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Abstract We introduce a multiplicative version of complex-symplectic implosion in
the case of SL(n,C). The universal multiplicative implosion for SL(n,C) is an affine
variety and can be viewed as a nonreductive geometric invariant theory quotient. It
carries a torus action and reductions by this action give the Steinberg fibres of SL(n,C).
We also explain how the real symplectic group-valued universal implosion introduced
by Hurtubise, Jeffrey and Sjamaar may be identified inside this space.
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1 Introduction

In a series of papers [6–10] we investigated the notion of a universal hyperkähler
implosion for a compact group K , by analogy with the universal symplectic implosion
of [14].

We recall that the universal symplectic implosion of K is a space (T ∗K )impl with a
Hamiltonian K ×T action (where T is a maximal torus of K ), such that the reductions
by T at points in the closed positive Weyl chamber give the coadjoint orbits of K .
These orbits are the reductions of T ∗K by the right K factor in the K × K action on
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T ∗K . The implosion of a general symplectic manifold X with Hamiltonian K -action
is obtained by reducing X ×(T ∗K )impl by the diagonal K action, producing a space
X impl with T action. The reduction of X by K , at any element ξ of a chosen positive
Weyl chamber in the dual k∗ of the Lie algebra of K , coincides with the reduction of
X impl by T at ξ . In this sense the implosion abelianises the K action on X .

In [7] we constructed an analogue of implosion for hyperkähler geometry when
K = SU(n). As a stratified complex-symplectic space the universal hyperkähler
implosion is the geometric invariant theory (GIT) quotient (KC×n0)�N where N is a
maximal unipotent subgroup of the complexified group KC, and n0 is the annihilator
in k∗

C
of the Lie algebra n of N . The implosion is thus the complex-symplectic quotient,

in the GIT sense, of T ∗KC by N , just as the symplectic implosion is (as explained
in [14]) the GIT quotient of KC by N . Note that N is nonreductive, so some work is
needed to show that the quotient exists as an affine variety. This was shown in the case
K = SU(n) in [7] and in general follows from results of Ginzburg–Riche [13] (see
the discussion in [6]).

The universal hyperkähler implosion carries an action of KC×TC where T is the
standard maximal torus of K . The presence of non-semisimple elements in kC, and the
fact that non-semisimple orbits are not closed, means that the abelianisation picture
becomes more complicated than in the real symplectic case. The complex-symplectic
quotients by the torus action are now the Kostant varieties; that is, the varieties in k∗

C

obtained by fixing the values of the invariant polynomials for this Lie algebra [4,16].
The Kostant varieties are unions of complex coadjoint orbits. The smooth locus of a
Kostant variety may be identified with the corresponding regular orbit, which is open
and dense in the Kostant variety with complement of codimension at least 2.

In [7] we considered the case when K = SU(n). In this situation the universal
hyperkähler implosion can be identified with a hyperkähler quotient using quiver
diagrams, and thus can be seen to be genuinely a stratified hyperkähler space rather
than just a complex-symplectic one. One may, by analogy with the symplectic case,
then implode a general space with hyperkähler SU(n) action by taking its product with
the universal implosion and performing the hyperkähler reduction by the diagonal K
action. For general compact groups a direct construction of a hyperkähler metric on
the nonreductive quotient (KC×n0)�N is not yet available, although in [10] we gave
an alternative approach to hyperkähler implosion via moduli spaces of solutions to
Nahm’s equations.

Several authors have explored multiplicative quiver diagrams, for example [3,5,22].
In this paper we consider multiplicative analogues of the quiver spaces considered
in [7] and obtain an analogue of the universal hyperkähler implosion for K = SU(n)

in the quasi-Hamiltonian setting. We obtain a moduli space of solutions to mul-
tiplicative quiver equations that may be identified with the nonreductive quotient
(SL(n,C)×B)�N , where B is the standard Borel subgroup of SL(n,C). This quo-
tient space admits actions of KC and of the torus TC. The reductions by the torus action
give the Steinberg fibres that are the multiplicative version of the Kostant varieties.
We also show how the real symplectic universal group-valued implosion of [15] may
be identified with a stratified set sitting inside our complex space.

