can be generated by 2 elements. Later it was
reproved with a different method in [3, Theorem 8] for an order in a commutative, sepa-
rable, semisimple extension of the quotient field of a Dedekind domain. In [22, Theorem
7.1] the results was generalized to Bass rings, that is, commutative ringswithout nilpotents
with finite integral closure such that every ideal can be generated by 2 elements.
Using the same notation as in Theorem 2.3, we see thatM can be written in a canonical

form

M � S1 ⊕ · · · ⊕ Sr−1 ⊕ I,

with S1 ⊆ · · · ⊆ Sr−1 ⊆ (I : I) where Si = (Ii : Ii) and [I] = [I1 . . . Ir]. Moreover, the
chain of over-orders of R together with [I] uniquely determines M up to isomorphism.
In particular, if we know all the over-orders of R and their Picard groups we can easily
compute representatives for all the isomorphism classes of modules inB(r), for every r.

Proposition 2.4 Let M = I1 ⊕ · · · ⊕ Ir ∈ B(r) and N = J1 ⊕ · · · ⊕ Js ∈ B(r). Then

HomR(M,N ) = {
A ∈ Ms×r(K ) : Aj,i ∈ (Jj : Ii)

}
.

Proof The statement follows from the fact that HomR(Ii, Jj) = (Jj : Ii) since every R-linear
morphism ϕ : Ii → Jj is a multiplication by α ∈ K , where α is the image of 1K under the
induced K -linear endomorphism ϕ ⊗ Q of K . �
In particular, forM = S1 ⊕ · · · ⊕ Sr−1 ⊕ I as above we have

EndR(M) =

⎛

⎜⎜⎜⎜⎜⎜⎜
⎝

S1 (S1 : S2) · · · (S1 : Sr−1) (S1 : I)
S2 S2 · · · (S2 : Sr−1) (S2 : I)
...

...
. . .

...
...

Sr−1 Sr−1 · · · Sr−1 (Sr−1 : I)
I I · · · I (I : I)

⎞

⎟⎟⎟⎟⎟⎟⎟
⎠
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and

AutR(M) = {
A ∈ EndR(M) ∩ GLr(K ) : A−1 ∈ EndR(M)

}
.

IfR is a Bass order andM andN are twomodules inB(r), it is easy using Theorem 2.3 to
check whether they are isomorphic. If this is the case, it is possible to explicitly construct
a matrix A realizing the isomorphism, as the next example shows.

Example 2.5 ([3, Lemma 8]). Let R be a Bass order and let I1 and I2 be fractional R-ideals
with multiplicator rings S1 and S2, respectively, with S1 ⊆ S2. Then by the classification
given in Theorem 2.3 we have an R-linear isomorphism

I1 ⊕ I2 � S1 ⊕ (I1I2).

Wewant to exhibit a matrixA realizing the isomorphism. Since I1 is invertible in S1, there
are elements c1 and c2 in K× such that c1I1 + c2I2 = S1, see [6, Algorithm 1.3.14]. Thus
there are a1 ∈ c1I1 and a2 ∈ c2I2 such that 1 = a1 + a2. We claim that the matrix

A =
⎛

⎝
c1 −c2
a2
c2

a1
c1

⎞

⎠

satisfies A(I1 ⊕ I2) = S1 ⊕ I1I2 (where the action is on column vectors). Indeed given
i1 ∈ I1 and i2 ∈ I2 we have

A
(
i1
i2

)

=
⎛

⎝
c1i1 − c2i2
a2
c2

i1 + a1
c1

i2

⎞

⎠ .

Observe that

c1i1 − c2i2 ∈ c1I1 + c2I2 = S1

and
a2
c2

i1 + a1
c1

i2 ∈ I1I2,

as required. Furthermore, note that det(A) = 1 and that given s1 ∈ S1 and i1i2 ∈ I1I2 we
have

A−1
(

s1
i1i2

)

=
⎛

⎜
⎝

a1
c1

c2

−a2
c2

c1

⎞

⎟
⎠

(
s1
i1i2

)

=
⎛

⎜
⎝

a1
c1

s1 + c2i2i1

−a2
c2

s1 + c1i1i2

⎞

⎟
⎠ .

Since a1/c1 ∈ I1, a2/c2 ∈ I2, c1i1, c2i2 ∈ S1 and I1I2 is additively generated by elements of
the form i1i2, we conclude that A−1(S1 ⊕ I1I2) ⊂ I1 ⊕ I2.

