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Abstract Intelligence and autonomy is becoming a pre-
requisite for maritime transportation systems. In this paper
a distributed control problem for unmanned surface vessels
(USVs) is formulated as follows: there are N USVs which
pursue another vessel (moving target). Each USV can be
equipped with various sensors, such as IMU, cameras and
non-imaging sensors such as sonar, radar and thermal sig-
nature sensors. At each time instant each USV can obtain
measurements of the target’s cartesian coordinates. Addi-
tionally, each USV is aware of the target’s distance from
a reference monitoring station (coastal or satellite monitor-
ing units). The objective is to make the USVs converge in a
synchronized manner towards the target, while avoiding col-
lisions between them and avoiding collisions with obstacles
in their motion plane. A distributed control law is devel-
oped for the USVs which enables not only convergence of
the USVs to the goal position, but also makes possible to
maintain the cohesion of the multi-USV system. Moreover,
distributed filtering is performed, so as to obtain an estimate
of the target vessel’s state vector. This provides the desir-
able state vector to be tracked by each one of the USVs.
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To this end, a new distributed nonlinear filtering method
of improved accuracy and computation speed is introduced.
This filtering approach, under the name Derivative-free dis-
tributed nonlinear Kalman filter is based on differential
flatness theory and on an exact linearization of the target
vessel’s dynamic/kinematic model. The performance of the
proposed distributed filtering scheme is compared against the
Extended and the Unscented Information filter.
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Introduction

Distributed control of unmanned surface and underwater ves-
sels has received significant attention during the last years
[1–6]. In this paper a solution is developed for the problem
of distributed control of cooperating unmanned surface ves-
sels (USVs) which pursue a target vessel. The distributed
control aims at achieving the synchronized convergence of
the USVs towards the target and at maintaining the cohe-
sion of the USVs swarm, while also avoiding collisions
between the individuals USVs and collisions between the
USVs and obstacles in their motion plane. To estimate the
motion characteristics of the target vessel, distributed fil-
tering is performed. Actually, each vessel is supplied with
equipment which permits to measure the coordinates of the
target vessel, such as IMU and cameras, as well as with
sonar, radar and thermal signature sensors. Besides each
USV receives information about the distance of the target
vessel from a reference surface, the latter being provided by
a coastal or a satellite-based measurement unit. By fusing
the aforementioned measurements through a filtering proce-
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dure an estimate of the state vector of the target vessel is
obtained. Next, to obtain an estimate of improved precision
about the motion characteristics of the target vessel distrib-
uted filtering is performed which fuses the distributed state
vector estimates into one single estimate.

To treat the distributed control problem for the cooperat-
ing USVs a Lyapunov theory-based method is introduced.
Motion planning for the individual USVs is determined by
the minimization of a Lyapunov function which comprises a
quadratic termassociatedwith the distance of eachUSV from
the target vessel, as well as quadratic terms which are asso-
ciated with the distance of the USVs between each other. By
applying LaSalle’s theorem it is proven that the USVs will
follow the target’s motion while remaining within a small
area that encircles the target.

To treat the distributed filtering and state estimation in the
multi-USV system one can apply established methods for
decentralized state estimation, such as the extended informa-
tion filter (EIF) and the Unscented Information Filter (UIF).
EIF stands for the distributed implementationof theExtended
KalmanFilterwhileUIF stands for the distributed implemen-
tation of the Unscented Kalman Filter. Moreover, to obtain
a distributed filtering scheme in this paper the Derivative-
free Extended Information Filter (DEIF) is implemented.
This stands for the distributed implementation of a differ-
ential flatness theory-based filtering method under the name
Derivative-free distributed nonlinear Kalman Filter [7–11].
The improved performance of DEIF comparing to the EIF
andUIF is confirmed both in terms of higher estimation accu-
racy and in terms of elevated speed of computation.

The structure of the paper is as follows: In “Target
Tracking Mobile Sensor Networks” section the problem of
tracking of a target ship by multiple USVs is formulated. In
“Distributed Motion Planning for the Multi-USV System”
section a solution is provided to the problem of distrib-
uted control and distributed motion planning of the system
of the multiple USVs. In “Distributed State Eestimation
Using the Extended Information Filter” section the EIF is
proposed as a solution of the problem of distributed state
estimation for the multi-USVs system. In “Distributed State
Estimation Using the Unscented Information Filter” section
the UIF is analyzed and proposed as an alternative solu-
tion for the problem of distributed state estimation for the
multi-USVs model. In “Filtering Using Differential Flatness
Theory and Canonical Forms” section differential flatness
theory and diffeomorphisms lead ing to canonical state space
forms are used to develop a distributed filtering method
of improved performance, under the name Derivative-free
Extended Informationfiltering (DEIF). In “SimulationTests”
section simulation tests are provided to confirm the stability
of the distributed control method for tracking of the target-
ship by the fleet of the multiple UAVs and also to confirm the
improved performance of DEIF against the EIF and UIF.

Fig. 1 Distributed control for tracking of the target vessel by synchro-
nized USVs

Finally, in “Conclusions” section concluding remarks are
stated.

Target Tracking in Mobile Sensor Networks

The Problem of Distributed Target Tracking

It is assumed that there are N USVs (unmanned surface ves-
sels) with positions p1, p2, . . . , pN ∈ R2 respectively, and
a target with position x∗ ∈ R2 moving on the sea surface (see
Fig. 1). EachUSVcan be equippedwith various sensors, such
as IMU, cameras, sonar, radar and thermal signature sensors.
TheUSVs can be considered asmobile sensorswhile the fleet
of the autonomous vessels constitutes a mobile sensors net-
work. The discrete-time target’s kinematic model is given by

xt (k + 1) = φ(xt (k)) + L(k)u(k) + w(k)

zt (k) = γ (xt (k)) + v(k) (1)

where x∈Rm×1 is the target’s state vector and z∈Rp×1 is the
measured output, whilew(k) and v(k) are uncorrelated, zero-
mean, Gaussian zero-mean noise processes with covariance
matrices Q(k) and R(k) respectively. The operatorsφ(x) and
γ (x) are defined as φ(x) = [φ1(x), φ2(x), . . . , φm(x)]T ,
and γ (x) = [γ1(x), γ2(x), . . . , γp(x)]T , respectively.

At each time instant each USV can obtain a measurement
of the target’s position. Additionally, each USV is aware of
the target’s distance from a reference surface measured in
an inertial coordinates system (this can be a measurement
provided by a coastal observation unit or equivalently by
a satellite station). Finally, each USV can be aware of the
positions of the rest N − 1 USVs. The objective is to make
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Fig. 2 Distributed tracking of the target vessel (blue color) by N USVs
(green color) through the fusion of distributed estimates about the tar-
get’s motion

the USVs converge in a synchronized manner towards the
target, while avoiding collisions between them and avoid-
ing collisions with obstacles in the motion plane. To solve
the overall problem, the following steps are necessary: (i)
to perform distributed filtering, so as to obtain an estimate
of the target’s state vector. This estimate provides the desir-
able state vector to be tracked by each one of the USVs, (ii)
to design a suitable control law that will enable the mobile
sensors not only convergence to the target’s position but will
also preserve the cohesion of the USVs fleet (see Fig. 2).

The exact position and orientation of the target can be
obtained through distributed filtering. Actually, distributed
filtering provides a two-level fusion of the distributed sensor
measurements. At the first level, local filters running at each
USV provide an estimate of the target’s state vector by fus-
ing the cartesian coordinates of the target with the target’s
distance from a reference surface which is measured in an
inertial coordinates system [14]. At a second level, fusion
of the local estimates is performed with the use of the EIF
and the UIF. It is also assumed that the time taken for com-
munication between USVs is small, and that time delays,
packet losses and out-of-sequence measurement problems in
communication do not distort significantly the flow of the
exchanged data.

Comparing to the traditional centralized or hierarchical
fusion architecture, the network-centric architectures for the
considered multi-USV system has the following advantages:
(i) Scalability: since there are no limits imposed by cen-
tralized computation bottlenecks or lack of communication
bandwidth, every USV can easily join or quit the system, (ii)
Robustness: in a decentralized fusion architecture no element
of the system is mission-critical, so that the system is surviv-
able in the event of on-line loss of part of its partial entities

(USVs), (iii) Modularity: every partial entity is coordinated
and does not need to possess a global knowledge of the net-
work topology. However, these benefits are possible only if
the sensor data can be fused and synthesized for distribution
within the constraints of the available bandwidth.

Tracking of the Reference Path by the Target

The complete kinematic and dynamic model of the target
vessel, for both the case of fully actuated and underactuated
ships, has been analyzed in [12,13]. Here a simplified kine-
matic model of the target vessel is considered (without surge
velocity), which is given by:

ẋ(t) = v(t)cos(θ(t))

ẏ(t) = v(t)sin(θ(t))

θ̇(t) = ω(t) (2)

In thismodel, (x, y) are the cartesian coordinates of the vessel
and θ is its heading angle. The target is steered by a dynamic
feedback linearization control algorithm which is based on
differential flatness theory [15–18]:

u1 = ẍd + Kp1(xd − x) + Kd1(ẋd − ẋ)

u2 = ÿd + Kp2(yd − y) + Kd2(ẏd − ẏ)

ξ̇ = u1cos(θ) + u2sin(θ)

v = ξ, ω = u2cos(θ) − u1sin(θ)

ξ
(3)

The linearized equivalent model of the target’s kinematics
becomes

ẍ = u1

ÿ = u2 (4)

A linearizedmodel of similar structure is obtained in the case
of the more elaborated vessel models as for example those
described in [12,13]. For the complete model of the vessel’s
kinematics dynamics one arrives at a linearized description
of the form x (4) = u1 and y(4) = u2. Therefore, the control
and filtering methods to be developed in this manuscript are
also applicable to more complicated vessel models.