The geometric quotient G ×U P , where G is a complex reductive group and P is
a parabolic subgroup with unipotent radical U , also arises in the work of Boalch [2]
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A multiplicative analogue of complex symplectic implosion 657

as a quasi-Hamiltonian space for the action of G × L where L is the Levi factor of
P (see also [12] for some related ideas). In particular, if P is a Borel subgroup,
Boalch obtains the geometric quotient G ×N B as a quasi-Hamiltonian G ×TC space.
If G = SL(n,C), we obtain this space as a quasi-affine variety inside the implosion
(SL(n,C)×B)�N (see the discussion at the end of Sect. 3 and before Definition 4.1).

Pavel Safronov has recently informed us of his work [18] which constructs ver-
sions of implosion, as stacks, for general complex semisimple groups in both the
Hamiltonian and quasi-Hamiltonian settings.

2 Hyperkähler quiver diagrams

Let us recall the finite-dimensional approach via quiver diagrams used to construct
the universal hyperkähler implosion for K = SU(n) in [7]. We started with the flat
hyperkähler space

M = M(n) =
r−1⊕

i=1

H
ni ni+1 =

r−1⊕

i=1

Hom(Cni ,Cni+1)⊕ Hom(Cni+1,Cni )

with the hyperkähler action of U(n1)× · · · ×U(nr )

αi �→ gi+1αi g
−1
i , βi �→ giβi g

−1
i+1, i = 1, . . . , r − 1,

with gi ∈ U(ni ) for i = 1, . . . , r . Here n is the dimension vector (n1, . . . , nr = n).
We took the hyperkähler quotient of M(n) by the group H = ∏r−1

i=1 SU(ni ),
obtaining a stratified hyperkähler space Q = M///H , with a residual action of the
torus T r−1 = H̃/H where H̃ = ∏r−1

i=1 U(ni ), as well as a commuting action of
SU(nr ) = SU(n).

The universal hyperkähler implosion for SU(n) was defined to be the hyperkähler
quotient Q = M///H , where M, H are as above with r = n and n j = j , for j =
1, . . . , n (i.e. the case of a full flag quiver).

As a complex-symplectic space, Q (for general dimension vector) is the GIT quo-
tient, by the complexification

HC =
r−1∏

i=1

SL(ni ,C)

of H , of the zero locus of the complex moment map μC for the H action.
The complex moment map equation μC = 0 is equivalent to the equations

βi+1αi+1 − αiβi = λCi+1 I, i = 0, . . . , r − 2,

for (free) complex scalars λC1 , . . . , λCr−1.
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These equations are invariant under the action of HC given by

αi �→ gi+1αi g
−1
i , βi �→ giβi g

−1
i+1, i = 1, . . . , r − 2,

αr−1 �→ αr−1g−1
r−1, βr−1 �→ gr−1βr−1,

where gi ∈ SL(ni ,C).
The action of SL(n,C) = SL(nr ,C) on the quotient Q is given by

αr−1 �→ grαr−1, βr−1 �→ βr−1g−1
r .

There is also a residual action of H̃C/HC which we can identify, in the full flag case,
with the maximal torus TC of KC. The complex numbers λi combine to give the
complex-symplectic moment map for this complex torus action.

It is often useful to consider the endomorphism

X = αr−1βr−1 ∈ Hom(Cn,Cn),

which is invariant under the action of H̃C and transforms by conjugation under the
residual SL(n,C) action.

