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Abstract Manymaterials inmodern civil engineering
applications, such as interlayers for laminated safety
glass, are polymer-based. These materials are show-
ing distinct viscoelastic (strain-rate) and temperature
dependent behaviour. In literature, different mathemat-
ical representations of these phenomena exist. A com-
mon one is the ‘Prony-series’ representation, which is
implemented in many state-of-the-art Finite-Element-
Analysis-Software to incorporate linear viscoelastic
material behaviour. The Prony-parameters at a cer-
tain reference temperature can either be determined
by relaxation or retardation experiments in the time
domain or with a steady state oscillation in the fre-
quency domain in the so called ‘Dynamic Mechanical
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Thermal Analysis’ followed by a ‘Time–Temperature-
Superposition-Principle’. However, present research
shows that polymeric materials also may need to have
constitutive equations which include hyperelasticity
(nonlinear stress–strain behaviour in a quasi-static con-
dition) when undergoing large deformations, so that
the material model should be expanded for a more
realistic representation in numerical simulations. A
novel method for the whole identification process for
a numerical material model in terms of a linear Gener-
alized Maxwell Model (Prony-series) based on exper-
imental data will be presented. Furthermore, material
parameters for different hyperelastic material models
based on experimental investigations will be shown
and compared. Future research activities as well as
extensions of the presented novel method are also high-
lighted within this paper.

Keywords Laminated safety glass · Viscoelasticity ·
DMTA · Hyperelasticity · Uniaxial and biaxial tensile
tests · Material parameter identification

1 Introduction

Laminated safety glass has become an indispensable
component in building construction, automotive and
solar industry. It consists of at least two glass panes or
glazing materials made of plastic, that are laminated
together with a polymeric interlayer. The most known
advantages of such compounds are the restraint of glass
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fragments by the polymer filmand the ensuring of a cer-
tain residual load-bearing after glass breakage, which
both reduce the risk of injury. Mechanically speak-
ing, the polymeric interlayer enables a shear transfer
between the two glass panes in the intact state. How-
ever, here, the difficulty lies in the understanding of the
real shear transmission, since the shear modulus shows
a polymer-typical strong dependency on temperature
and loading time.

Recent research with a focus on the time- and
temperature-dependent bearing behaviour of lami-
nated glass undergoing small deformations was con-
ducted by Schuler (2003), Ensslen (2005), Kasper
(2005) and Sackmann (2008) using creep and relax-
ation tests. Further research on the time- and tem-
perature dependent interlayer behaviour using the
‘Dynamical–Mechanical–Thermal-Analysis’ (DMTA)
was done in Barredo et al. (2011), Hooper (2011),
Kothe (2013) and Kuntsche (2015). Viscoelastic mate-
rial models for the interlayermaterial undergoing small
deformations are given in Schuler (2003), Ensslen
(2005), Sackmann (2008), Barredo et al. (2011),
Hooper (2011) and Kuntsche (2015). A commonly
used model is the Generalized Maxwell Model, which
is mathematically described by the ‘Prony-series’
and is implemented in many state-of-the-art Finite-
Element-Analysis-Software to incorporate linear vis-
coelastic material behaviour. The temperature depen-
dency can be taken into account bymeans of the ‘Time–
Temperature-Superposition-Principle’ (TTSP) in the
case of thermorheological simple materials.

Current standards deal very differently with the time
and temperature dependency of the interlayer material.
While many standards such as the German (DIN 18008
2010) completely neglect the load bearing capacity
of the interlayer and solely consider two limit cases
(i.e. ‘no shear transfer’,which considers two separated
glass panes and ‘full shear transfer’, which considers
the laminate as a monolithic glass), a few standards
such as the NEN 2608 (2014) provide a very general
viscoelastic constitutive law in terms of a Prony-series
for standardPolyvinylbutyral (PVB) andSentryGlas®.

To overcome the situation in countries with no stan-
dardised viscoelastic constitutive law for the time and
temperature dependency, some interlayers have general
approvals, e.g. Du Pont de Nemours GmbH (2011) and
Bridgestone Industrial Limited (2014) for Germany.
They propose applicable shearmoduli for different load
situations in order to approach the real load-bearing

capacity of laminated glass, which lies between the
two limit cases for the shear transfer and hence enable
a much more economic design of glass constructions.

Another aspect in the design of laminated safety
glass is the post-breakage behaviour, which leads the
interlayer to undergo large deformations. Hence hyper-
elastic material laws for the constitutive modelling of
nonlinear stress–strain phenomena are needed. Recent
research in that field was conducted by Bennison et al.
(2005) for ionomeric interlayers and by Bennison et al.
(2005) and Hooper (2011) for PVB interlayers.

This paper first introduces und summarizes the the-
oretical background needed for the constitutive mod-
elling of linear viscoelasticity (Sect. 2) and hypere-
lasticity (Sect. 3). In Sect. 2 recent findings w.r.t. the
identification of material parameters of the viscoelas-
tic material model are highlighted. The main part of
this paper, Sect. 4, is concerned with the description of
the preparation, conduction, documentation and inter-
pretation of various experimental investigations. These
investigations were done in order to identify the vis-
coelastic and hyperelastic constitutive behaviour of a
cross-linked ethylene vinyl acetat (EVA)—based inter-
layer, which is assigned to the groups of elastomers
and mostly used in solar industry. In a finalizing sec-
tion future research activities and first ideas in the field
of coupling hyperelastic and viscoelastic constitutive
behaviour as well as the incorporation of thermorheo-
logical complex material behaviour are highlighted.

2 Linear viscoelasticity

2.1 Generalized Maxwell Model

2.1.1 Time domain

The shearmodulus of polymeric interlayers depends on
the load duration and load history. The following expla-
nation refers to the simple shear state with the deforma-
tion γ and the stress state τ in a strain controlled mea-
surement.When deformedwith a constant deformation
γ0, the stress τ decreases over time and approaches a
certain limit value τlim (Fig. 1). This behaviour is called
viscoelastic.

In intact laminated safety glass, the large deforma-
tion induced material nonlinearity (hyperelasticity, c.f.
Sect. 4) is usually not of importance and the theory of
linear viscoelasticity can be applied. In literature, the
limit for linear viscoelasticity for stiff polymers is given
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Fig. 1 Viscoelastic material
behaviour, adapted
from Kraus and Niederwald
(2016)

by a strain of 1% (Grellmann and Seidler 2011), for
softer polymers this limit canbemuchhigher (Schwarzl
1990). In the linear viscoelastic region, stress and strain
behave linear at a certain time t , which can be visual-
ized in isochronous stress–strain diagrams. This means
that the stress relaxation function G (t) = τ(t)/γ0 is
independent of the applied strain amplitude.