3 The category of abelian varieties over a finite field
Let q be a power of a prime number p and let AV(q) be the category of abelian varieties
defined over Fq . For A in AV(q) consider the induced action of the Frobenius endomor-
phismon the l-adicTatemodulesTlA, for anyprime l �= p, and lethA be the corresponding
characteristic polynomial. Then hA is a q-Weil polynomial, that is, a monic polynomial in
Z[x] of even degree with roots of complex absolute value √q. In particular hA has degree
2 dim(A) and uniquely determines the isogeny class of A, in the sense that an abelian
variety B is isogenous to A if and only if hA = hB.



35 Page 6 of 17 S. Marseglia Res. Number Theory (2019) 5:35

By the Poincaré Decomposition Theorem we know A is isogenous to a product

A ∼ Be1
1 × · · · × Ber

r ,

where ei are positive integers and the Bi ’s are simple pairwise non-isogenous abelian
varieties. It follows that

hA = he1B1 · · · herBr .
Recall that for a simple abelian variety B in AV(q) the polynomial hB is a power of an
irreducible polynomial, sayma, and the exponent a is uniquely determined by the p-adic
factorization ofm, see [30, Theorem 8].
Using this recipe, we can list all characteristic polynomials h of the Frobenius of abelian

varieties over a finite field Fq of a given dimension g , for example see [12] for g = 3 and
[17] for g = 4. By Honda–Tate theory, see [28] and [15], this corresponds to describing all
isogeny classes of abelian varieties in AV(q) of a given dimension g . For such a polynomial
h, denote by AV(h) the full subcategory of AV(q) whose objects are the abelian varieties
in the isogeny class determined by h.
We will restrict our attention to two subcategories of AV(q). Recall that an abelian

variety A over Fq is called ordinary if exactly half of the roots of hA over Qp are p-adic
units. There are many other characterizations of ordinary abelian varieties. For example
see [8, Sect. 2].Wewill denote the full subcategory of AV(q) consisting of ordinary abelian
varieties by AVord(q). We will also consider the subcategory AVcs(p) of abelian varieties
A over the prime field Fp such that hA has no real roots, that is, hA(

√p) �= 0. We will give
functorial descriptions of AVord(q) andAVcs(p) in terms ofZ-lattices with extra structure.
More precisely, consider the following categories:

• The category M ord(q) consisting of pairs (T, F ) where T is a free finitely generated
Z-module and F is a Z-linear endomorphism of T such that

– The action of F ⊗ Q on T ⊗Z Q is semisimple;
– the eigenvalues of F ⊗ Q have complex absolute value √q;
– Half of the roots of the characteristic polynomial of F ⊗ Q over Qp are units;
– there exists an endomorphism V of T such that FV = q;

• The category M cs(p) consisting of pairs (T, F ) where T is a free-finitely generated
Z-module and F is a Z-linear endomorphism of T such that

– the action of F ⊗ Q on T ⊗Z Q is semisimple;
– the eigenvalues of F ⊗ Q have complex absolute value √p;
– the characteristic polynomial of F ⊗ Q has no real roots;
– there exists an endomorphism V of T such that FV = p.

In both categories, a morphism (T, F ) → (T ′, F ′) is a Z-linear morphism ϕ : T → T ′

inducing a commutative diagram

T

F

ϕ
T ′

F ′

T
ϕ

T ′

The main tools to understand the categories AVord(q) and AVcs(p) are given in the
following theorem.
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Theorem 3.1 There are equivalences of categories

F ord : AVord(q) → M ord(q)

and

F cs : AVcs(p) → M cs(p).

If A �→ (T, F ), then rankZ T = 2 dimA and the Frobenius endomorphism FrobA is sent to
F , so in particular they have the same characteristic polynomial.

Proof For the ordinary case over Fq see [8, Sect. 7]. For the case with no-real roots over
Fp we use the covariant version [7, 1.7] of the equivalence given in [7, Theorem 1]. �
Remark 3.2 We remark that the functors of Theorem 3.1 depend on some choices, which
can be made in a way thatF cs extendsF ord on AVord(p), see [7, 7.4].