In case of Eq. (4), the dynamics of the tracking error is
given by

ëx + Kd1 ėx + Kp1ex = 0

ëy + Kd2 ėx + Kp2ey = 0 (5)

where ex = x − xd and ey = y − yd . The proportional-
derivative (PD) gains are chosen as Kp1 and Kd1 , for i = 1, 2.
The dynamic compensator of Eq. (3) has a potential singu-
larity at ξ = v = 0, i.e. when the target is not moving.
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It is noted however that the occurrence of such a singularity
is structural for non-holonomic systems. It is assumed that the
target follows a smooth trajectory (xd(t), yd(t))which is per-
sistent, i.e. for which the nominal velocity vd = (ẋ2d + ẏ2d )

1/2

along the trajectory never goes to zero (and thus singularities
are avoided). The following theorem assures avoidance of
singularities in the proposed flatness-based control law [19]:

Theorem Let λ11, λ12 and λ21, λ22 be respectively the
eigenvalues of the two equations of the error dynamics, given
in Eq. (5). Assume that for i = 1, 2 it is λi1, λi2 < 0 (neg-
ative real eigenvalues), and that λi2 is sufficiently small. If

mint≥0

∣
∣
∣
∣

∣
∣
∣
∣

((

ẋd(t)
ẏd(t)

))∣
∣
∣
∣

∣
∣
∣
∣
≥
(

ε̇0x
ε̇0y

)

(6)

with ε̇0x = ε̇x (0) �=0 and ε̇0y = ε̇y(0) �=0 then the singularity
ξ = 0 is never met.

Distributed Motion Planning for the Multi-USV
System

Kinematic Model of the Multi-USV System

The objective is to lead the fleet of N USVs, with different
initial positions on the 2-D plane, to converge to the target’s
position, and at the same time to avoid collisions between
the USVs, as well as collisions with obstacles in the motion
plane. An approach for doing this is the potential fields the-
ory, in which the individual USVs are steered towards an
equilibrium by the gradient of an harmonic potential [7,20–
22]. Variances of this method use nonlinear anisotropic har-
monic potential fields which introduce to the USVs’ motion
directional and regional avoidance constraints [23–28]. In
the examined coordinated target-tracking problem the equi-
librium is the target’s position, which is not a-priori known
and has to be estimated with the use of distributed filtering.

The position of each USV in the 2-D space is described
by the vector xi ∈ R2. The motion of the USVs is synchro-
nous, without time delays, and it is assumed that at every time
instant each USV i is aware about the position and the veloc-
ity of the other N −1 USVs. The cost function that describes
the motion of the i-th USV towards the target’s position is
denoted as V (xi ) : Rn → R. At the target’s position it holds
∇xi V (xi ) = 0. The following conditions must hold:

(i) The cohesion of the USVs ensemble should be main-
tained, i.e. the norm ||xi − x j || should remain upper
bounded ||xi − x j || < εh ,

(ii) Collisions between the USVs should be avoided, i.e.
||xi − x j || > εl ,

(iii) Convergence to the target’s position should be succeeded
for each USV through the negative definiteness of the

associated Lyapunov function V̇ i (xi ) = ėi (t)
T
ei (t) <

0, where e = x− x∗ is the distance of the i-th USV from
the target’s position.

The interaction between the i-th and the j-th USV is

g
(

xi − x j
)

= −
(

xi − x j
)

×
[

ga
(

||xi − x j ||
)

− gr
(

||xi − x j ||
)]

(7)

where ga() denotes the attraction term and is dominant for
large values of ||xi − x j ||, while gr () denotes the repul-
sion term and is dominant for small values of ||xi − x j ||.
Function ga() can be associated with an attraction potential,
i.e. ∇xi Va(||xi − x j ||) = (xi − x j )ga(||xi − x j ||). Func-
tion gr () can be associated with a repulsion potential, i.e.
∇xi Vr (||xi − x j ||) = (xi − x j )gr (||xi − x j ||). A suitable
function g() that describes the interaction between the USVs
is given by [28,29]

g
(

xi − x j
)

= −
(

xi − x j
)(

a − be
||xi−x j ||2

σ2

)

(8)

where the parameters a, b and c are suitably tuned. It
holds that ga(xi − x j ) = −a, i.e. attraction has a lin-
ear behavior (spring-mass system) ||xi − x j ||ga(xi − x j ).

Moreover, gr (xi − x j ) = be
−||xi−x j ||2

σ2 which means that
gr (xi − x j )||xi − x j || ≤ b is bounded. Applying Newton’s
laws to the i-th USV yields

ẋ i = vi , mi v̇i = Ui (9)

where the aggregate force is Ui = f i + Fi . The term f i =
−Kvv

i denotes a friction-equivalent term, while the term Fi

is the propulsion.Assumingzero acceleration v̇i = 0onegets
Fi = Kvv

i , which for Kv = 1 and mi = 1 gives Fi = vi .
Thus an approximate kinematic model for each USV is

ẋ i = Fi (10)

According to the Euler-Langrange principle, the propulsion
Fi is equal to the derivative of the total potential of each
USV, i.e.

Fi = −∇xi

⎧

⎨

⎩
V i (xi ) + 1

2

N
∑

i=1

N
∑

j=1, j �=i

[

Va(||xi − x j ||

+ Vr (||xi − x j ||)
]

⎫

⎬

⎭
⇒

Fi = −∇xi

{

V i (xi )
}

+
N
∑

j=1, j �=i

[

−∇xi Va(||xi − x j ||)

123



Intell Ind Syst (2015) 1:99–126 103

−∇xi Vr (||xi − x j ||)
]

⇒
Fi = −∇xi {V i (xi )}

+
N
∑

j=1, j �=i

[

+(xi − x j )ga(||xi − x j ||)

−
(

xi − x j
)

gr
(

||xi − x j ||
)]

⇒

Fi = −∇xi

{

V i (xi )
}

−
N
∑

j=1, j �=i

g
(

xi − x j
)

Substituting in Eq. (10) one gets in discrete-time form

xi (k + 1) = xi (k) + γ i (k)
[

h(xi (k)) + ei (k)
]

+
N
∑

j=1, j �=i

g(xi − x j ), i = 1, 2, . . . , M (11)

The term h(x(k)i ) = −∇xi V
i (xi ) indicates a local gradi-

ent algorithm, i.e. motion in the direction of decrease of

the cost function V i (xi ) = 1
2e

i (t)
T
ei (t). The term γ i (k)

is the algorithms step while the stochastic disturbance ei (k)
enables the algorithm to escape from local minima. The
term

∑N
j=1, j �=i g(x

i − x j ) describes the interaction between
the i-th and the rest N − 1 stochastic gradient algorithms
[30–32].

Stability of the Multi-USV System

The behavior of the multi-USV system is determined by the
behavior of its center (mean of the vectors xi ) and of the
position of each USV with respect to this center. The center
of the multi-USV system is given by

x̄ = E(xi ) = 1

N

N
∑

i=1

xi ⇒ ˙̄x = 1

N

N
∑

i=1

ẋ i ⇒

˙̄x = 1

N

N
∑

i=1

⎡

⎣−∇xi V
i (xi ) −

N
∑

j=1, j �=i

(

g(xi − x j )
)

⎤

⎦ (12)

From Eq. (8) it can be seen that g(xi − x j ) = −g(x j −
xi ), i.e. g() is an odd function. Therefore, it holds that
1
N (
∑N

j=1, j �=i g(x
i − x j )) = 0, and

˙̄x = 1

N

N
∑

i=1

[

−∇xi V
i (xi )

]

(13)

Denoting the target’s positionby x∗, and the distancebetween
the i-th USV and the mean position of the multi-USV system
by ei (t) = xi (t) − x̄ the objective of distributed gradient for
USV motion planning can be summarized as follows:

(i) limt→∞ x̄ = x∗, i.e. the center of the multi-USV sys-
tem converges to the target’s position,

(ii) limt→∞xi = x̄ , i.e. the i-th USV converges to the
center of the multi-USV system,

(iii) limt→∞ ˙̄x = ẋ∗, i.e. the center of the multi-USV sys-
tem stabilizes at the target’s position.

If conditions (i) and (ii) hold then limt→∞xi = x∗. Further-
more, if condition (iii) also holds then all USVs will stabilize
close to the target’s position.

It is known that the stability of local gradient algorithms
can be proved with the use of Lyapunov theory [32]. A sim-
ilar approach can be followed in the case of the distributed
gradient algorithms given by Eq. (11). The following simple
Lyapunov function is considered for each gradient algorithm
[29]:

Vi = 1

2
ei

T
ei ⇒ Vi = 1

2
||ei ||2 (14)

Thus, one gets

V̇ i = ei
T
ėi ⇒ V̇ i =

(

ẋ i − ˙̄x
)

ei ⇒

V̇ i =
⎡

⎣−∇xi V
i
(

xi
)

−
N
∑

j=1, j �=i

g
(

xi − x j
)

+ 1

M

N
∑

j=1

∇x j V j (x j )

⎤

⎦ ei .

Substituting g(xi − x j ) from Eq. (8) yields

V̇i =
⎡

⎣−∇xi V
i (xi ) −

N
∑

j=1, j �=i

(xi − x j )a

+
N
∑

j=1, j �=i

(xi − x j )gr (||xi − x j ||)

+ 1

N

N
∑

j=1

∇x j V j (x j )

⎤

⎦ ei

which gives,
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V̇i = −a

⎡

⎣

N
∑

j=1, j �=i

(xi − x j )

⎤

⎦ ei

+
N
∑

j=1, j �=i

gr (||xi − x j ||)(xi − x j )T ei

−
⎡

⎣∇xi V
i (xi ) − 1

N

M
∑

j=1

∇x j V j (x j )

⎤

⎦

T

ei

It holds that
∑N

j=1(x
i − x j ) = Nxi − N 1

N

∑N
j=1x

j =
Nxi − N x̄ = N (xi − x̄) = Nei , therefore

V̇i = −aN ||ei ||2 +
N
∑

j=1, j �=i

gr (||xi − x j ||)(xi − x j )T ei

−
⎡

⎣∇xi V
i (xi ) − 1

N

N
∑

j=1

∇x j V j (x j )

⎤

⎦

T

ei (15)

It assumed that for all xi there is a constant σ̄ such that

||∇xi V
i (xi )|| ≤ σ̄ (16)

Eq. (16) is reasonable since for aUSVmoving on a 2-Dplane,
the gradient of the cost function ∇xi V

i (xi ) is expected to be
bounded. Moreover it is known that the following inequality
holds:

N
∑

j=1, j �=i

gr (x
i − x j )T ei≤

N
∑

j=1, j �=i

bei≤
N
∑

j=1, j �=i

b||ei ||.