After analysing the relaxation modulus as the stress
output for a constant strain input, the question arises
how to calculate the stress output given an arbitrary
strain input. One possibility regarding linear viscoelas-
tic materials is to use the so called ‘Boltzmann super-
position principle’ (Schwarzl 1990), which is some-
times referred to as Duhamel’s integral (especially in
the dynamics literature).

According to this principle the material response
to arbitrary loading processes can be calculated by
the sum of material responses obtained under con-
stant loading increments which yields for the limit of
infinitesimal increment steps Δs → 0 in Eq. (1).

τ (t) =
t∫

0

G (t − s)
dγ

ds
ds (1)

whereG: stress relaxation function, s: timewith known
strain history.

The generalizedMaxwellModel in Fig. 2 represents
the rheological model of stress relaxation G (t). It con-
sists of K parallel spring-damper elements and a sup-
plementary parallel linear elastic spring. Thus the total
stress τ consists of two parts: the equilibrium stresses,
which are described by the equilibrium spring, and the
non-equilibrium stresses, which are described by the
Maxwell-Elements [Eq. (2)].

τ (t) =
∫ t

0

[
G∞ +

K∑
k=1

Gk exp

(
− t − s

τk

)]
γ̇ ds (2)

wherein τk = ηk/Gk is called relaxation time of the
kth element.

Fig. 2 Generalized Maxwell Model, adapted from Kraus and
Niederwald (2016)

The relaxation function given in Eq. (3)

G(t) = G∞ +
K∑

k=1

Gk exp

(
− t

τk

)
(3)

is called Prony-series, wherein Gk , τk and G∞ are
called Prony-parameters. They have to be determined
through experimental investigation. Every spring-
damper element has an initial stiffness of Gk and
relaxes exponentially with a corresponding relaxation
time τk . The additional parallel linear elastic spring
characterizes the stiffness at infinite time, respectively
the stiffness after relaxation of all spring-damper ele-
ments. G∞ equals zero when the considered material
shows flowing. Otherwise, it tends to a finite positive
limit.

A graphical representation of the combination of
four decaying exponentials to a Prony-series is given
as an example in Fig. 3. By inspection of Fig. 3 it
is remarkable to note, that each Maxwell Element
(in terms of the representation by the decaying expo-
nential) mainly decays within one time decade (mea-
sured in a logarithmic scale). Thus the total number of
Maxwell Elements K has to be chosen such, that the
Prony-series represents the experimentally determined
time-dependent shear modulus accurately. So far, it has
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Fig. 3 Principal sketch of a Prony-series and its individual sum-
mands, from Kraus and Niederwald (2016)

proven successful to adapt K to the number of investi-
gated time decades.

Other common ways of presenting a Prony-series
are:

– Using normalized parameters gk = Gk/G0, where
G0 represents the shearmodulus of theGeneralized
Maxwell Model at the time t = 0 as shown in Eq.
(4),

G (t) = G0

(
1 −

K∑
k=1

gk

(
1 − exp

(
− t

τk

)))

(4)

– In terms of an inner product as presented in Eq. (5).

G (t) = G∞ +
K∑

k=1

Gke
− t

τk

=

⎛
⎜⎜⎜⎝

G∞
G1
...

G K

⎞
⎟⎟⎟⎠

T

·

⎛
⎜⎜⎜⎝

1
exp (−t/τ1)

...

exp (−t/τK )

⎞
⎟⎟⎟⎠

= 〈G,B〉 (5)

where the Gk are the coordinates (summarized in
the coordinate vector G) and the bk = exp (−t/τk)

are the basis vectors (summarized in the common
basis vector B).

2.1.2 Frequency domain

The time dependent relaxation properties of a mate-
rial, c.f. Eq. (3), are linked to the complex moduli via

the Fourier transform and vice versa (Fig. 4, wherein
ω: angular frequency)

The Fourier transform of Eq. (11) leads to the com-
plex modulus G∗(ω) given in Eq. (6).

G∗ (ω) = G∞ +
K∑

k=1

Gk
ω2τ 2k

1 + ω2τ 2k

+ i
K∑

k=1

Gk
ωτk

1 + ω2τ 2k

= G0

(
1 −

K∑
k=1

gk +
K∑

k=1

gk
ω2τ 2k

1 + ω2τ 2k

+ i
K∑

k=1

gk
ωτk

1 + ω2τ 2k

)
(6)

The real part (� (G∗) = G ′ (ω)) of Eq. (6) is called the
‘Storage modulus’ and the imaginary part (	 (G∗) =
G ′′ (ω)) is called ‘Loss modulus’ . The form with the
normalized parameters, c.f. Eq. (4) respectively Eq. (6)
is used in the German general technical approvals of
some interlayer materials as well as in Sect. 2.3.1 for
the two step parameter identification procedure.

Analogously to Eq. (5) the complex modulus repre-
sentation allows a formulation as an inner product. For
the Storage and Loss modulus this is shown in Eqs. (7)
and (8).

G ′ (ω) =

⎛
⎜⎜⎜⎝

G∞
G1
...

G K

⎞
⎟⎟⎟⎠

T

·

⎛
⎜⎜⎜⎜⎜⎜⎝

1
ω2τ 21

1+ω2τ 21
...

ω2τ 2K
1+ω2τ 2K

⎞
⎟⎟⎟⎟⎟⎟⎠

= 〈G,B′〉 (7)

G ′′ (ω) =

⎛
⎜⎜⎜⎝

G∞
G1
...

G K

⎞
⎟⎟⎟⎠

T

·

⎛
⎜⎜⎜⎜⎝

0
ωτ1

1+ω2τ 21
...

ωτK
1+ω2τ 2K

⎞
⎟⎟⎟⎟⎠ = 〈G,B′′〉 (8)

Gk are the coordinates (summarized in the coordinate

vectorG) and b′
k = ω2τ 2k

1+ω2τ 2k
respectively b′′

k = ωτk
1+ω2τ 2k

are the basis vectors (summarized in the common basis
vector B′ and B′′). This inner product representation
will be used in Sect. 2.3.2 to define the basic regression
problem, which is at the heart of ‘GUSTL’.

In the context of physics and engineering causal
functions are of greatest interest, as these functions
respect the basic physical principle, that the effect can-
not appear before the cause. The real and imaginary part
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Fig. 4 Structure of the
theory of linear
viscoelasticity in the time
and frequency domain from
Kraus and Niederwald
(2016)

of its Fourier-TransformF ( f (t)) are interrelated, thus
they can be calculated from each other.