4 Abelian varieties isogenous to a power
Let h be a characteristic polynomial of an abelian variety in AVord(q) or AVcs(p). Assume
moreover that h = gr for some square-free polynomial g in Z[x]. Put K = Q[x]/(g) and
α = x mod (g). Denote with R the order Z[α, q/α] in K (with q = p if we are in AVcs(p)).
Observe that the order R is Gorenstein, see [7, Theorem 11].

Theorem 4.1 (a) IfAV(h) ⊂ AVord(q) orAV(h) ⊂ AVcs(p) then there is an equivalence
of categoriesF : AV(h) → B(r).

(b) If R is a Bass order,F induces a bijection between

AV(h)
��

and the set of pairs

(S1 ⊆ S2 ⊆ · · · ⊆ Sr , [I]),

where each Si is an over-order of R and [I]denotes the isomorphism class of a fractional
ideal with (I : I) = Sr .

Proof Denote byM (h) the image of AV(h) viaF ord (orF cs). We will define an equiva-
lence G : M (h) → B(r). Take A in AV(h) and let (T, F ) be the image of A in M (h) via
F ord (orF cs). Theminimal polynomial of theQ-linear endomorphism F ⊗Q of T ⊗Q is
g . So by definition ofM ord(q) (orM cs(p)) we have that F andV induce onT anR-module
structure via the isomorphism R � Z[F, V ] given by α �→ F . Denote this R-module by
M and put G ((T, F )) = M. Observe that the action of F on T is faithful, since it becomes
multiplication by q (or by p) after composing with V , and hence M is torsion-free. Let’s
prove that M ⊗R K is a free K -module of rank r. Since g is square-free, it is a product
of distinct irreducible polynomials, say g = g1 . . . gs. In particular, K is isomorphic to the
product of number fields

∏
i Ki, where Ki = Q[x]/(gi). Let ei be the image in K of the

multiplicative unit of Ki under this isomorphism, so that 1K = e1 + · · · + es and Kei � Ki
for each i. Hence

M ⊗R K = M ⊗R

( s⊕

i=1
Kei

)

�
s⊕

i=1
(M ⊗R Kei) .

Since the action of F ⊗ Q is semisimple, there is a direct sum decomposition T ⊗Z Q =
W1 ⊕ · · · ⊕ Ws such that the action of F ⊗ Q on each Wi is simple. This means that,
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possibly after renumbering, we can assume that the minimal polynomial of F ⊗ Q|Wi is
gi and so dimQWi = r deg(gi). In particular the action of F ⊗ Q onWi is the same as the
action of α onM ⊗R Kei. Since deg(gi) = dimQ Kei it follows that dimKei (M ⊗R Kei) = r
and hence, by taking the direct sum over i, we obtain an isomorphism

M ⊗R K � Kr.

ThereforeM is inB(r). It is clear by construction that G is a fully faithful and essentially
surjective functor. Define F as the composition of the equivalences F ord (or F cs) and
G . In particularF is an equivalence as well and we have concluded the proof of part (a).
Part (b) now follows directly from Theorem 2.3. �
Remark 4.2 The equivalence F of part (a) of Theorem 4.1 is compatible with products.
More precisely, if we denote Fi the equivalence AV(gi) → B(i) then we pick A and B
respectively in AV(gm) and AV(gn) then we have a canonical isomorphism

Fm+n(A × B) � Fm(A) ⊕ Fn(B) ∈ B(m + n).

We will denote all these functors withF .

Corollary 4.3 Assume that R is a Bass order. Then every abelian variety A in AV(h) is
isomorphic to

B1 × · · · × Br,

for some abelian varieties Bi in AV(g).

Proof PutM = F (A) by Theorem 4.1. By Theorem 2.3 we have that there are fractional
ideals I1, . . . , Ir such that

M � I1 ⊕ · · · ⊕ Ir .

Again by Theorem 4.1, we get that there are abelian varieties Bi in AV(g) such that
Bi = F (Ii) for each i = 1, . . . , r. �
Remark 4.4 In Corollary 4.3, the abelian varieties Bi are simple if and only if g is irre-
ducible. This follows from [16, Theorem 3.3] for the ordinary case over Fq and from [30,
Theorem 8] for characteristic polynomials over Fp with no real roots.

Corollary 4.5 Let A be in AV(hr). If r > 1 then End(A) is not commutative.