Thus the application of Eq. (15) gives:

V̇ i≤ − aN ||ei ||2 +
N
∑

j=1, j �=i

gr (||xi −x j ||)||xi −x j || · ||ei ||

+ ||∇xi V
i (xi ) − 1

N

M
∑

j=1

∇x j V j (x j )||||ei ||

⇒ V̇ i ≤ − aN ||ei ||2 + b(N − 1)||ei || + 2σ̄ ||ei ||

where it has been taken into account that

N
∑

j=1, j �=i

gr (||xi − x j ||)T ||ei || ≤
N
∑

j=1, j �=i

b||ei ||

= b(N − 1)||ei ||,

and from Eq. (16),

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∇xi V
i (xi ) − 1

N

N
∑

j=1

∇xi V
j (x j )

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

≤||∇xi V
i (xi )||

+ 1

N

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

N
∑

j=1

∇xi V
j (x j )

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

≤ σ̄ + 1

N
N σ̄ ≤ 2σ̄ .

Thus, one gets

V̇ i≤ − aN ||ei ||·
[

||ei || − b(N − 1)

aN
− 2

σ̄

aN

]

(17)

The following bound ε is defined:

ε = b(N − 1)

aN
+ 2σ̄

aN
= 1

aN
(b(N − 1) + 2σ̄ ) (18)

Thus, when ||ei || > ε, V̇i will become negative and conse-
quently the error ei = xi − x̄ will decrease. Therefore the
tracking error ei will remain in an area of radius ε i.e. the
position xi of the i-th USV will stay in the cycle with center
x̄ and radius ε.

Convergence of the Mean of the Multi-USV System

The case of a convex quadratic cost function is examined, for
instance

V i (xi ) = A

2
||xi − x∗||2 = A

2
(xi − x∗)T (xi − x∗) (19)

where x∗ ∈ R2 denotes the target’s position, while the
associated Lyapunov function has a minimum at x∗, i.e.
V i (xi = x∗) = 0. The distributed gradient algorithm is
expected to converge to x∗. The individual USVs will follow
different trajectories on the 2-D plane and will end at the
target’s position.

Using Eq.(19) yields∇xi V
i (xi ) = A(xi −x∗). Moreover,

the assumption ∇xi V
i (xi ) ≤ σ̄ can be used, since the gra-

dient of the cost function remains bounded. The USVs will
concentrate round x̄ and will stay in a radius ε given by Eq.
(18). The motion of the mean position x̄ of the USVs is

˙̄x = − 1

N

N
∑

i=1

∇xi V
i (xi ) ⇒ ˙̄x = − A

N

N
∑

i=1

(xi − x∗) ⇒

˙̄x = − A

N

N
∑

i=1

xi + A

N
Nx∗ ⇒ ˙̄x − ẋ∗ = −A(x̄ − x∗) − ẋ∗

(20)

The variable eσ = x̄ − x∗ is defined, and consequently

ėσ = −Aeσ − ẋ∗ (21)
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Fig. 3 LaSalle’s theorem:C : invariant set, E ⊂ C : invariant set which
satisfies V̇ (x) = 0, M ⊂ E : invariant set, which satisfies V̇ (x) = 0,
and which contains the limit points of x(t) ∈ E, L+ the set of limit
points of x(t) ∈ E

The following cases can be distinguished:

(i) The target is not moving, i.e. ẋ∗ = 0. In that case Eq.
(21) results in an homogeneous differential equation, the
solution of which is given by

εσ (t) = εσ (0)e−At (22)

Knowing that A > 0 results into limt→∞eσ (t) = 0,
thus limt→∞ x̄(t) = x∗.

(ii) the target is moving at constant velocity, i.e. ẋ∗ = a,
where a > 0 is a constant parameter. Then the error
between the mean position of the multi-USV formation
and the target becomes

εσ (t) =
[

εσ (0) + a

A

]

e−At − a

A
(23)

where the exponential term vanishes as t→∞.
(iii) the target’s velocity is described by a sinusoidal signal

or a superposition of sinusoidal signals, as in the case of
function approximation by Fourier series expansion. For
instance consider the case that ẋ∗ = b·sin(at), where
a, b > 0 are constant parameters. Then the nonhomoge-
neous differential equation Eq. (21) admits a sinusoidal
solution. Therefore the distance εσ (t) between the cen-
ter of the multi-USV formation x̄(t) and the target’s
position x∗(t) will be also a bounded sinusoidal signal.

Convergence Analysis Using La Salle’s Theorem

From Eq. (17) it has been shown that each USV will stay
in a cycle C of center x̄ and radius ε given by Eq. (18).
The Lyapunov function given by Eq. (14) is negative semi-
definite, therefore asymptotic stability cannot be guaranteed.
It remains to make precise the area of convergence of each

USV in the cycle C of center x̄ and radius ε. To this end, La
Salle’s theorem can be employed [29,33] (Fig. 3).

La Salle’s Theorem Assume the autonomous system ẋ =
f (x) where f : D → Rn. Assume C ⊂ D a compact set
which is positively invariant with respect to ẋ = f (x), i.e. if
x(0) ∈ C ⇒ x(t) ∈ C ∀ t . Assume that V (x) : D → R is
a continuous and differentiable Lyapunov function such that
V̇ (x) ≤ 0 for x ∈ C, i.e. V (x) is negative semi-definite in C.
Denote by E the set of all points in C such that V̇ (x) = 0.
Denote by M the largest invariant set in E and its boundary
by L+, i.e. for x(t) ∈ E : limt→∞x(t) = L+, or in other
words L+ is the positive limit set of E. Then every solution
x(t) ∈ C will converge to M as t → ∞.

La Salle’s theorem is applicable in the case of the multi-USV
system and helps to describe more precisely the area round x̄
towhich theUSV trajectories xi will converge.Ageneralized
Lyapunov function is introduced which is expected to verify
the stability analysis based on Eq. (17). It holds that

V (x) =
N
∑

i=1

V i (xi ) + 1

2

N
∑

i=1

N
∑

j=1, j �=i

{

Va(||xi − x j ||

− Vr (||xi − x j ||)
}

⇒

V (x) =
N
∑

i=1

V i (xi ) + 1

2

N
∑

i=1

N
∑

j=1, j �=i

{

a||xi − x j ||

− Vr (||xi − x j ||)
}

and

∇xi V (x) =
[

N
∑

i=1

∇xi V
i (xi )

]

+ 1

2

N
∑

i=1

N
∑

j=1, j �=i

∇xi {a||xi − x j ||

− Vr (||xi − x j ||)} ⇒

∇xi V (x) =
[

N
∑

i=1

∇xi V
i (xi )

]

+
N
∑

j=1, j �=i

(xi − x j ){ga(||xi − x j ||)

− gr (||xi − x j ||)} ⇒

∇xi V (x) =
[

N
∑

i=1

∇xi V
i (xi )

]

+
N
∑

j=1, j �=i

(xi − x j ){a − gr (||xi − x j ||)}
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and using Eq. (11) with γ i (t) = 1 yields ∇xi V (x) = −ẋ i ,
and

V̇ (x) = ∇x V (x)T ẋ =
N
∑

i=1

∇xi V (x)T ẋ i ⇒ V̇ (x)

= −
N
∑

i=1

||ẋ i ||2 ≤ 0 (24)

Therefore it holds V (x) > 0 and V̇ (x)≤0 and the set
C = {x : V (x(t)) ≤ V (x(0))} is compact and positively
invariant. Thus, by applying La Salle’s theorem one can show
the convergence of x(t) to the setM ⊂ C, M = {x : V̇ (x) =
0} ⇒ M = {x : ẋ = 0}.

Distributed State Estimation Using the Extended
Information Filter

Extended Kalman Filtering at Local Processing Units

To implement the previously analyzed distributed control
scheme it is necessary to obtain accurate localization of the
target and precise estimation of its motion characteristics.
To this end, distributed filtering can be used, which actually
performs fusion of estimates of the target’s state vector pro-
vided by filtering algorithms running locally at each USV
[34,35]. As mentioned, to obtain an accurate estimate of the
target’s coordinates, fusion of the distributed sensormeasure-
ments can be performed either with the use of the EIF or with
the use of the UIF. The distributed Extended Kalman Filter,
also know as Extended Information Filter, performs fusion
of the state estimates which are provided by local Extended
Kalman Filters. Thus, the functioning of the local Extended
Kalman Filters should be analyzed first. The following non-
linear state-space model is considered again [36,37]:

x(k + 1) = φ(x(k)) + L(k)u(k) + w(k)

z(k) = γ (x(k)) + v(k) (25)

where x∈Rm×1 is the system’s state vector and z∈Rp×1 is
the system’s output, while w(k) and v(k) are uncorrelated,
Gaussian zero-mean noise processes with covariance matri-
ces Q(k) and R(k) respectively. The operators φ(x) and
γ (x) are φ(x) = [φ1(x), φ2(x), . . . , φm(x)]T , and γ (x) =
[γ1(x), γ2(x), . . . , γp(x)]T , respectively. It is assumed that
φ and γ are sufficiently smooth in x so that each one has a
valid series Taylor expansion. Following a linearization pro-
cedure, φ is expanded into Taylor series about x̂ :

φ(x(k)) = φ(x̂(k)) + Jφ(x̂(k))[x(k) − x̂(k)] + · · · (26)

where Jφ(x) is the Jacobian of φ calculated at x̂(k):

Jφ(x) = ∂φ

∂x
|x=x̂(k) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∂φ1
∂x1

∂φ1
∂x2

· · · ∂φ1
∂xm

∂φ2
∂x1

∂φ2
∂x2

· · · ∂φ2
∂xm

...
...

...
...