� (ω) = 1

π

∫ ∞

−∞
	 (v)

ω − v
dv (9)

	 (ω) = − 1

π

∫ ∞

−∞
� (v)

ω − v
dv (10)

Equations (9) and (10) are called the ‘Kramers–Kronig’
relations and are valid if the system behaves linear. For
practical considerations, especially in terms of validat-
ing the causality of the measured data and for double-
checking the Loss modulus G ′′ (ω) (which is usually
measured with more noise than the Storage modulus
G ′ (ω)) the approximation of Eq. (10) according to
(Kraus et al.) is used [Eq. (11)].

	 (ω) = G ′′ (ω) = 2

π

(
∂ G ′ (u)

∂ ln u

)
u=ω

(11)

2.2 Time–Temperature-Superposition-Principle
(TTSP)

Typically viscoelastic material properties of polymers
strongly depend on temperature. In the energy elastic
area,which occurs at temperatures below the glass tran-
sition temperature (T 
 Tg), the glassy, brittle poly-
mers reveal a relatively high stiffness, while at temper-
atures above the glass transition temperature (T � Tg)
polymers show a rubber-like behaviour which is char-
acterized by much lower stiffness compared to those
in the energy elastic area. This area is referred to as
entropy elastic area (Schwarzl 1990; Domininghaus
et al. 2008).

Depending on the behaviour in the afore-mentioned
areas, polymers can be classified into three main
groups. The stiffness of thermoplastics, which have no
chemical molecular crosslinks, continuously decreases
with increasing temperature. In duroplastics, the indi-
vidual molecular chains are closely interlinked with
each other, which results in a low stiffness drop at high
temperatures. Elastomers are widely meshed and show
a stiffness increment in the entropy elastic area.

Since relaxation is based on molecular movements
and rearrangement processes, which can be thermally
activated, an increase in temperature leads inmost cases
to an acceleration of the relaxation process. Especially
for thermoplastics, this correlation between tempera-
ture and load duration is obvious. When all relaxation
times have the same dependency on time, which means
that the shape of the relaxation curves is identical for
all temperatures, the considered material shows a ther-
morheological simple behaviour. Here, when knowing
the relaxation function at a reference temperature Tre f ,
it is sufficient to horizontally shift the curve by the
single factor ‘aT ’ among the time-axis in order to rep-
resent the relaxation function for another temperature
T [Fig. 5, Eqs. (12) and (13)] (Schwarzl 1990).

log10aT
(
T, Tre f

) = log10t − log10tre f

= log10
t

tre f
(12)

G (t, T ) = G
(
aT · t, Tre f

)
(13)

The functional dependency of the time dependent shift
factors aT can be approximated by commonly used
displacement laws. ‘Arrhenius’ equation [Eq. (14)] is
a physical motivated displacement law, which is based
on the activation energy that is necessary to activate
side chain movements with a certain velocity. Hence,
the area of application is limited to the energy elastic
region (Brinson and Brinson 2015).

log10aT
(
T, Tre f

) = −0, 434
E A

R

(
1

T
− 1

Tre f

)
(14)

E A is the activation energy which has to be determined
experimentally, R the universal gas constant, T the con-
sidered temperature and Tre f the reference temperature
in [K ].

In the glass transition and entropy elastic area the
molecular movement is extended from small side chain
movements to full rotations and position changes.Here,
the empirical ‘William-Landel-Ferry’ (WLF) displace-
ment function shown in Eq. (15) delivers more suitable
shift factors (Stommel et al. 2011).
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log10aT
(
T, Tre f

) = − C1(T − Tre f )

C2 + T − Tre f
(15)

The two material parameters C1 and C2 have to be
determined experimentally. T is the considered tem-
perature and Tre f is the reference temperature in [◦C].
In this context it is worth noticing, that the twomaterial
parameters C1 and C2 are in value strongly dependent
on the choice of Tre f .

The Arrhenius and WLF functions are only two
example functions that represent the temperature-
dependency of the shift factor aT

(
T, Tre f

)
.

Other approaches such as the Arc-tangent (Keuer-
leber 2006), exponential (Göhler 2010), polynomial
(Kuraray Europe GmbH Division TROSIFOL 2014)
or the Narayanaswamy-Tool function (available in
ANSYS) exist as well in literature.

This TTSP is especially handy for shortening exper-
imental efforts. As time and temperature are correlated
by a TTSP law, e.g. WLF, tests with different temper-
atures can be conducted in a much shorter period of
time compared to isothermal relaxation or creep tests.
By shifting the single measured isothermal curve sec-
tions on the time scale, as illustrated inFig. 5, a so called
‘Master Curve’ is obtained, which maps the long-term
behaviour (Schwarzl 1990).

2.3 Prony-parameter-identification

2.3.1 Two step data fit

This paper only gives a brief summary of the in
Kuntsche (2015) and Kuntsche et al. (2015) developed
two step data fit.

The so-called Prony-parameters (gk, G∞, τk) of the
Generalized Maxwell Model have to be identified in
a way that they fit simultaneously the experimentally
generated Master Curves of the Storage and Loss mod-
ulus from DMTA and TTSP.

This represents a non-linear optimization problem
with 2K + 1 unknowns, where K is the number of
spring-damper elements in the Generalized Maxwell
Model. With the knowledge that oneMaxwell Element
per measured frequency decade is sufficient to map
the relaxation behaviour, the number of spring-damper
elements K equals the number of examined frequency
decays.Additionally, this allows to set a relaxation time

τi to a certain positive value per decade, and hence to
reduce the number of unknown parameters to K + 1.

These can be determined by a least square optimiza-
tion procedure, wherein the target function is given in
Eq. (16). The following basic thermodynamic princi-
ples are taken into account during parameter identifi-
cation:

– 0 ≤ gk < 1
–
∑K

k=1 gk ≤ 1
– G0 > 0 and G∞ = G0(1 −∑ gk)

Since the values of the moduli spread over a wide
range, the target function is formed in the logarithmic
region. This has the advantage that the high and low
values have a similar influence on the error square. In
addition, the Loss modulus is weighted 10 times higher
than the Storagemodulus in order to take the oscillation
of the Loss modulus into account (Göhler 2010).

f (gk, . . . , gK , G∞)

=
m∑

j=1

[(
logG ′ (ω j

)− logG
′ (

ω j
))2

+10
(
logG ′′ (ω j

)− logG
′′ (

ω j
))2]

(16)

where:

G ′ (ω j
) : Storagemodulus calculated with real part of

Eq. (6)
G

′ (
ω j
) : Storage modulus out of experiment

G ′′ (ω j
) : Loss modulus calculated with imaginary

part of Eq. (6)
G

′′ (
ω j
) : Loss modulus out of experiment

The optimization problem was implemented in MAT-
LAB as a two-step procedure. In a first step, a genetic
algorithm is used to generate suitable start parameters,
which are then transmitted in a global gradient based
optimization tool (Fig. 6).