Proof It follows from the fact that End(A) ⊗ Q � Mr×r(K ), see Proposition 2.4. �
Corollary 4.6 Assume that R is a Bass order. Let A and B be in AV(g). Then there exists
a positive integer r such that Ar and Br are isomorphic if and only if End(A) = End(B). If
this is the case, then r is bounded by the exponent of Pic(R).

Proof Put I = F (A) and J = F (B). Assume first that Ar � Br . Then using Theorem 4.1
we have that

r⊕

i=1
I �R

r⊕

i=1
J

which is equivalent to having Ir � J r and (I : I) = (J : J ). In particular this last condition
give us End(A) = End(B). Conversely, assume that the endomorphism rings of A and B
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are the same and put S = F (End(A)). Let r be the exponent of Pic(S), so that I r � J r � S.
In particular, using the same argument as before in the opposite direction we obtain that
Ar � Br . The last statement follows from the fact that since S is an over-order of R, there
is a surjective map from Pic(R) to Pic(S) and in particular the exponent of Pic(S) divides
the exponent of Pic(R). �
Remark 4.7 Note that Theorem 4.1 is a generalization of [24, Theorem 4.3], where we
deal with the case when h is square-free, that is, r = 1.

Remark 4.8 Theorem2.3 tells us that ifR is a Bass order, then every torsion-freeR-module
of finite rank is isomorphic to a direct sum of fractional R-ideals. The reverse implication
does not hold. In [2], the author describes when it fails, but overlooks some cases. The gaps
were filled in [27] and in [11] in the local case and in [13] it is described how to go from the
local case to the global case. We have not analyzed if those exceptions could arise from
orders generated by Weil polynomials, which could potentially extend our description to
more isogeny classes.

5 Polarizations
In this section we will continue using the same notation as in Sect. 4, but we will restrict
to the case when h is ordinary. Our goal is to describe what the polarizations of an abelian
variety A in AV(h) correspond to in the categoryB(r) via the equivalenceF of Theorem
4.1.(b).
Note that K is a CM-algebra, that is, there is an involution a �→ a that acts as complex

conjugation after composingwith anynon-zero homomorphismϕ : K → C. In particular,
we have that R = Z[α,α] where α = q/α. Observe that the homomorphisms K → C

come in conjugate pairs. We call a choice of half of these homomorphisms, one for each
conjugate pair, a CM-type of K . For every R-module M in B(r), since we can identify M
with a sub-R-module ofKr , we have an induced actionM �→ M. Moreover, if we consider
M as a submodule of Kr , we see that the trace TrK/Q : K → Q induces a non-degenerate
bilinear form Tr onM by

Tr : M × M → Q, ((xi)ri=1, (yj)
r
j=1) �→

r∑

i=1
TrK/Q(xiyi),

where we think of all vectors in Kr as column vectors. In analogy to the r = 1 case, when
M is a fractional R-ideal, we define the trace dual Mt of M to be the dual module with
respect to Tr. In particular, if n = deg(h) and we fix a Z-basis

M = α1Z ⊕ · · · ⊕ αnrZ, with αj ∈ K

then we can write

Mt = α∗
1Z ⊕ · · · ⊕ α∗

nrZ,

where α∗
i is the dual basis characterized by TrK/Q(αiα∗

j ) = 1 if i = j and 0 otherwise.

Proposition 5.1 Let A be an abelian variety in AV(h) and put M = F (A). If A∨ is the
dual abelian variety of A, then there is a canonical isomorphism betweenF (A∨) and M∨,
where M∨ = Mt. In particular, if M = I1 ⊕ · · · ⊕ Ir then M∨ = I t1 ⊕ · · · ⊕ I tr .

Proof LetG be the functor defined in the proof of Theorem 4.1.(a). Put (T, F ) = F ord(A),
so thatG ((T, F )) = M. Following [16, Proposition 4.5],wehave thatF ord(A∨) = (T∨, F∨),
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where T∨ = HomZ(T,Z) and F∨(ψ) = ψ ◦ V for every ψ ∈ T∨. To conclude, we need
to show that G (T∨, F∨) = M∨. It is clear that G sends T∨ to HomZ(M,Z) (as abelian
groups). Since the action of F∨ onT∨ is “pre-composition withV ” andV = F , we see that
it will correspond, via G , to the multiplication by α after taking the complex conjugate.
More precisely, writeM = α1Z ⊕ · · · ⊕ αnrZ, for αj ∈ K , with n = [K : Q], and consider
the Z-linear isomorphism