∂φm
∂x1

∂φm
∂x2

· · · ∂φm
∂xm

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(27)

Likewise, γ is expanded about x̂−(k)

γ (x(k)) = γ (x̂−(k)) + Jγ [x(k) − x̂−(k)] + · · · (28)

where x̂−(k) is the estimation of the state vector x(k) before
measurement at the k-th instant to be received and x̂(k) is the
updated estimation of the state vector after measurement at
the k-th instant has been received. The Jacobian Jγ (x) is

Jγ (x) = ∂γ

∂x
|x=x̂−(k) =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

∂γ1
∂x1

∂γ1
∂x2

· · · ∂γ1
∂xm

∂γ2
∂x1

∂γ2
∂x2

· · · ∂γ2
∂xm

...
...

...
...

∂γp
∂x1

∂γp
∂x2

· · · ∂γp
∂xm

⎞

⎟
⎟
⎟
⎟
⎟
⎠

(29)

The resulting expressions create first order approximations
of φ and γ . Thus the linearized version of the system is
obtained:

x(k + 1) = φ(x̂(k)) + Jφ(x̂(k))[x(k) − x̂(k)] + w(k)

z(k) = γ (x̂−(k)) + Jγ (x̂−(k))[x(k) − x̂−(k)] + v(k)

(30)

Now, the EKF recursion is as follows: First the time update
is considered: by x̂(k) the estimation of the state vector
at instant k is denoted. Given initial conditions x̂−(0) and
P−(0) the recursion proceeds as:

• Measurement update Acquire z(k) and compute:

K (k) = P−(k)J Tγ (x̂−(k))·[Jγ (x̂−(k))P−(k)J Tγ (x̂−(k))

+R(k)]−1

x̂(k) = x̂−(k) + K (k)[z(k) − γ (x̂−(k))]
P(k) = P−(k) − K (k)Jγ (x̂−(k))P−(k) (31)

• Time update Compute:

P−(k + 1) = Jφ(x̂(k))P(k)J Tφ (x̂(k)) + Q(k)

x̂−(k + 1) = φ(x̂(k)) + L(k)u(k) (32)

The schematic diagram of the EKF loop is given in Fig. 4.
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Fig. 4 Schematic diagram of the EKF loop

Calculation of Local Estimations in Terms of EIF
Information Contributions

Again the discrete-time nonlinear system of Eq. (25) is
considered. The extended information filter (EIF) performs
fusion of the local state vector estimates which are provided
by the local extended Kalman filters, using the Information
matrix and the Information state vector [38–41]. The Infor-
mation Matrix is the inverse of the state vector covariance
matrix, and can be also associated to the Fisher Informa-
tion matrix [42]. The Information state vector is the product
between the Information matrix and the local state vector
estimate

Y(k) = P−1(k) = I (k)

ŷ(k) = P−(k)
−1

x̂(k) = Y(k)x̂(k) (33)

The update equation for the InformationMatrix and the Infor-
mation state vector are given by

Y (k) = P−(k)−1 + J Tγ (k)R−1(k)Jγ (k)

= Y−(k) + I (k) (34)

ŷ(k) = ŷ−
(k) + J Tγ R(k)−1[z(k) − γ (x(k)) + Jγ x̂

−(k)]
= ŷ−

(k) + i(k) (35)

where

I (k) = J Tγ (k)R(k)−1 Jγ (k) is the associated information

matrix and

i(k) = J Tγ R(k)−1[(z(k) − γ (x(k))) + Jγ x̂
−(k)]

is the information state contribution (36)

The predicted information state vector and Information
matrix are obtained from

ŷ−
(k) = P−(k)

−1
x̂−(k)

Y−(k) = P−(k)
−1 = [Jφ(k)P−(k)Jφ(k)T + Q(k)]−1 (37)

The EIF is next formulated for the case that multiple local
sensor measurements and local estimates are used to increase
the accuracy and reliability of the estimation of the target’s
cartesian coordinates and bearing. It is assumed that an obser-
vation vector zi (k) is available for N different sensor sites
(USVs) i = 1, 2, . . . , N and each sensor observes a common
state according to the local observation model, expressed by

zi (k) = γ (x(k)) + vi (k), i = 1, 2, . . . , N (38)

where the local noise vectorvi (k)∼N (0, Ri ) is assumed to be
white Gaussian and uncorrelated between sensors. The vari-
ance of a composite observation noise vector vk is expressed
in terms of the block diagonal matrix

R(k) = diag
[

R(k)1, . . . , RN (k)
]T

(39)

The information contribution can be expressed by a linear
combination of each local information state contribution i i

and the associated informationmatrix I i at the i-th sensor site

i(k) =
N
∑

i=1

J iγ
T
(k)Ri (k)−1

[

zi (k)− γ i (x(k)) + J iγ (k)x̂−(k)
]

I (k) =
N
∑

i=1

J iγ
T
(k)Ri (k)−1 J iγ (k) (40)

Using Eq. (40) the update equations for fusing the local state
estimates become

ŷ(k) = ŷ−
(k) +

N
∑

i=1

J iγ
T
(k)Ri (k)−1

[

zi (k) − γ i (x(k))

+ J iγ (k)x̂−(k)
]

Y(k) = Y−(k) +
N
∑

i=1

J iγ
T
(k)Ri (k)−1 J iγ (k) (41)

It is noted that in the EIF an aggregation (master) fusion
filter produces a global estimate by using the local sensor
information provided by each local filter.

As in the case of the extended Kalman filter the local
filters which constitute the EIF can be written in terms of
time update and a measurement update equation.

Measurement update acquire z(k) and compute

Y (k) = P−(k)−1 + J Tγ (k)R(k)−1 Jγ (k)

or Y (k) = Y−(k) + I (k) where

I (k) = J Tγ (k)R−1(k)Jγ (k) (42)
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Fig. 5 Fusion of the distributed
state estimates of the target
(obtained by the USVs) with the
use of the extended information
filter

ŷ(k) = ŷ−(k) + J Tγ (k)R(k)−1[z(k) − γ (x̂(k))

+Jγ x̂
−(k)]

or ŷ(k) = ŷ−(k) + i(k) (43)

Time update Compute

Y−(k + 1) = P−(k + 1)
−1

= [Jφ(k)P(k)Jφ(k)T + Q(k)]−1 (44)

y−(k + 1) = P−(k + 1)
−1

x̂−(k + 1) (45)

Extended Information Filtering for State Estimates
Fusion

In the EIF each one of the local filters operates independently,
processing its own local measurements. It is assumed that
there is no sharing of measurements between the local filters
and that the aggregation filter (Fig. 5) does not have direct
access to the rawmeasurements feeding each local filter. The
outputs of the local filters are treated as measurements which
are fed into the aggregation fusion filter [38–40]. Then each
local filter is expressed by its respective error covariance and
estimate in terms of information contributions given in Eq.
(37) (Fig. 6)

Pi
−1(k) = P−

i (k)
−1 + J Tγ R(k)−1 Jγ (k)

x̂i (k) = Pi (k)(P
−
i (k)−1 x̂−

i (k))

+ J Tγ R(k)−1[zi (k) − γ i (x(k)) + J iγ (k)x̂−
i (k)]

(46)

Fig. 6 Schematic diagram of the extended information filter loop

It is noted that the local estimates are suboptimal and also
conditionally independent given their own measurements.
The global estimate and the associated error covariance for
the aggregate fusion filter can be rewritten in terms of the
computed estimates and covariances from the local filters
using the relations

J Tγ (k)R(k)−1 Jγ (k) = Pi (k)
−1 − P−

i (k)−1

J Tγ (k)R(k)−1
[

zi (k) − γ i (x(k)) + J iγ (k)x̂−(k)
]

= Pi (k)
−1 x̂i (k) − Pi (k)

−1 x̂i (k − 1) (47)

For the general case of N local filters i = 1, . . . , N , the
distributed filtering architecture is described by the following
equations
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P(k)−1 = P−(k)−1 +
N
∑

i=1

[

Pi (k)
−1 − P−

i (k)−1
]

x̂(k) = P(k)

[

P−(k)−1 x̂−(k)

+
N
∑

i=1

(

Pi (k)
−1 x̂i (k) − P−

i (k)−1 x̂−
i (k)

)
]

(48)

It is noted that the global state update equation in the above
distributed filter can be written in terms of the information
state vector and of the information matrix

ŷ(k) = ŷ−(k) +
N
∑

i=1

(

ŷi (k) − ŷ−
i (k)

)

Ŷ (k) = Ŷ−(k) +
N
∑

i=1

(

Ŷi (k) − Ŷ−
i (k)

)

(49)

The local filters provide their own local estimates and repeat
the cycle at step k + 1. In turn the global filter can predict its
global estimate and repeat the cycle at the next time step k+1
when the new state x̂(k + 1) and the new global covariance
matrix P(k + 1) are calculated. From Eq. (48) it can be seen
that if a local filter (processing station) fails, then the local
covariance matrices and the local state estimates provided by
the rest of the filters will enable an accurate computation of
the system’s state vector.

Distributed State Estimation Using the Unscented
Information Filter

Unscented Kalman Filtering at Local Processing Units

It is also possible to estimate the cartesian coordinates and
bearing of the target through the fusion of the estimates
provided by local sigma-point Kalman filters. This can be
succeeded using the distributed sigma-point Kalman filter,
also known as unscented information filter (UIF) [38,39].
First, the functioning of the local sigma-point Kalman filters
will be explained. Each local sigma-point Kalman filter gen-
erates an estimation of the target’s state vector by fusing the
estimate of the target’s coordinates and bearing obtained by
each USV with the distance of the target from a reference
surface, measured in an inertial coordinates system. Unlike
EKF, in sigma-point Kalman filtering no analytical Jacobians
of the system equations need to be calculated [43–45]. This
is achieved through a different approach for calculating the
posterior 1st and 2nd order statistics of a randomvariable that
undergoes a nonlinear transformation. The state distribution
is represented again by a Gaussian random variable but is
now specified using a minimal set of deterministically cho-

sen weighted sample points. The basic sigma-point approach
can be described as follows:

1. A set of weighted samples (sigma-points) are deter-
ministically calculated using the mean and square-root
decomposition of the covariance matrix of the system’s
state vector. As a minimal requirement the sigma-point
set must completely capture the first and second order
moments of the prior random variable. Higher order
moments can be captured at the cost of usingmore sigma-
points.