Figure 7 presents exemplarily the behaviour of the
two-step algorithm for the fit of the Storage and Loss
moduli for a given data set (in this case PVB-based
interlayer).

2.3.2 GUSTL data fit

In the context of this paper only a short summary of
the assumptions and the whole deduction of GUSTL
(Kraus et al.) can be given.

The elaboration ofGUTSLwasmainlymotivated by
the circumstance, that there hardly exists a method of
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Fig. 5 Time–Temperature-
Superposition-Principle,
from Kuntsche (2015)

Fig. 6 Two-step
optimization algorithm

Algorithm 1: Genetic Algorithm GA 
1. Fix the number K of spring-damper elements 
2. Set upper and lower bound for Prony-parameters ,  
3. Verification of thermodynamic principles 
4. Set parameters for Genetic Algorithm (number of generations, size of population) 
5. Start Genetic Algorithm with random starter parameters 
6. Result: Individual showing the best fitness regarding the target function 

 Start Prony-parameters for Algorithm 2  
Algorithm 2: Global Search GS 

1. Fix the number K of spring-damper elements 
2. Set upper and lower bound for Prony-parameters ,  
3. Verification of thermodynamic principles 
4. Start Global Search Algorithm based on gradient optimization using starter Prony-parameters generated in 

GA 
5. Result: Final Prony-parameters 
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Fig. 7 Principle of two-step optimization algorithm (Kuntsche
2015)

numerically determining the Prony-series from DMTA
data, which takes into account the physical relations
of and between the Storage and Loss modulus and is
not a pure (and / or randomized) data fitting procedure.
Indeed, GUSTL is based on picking up the consider-
ations made in Sect. 2.1.2 to set up the determination
of the Prony-series as an inverse problem in terms of
a matrix-vector product [Eq. (17)]. possessing a right-
hand side which are the data (Fig. 8).

K
global

· G = G̃ (17)

where

– K
global

is the N x K dimensional ‘global stiffness

matrix’ containing basis vectors b′
k and b′′

k

Fig. 8 Principal matrix structures of K
Storage

(left) and K
Loss

(right) from Kraus and Niederwald (2016)

– G is the the K -dimensional coordinate vector (i.e.
the Prony-parameters)

– G̃ contains the measured data (for Storage and Loss
moduli G ′ and G ′′)

τk = 10m+k is preset, when the data frequency axis
starts at decade m.

The global stiffness matrix is constructed out of a
part resulting from the Storage modulus and another
part coming from the Loss modulus as shown in Eq.
(18).

K
global

=
[
K
Storage

,K
Loss

, 1
]T

(18)

The last line in K
global

ensures the scaling constraint∑
Gk = G0 − G∞.
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Fig. 9 GUSTL Algorithm Algorithm 3: GUSTL 
1. Fix the number  of spring-damper elements 
2. Set upper and lower bound for frequency window of investigation 
3. Set  and   based on experimental data 
4. Assemble stiffness matrices for the Storage modulus  and the Loss modulus 
5. Assemble global stiffness matrix out of  and  and the scaling constraint 
6. Assemble the right hand side (i.e. the data vector) 
7. Solve the matrix-vector-problem via a non-negative least-squares routine 
8. Result: Final Prony-parameters 

The stiffnessmatrix for theStoragemodulusK
Storage

possesses the structure of a lower-triangular matrix in
case of one Maxwell-Element per decade and is con-
stant one decade after its characteristic relaxation fre-
quency. On the diagonal the contribution of each b′

k

is equal to b′
k (1/τk) = 1/2. The stiffness matrix for

Loss modulus K
Loss

is a heptdiagonal matrix in case of
one Maxwell-Element per decade.

The principal structure of K
Storage

and K
Loss

is

depicted in Fig. 8.
The ‘right hand side’ vector G̃ contains the mea-

sured data in the Storage and Loss modulus at the
frequencies ω j . Only the last line is not a measure-
ment datum but incorporates the constraint

∑
Gk =

G0 − G∞ as shown in Eq. (19).

G̃ =
[
G̃Storage, G̃Loss; G̃0 − G̃∞

]T
(19)

As there is a physical meaning assigned to the entries of
the coefficient vectorG a non-negativity constraint has
to be introduced in the solution process of Eq. (19).
This is why a ‘non-negative least squares’ (NNLS)
optimization procedure is used to solve Eq. (19) in a
physically correct manner (Fig. 9).

3 Hyperelasticity

As explained before, the time and temperature depen-
dent shear transmission behaviour of polymers under-
going small deformations and hence showing a linear
viscoelastic behaviour can be described by the rheo-
logical Generalized Maxwell Model, which concludes
to the so called Prony-series and one or more corre-
sponding TTSP to shift the time dependent shear mod-
ulus to other temperatures. However, undergoing large
deformations, as they occur for example in the frac-
tured state of laminated safety glass, polymeric materi-
als show in addition to the time- and temperature depen-
dent behaviour a non-linear relation between stress and

strain expressed in this paper by a hyperelastic material
model.

3.1 Basic continuum mechanics

Continuum mechanics is based typically on the triplet
of
– kinematics,
– balance laws,
– constitutive equations.

In the following, a further elaboration of the kinematics
and a discussion of constitutive equations is given, a
closer look on the balance laws is omitted, as details
on that can be found in e.g. Brinson andBrinson (2015),
Marques and Creus (2012) and Tschoegl (1989).

3.2 Kinematics

Kinematics is the description of motion and deforma-
tion of a material body regardless of the forces applied
for that motion, c.f. Tschoegl (1989). In the context
of kinematics, the material body consists of an infi-
nite number of material points or particles. In order to
find a mathematical description of the kinematics, con-
figurations are introduced. A configuration refers to the
simultaneous position of all material points of the body
B. Typically capital and lower case letters indicate,
whether quantities belong to the initial (upper case let-
ters, e.g. X = x0; t = t0;B0) or the current / deformed
configuration (lower case letters, e.g. xt ; t > t0,B)
respectively. The bijective deformation map χ(X, t)
defines the position within the current configuration of
the particle P that originally occupied a given position
P0 within the reference configuration. The deformation
gradient F [Eq. (20)] describes this movement and is
thus a second order tensor.

F = Grad (xt) (20)

For rubber-like materials incompressibility is consid-
ered, which results in det (F) = J = 1. The left and
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right Cauchy–Green stretch tensors can be derived by
Eq. (21).

b = FFT and C = FTF (21)

The material models of hyperelasticity are usually for-
mulated in the so called ‘Helmholz free energy’ (per
volume)Ψ (b) orΨ (C), which is depending on the prin-
cipal stretches λi , with i = 1, 2, 3.