ρ : HomZ(M,Z) → Mt

ψ �−→
nr∑

i=1
ψ(αi)α∗

i

with inverse

Tr(xT ,−) ←−� x,

where xT is the transpose of x. Using this identification, the pre-composition with α on
HomZ(M,Z) will correspond to multiplication by α onMt , where, as usual, α is the image
of the Frobenius endomorphism via the functorF . �
Remark 5.2 Fromnowonwewill fix a basis ofKr and fix an isomorphismM⊗K � Kr for
eachM ∈ B(r). In particular thiswill allowus to representmorphisms (in a non-canonical
way) inB(r) as matrices with entries in K .

Corollary 5.3 Letμ : A → Bbeamorphismof abelian varieties inAV(h). PutF (A) = M,
F (B) = N and F (μ) = � : M → N in B(r). Then μ is an isogeny if and only if
det� ∈ K×. Moreover, the dual morphism μ∨ : B∨ → A∨ corresponds via F to the
morphism �∨ = �

T : N∨ → M∨, where �
T is the transpose of �.

Proof Put (T, F ) = F ord(A), (T ′, F ′) = F ord(B) andF ord(μ) = (T, F ) λ→ (T ′, F ′). Then
μ is an isogeny if and only if the induced morphism λ ⊗ Q is invertible. Let G be the
functor defined in the proof of Theorem 4.1.(a). Observe that G (λ) = � and hence λ ⊗ Q

is invertible if and only if the matrix � is invertible over K .
PutF ord(μ∨) = λ∨ where (T ′∨, F ′∨) λ∨→ (T∨, F∨) is defined by λ∨(ψ) = ψ ◦λ for every

ψ ∈ T ′∨. Using Proposition 5.1, we see that, if G (λ) = � then G (λ∨) = �
T . �

In order to describe the polarizations we need a particular kind of CM-type which,
roughly speaking, detects the complex structure “coming from characteristic p” on a pair
(T, F ) inM ord(q). More precisely, put

� = {
ϕ ∈ Hom(K,C) : vp(ϕ(α)) > 0

}
,

where vp is the p-adic valuation induced by a fixed isomorphism Qp � C. In [24] we give
an algorithm to compute such a�. Recall that an element a inK is called totally imaginary
if a = −a. We say that a totally imaginary a is �-non-positive if �(ϕ(a)) ≤ 0 for every ϕ

in �.
Observe that inM ord(q), an isogeny λ : (T, F ) → (T∨, F∨) induces a bilinear form

b : T × T → Z b(s, t) = λ(t)(s).

Then there exists a unique K -sesquilinear form S on T ⊗ Q such that b = TrK/Q ◦S and,
using [16, Proposition 4.9], we have that μ is a polarization if and only if the associated S
is skew-Hermitian and for every a in K the element S(a, a) is �-non-positive.
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Theorem 5.4 Let A be an abelian variety in AV(h) and let μ : A → A∨ be an isogeny.
PutF (μ) = � : M → M∨. Then μ is a polarization if and only if

• � = −�
T and,

• for every column vector a in K r, the element aT�a is �-non-positive.

We have degμ = [M∨ : �M].

Proof Put F ord(A) = (T, F ). Using the functor G from the proof of Theorem 4.1.(a) we
can identify T ⊗Z Q with Kr and, by abuse of notation, we will denote also by b and S
the forms on M and M ⊗ Q induced by G . Let m be a (column) vector in M (seen as a
submodule of Kr). Composing � with the inverse of the isomorphism ρ−1 introduced in
the proof of Proposition 5.1, we obtain

M �−→ M∨ ρ−1
−→ HomZ (M,Z)

m �−→ �m �−→ Tr((�m)T ,−) = Tr(mT�T ,−).

So we deduce that the bilinear form S is given by

S(a, a′) = (a′)T�
Ta

where a and a′ are column vectors in Kr . Thus S is skew-Hermitian if and only if S(a, a′)
equals

−S(a′, a) = −(a)T�
Ta′ = −(a′T�a)

for arbitrary a and a′, which is equivalent to � = −�
T .

The second condition follows directly from this description. The statement about the
degree follows from [16, Proposition 4.14]. �

Let (M,�) and (M′,�′) be themodules corresponding to two polarized abelian varieties.
A morphism of polarized abelian varieties will be a morphism 	 : M → M′ satisfying

	
T
�′	 = �,

since the dual morphism 	∨ is 	
T by Corollary 5.3. Denote by Pol(M) the set of polar-

izations ofM.