2. The sigma-points are propagated through the true non-
linear function using functional evaluations alone, i.e. no
analytical derivatives are used, in order to generate a pos-
terior sigma-point set.

3. The posterior statistics are calculated (approximated)
using tractable functions of the propagated sigma-points
and weights. Typically, these take on the form of a sim-
ple weighted sample mean and covariance calculations
of the posterior sigma points.

It is noted that the sigma-point approach differs substan-
tially from general stochastic sampling techniques, such
as Monte-Carlo integration (e.g Particle filtering methods)
which require significantly more sample points in an attempt
to propagate an accurate (possibly non-Gaussian) distribu-
tion of the state. The simple sigma-point approach results in
posterior approximations that are accurate to the third order
for Gaussian inputs for all nonlinearities. For non-Gaussian
inputs, approximations are accurate to at least the second-
order, with the accuracy of third and higher-order moments
determined by the specific choice of weights and scaling fac-
tors.
The unscentedKalmanfilter (UKF) is a special case of sigma-
point Kalman filters. The UKF is a discrete time filtering
algorithmwhich uses the unscented transform for computing
approximate solutions to the filtering problem of the form

x(k + 1) = φ(x(k)) + L(k)U (k) + w(k)

y(k) = γ (x(k)) + v(k) (50)

where x(k)∈Rn is the system’s state vector, y(k)∈Rm is
the measurement, w(k)∈Rn is a Gaussian process noise
w(k)∼N (0, Q(k)), and v(k)∈Rm is a Gaussian measure-
ment noise denoted as v(k)∼N (0, R(k)). The mean and
covariance of the initial state x(0) arem(0) and P(0), respec-
tively.
Some basic operations performed in the UKF algorithm
(Unscented Transform) are summarized as follows:

1) Denoting the current state mean as x̂ , a set of 2n + 1
sigma points is taken from the columns of the n×nmatrix√

(n + λ)Pxx as follows:
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x0 = x̂

x i = x̂ +
[√

(n + λ)Pxx
]

i
, i = 1, . . . , n

xi = x̂ −
[√

(n + λ)Pxx
]

i
, i = n + 1, . . . , 2n (51)

and the associate weights are computed:

W (m)
0 = λ

(n + λ)
W (c)

0 = λ

(n + λ) + (1 − α2 + b)

W (m)
i = 1

2(n + λ)
, W (c)

i = 1

2(n + λ)

(52)

where i = 1, 2, . . . , 2n and λ = α2(n + κ) − n is a scal-
ing parameter, while α, β and κ are constant parameters.
Matrix Pxx is the covariance matrix of the state x .

2) Transform each of the sigma points as

zi = h(xi ) i = 0, . . . , 2n (53)

3) Mean and covariance estimates for z can be computed as

ẑ �
2n
∑

i=0

W (m)
i zi

Pzz =
2n
∑

i=0

W (c)
i (zi − ẑ)(zi − ẑ)T (54)

4) The cross-covariance of x and z is estimated as

Pxz =
2n
∑

i=0

W (c)
i (xi − x̂)(zi − ẑ)T (55)

The matrix square root of positive definite matrix Pxx
means a matrix A = √

Pxx such that Pxx = AAT and a
possible way for calculation is SVD.

Next the basic stages of theunscentedKalmanfilter are given:
As in the case of the extended Kalman filter, the UKF also
consists of prediction stage (timeupdate) and correction stage
(measurement update) [44,45].
Time update: Compute the predicted state mean x̂−(k) and
the predicted covariance Pxx−(k) as

[x̂−(k), P−
xx (k)] = UT ( fd , x̂(k − 1), Pxx (k − 1))

P−
xx (k) = Pxx (k − 1) + Q(k − 1) (56)

Measurement updateObtain the new output measurement zk
and compute the predicted mean ẑ(k) and covariance of the
measurement Pzz(k), and the cross covariance of the state
and measurement Pxz(k)

[ẑ(k), Pzz(k), Pxz(k)] = UT (hd , x̂
−(k), P−

xx (k))

Pzz(k) = Pzz(k) + R(k) (57)

Fig. 7 Schematic diagram of the unscented Kalman filter loop

Then compute the filter gain K (k), the state mean x̂(k) and
the covariance Pxx (k), conditional to the measurement y(k)

K (k) = Pxz(k)P
−1
zz (k)

x̂(k) = x̂−(k) + K (k)[z(k) − ẑ(k)]
Pxx (k) = P−

xx (k) − K (k)Pzz(k)K (k)T (58)

The filter starts from the initial mean m(0) and covariance
Pxx (0). The stages of state vector estimation with the use of
the UKF algorithm are depicted in Fig. 7.

Unscented Information Filtering

The UIF performs fusion of the state vector estimates which
are provided by local Unscented Kalman Filters, by weight-
ing these estimates with local Information matrices (inverse
of the local state vector covariance matrices which are again
recursively computed) [38–40]. The UIF is derived by intro-
ducing a linear error propagation based on the unscented
transformation into the EIF structure. First, an augmented
state vector x−

α (k) is considered, alongwith the process noise
vector, and the associated covariance matrix is introduced

x̂−
α (k) =

(

x̂−(k)
ŵ−(k)

)

, Pα−
(k) =

(

P−(k) 0
0 Q−(k)

)

(59)

As in the case of local (lumped) Unscented Kalman Filters,
a set of weighted sigma points Xi

α
−
(k) is generated as

X−
α,0(k) = x̂−

α (k)

X−
α,i (k) = x̂−

α (k)+
[√

(nα+λ)P−
α (k − 1)

]

i
, i =1, . . . , n
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X−
α,i (k) = x̂−

α (k) +
[√

(nα + λ)P−
α (k − 1)

]

i
,

i = n + 1, . . . , 2n (60)

where λ = α2(nα +κ)−nα is a scaling, while 0≤α≤1 and κ

are constant parameters. The corresponding weights for the
mean and covariance are defined as in the case of the lumped
Unscented Kalman Filter

W (m)
0 = λ

nα + λ
W (c)

0 = λ

(nα + λ) + (1 − α2 + β)

W (m)
i = 1

2(nα + λ)
, i = 1, . . . , 2nα W (C)

i = 1

2(nα + λ)
,

i = 1, . . . , 2nα (61)

where β is again a constant parameter. The equations of the
prediction stage (measurement update) of the information
filter, i.e. the calculation of the information matrix and the
information state vector of Eq. (37) now become

ŷ−(k) = Y−(k)
2nα∑

i=0

Wm
i Xx

i (k)

Y−(k) = P−(k)
−1

(62)

where Xx
i are the predicted state vectors when using the

sigma point vectors Xw
i in the state equation Xx

i (k + 1) =
φ(Xw

i
−(k)) + L(k)U (k). The predicted state covariance

matrix is computed as

P−(k) =
2nα∑

i=0

W (c)
i [Xx

i (k) − x̂−(k)][Xx
i (k) − x̂−(k)]T (63)

As noted, the equations of the EIF are based on the linearized
dynamicmodel of the system and on the inverse of the covari-
ance matrix of the state vector. However, in the equations of
the UKF there is no linearization of the system dynamics,
thus the UKF cannot be included directly into the EIF equa-
tions. Instead, it is assumed that the nonlinear measurement
equation of the system given in Eq. (25) can be mapped into
a linear function of its statistical mean and covariance, which
makes possible to use the information update equations of the
EIF. Denoting Yi (k) = γ (Xx

i (k)) (i.e. the output of the sys-
temcalculated through thepropagationof the i-th sigmapoint
Xi through the system’s nonlinear equation) the observation
covariance and its cross-covariance are approximated by

P−
YY (k) = E

[

(z(k) − ẑ−(k))(z(k) − ẑ−(k))T
]

�Jγ (k)P−(k)Jγ (k)T (64)

P−
XY (k) = E

[

(x(k) − x̂(k)−)(z(k) − ẑ(k)−)T
]

�P−(k)Jγ (k)T (65)

where z(k) = γ (x(k)) and Jγ (k) is the Jacobian of the output
equationγ (x(k)). Next,multiplying the predicted covariance
and its inverse termon the right side of the informationmatrix
Eq. (36) and replacing P(k)Jγ (k)T with P−

XY (k) gives the
following representation of the information matrix [38–40]

I (k) = Jγ (k)T R(k)−1 Jγ (k)

= P−(k)
−1

P−(k)Jγ (k)T R(k)−1 J−
γ (k)P−(k)

T

×
(

P−(k)
−1
)T

= P−(k)
−1

PXY (k)R(k)−1PXY (k)T
(

P−(k)
−1
)T

(66)

where P−(k)−1 is calculated according to Eq. (63) and the
cross-correlation matrix PXY (k) is calculated from

P−
XY (k) =

2nα∑

i=0

W (c)
i

[

Xx
i (k) − x̂−(k)

] [

Yi (k) − ẑ−(k)
]T

(67)

where Yi (k) = γ (Xx
i (k)) and the predicted measurement

vector ẑ−(k) is obtained by ẑ−(k) =∑2nα

i=0W
(m)
i Yi (k). Sim-

ilarly, the information state vector ik can be rewritten as

i(k) = Jγ (k)T R(k)−1
[

z(k) − γ (x(k)) + Jγ (k)T x̂−(k)
]

= P−(k)−1P−(k)Jγ (k)T R(k)−1 [z(k) − γ (x(k))

+ Jγ (k)T (P−(k))T (P−(k)−1)T x̂−(k)
]

= P−(k)−1P−
XY (k)R(k)−1 [z(k) − γ (x(k))

+ P−
XY (k)(P−(k)

−1
)T x̂−(k)

]

(68)

To complete the analogy to the information contribution
equations of the EIF a “measurement” matrix HT (k) is
defined as

H(k)T = P−(k)
−1

P−
XY (k) (69)

In terms of the “measurement” matrix H(k) the information
contributions equations are written as

i(k) = HT (k)R(k)−1[z(k) − γ (x(k)) + H(k)x̂−(k)]
I (k) = HT (k)R(k)−1H(k) (70)