3.3 Constitutive equations for isotropic
hyperelasticity

Generally speaking, hyperelasticity is a generalization
of linear isotropic elasticity, which is able to cap-
ture non-linear and large-strain responses of materi-
als exposed to stress. The basic assumption of con-
stitutive models in hyperelasticity is, that the stress
function of a thermoelastic material only depends on
the applied deformation, the temperature θ0 and the
gradient of the temperature Grad(θ0), c.f. Tschoegl
(1989).

σ true = σ̂ (F, θ0,Grad (θ0))

= 1

J

∂Ψ (F, θ0)

∂F
FT

= 2

J
F

∂Ψ (C, θ0)

∂C
FT (22)

It is possible to express the Helmholz free energy
in terms of the three invariants of the left and right
Cauchy-Green stretch tensors (Eqs. 23–25).

I1 (b) = I1 (C) = λ21 + λ22 + λ23 (23)

I2 (b) = I2 (C) = λ21λ
2
2 + λ22λ

2
3 + λ23λ

2
1 (24)

I3 (b) = I3 (C) = λ21λ
2
2λ

2
3 (25)

With these equations theCauchy stress canbe expressed
with Eq. (26).

σ true = 2

J
F
[
∂Ψ

∂ I1

∂ I1
∂b

+ ∂Ψ

∂ I2

∂ I2
∂b

+ ∂Ψ

∂ I3

∂ I3
∂b

]
FT

(26)

Further simplifications of the notation of σ true can be
obtained using theorems of continuum mechanics, but
these deductions are omitted at this point referencing
Brinson and Brinson (2015) and Tschoegl (1989) for
further considerations.

In the context of this paper, uniaxial tension and
biaxial tension tests were conducted. It is possible, to

state analytical expressions for the deformation gradi-
entF as well as the left isochoric Cauchy-Green stretch
tensor b in terms of the stretch λ for both tested defor-
mation modes [Eqs. (27) and (28)].

Uniaxial tension: F =
⎡
⎢⎣

λ 0 0
0 1√

λ
0

0 0 1√
λ

⎤
⎥⎦ and

b =
⎡
⎣λ2 0 0

0 1
λ

0
0 0 1

λ

⎤
⎦ (27)

Biaxial tension: F =
⎡
⎣λ 0 0
0 λ 0
0 0 1

λ2

⎤
⎦ and

b =
⎡
⎣λ2 0 0

0 λ2 0
0 0 1

λ4

⎤
⎦ (28)

The deformation gradient F can be decomposed into
dilatational and distortional components as shown in
Eq. (29).

F = J 1/3F∗ (29)

Thus the invariants can also be decomposed into dilata-
tional and distortional components:

I1 (b) = J 2/3 I ∗
1 (30)

I2 (b) = J 4/3 I ∗
2 (31)

In the following three subsections, some of the com-
mon Helmholz free energy functions are presented,
which will be used for the fitting of the material
responses obtained in the conducted experiments. It
should be noted here, that the three different Helmholz
free energy functions in the remainder of this section
do include the invariants in different ways and thus
are or are not well capable of reproducing the mate-
rial response due to different testing scenarios from an
energetic point of view, as the specific material laws
lay different weight to different invariants. The discus-
sion of such considerations is far beyond the scope of
this paper but is addressed for example in Drass et al.
(2017), Kaliske and Heinrich (1999), Bennison et al.
(2005) etc.

3.3.1 Neo–Hooke

The Neo–Hookean material model is a simple hyper-
elastic model based the two material constants shear
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modulus μ and bulk modulus κ . The Helmholz free
energy function is given in Eq. (32).

Ψ
(
I ∗
1 , J

) = μ

2

(
I ∗
1 − 3

)+ κ

2
(J − 1)2 (32)

The Cauchy stresses for the standard experiments and
the assumption of an incompressible material can be
calculated via Eqs. (33) and (34).

σtrue,uniaxial = μ

(
λ2 − 1

λ

)
(33)

σtrue,biaxial = μ

(
λ2 − 1

λ4

)
(34)

3.3.2 2-Parameter Mooney–Rivlin

The two parameter Mooney–Rivlin material model is
an extension of the Neo–Hooke material model based
on three material constants C10, C01 and the bulk mod-
ulus κ . The Helmholz free energy function is given in
Eq. (35).

Ψ
(
I ∗
1 , I ∗

2 , J
) = C10

(
I ∗
1 − 3

)+ C01
(
I ∗
2 − 3

)
+κ

2
(J − 1)2 (35)

The Cauchy stresses for the standard experiments and
the assumption of an incompressible material can be
calculated via Eqs. (36) and (37).

σtrue,uniaxial = 2

(
λ2 − 1

λ

)[
C10 + C01

λ

]
(36)

σtrue,biaxial = 2C10

(
λ2 − 1

λ4

)

+ 2C01

[
λ4 − 1

λ2

]
(37)

3.3.3 Extended-tube

The Extended-Tube (ET) model is a material model,
which is inspired by statistical and micro mechanics. It
tries to consider the network constraints from surround-
ingmolecular chains and the limited chain extensibility
in the derivation of the Helmholz free energy expres-
sion, c.f. Kaliske and Heinrich (1999).

The energy function consists of three parts: energy
from crosslinking of the network Ψc [Eq. (38)], energy
from confining tube constraints Ψe [Eqs. (39) and

(41)] and energy fromvolumetric deformationsΨv [Eq.
(40)]: Ψ = Ψc + Ψe + Ψv .

Ψc = Gc

2

[(
1 − δ2

) · (I ∗
1 − 3

)
1 − (I ∗

1 − 3
)
δ2

+ ln
(
1 − δ2

(
I ∗
1 − 3

))]
(38)

Ψe = 2Ge

β2

3∑
i=1

((
λ∗

i

)−β − 1
)

(39)

Ψv = κ (J − 1)2 (40)

λ∗
i = J− 1

3 λi (41)

As we here only consider the incompressible case
it follows, that Ψv = 0. The material constants are
hence Gc, Ge, δ and β. The Cauchy stresses for the
standard experiments can be calculated via Eqs. (42)
and (43).