Theorem 5.5 There is a degree-preserving action of Aut(M) on the set Pol(M) given by

Aut(M) × Pol(M) −→ Pol(M)

(U,�) �−→ UT
�U

Two polarizations of M give rise to isomorphic polarized abelian varieties if and only if
they lie in the same orbit. In particular, given a polarization � on M, we have

Aut(M,�) = Stab(�).

Proof Let � be a polarization ofM and U an automorphism ofM. Observe that the first
condition of Theorem 5.4 is satisfied for UT

�U , since

−(UT
�U )T = −(UT�U )T = −UT (UT�)T = −U�

TU = U�U,
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where the last equality holds because −�
T = �. Note that given a ∈ Kr we have that

aTUT
�Ua = (Ua)T�(Ua)

which is then �-non-negative, since U is also an automorphism of Kr . Hence the second
condition of Theorem 5.4 holds as well andUT

�U is a polarization ofM. The statement
on the degree follows from the existence of R-linear isomorphisms

M∨

(UT
�U )M

� (UT )−1M∨

(�U )M
� M∨

�M
.

�

Remark 5.6 Let Pol1(M) be the subset of Pol(M) consisting of principal polarizations.
Since the action of Aut(M) on Pol(M) is degree-preserving, we get an induced action on
Pol1(M). Recall that an abelian variety defined over a finite field admits only finitely many
non-isomorphic principal polarizations, or, in other words, the quotient

Q = Pol1(M)
�Aut(M)

is finite. Moreover, the action of Aut(M) on Pol1(M) can be extended to the set
Isom(M,M∨) of isomorphisms from M to M∨. In particular, by fixing an element A0
in Isom(M,M∨), we get

Isom(M,M∨) = {
A0V : V ∈ Aut(M)

}
.

This suggests that a good understanding of Aut(M) will most likely allow us to handle
Q, but if r > 1, then Aut(M) is an infinite non-abelian group, making the situation
computationally difficult, even if we were able to produce a (finite) set of generators.

Recall that a polarized abelian variety (A,μ) is called decomposable if there are proper
subvarieties B1 and B2 of A, admitting polarizations β1 and β2, respectively, such that

(A,μ) � (B1 × B2,μ1 × μ2).

Corollary 5.7 Let (M,�) in B(r) correspond to a polarized abelian variety (A,μ). Then
(A,μ) is decomposable if and only if there are an integer m > 1 and polarized modules
(Mi,�i) ∈ B(ri) for i = 1, . . . , m with r1 + · · · + rm = r and an isomorphism

P : M1 ⊕ · · · ⊕ Mm → M

satisfying

PT (�1 ⊕ · · · ⊕ �m)P = �.

Proof LetF (A,μ) = (M,�) andF (Bi,μi) = (Mi,�i) for i = 1, . . . , m. Then there exists
a polarized isomorphism f :

∏
i(Bi,μi) → (A,μ) if and only if there exists an R-linear map

P as in the statement of the corollary. �

Remark 5.8 Assume that R is Bass and that r > 1. For simplicity, let us assume that g is
irreducible and let (A,μ) be a polarized abelian variety inAV(gr). ByCorollary 4.3we know
that A is isomorphic to the product of r simple abelian varieties. Hence Corollary 5.7 tells
us that the obstruction for (A,μ) to be decomposable is a property of the polarization μ.
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The next example shows that a polarized module (M,�) can be decomposable even
if there is no way to put � into a block diagonal matrix by the action of an element of
Aut(M).

Example 5.9 Let K = Q(F ) be the number field generated by the 4-Weil polynomial
h = x2 − x + 4. The order O = Z[F, 4/F ] = Z + FZ is maximal in K and it has Picard
group of order 2. Put I = 2Z + FZ. One can check that the O-ideal I is not principal
and hence represents the non-trivial ideal class of O . The previous discussion implies
that there are 2 isomorphism classes of elliptic curves, corresponding to O and I , in that
isogeny class. Let y = 1

15 (−1 + 2F ) and z = 1
30 (−1 + 2F ) be the principal polarizations

of O and I , respectively, that is, yO = O
t and zI = I t . Now consider the abelian surfaces

O ⊕ O and I ⊕ I and the following matrices

P0 =
(

1 −3−3F
2−3−3F

2
−13+13F

2

)

, M =
(

4 2F − 1
2F − 1 4

)

,

D =
(
y 0
0 y

)

, D′ =
(
z 0
0 z

)

.