The above procedure leads to an implicit linearization in
which the nonlinear measurement equation of the system
given in Eq. (25) is approximated by the statistical error vari-
ance and its mean

z(k) = γ (x(k))�H(k)x(k) + ū(k) (71)

where ū(k) = γ (x̂−(k)) − H(k)x̂−(k) is a measurement
residual term.
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Calculation of Local Estimations in Terms of UIF
Information Contributions

Next, the local estimations provided by distributed (local)
Unscented Kalmans filters will be expressed in terms of the
information contributions (information matrix I and infor-
mation state vector i) of the UIF, which were defined in
Eq. (70) [38–40]. It is assumed that the observation vec-
tor z̄i (k + 1) is available from N different sensors, and that
each sensor observes a common state according to the local
observation model, expressed by

z̄i (k) = Hi (k)x(k) + ūi (k) + vi (k) (72)

where the noise vector vi (k) is taken to be white Gaussian
and uncorrelated between sensors. The variance of the
composite observation noise vector vk of all sensors is
written in terms of the block diagonal matrix R(k) =
diag[R1(k)T , . . . , RN (k)T ]T . Then one can define the local
information matrix Ii (k) and the local information state vec-
tor ii (k) at the i-th sensor, as follows

ii (k) = HT
i (k)Ri (k)

−1
[

zi (k) − γ i (x(k)) + Hi (k)x̂
−(k)

]

Ii (k) = HT
i (k)Ri (k)

−1Hi (k) (73)

Since the information contribution termshavegroupdiagonal
structure in terms of the innovation andmeasurement matrix,
the update equations for the multiple state estimation and
data fusion are written as a linear combination of the local
information contribution terms

ŷ(k) = ŷ−(k) +
N
∑

i=1

ii (k)

Y (k) = Y−(k) +
N
∑

i=1

Ii (k) (74)

Then using Eq. (62) one can find the mean state vector for
the multiple sensor estimation problem.
As in the case of the Unscented Kalman Filter, the UIF run-
ning at the i-th measurement processing unit can be written
in terms of measurement update and time update equations

Measurement update Acquire measurement z(k) and com-
pute

Y (k) = P−(k)−1 + HT (k)R−1(k)H(k)

or Y (k) = Y−(k) + I (k) where

I (k) = HT (k)R−1(k)H(k) (75)

ŷ(k) = ŷ−(k) + HT (k)R−1(k)[z(k) − γ (x̂(k))

+ H(k)x̂−(k)] or ŷ(k) = ŷ−(k) + i(k) (76)

Time update Compute

Y−(k + 1) = (P−(k + 1))−1

where P−(k + 1) =
2nα∑

i=0

W (c)
i

[

Xx
i (k + 1) − x̂−(k + 1)

]

[

Xx
i (k + 1) − x̂−(k + 1)

]T
(77)

ŷ(k + 1) = Y (k + 1)
2nα∑

i=0

W (m)
i X x

i (k + 1)

where Xx
i (k + 1) = φ(Xw

i (k)) + L(k)U (k) (78)

Distributed Unscented Information Filtering for State
Estimates Fusion

It has been shown that the update of the aggregate state vec-
tor of the UIF architecture can be expressed in terms of the
local information matrices Ii and of the local information
state vectors ii , which in turn depend on the local covari-
ance matrices P and cross-covariance matrices PXY . Next,
it will be shown that the update of the aggregate state vec-
tor can be also expressed in terms of the local state vectors
xi (k) and in terms of the local covariance matrices Pi (k) and
cross-covariancematrices Pi

XY (k). It is assumed that the local
filters do not have access to each other rowmeasurements and
that they are allowed to communicate only their information
matrices and their local information state vectors. Thus each
local filter is expressed by its respective error covariance and
estimate in terms of the local information state contribution
ii and its associated information matrix Ii at the i-th filter
site (Fig. 8). Then using Eq. (62) one obtains

Pi (k)
−1 = P−

i (k)
−1 + HT

i (k)Ri (k)
−1Hi (k)

x̂i = Pi (k)(P
−
i (k)x̂−

i (k) + HT
i (k)Ri (k)

−1[zi (k)
− γ i (x(k)) + Hi (k)x̂

−(k)]) (79)

Using Eq. (79), each local information state contribution ii
and its associated information matrix Ii at the i-th filter are
rewritten in terms of the computed estimates and covariances
of the local filters

HT
i (k)Ri (k)

−1Hi (k) = Pi
−1(k) − P−

i (k)−1

HT
i (k)Ri (k)

−1[zi (k) − γ i (x(k)) + Hi (k)x̂
−(k)])

= Pi (k)
−1 x̂i (k) − P−

i (k)−1 x̂−
i (k) (80)

where according to Eq. (69) it holds Hi (k) = P−
i (k)−1

P−
XY,i (k). Next, the aggregate estimates of the distributed

unscented information filtering are derived for a number of
N local filters i = 1, . . . , N and sensor measurements, first
in terms of covariances [38–40].
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Fig. 8 Schematic diagram of the unscented information filter loop

P(k)−1 = P−(k)
−1 +

N
∑

i=1

[

Pi (k)
−1 − P−

i (k)
−1
]

x̂(k) = P(k)

[

P−(k)
−1

x̂−(k)

+
N
∑

i=1

(Pi (k)
−1 x̂i (k) − P−

i (k)
−1

x̂−
i (k))

]

(81)

and also in terms of the information state vector and of the
information state covariance matrix

ŷ(k) = ŷ−(k) +
N
∑

i=1

(ŷi (k) − ŷ−
i (k))

Y (k) = Y−(k) +
N
∑

i=1

[Yi (k) − Y−
i (k)] (82)

State estimation fusion based on the UIF is fault tolerant.
From Eq. (81) it can be seen that if a local filter (processing
station) fails, then the local covariance matrices and local
estimates provided by the rest of the filters will enable a reli-
able calculation of the system’s state vector. Moreover, the
UIF is computationally more efficient comparing to central-
ized filters and results in enhanced estimation accuracy.

Filtering Using Differential Theory and Canonical
Forms

Conditions for Applying the Differential Flatness
Theory

Next, a new filter will be developed, in accordance to differ-
ential flatness theory. It will be shown that the filter can be
efficiently used in the problem of multiple-USVs navigation

and can be also the basis of a distributed filtering method.
First, the generic class of nonlinear systems ẋ = f (x, u)

(including MIMO systems) is considered. Such systems can
be transformed to the form of an affine in-the-input system
by adding an integrator to each input [10,11]

ẋ = f (x) +
m
∑

i=1

gi (x)ui (83)

The following definitions are now used [8,9,33]:

(i) Lie derivative: L f h(x) stands for the Lie derivative
L f h(x) = (∇h) f and the repeated Lie derivatives are
recursively defined as L0

f h = h for i = 0, Li
f h =

L f L
i−1
f h = ∇Li−1

f h f for i = 1, 2, · · · .
(ii) Lie Bracket: adif g stands for a Lie Bracket which is

defined recursively as adif g = [ f, adi−1
f g]withad0f g =

g and ad f g = [ f, g] = ∇g f − ∇ f g.

If the system of Eq. (83) can be linearized by a diffeomor-
phism z = φ(x) and a static state feedback u = α(x)+β(x)v
into the following form

żi, j = zi+1, j for 1≤ j≤m and 1≤i≤v j − 1

żvi, j = v j (84)

with
∑m

j=1v j = n, then y j = z1, j for 1≤ j≤m are the 0-flat
outputswhich canbewritten as functions of only the elements
of the state vector x . To define conditions for transforming
the system of Eq. (83) into the canonical form described in
Eq. (84) the following theorem holds [11]

Theorem For nonlinear systems described by Eq. (83) the
following variables are defined: (i) G0 = span[g1, . . . , gm],
(ii) G1 = span[g1, . . . , gm, ad f g1, . . . , ad f gm], · · · (k)

Gk = span{ad j
f gi for 0≤ j≤k, 1≤i≤m}. Then, the lin-

earization problem for the system of Eq. (83) can be solved
if and only if: (1). The dimension of Gi , i = 1, . . . , k is con-
stant for x∈X⊆Rn and for 1≤i≤n − 1, (2). The dimension
of Gn−1 if of order n, (3). The distribution Gk is involutive
for each 1≤k≤n − 2.

Transformation of MIMO Systems into Canonical
Forms

It is assumed now that after defining the flat outputs of the
initial MIMO nonlinear system (this approach will be also
shown to hold for the kinematics of the target), and after
expressing the system state variables and control inputs as
functions of the flat output and of the associated derivatives,
the system can be transformed in the Brunovsky canonical
form:

123



114 Intell Ind Syst (2015) 1:99–126

ẋ1 = x2

· · ·
ẋr1−1 = xr1

ẋr1 = f1(x) +
p
∑

j=1

g1 j (x)u j + d1

ẋr1+1 = xr1+2

· · ·
ẋ p−1 = xp

ẋ p = f p(x) +
p
∑

j=1

gp j (x)u j + dp

y1 = x1

· · ·
yp = xn−rp+1 (85)

where x = [x1, . . . , xn]T is the state vector of the trans-
formed system (according to the differential flatness for-
mulation), u = [u1, . . . , u p]T is the set of control inputs,
y = [y1, . . . , yp]T is the output vector, fi are the drift
functions and gi, j , i, j = 1, 2, . . . , p are smooth func-
tions corresponding to the control input gains, while d j is
a variable associated to external disturbances. It holds that
r1 + r2 + · · · + rp = n. Having written the initial nonlinear
system into the canonical (Brunovsky) form it holds

y(ri )
i = fi (x) +

p
∑

j=1

gi j (x)u j + d j (86)

Next the following vectors and matrices can be defined:
f (x) = [ f1(x), . . . , fn(x)]T , g(x) = [g1(x), . . . , gn(x)]T ,
with gi (x)=[g1i (x), . . . , gpi (x)]T , A=diag[A1, . . . , Ap],
B = diag[B1, . . . , Bp],CT = diag[C1, . . . ,Cp], d =
[d1, . . . , dp]T , where matrix A has the MIMO canonical
form, i.e. with block-diagonal elements

Ai =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0 1 · · · 0
0 0 · · · 0
...

... · · · ...