σtrue,uniaxial

= Gc

⎧⎨
⎩
1+
(
1 + I∗2

1 −4I∗
1

)
δ2+

(
5I∗

1 − I∗2
1 − 6

)
δ4

[
1 − (I∗

1 − 3
)
δ2
]2

⎫⎬
⎭

(
λ2 − 1

λ

)
− 2Ge

β

[
λ−β −

(
1√
λ

)−β
]

(42)

σtrue,BT

= Gc

⎧⎨
⎩
1 +

(
1 + I∗2

1 − 4I∗
1

)
δ2 +

(
5I∗

1 − I∗2
1 − 6

)
δ4

[
1 − (I∗

1 − 3
)
δ2
]2

⎫⎬
⎭

(
λ2 − 1

λ4

)
− 2Ge

β

[
λ−β −

(
1

λ2

)−β
]

(43)

4 Experimental investigations

The EVA is tested in an already cured state, so that the
specimens do not need special conditioning as it would
be necessary for e.g. PVB or SentryGlas®. Consider-
ing the tensile tests in 4.2 and 4.3, the conditioning and
the testing was done at 23 ◦C and 50% relative humid-
ity according to DIN ISO 572-1 (2012). The following
results were obtained, assuming incompressible mate-
rial behaviour.

4.1 Dynamical–mechanical–thermal-analysis

4.1.1 Basic principles of DMTA

The principle of DMTA is to apply a sinusoidal stress
or strain to the specimen and to measure the material
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Fig. 10 Phase lag between
strain input and stress
response (left time domain,
right complex plane)
from Kraus and Niederwald
(2016)

response, c.f. Kraus and Niederwald (2016), Kuntsche
(2015). From this, it is possible to determine the stiff-
ness of the material and also its viscosity from the
phase-lag tan δ between the oscillating stress or strain
and the material response (Fig. 10).

In practice, the DMTA testing machine cools or
heats to the first testing temperature and then performs
a frequency sweep (testing multiple frequencies on
the same temperature level) to obtain moduli within a
bounded frequency range at a specific temperature, c.f.
Kraus and Niederwald (2016), Kuntsche (2015). After
the next temperature is tuned the frequency sweep is
conducted. This procedure repeats until the whole tem-
perature range of interest is processed. In a next step,
the TTSP can be used to extend the bounded frequency
range to obtain the complex moduli for several decades
and temperatures.

4.1.2 Description

The temperature–frequency sweep was performed at
TU Darmstadt in a torsion DMTA using a machine
‘Anton Paar MCR 702’. One approx. 45 × 10 and
0.7mm thick EVA sample was extracted and clamped

Fig. 11 Geometry of DMTA test specimen; all dimensions in
mm

in themeasuring systemwhose lower part is immovable
and the upper part oscillates around a resting point, c.f.
Figs. 11 and 12. The mechanical vibration is generated
by an electronically commutated synchronous motor
which simultaneously measures the torque. The angle
of rotation and thus indirectly the shear are detected
by means of an optical rotary encoder. The measure-
ment was carried out in a displacement controlled way.
Accordingly, a shear amplitude of 0.02% was applied
with different frequencies [ f = 0.01−50Hz] and at
different temperatures [T = −80 ◦C to T = +80 ◦C
in 5 ◦C steps]. The corresponding torque or shear stress
and the phase lag were measured. From this data,
the temperature- and frequency-dependent Storage and
Loss moduli are determined and output by the device.
The desired temperature is achieved by an annealing
system based on convection heating. In addition, liq-
uid nitrogen is evaporated and blown directly into the
furnace to reach the very low temperatures.

Prior to the start of the temperature–frequency
sweep, amplitude sweeps were performed at two con-
stant temperatures (in the entropy elastic area at T =
−80 ◦C and in the energy elastic area at T = 23 ◦C)

Fig. 12 DMTA test set up
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Fig. 13 Linearity check due to amplitude sweep

and a constant frequency of 1 Hz to ensure that the
linear viscoelastic range was not left during the exper-
iments. The applied strain varied between 0.001 and
0.2%. The glass transition temperature has been deter-
mined in a temperature sweep [T = −80 ◦C to T =
+80 ◦C, heating rate 1 K/min] with a constant fre-
quency of 1 Hz and a constant strain amplitude of
0.02% by means of the maximum value of the Loss
factor tan δ = G ′′(ω)/G ′(ω) to Tg ∼ −20 ◦C .

4.1.3 Results

As stated in the section above, prior to the temperature–
frequency sweeps, amplitude sweeps were performed
at two constant temperatures and a constant frequency
to ensure linear viscoelastic behaviour of the test sam-
ples during the temperature–frequency sweep experi-
ments. The results are depicted in Fig. 13. It can be seen

Fig. 14 Storage modulus G′ (f) raw data

that an approximately constant complex modulus (i.e.
magnitude of the complex modulus) occurs for both
temperatures above and below the glass transition tem-
perature (Tg ∼ −20 ◦C) for the applied deformations.
This further means that the assumption of a linear vis-
coelastic material behaviour during the consecutively
conducted temperature–frequency sweeps is justified.

The temperature–frequency sweep was conducted
on one single specimen in torsional mode with dis-
placement control. A shear amplitude of 0.02% strain
was applied at different frequencies in the range of f ∈
[0.01; 50] Hz (logarithmically equidistant spaced in 15
intervals) at different temperatures T ∈ [−80; 80] ◦C
in steps of 5 ◦C.

The raw data are given in Figs. 14 and 15.
Applying ahorizontal shiftingprocedure as described

in Sect. 2.2 the Master Curves for the Storage and Loss
moduli are obtained. In a next step the two methods as
mentioned in Sects. 2.3.1 and 2.3.2 (two-step data fit as

Fig. 15 Loss modulus G′′ (f) raw data
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Fig. 16 Storage modulus
G′ (f) calculated by the
different methods

Fig. 17 Loss modulus
G′′ (f) calculated by the
different methods

well as GUSTL) are applied to fit a Prony-series to the
data from the Master Curves. It was chosen to use 33
relaxation times τk = 10−20+k, k = 1:33 for each fit-
ting method in order to provide one Maxwell-Element
per frequency-decade. The results of the fits are given
Figs. 16 and 17.

The Master Curves for Storage and Loss moduli are
fitted quite well by both methods. In the Storage mod-
ulus GUSTL fits the data better whereas in the Loss
modulus, the 2-step Global Search method meets the
measured data more accurately. This may be due to
Eq. (16), which requires a simultaneous fitting of the
Shear and Loss Modulus, where the Loss Modulus is
weighted 10 times higher in the two-stepGlobal Search
fitting procedure.

The distribution of the coefficients Gi obtained via
the two-step (Global Search) method in comparison to
GUSTL is given in Fig. 18.

When comparing the estimated coefficients Gi

obtained via the two methods, they differ in some
regions but deliver in the overall a similar result. It is
worth mentioning, that the solution for the coefficients
Gi when using GUSTL is within milliseconds whereas
the solution found by the two-step method takes up to
minutes or even hours.