Note that M is a unimodular Hermitian matrix in GL2(O) and hence DM is a principal
polarization on O ⊕ O . Also, observe that the matrix P0 represents an isomorphism

I ⊕ I → O ⊕ O ,

and that every such isomorphism can be described as AP0 for some A ∈ GL2(O).
One can verify by using results contained in [10] that the polarization DM is not the

pullback of the product polarization D of O ⊕ O , that is, there is no matrix B ∈ GL2(O)
such that

BTDMB = D.

On the other hand DM is the pullback of the product polarization D′ of I ⊕ I . Indeed we
have

(AP0)TDMAP0 = D′,

for

A =
(

7 − 10F −3 − 2F
−23 + 3F −4 + 3F

)

∈ GL2(O).

Again, the matrix A has been computed using results from [10].

6 Examples
With the previous results we can create effective algorithms to compute examples of
different phenomena of abelian varieties over finite fields that are isogenous to powers.

Example 6.1 In this example we compute all the isomorphism classes in the isogeny class
AV(g3) where g = x6−x5+2x4 −2x3+4x2−4x+8. Note that g corresponds to a simple
isogeny class of abelian varieties over F2. Define K = Q[x]/(g) and α = x mod g and
put R = Z[α,α]. The only over-order of R is the maximal order OK of K and, since R is
Gorenstein by [7, Theorem 11] we get that R is Bass. The Picard Group of R is isomorphic
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to the cyclic group of order 3 and it is generated by

I = 8R +
(

−32 − 11α − 3
2
α2 − 3α3 − 3

4
α4 + 1

4
α5

)
R.

The maximal order OK is a principal ideal domain. Using Theorem 4.1(b) we can count
the isomorphism classes in AV(g3), which are functorially represented by the following
R-modules inB(3):

M1 = R ⊕ R ⊕ R

M2 = R ⊕ R ⊕ I

M3 = R ⊕ R ⊕ I2

M4 = R ⊕ R ⊕ OK

M5 = R ⊕ OK ⊕ OK

M6 = OK ⊕ OK ⊕ OK .

Using Proposition 2.4 we can recover the endomorphism rings of the abelian varieties by
their (functorial) representations as endomorphism rings of themodulesMi. For example,
End(M1) is the ring of 3 × 3 matrices over R, while End(M2) is the matrix ring

⎛

⎜
⎝
R R (R : I)
R R (R : I)
I I R

⎞

⎟
⎠ .

Example 6.2 Let g = (x2−3x+13)(x2+6x+13). DefineK = Q[x]/(g) and α = x mod g
and put R = Z[α,α]. Using the algorithm described in [25] we can compute the 6 over-
orders of R and verify that they are all Gorenstein, that is, that R is a Bass order. We apply
Theorem 4.1 to compute the number of isomorphism classes of abelian varieties in the
isogeny class determined by gr as r increases and collect the results for 1 ≤ r ≤ 10 in the
following table.

r 1 2 3 4 5 6 7 8 9 10
#

(
AV(gr )

��
)

62 97 144 206 286 387 512 664 846 1061

Example 6.3 In this examplewewill prove that certain isomorphismclasses in the isogeny
class AV(g2), with g = x4 − 2x3 − 7x2 − 22x + 121 are not principally polarizable. Note
that g is irreducible and it corresponds to an ordinary isogeny class of abelian surfaces over
F11. Define K = Q[x]/(g) and α = x mod g and put R = Z[α,α]. The only over-order
of R is the maximal order OK of K and, since R is Gorenstein by [7, Theorem 11] we get
that R is Bass. We computed that Pic(R) � Z/2Z × Z/2Z and Pic(OK ) � Z/2Z. One can
verify that the classes of

I = 31R + (7 + 12α − α2)R and J = 6734R + (2053 − α − α2)R
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generate Pic(R) and that the class of JOK is the generator of Pic(OK ). Using Theorem 4.1
we can list the 8 isomorphism classes of module inB(2):