0 0 · · · 1
0 0 · · · 0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

ri×ri

BT
i = (0 0 · · · 0 1

)

1×ri

Ci = (1 0 · · · 0 0
)

1×ri
(87)

Thus, Eq. (86) can be written in state-space form

ẋ = Ax + Bv + Bd̃

y = Cx (88)

where the control input is written as v = f (x) + g(x)u. The
system of Eq. (87) and Eq. (88) is in controller and observer
canonical form.

Canonical Forms for the USV Model

It is assumed now that the target’s velocity has to be estimated
through the processing of the sequence of position measure-
ments by a filtering algorithm. To this end the derivative-free
Kalman Filter for MIMO nonlinear dynamical systems can
been used. From the application of the differential flatness
theory for transforming the initial target USV’s model into a
linearized equivalent that is finally written in the Brunovsky
form, one has Eq. (4) whichmeans ẍ = u1 and ÿ = u2. Next,
the state variables x1 = x, x2 = ẋ, x3 = y and x4 = ẏ are
defined. Considering the state vector x∈R4×1, the following
matrices are also defined

A =

⎛

⎜
⎜
⎝

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎞

⎟
⎟
⎠

, B =

⎛

⎜
⎜
⎝

0 0
1 0
0 0
0 1

⎞

⎟
⎟
⎠

C =
(

1 0 0 0
0 0 1 0

)

(89)

Using the matrices of Eq. (89) one obtains the Brunovsky
form of the MIMO model of the target ẋ = Ax + Bv

and y = Cx , where the new input v is given by v =
[u1(x, t), u2(x, t)]T . This is a state-space model in the form
ofEq. (88), forwhich state estimation can be performed using
the standard Kalman Filter recursion.

Derivative-free Extended Information Filtering

Asmentioned above, for the system of Eq. (89), state estima-
tion is possible by applying the standard Kalman Filter. The
system is first turned into discrete-time form using common
discretization methods and then the recursion of the linear
Kalman Filter described in Eq. (90) and Eq. (91) is applied.
Measurement update

K (k) = P−(k)CT [C ·P−(k)CT + R]−1

x̂(k) = x̂−(k) + K (k)[z(k) − Cx̂−(k)]
P(k) = P−(k) − K (k)CP−(k) (90)

Time update

P−(k + 1) = A(k)P(k)AT (k) + Q(k)

x̂−(k + 1) = A(k)x̂(k) + B(k)u(k) (91)

If the derivative-free Kalman Filter is used in place of
the Extended Kalman Filter then in the EIF equations
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Fig. 9 Distance of the target’s
reference point i from the
reference plane P j , measured in
the inertial coordinates system
OXY

the following matrix substitutions should be performed:
Jφ(k)→Ad , Jγ (k)→Cd , where matrices Ad and Cd are the
discrete-time equivalents of matrices A and C which have
been defined Eq. (89) and which appear also in the measure-
ment and timeupdate of the standardKalmanFilter recursion,
given above. Matrices Ad and Cd can be computed using
established discretizationmethods.Moreover, the covariance
matrices P(k) and P−(k) are the ones obtained from the lin-
ear Kalman Filter update equations given in the previous Eq.
(90) and Eq. (91).

Simulation Tests

Estimation of Target’s Position with the use of the
Extended Information Filter

The number of USVs used for target tracking in the simula-
tion experimentswas N = 10.However, since theUSVs fleet
(mobile sensor network) is modular a larger number of USVs
could have been also considered. It is assumed that eachUSV
can obtain an estimation of the target’s cartesian coordinates
and bearing, i.e. the target’s cartesian coordinates [x, y] as
well as the target’s orientation θ . To improve the accuracy of
the target’s localization, the target’s coordinates and bearing
are fused with the distance of the target from a reference sur-
face measured in an inertial coordinates system (see Figs. 2,
9).

The inertial coordinates system OXY is defined. Further-
more the coordinates system O ′X ′Y ′ is considered (Fig. 9).
O ′X ′Y ′ results from OXY if it is rotated by an angle θ

(Fig. 9). The coordinates of the center of the target vessel
with respect to OXY are (x, y), while the coordinates of the
reference point i that on the target vessel (e.g. bridge), with
respect to O ′X ′Y ′ are x ′

i , y
′
i . The orientation of the reference

point with respect to OX ′Y ′ is θ
′
i . Thus the coordinates of

the reference point with respect to OXY are (xi , yi ) and its
orientation is θi , and are given by:

xi (k) = x(k) + x ′
i sin(θ(k)) + y′

i cos(θ(k))

yi (k) = y(k) − x ′
i cos(θ(k)) + y′

i sin(θ(k))

θi (k) = θ(k) + θi (92)

Each plane P j in the USV’s environment can be represented
by P j

r and P j
n (Fig. 9), where (i) P j

r is the normal distance
of the plane from the origin O, (ii) P j

n is the angle between
the normal line to the plane and the x-direction.
The target’s reference point i is at position xi (k), yi (k) with
respect to the inertial coordinates system OXY and its ori-
entation is θi (k). Using the above notation, the distance of
the reference point i , from the plane P j is represented by
P j
r , P j

n (see Fig. 9):

d j
i (k) = P j

r − xi (k)cos
(

P j
n

)

− yi (k)sin
(

P j
n

)

(93)

Assuming a constant sampling period�tk = T the measure-
ment equation is z(k + 1) = γ (x(k)) + v(k), where z(k) is
the vector containing target’s coordinates and bearing esti-
mates obtained from a mobile sensor and the measurement
of the target’s distance to the reference surface, while v(k) is
a white noise sequence ∼ N (0, R(kT )). The measure vector
z(k) can thus be written as

z(k) =
[

x(k) + v1(k), y(k) + v2(k), θ(k)

+ v3(k), d
j
1 (k) + v4(k)

]

(94)

with i = 1, 2, . . . , ns, d
j
i (k) to be the distance measure with

respect to the plane P j and j = 1, . . . , n p to be the num-
ber of reference surfaces. By definition of the measurement
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vector one has that the output function γ (x(k)) is given by
γ (x(k)) = [x(k), y(k), θ(k), d11 (k)].
To obtain the Extended Kalman Filter (EKF), the kinematic
model of the target described in Eq. (2) is discretized and
written in the discrete-time state-space form of Eq.(25) [16,
46].

The measurement update of the EKF is

K (k) = P−(k)J Tγ (x̂−(k))
[

Jγ (x̂−(k))P−(k)J Tγ (x̂−(k))

+ R(k)
]−1

x̂(k) = x̂−(k) + K (k)
[

z(k) − γ
(

x̂−(k)
)]

P(k) = P−(k) − K (k)J Tγ P−(k)

The time update of the EKF is

P−(k + 1) = Jφ(x̂(k))P(k)J Tφ (x̂(k)) + Q(k)

x̂−(k + 1) = φ(x̂(k)) + L(k)U (k)

where

L(k) =
⎛

⎝

T cos(θ(k)) 0
T sin(θ(k)) 0

0 T

⎞

⎠

and

Jφ(x̂(k)) =
⎛

⎝

1 0 −v(k)sin(θ)T
0 1 −v(k)cos(θ)T
0 0 1

⎞

⎠

while Q(k) = diag[σ 2(k), σ 2(k), σ 2(k)], with σ 2(k) chosen
to be 10−3 and φ(x̂(k)) = [x̂(k), ŷ(k), θ̂(k)]T , γ (x̂(k)) =
[x̂(k), ŷ(k), θ̂(k), d(k)]T , i.e.

γ (x̂(k)) =

⎛

⎜
⎜
⎝

x̂(k)
ŷ(k)
θ̂(k)

P j
r − xi (k))cos(P

j
n ) − yi (k)sin(P j

n )

⎞

⎟
⎟
⎠

(95)

The vector of the control input is given by U (k) =
[v(k), ω(k)]T . Assuming one reference surface in the tar-
get’s neighborhood one gets

J Tγ (x̂−(k))

= [Jγ 1(x̂
−(k)), Jγ 2(x̂

−(k)), Jγ 3(x̂
−(k)), Jγ 4(x̂

−(k))
]T

, i.e.

J Tγ (x̂−(k))

=

⎛

⎜
⎜
⎝

1 0 0
0 1 0
0 0 1

−cos(P j
n ) −sin(P j

n ) {x ′
i cos(θ − P j

n ) − y
′
i sin(θ − P j

n )}

⎞

⎟
⎟
⎠

(96)

Theuse ofEKF for fusing the target’s coordinates andbearing
measured by each USV with the target’s distance from a
reference surface measured in an inertial coordinates system
provides an estimation of the state vector [x(t), y(t), θ(t)]
and enables the successful tracking of the target’s motion by
the individual USVs (mobile sensors).

The tracking of the target by the fleet of the USVs was
tested in the case of several reference trajectories, both for
motion in an environment without obstacles as well as for
motion in a plane containing obstacles. The proposed dis-
tributed filtering scheme enabled accurate estimation of the
target’s state vector [x, y, θ ]T through the fusion of the mea-
surements of the target’s coordinates andorientation obtained
by each USV with the measurement of the distance from a
reference surface in an inertial coordinates frame. The state
estimates provided by the Extended Kalman Filters running
at each mobile sensor were fused into one single state esti-
mate using Extended Information filtering. The aggregate
estimated coordinates of the target (x̂∗, ŷ∗) provided the ref-
erence setpoint for the distributedmotionplanning algorithm.
Eachmobile sensor wasmade tomove along the path defined
by (x̂∗, ŷ∗). The convergence properties of the distributed
motion planning algorithm were described in “Distributed
Motion Planning for the Multi-USV System” section. The
tracking of the target’s trajectory by the USVs as well as
the accuracy of the two-level sensor fusion-based estima-
tion of the target’s coordinates is depicted in Figs. 10, 11,
12, 13 and 14. The target is marked as a thick-line rectangle
and the associated reference trajectory is plotted as a thick
line.