Finally and by referencing the statements made in
Sect. 2.1.2, the linearity of the observed data modelled
with a Generalized Maxwell-Element by applying Eq.
(11) to the StoragemodulusMaster Curve and approxi-
mately validate the obtainedMaster Curve for the Loss
modulus is checked. Here again a theoretical justifica-
tion for the assumption of having conducted the tests
within the bounds of linearity can be given, which is
in accordance with the amplitude sweeps presented in
Fig. 13. In frequency regions above 107 Hz, the oscillat-
ing behaviour of Kramers–Kronig-Approximation for
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Fig. 18 Estimated
coefficients Gi of the
Prony-series

Fig. 19 Linearity check via
the approximate
Kramers–Kronig-Transform
of G′(f)
against the Loss modu-
lus G′′(f)

the Loss modulus results from the derivation of the
wavy spline approximation of the Storagemodulus, c.f.
Figs. 16 and 19 and Eq. (11).

4.2 Uniaxial tensile tests

4.2.1 Description UT

The uniaxial tensile tests (UT) were performed in
imitation of ISO 527 at TU Darmstadt with a non-
standardized shape with a relatively short edge-parallel
area (Fig. 20) since the goal of the tests was to deter-
mine the stress–strain behaviour at different strain rates
from quasi-static to dynamic loading (Schneider et al.
2012; Becker 2009).

Thepresented test procedure and results are restricted
in this paper to the investigated EVA at constant quasi-
static haul-off velocity v = 50mm/min.

Before testing, five 0.7mm thick specimens were
extracted from the sheet by a CNC drilling machine
and red dots were applied for the optical strain eval-
uation with ‘Digital Image Correlation’ (DIC). The
tests were performed with a universal testing machine
(type ‘Zwick Z050’). The experimentswere driven up to
the breaking to detect—in addition to the stress–strain
relations—the breaking strain of the EVA. Figure 22
shows a specimen before and after the uniaxial tensile
test. It becomes obvious that the EVA shows plastic
deformations. Figure 21 shows a specimen in the test-
ing machine.
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Fig. 20 Geometry of uniaxial tension test specimen; all dimen-
sions in mm

Fig. 21 Uniaxial tensile test set up

The true strain εtrue [Eq. (44)] was obtained byDIC,
the true stress σ true [Eq. (45)] was determined by the
force measurement of the universal testing machine
and the actual cross section Atrue, which was back-
calculated from themeasured strain in transverse direc-
tion under assumption of incompressibility.

εtrue
x = ln

(
1 + ε

eng
x
)2·ν = ln

(
1 + �lx

l0,x

)
(44)

σ true = F

Atrue
(45)

4.2.2 Results UT

The fit of the data out of the UT was conducted via
MATLAB in a least-squares setting for the three hyper-
elastic material models introduced in Sect. 3.3.

For the data fitting of the UT it was necessary to use
a suitable initial guess which leads to a good approx-
imation of the material responses for the Extended-
Tube (ET) model (which is summarized in Table 1). As
indicated by the difference �σtrue in Fig. 23 (between
the mean true stress value and the fitted true stress)
the Neo–Hooke as well as the Mooney–Rivlin material
models were not able to approximate the curvature of
the measured data in a suitable way whereas the ET
material model was.

4.3 Biaxial tensile test

4.3.1 Description BT

The biaxial tensile tests (BT) were performed at Fraun-
haufer EMI with six cross-shaped EVA samples that
have been excised from EVA sheets. They provide an
area of A=80×80mm2, where pure biaxial stress and
strain conditions can be guaranteed and 60 mm long
clamping areas (seeFigs. 24 and25). The average thick-
ness of all specimen was measured to t = 0.7 mm.

During BT, the cross-shaped sample (in Fig. 26) was
pulled simultaneously in x- and y-direction. The load-
ings were applied by four orthogonal oriented actua-
tors with a quasi-static speed of v = 25 mm/min per
axis, which corresponds to vBT = 50 mm/min for both
directions x and y until failure. The forces required for
this were measured with a piezoelectric force sensor

Fig. 22 EVA specimen
before and after uniaxial
tensile test
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Fig. 23 Fitting different material models to the EVA sample data from the uniaxial tensile test (UT)

Fig. 24 Geometry of biaxial tensile test specimen; all dimen-
sions in (mm) (Drass et al. 2017)

and the axial movements with magnetic displacement
sensors. The elongation per axis during test was mea-
sured with a grey-value pattern that has been applied
with a water based black-white varnish to the samples
and evaluated by DIC.

The evaluation was carried out with the force-
displacement data, wherein the forces in x-/y-direction
were defined as arithmetic mean values of two oppos-
ing actuators, which is given by Eq. (46).

Fx = 1

2
· (F1 + F3) and Fy = 1

2
· (F2 + F4) (46)

The total local elongations in x- and y-direction were
determined with DIC, wherein the outer points of the
grey value pattern of each axis (Fig. 24) were tracked
by a video camera during the experiment. The relative
elongation can be calculated with Eq. (47).

�lx = u1 + u3 resp. �l y = u2 + u4 (47)

The obtained data was then used to calculate engineer-
ing stresses and strains with Eqs. (48) and (49).

ε
eng
x = �lx

l0,x
resp. ε

eng
y = �l y

l0,y
(48)

σ
eng
x = Fx

b · t
resp. σ

eng
y = Fy

b · t
(49)

From these the true quantities can be determined as
shown in Eqs. (50) and (51) for the x-direction.

εtrue
x = [

ln (1 + ε
eng
x )

]2·ν = ln (1 + ε
eng
x ) (50)
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Fig. 25 Biaxial tensile test set up

σ true
x = [

1 + ε
eng
x
] ·σ eng

x (51)

under assumption of incompressibility.
During the evaluation, it could be demonstrated that

there is no anisotropy. The stresses and strains are inde-
pendent of direction, hence σx = σy and εx = εy .

4.3.2 Results

The fit of the data out of the BT was conducted via
MATLAB in a least-squares setting for the three hyper-
elastic material model, introduced in sec. 3.3.

As was obtained in Sect. 4.2.2 for the data fitting of
the UT it was necessary to use a suitable initial guess
which leads to a good approximation of the material
responses for the ET model. Again for the ET model a

strong dependency of the fitting on the initial guess of
the material parameters was observed (which is sum-
marized in Table 1). In the BT testing mode the Neo–
Hooke model captured the curvature of the data the
least. For the Mooney–Rivlin material model as well
as for the ET material model a balancing (in terms of
over- and underestimating the measured data with the
fit) behaviour can be observed, c.f. Fig. 27. Again the
least deviation of the fitted model from the measured
data can be obtained by the ET material model. Here
also the difference�σtrue (between themean true stress
value and the fitted true stress) is used as a measure for
the goodness of the fit against the measured data.