M1 = R ⊕ R M5 = R ⊕ OK

M2 = R ⊕ I M6 = R ⊕ JOK

M3 = R ⊕ J M7 = OK ⊕ OK

M4 = R ⊕ IJ M8 = OK ⊕ JOK

Again using Theorem 4.1 one can verify that all modules but M3 and M4 are self-dual,
that is, isomorphic to their own dual. Hence we can deduce that the abelian varieties
corresponding via F to M3 and M4 are not principally polarizable and hence cannot
be Jacobian of curves. By [16, Theorem 1.3] the isogeny class AV(g) is not principally
polarizable, hence the abelian varieties in AV(g2) do not admit a product polarization
of degree 1. On the other hand, in view of the fact that AV(g2) becomes a 4-th power
of an elliptic curve over F112 , the modules Mi for i �= 3, 4 might still admit a principal
polarization. As mentioned in the introduction, the behavior of the machinery developed
with respect to field extensions will be investigated in a forthcoming paper.

Example 6.4 For all primes p ≤ 29 and integers 0 < r ≤ 10 we compute the numberNr,p
of isomorphism classes of abelian varieties over Fp that are isogenous to the r-th power
of an elliptic curve over Fp. Note that a characteristic polynomial h of such an isogeny
class cannot have real roots. Indeed if h has a real roots then x2 − p divides h and hence
an abelian surface with characteristic polynomial (x2 − p)2, which is necessarily simple,
would appear as an isogeny factor.

p 2 3 5 7 11 13 17 19 23 29
N1,p 5 8 12 18 22 32 36 42 46 60
N2,p 5 9 14 23 25 44 44 55 53 74
N3,p 5 10 16 28 28 58 54 68 60 90
N4,p 5 11 18 33 31 74 66 81 67 108
N5,p 5 12 20 38 34 92 80 94 74 128
N6,p 5 13 22 43 37 112 96 107 81 150
N7,p 5 14 24 48 40 134 114 120 88 174
N8,p 5 15 26 53 43 158 134 133 95 200
N9,p 5 16 28 58 46 184 156 146 102 228
N10,p 5 17 30 63 49 212 180 159 109 258

Example 6.5 Consider the Klein quartic K over F2, which can be represented by the
model

K : (X2 + XZ)2 + (X2 + XZ)(Y 2 + YZ) + (Y 2 + YZ)2 + Z4 = 0.

This model is equation (1.22) in [9] reduced modulo 2. It is known, see for example [9,
Sect. 3.3], that K is isogenous to E3, where E is an elliptic curve in the isogeny class
determined by the Weil polynomial

h = x2 − x + 2.
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Note thatZ[x]/h is themaximal order ofK = Q[x]/h and thatK has class number one.We
deduce that E is super-isolated, that is, its isogeny class consists of only one isomorphism
class. From Theorem 4.1 we deduce that also E3 is super-isolated and we conclude that
the Jacobian J (K ) is isomorphic to E3 (as an unpolarized abelian variety). Explicitly, E is
given by

E : Y 2 + (X + 1)Y = X3 + 1.

The fact that J (K ) is isomorphic to the cube of an elliptic curve could also be deduced,
with somework, from thediscussionon [14, pp. 414-415].Clearly, such isomorphism isnot
compatible with the canonical principal polarization of J (K ), which is indecomposable,
and the product principal polarization of E3.

Example 6.6 In this example we are able to list all principally polarized abelian varieties
in a particular isogeny class of surfaces together with their automorphisms. Consider the
isogeny class of elliptic curves over F3 determined by the Weil polynomial

h = x2 + 2x + 3.

The number field K = Q[x]/h has class number one and the order Z[x]/h is maximal.
We deduce that the isogeny class AV(h) is super-isolated. We now consider the isogeny
class AV(h2) which is also super-isolated by Theorem 4.1. From [26, Table 3] we find that
AV(h2) contains the Jacobian of the hyperelliptic curve

H : Y 2 = X6 + X4 + X2 + 1.

From data on curves of genus at most three computed by Jonas Bergström in connection
with the article [4]wecandeduce that there areonly two isomorphismclasses of principally
polarized abelian varieties in AV(h2). The two isomorphism classes are represented by
the Jacobian J (H ) which has 48 (polarized) automorphisms and the square of the elliptic
curve

E : Y 2 = X3 + X2 + 2

together with the product principal polarization, which has exactly 8 polarized auto-
morphisms (the canonical involutions on both factors and the involution coming from
swapping the factors).
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