It is noted that using distributed EKFs and fusion through
the EIF is more robust comparing to the centralized EKF
since (i) if a local processing unit is subject to a fault
then state estimation is still possible and can be used for
accurate localization of the target, as well as for track-
ing of target’s trajectory by the individual mobile sensors
(unmanned surface vessels), (ii) communication overhead
remains low even in the case of a large number of dis-
tributed mobile sensors, because the greatest part of state
estimation procedure is performed locally and only informa-
tion matrices and state vectors are communicated between
the local processing units, (iii) the aggregation performed
on the local EKF also compensates for deviations in state
estimates of local filters (which can be due to linearization
errors).

Estimation of Target’s Position with the use of
Unscented Information Filtering

Next, the estimation of the target’s state vector was per-
formed using the UIF. Again, the proposed distributed
filtering enabled precise estimation of the target’s state vec-
tor [x, y, θ ]T through the fusion of measurements of the
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Fig. 10 a EIF-based target tracking by a fleet of USVs when the target follows a circular trajectory in an obstacles-free motion space, bAggregate
estimation of the target’s position with the use of extended information filtering (continuous line) and target’s reference path (dashed line)
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Fig. 11 a EIF-based target tracking by a fleet of USVs when the target follows an eight-shaped trajectory in an obstacles-free motion space, b
Aggregate estimation of the target’s position with the use of extended information filtering (continuous line) and target’s reference path (dashed
line)
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Fig. 12 a EIF-based target tracking by a fleet of USVs when the target follows a curve-shaped trajectory in an obstacles-free motion space, b
Aggregate estimation of the target’s position with the use of extended information filtering (continuous line) and target’s reference path (dashed
line)
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Fig. 13 a EIF-based target tracking by a fleet of USVs when the target follows a line path in a motion space with obstacles, bAggregate estimation
of the target’s position with the use of extended information filtering (continuous line) and target’s reference path (dashed line)
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Fig. 14 a EIF-based target tracking by a fleet of USVs when the target follows a circular path in a motion space with obstacles, b Aggregate
estimation of the target’s position with the use of extended information filtering (continuous line) and target’s reference path (dashed line)

target’s coordinates and bearing obtained by each mobile
sensor with the distance of the target from a reference sur-
face measured in an inertial coordinates system. The state
estimates of the local Unscented Kalman Filters running at
eachmobile sensor (USV) were aggregated into a single esti-
mation by the UIF. The estimated coordinates [x̂∗, ŷ∗] of
the target were used to generate the reference path which
was followed by the mobile sensors. The tracking of the
target’s trajectory by the USVs ensemble as well as the
accuracy of the two-level sensor fusion-based estimation of
the target’s position is shown in Figs. 15, 16, 17, 18 and
19.
As previously analyzed, the UIF is a derivative-free distrib-
uted filtering approach in which the local Unscented Kalman
Filters provide estimations of the target’s coordinates using
the update in-time of a number of suitably chosen sigma-
points. Therefore, unlike the EIF and the local Extended
Kalman Filters contained in it, in the Unscented Informa-
tion Filter there is no need to calculate Jacobians through the
computation of partial derivatives. Additionally, unlike the
case of local Extended Kalman Filters there is no truncation
of higher order Taylor expansion terms and no linearization
errors are introduced at the local estimators. In that sense the
Unscented Information Filter provides a robust distributed
state estimation and enables accurate tracking of the target
by the mobile sensors (USVs).

Estimation of the Target’s Position with the
Derivative-free Distributed Nonlinear Kalman
Filter

The DEIF is also used to solve the problem of the synchro-
nized USVs navigation based on distributed state estimation.
In the latter case, local Derivative-free Kalman Filters per-
form fusion of the target’s coordinates measurements (xi , yi )
with the distance di of the target from a reference surface, as
follows:
The target’s state vector that was written in the observer
canonical form described by Eq. (89) is extended through
the inclusion of additional state variables that describe the
dynamics of the distance measurement d with respect to
the reference surface P j . Thus the extended state vector of
the system now becomes xe = [x1, x2, x3, x4, x5, x6]T with
x1 = x, x2 = ẋ, x3 = y, x4 = ẏ, x5 = d and x6 = ḋ . The
extended output vector is written as ye = [y1, y2, y3]T , with
y1 = x, y2 = y and y3 = d which means that measurements
of the target’s cartesian coordinates (x, y) and of the target’s
distance d from the reference surface can be obtained. The
distance measuring sensor is taken to coincide with the point
defining the cartesian coordinates of the target (e.g. center
of gravity). In that case, from Eq. (92) one has xi = x and
yi = y. The target’s kinematics is written in the new state-
space form which is also an observer canonical form:
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Fig. 15 a UIF-based target tracking by a fleet of USVs when the target follows a circular trajectory in an obstacles-free motion space, bAggregate
estimation of the target’s position with the use of unscented information filtering (continuous line) and target’s reference path (dashed line)
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Fig. 16 a UIF-based target tracking by a fleet of USVs when the target follows an eight-shaped trajectory in an obstacles-free motion space, b
Aggregate estimation of the target’s position with the use of unscented information filtering (continuous line) and target’s reference path (dashed
line)
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Fig. 17 a UIF-based target tracking by a fleet of USVs when the target follows a curve-shaped trajectory in an obstacles-free motion space, b
Aggregate estimation of the target’s position with the use of unscented information filtering (continuous line) and target’s reference path (dashed
line)
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Fig. 18 a UIF-based target tracking by a fleet of USVs when the target follows a line path in a motion space with obstacles, bAggregate estimation
of the target’s position with the use of unscented information filtering (continuous line)
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Fig. 19 a UIF-based target tracking by a fleet of USVs when the target follows a circular path in a motion space with obstacles, b Aggregate
estimation of the target’s position with the use of unscented information filtering (continuous line) and target’s reference path (dashed line)

ẋe = Aexe + Beve

ye = Cexe (97)

while the associated state-space matrices are

Ae =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

Be =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0
1 0 0
0 0 0
0 1 0
0 0 0
0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

(98)

Ce =
⎛

⎝

1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0

⎞

⎠ (99)

while the extended inputs vector is defined as ue =
[u1, u2, u3]T where u1 and u2 were defined in Eq. (4).
Assuming that the incidence angle Pn does not vary in time
(see Fig. (9)), one has

u3 = −ẍ1cos(Pn) − ẍ3sin(Pn) (100)

It is noted that knowing the orientation of the landmark sur-
face in a cartesian coordinates system, the coordinates of the
target at time instant t = kTs and the coordinates of a ref-
erence point on the landmark surface, it is always possible
to compute the incidence angle Pn . Results about the perfor-
mance of the DEIF in estimating the state vector of the target

and about using the target’s localization procedure for imple-
mented distributed control of the pursuer USVs is given in
Figs. 20, 21, 22, 23 and 24. It can be noticed that, whilst
computationally simpler, the DEIF provides very accurate
estimates of the target’s state vector.
Indicative results about the accuracy of estimation provided
by the considered nonlinear filtering algorithms (i.e. EIF,
UIF and DEIF), as well as about the accuracy of tracking
succeeded by the associated state estimation-based control
loop are given in Table 1. It can be noticed that the DEIF
is significantly more accurate and robust than the Extended
Information Filter. Its accuracy is comparable to the one of
theUnscented Information Filter. Results on the total runtime
and the cycle time of the aforementioned distributed filtering
algorithms are given in Table 2 (using the Matlab platform
on a PC with an Intel i7 processor at 1.6GHz).

Conclusions

Distributed control has been implemented to unmanned sur-
face vessels (USVs) pursuing a target vessel. The objective
of the control system was to achieve the synchronized con-
vergence of the vessels to the target’s position while also
avoiding collisions between them and collisions with obsta-
cles in their motion plane. The problem of distributed motion
planning for the individualUSVshas been solvedwith the use
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Fig. 20 Target following reference path 1 a tracking of the target by the USVs using DEIF b estimation of the target’s coordinates through sensor
fusion and derivative-free distributed nonlinear Kalman filtering
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Fig. 21 Target following reference path 2 a tracking of the target by the USVs using DEIF b estimation of the target’s coordinates through sensor
fusion and derivative-free distributed nonlinear Kalman filtering
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Fig. 22 Target following reference path 3 a tracking of the target by the USVs using DEIF b estimation of the target’s coordinates through sensor
fusion and derivative-free distributed nonlinear Kalman filtering
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Fig. 23 Target following reference path 4, amidst obstacles a tracking of the target by the USVs using DEIF b estimation of the target’s coordinates
through sensor fusion and derivative-free distributed nonlinear Kalman filtering

of a suitable Lyapunov function which comprised quadratic
terms associated with the distance of the USVs from the tar-
get’s position, as well as quadratic terms associated with the

distance of the USVs to each other. By applying LaSalle’s
theorem it has been proven that the individual USVs will
track the target and actually they will remain in a confined
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Fig. 24 Target following reference path 5, amidst obstacles a tracking of the target by the USVs using DEIF b estimation of the target’s coordinates
through sensor fusion and derivative-free distributed nonlinear Kalman filtering

Table 1 RMSE of tracking with nonlinear filtering (Gaussian noise)

RMSEx RMSEy RMSEθ

UIF 0.0088 0.0104 0.0013

EIF 0.0123 0.0167 0.0019

DEIF 0.0087 0.0093 0.0013

Table 2 Run time of nonlinear estimation algorithms

U I F E I F DE I F

Total runtime (sec) 203.97 181.04 162.65

Cycle time (sec) 0.0410 0.0366 0.0325

area round the target’s position. It is also assured that colli-
sions between the USVs will be deterred.
Another major problem in the design of the proposed dis-
tributed controller for the USVs has been the localization of
the target vessel and the estimation of its motion characteris-
tics. To this end a newnonlinear distributed filtering approach
under the nameDerivative-free distributed nonlinear Kalman
Filter has been introduced. Actually, this filter consists of
fusion states estimates about the target’s motion provided
by local nonlinear Kalman filters running on the individual
USVs. Each one of these local Kalman filters is based on
differential flatness-theory and on the transformation of the
target’s kinematicmodel into a canonical state-space descrip-
tion. It has been demonstrated that comparing to the EIF and

to UIF, the proposed nonlinear Kalman Filter has improved
performance both in terms of accuracy of estimation and in
terms of speed of computation. These parameters provide a
significant advantage for the design of efficient multi-USVs
systems for target tracking applications and intelligent mar-
itime transportation systems.
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