4.4 Parameter identification from a combined test
data fit

In the context of this paper a material model param-
eter identification procedure is presented, which takes
into account the data from the two experimental set-
tings (UT and BT). The procedure was also conducted
via MATLAB in a least-squares setting for the three
hyperelastic material models, introduced in sec. 3.3.

Here it is observed, that the ‘simpler’ material mod-
els Neo–Hooke as well as Mooney–Rivlin were inde-
pendent of the initial material parameter guess whereas
theET shows a strong dependency of thefinal estimated
material parameters by the least-squares fitting routine.
Some results of the fitting are presented in Fig. 28.

In Table 1, the most interesting is, that the com-
bined fit results are very similar (in magnitude) to those
obtained by a pure UT test fitting. Also in the combined
data fitting process, a suitable initial guess leads to a
good approximation of the material responses for both
test modes by using the ET model. The Neo–Hooke
as well as the Mooney–Rivlin material model were not

Fig. 26 EVA sample during the biaxial tensile test
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Table 1 Summary table containing the finally fitted material model parameters and the sensitivity of the material model w.r.t. the initial
guess of the material parameters for the different test modes UT and BT

Material model Testing mode Initial guess
dependence

Material parameter

Neo–Hooke Material parameter μ

UT No 2.700

BT No 3.819

UT + BT No 2.795

Mooney–Rivlin Material parameter C10 C01

UT No 2.271 −3.306

BT No 33.12 −0.6398

UT + BT No 1,288 0.2481

Extended-Tube Material parameter Ge Gc δ β

UT Yes 3.705 0.489 0.1074 1.082

BT Yes −150.7 160.0 0.07180 −2.623

UT + BT Yes 4.472 0.2411 0.1383 0.5931

Fig. 27 Fitting different material models to the EVA sample data from the biaxial tensile test (BT)

able to approximate the curvatures for both test modes
in a suitable way. When dividing the whole stretch axis
into two regions of curvature (approx. at λ = 2.5), one
realizes, that for the UT as well as for the BT testing
mode nor model captures the convex curvature (left

part of the axis) very well, whereas for the right part
of the stretch axis with the concave curvature the ET
model is able to approximate the data well. Thus it
can be concluded, that the ET model is able to approx-
imate the real material behaviour in different testing
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Fig. 28 Fitting different material models to the EVA sample data from the biaxial tensile test (BT) as well as the uniaxial tensile test
(UT)

modes and is therefore in a simulation situation more
accurately than the Neo–Hooke or the Mooney–Rivlin
material model. Despite that, one has to keep in mind,
that there is a strong dependency on the initial mate-
rial parameter guess for the ET model. Furthermore,
as already pointed out in Sect. 3.3, the three models
capture the dependency of the Helmholz free energy
on the two invariants of the left Cauchy–Green stretch
tensor in different ways and are thus more or less able,
to reproduce the response due to different testing sce-
narios from an energetic point of view.

5 Discussion, conclusion und future research

5.1 Summary and discussion of the findings

In this paper two aspects of the constitutive modelling
of an EVA—based laminated safety glass interlayer
were highlighted: the models and identification pro-
cedures for linear viscoelasticity as well as hyperelas-
ticity.

Considering linear viscoelasticity, two different
Prony-parameter identificationmethodsbasedonexper-

imental data have been introduced: a recently presented
two-step data fit by Kuntsche (2015) and the novel
method GUSTL by Kraus et al. The theoretical con-
siderations were applied to test data in Sect. 4.1.3. It
was found, that GUSTL is superior to existing meth-
ods when it comes to numerical effort. It should be
noted here, that the Prony-parameter identification pro-
cess was done with a Master Curve, which was created
before the Prony-series identification with a TTSP on
the experimental DMTA raw data. This Master Curve
still needs to be validated in component tests, such as
creep tests. Until now, only a horizontal shift is consid-
ered, which corresponds to relaxation times changes
of the single Maxwell-Elements in the Generalized
Maxwell-Model. This is a sufficient approximation for
thermorheological simple materials. However, EVA is
assigned to the group of elastomers, which show an
increase in stiffness with temperature and hence indi-
cate a thermorheological complex behaviour. Thus, fur-
ther investigations on the TTSP have to be done for
EVA.

Furthermore the fitting of hyperelastic material
models against test data from uniaxial as well as biax-
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ial testing was investigated. Measurements in uniax-
ial and biaxial mode were used to calibrate nonlinear
hyperelastic material models, where it was seen, that
the ET model fits the data the best within the range
of all tested material models in terms of the difference
(between the mean value and the fitted value) in the
true stress �σtrue. At this point the question on the
necessity of testing further already existing Helmholz
free energies or introducing a novel material model for
EVA in terms of theHelmholz free energy can be raised.
This is due to the fact, that two of the tree Helmholz
free energy equations in the context of this paper do
not take into account the second invariant I2 of the left
/ right Cauchy-Green stretch tensor. Here it still has to
be shown, that the determined parameters represent the
performed experiments accurately in Finite-Element-
Software-programs.

As shown by the experimental and theoretical inves-
tigations in this paper, a generalization of the model of
linear viscoelasticity in terms of the Prony-series rep-
resentation for the large strain case is necessary. In the
context of this paper, solely material nonlinearity was
considered (i.e. hyperelasticity), which corresponds to
the situation of having large strains. In Marques and
Creus (2012) and Brinson and Brinson (2015) further
considerations on the handling of general types of non-
linearities can be found.

Starting from the small strain linear viscoelasticity
equation using the stress relaxation function expressed
as Prony-series, the hyperelastic shear stress func-
tion τhyper (γ ) is integrated by parts to finally obtain
[for further deduction c.f. Marques and Creus (2012),
Brinson and Brinson (2015)] the expression given in
Eq. (52).

τ (t) = τhyper (γ (t))

−
∫ t

0
ġR (t − s) · τhyper (γ (t)) ds (52)

This kind of ansatz will be considered in further works
by the authors to develop models for a more realis-
tic description of the post-breakage behaviour of lam-
inated safety glass.

5.2 Future research

In the context of this paper only a few points of future
research can be highlighted. The authors will concen-
trate on the following tasks:

• Reformulation of the Prony-parameter identifica-
tion methods to incorporate uncertainties/measure-
ment noise

• Reformulation of the Prony-parameter identifi-
cation methods to incorporate thermorheological
complex material behaviour

• Incorporation of hyperelasticity into the General-
ized Maxwell Element

• Application of the ‘large strain Generalized Max-
well Element’ to investigate glass post-breakage

It is assumed, that the solution of the mentioned open
research questions will advance the scientific as well as
the engineering understanding of the phenomena of the
behaviour of structural glass applications in the post-
breakage state.
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