3 Multiplicative diagrams

Let us now consider the multiplicative version of the quiver diagrams above. That is,
we consider the quasi-Hamiltonian moment map equations for the action of HC =∏r−1

i=1 SL(ni ,C). We refer to [1] for general background on quasi-Hamiltonian spaces.
A result of Van den Bergh [20,21], shows that for length one quivers

V
α−→←−
β

W,

with 1 + αβ, 1 + βα invertible, the natural GL(V )×GL(W ) action

(α, β) �→ (
g2αg−1

1 , g1βg−1
2

)

is quasi-Hamiltonian with group-valued moment map

(α, β) �→ (
1+βα, (1+αβ)−1).

For general quivers of the kind considered in the preceding section we have an action
of H̃C×GL(nr ,C) = ∏r

i=1 GL(ni ,C). We let Mmult(n) denote the space of such
quivers, with dimension vector n, such that the endomorphisms 1+αiβi and 1 +βiαi

are invertible for each i .
We shall consider the reduced space by the action of HC = ∏r−1

i=1 SL(ni ,C). The
equations the quiver has to satisfy are now

1 + βi+1αi+1 = qi+1(1 + αiβi ) (1)
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A multiplicative analogue of complex symplectic implosion 659

for free complex scalars qi+1, 0 ≤ i ≤ r −2. (See, for example, [22] for the associated
equations with qi fixed, that arise as moment maps for the H̃C action). Our invertibility
conditions mean that the scalars qi are all nonzero.

We remark that if all qi equal 1 then we get the same equations αiβi = βi+1αi+1
as in the additive case with λi = 0.

We now define the multiplicative analogue of the hyperkähler spaces Q of Sect. 2.

Definition 3.1 Let Qmult(n) denote the GIT quotient by the reductive group HC of
the space of solutions to (1) in Mmult(n).

Remark 3.2 Notice that there is a residual action of GL(n,C)× H̃C/HC on Qmult(n).
In the full flag case n = (1, 2, . . . , n) we may identify the complex torus H̃C/HC

with the maximal torus TC in SL(n,C).

In the full flag case Qmult(n) will be a first approximation to the multiplicative implo-
sion. The true implosion will be a slight modification of this space, involving passing
to a cover at a suitable stage of the construction.

We now collect some useful results about the multiplicative quiver equations (for
general dimension vectors n unless otherwise stated). We first consider the endomor-
phism Y = 1 + αr−1βr−1. This is (up to inversion) the value of the moment map for
the residual GL(n,C) action and is the multiplicative analogue of the endomorphism
X = αr−1βr−1 mentioned above.

Lemma 3.3 Y = 1 + αr−1βr−1 satisfies the equation

(Y − 1)(Y − qr−1) · · · (Y − qr−1 . . . q1) = 0.

Proof We let Xk = αr−1αr−2 . . . αr−kβr−k . . . βr−2βr−1 and X = X1 = αr−1βr−1.
Using the equation repeatedly it is now easy to show that

Xk X = (qr−1 . . . qr−k − 1) Xk + qr−1 . . . qr−k Xk+1

for 1 ≤ k ≤ r − 1 (interpreting Xr as 0). We deduce

X (X + 1 − qr−1)(X + 1 − qr−1qr−2) · · · (X + 1 − qr−1 . . . q1) = 0

which on setting Y = 1 + X yields the result. 	

In the case when all qi are 1, then Y lies in the unipotent variety.

Remark 3.4 Let us observe that, using our equations, we have

βi (1 + αiβi − τ) = qi
(
1 + αi−1βi−1 − τq−1

i

)
βi

and

(1 + αiβi − τ)αi = qiαi
(
1 + αi−1βi−1 − τq−1

i

)
.
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It follows that α j , β j preserve the decomposition of the quiver into subquivers given
by generalised eigenspaces. Explicitly, we have

ker
(
1 + αi−1βi−1 − τq−1

i

)m αi−→←−
βi

ker
(
1 + αiβi − τ

)m
. (2)

Notice that

ker
(
1 + αi−1βi−1 − τq−1

i

)m = ker
(
1 + βiαi − τ

)m

using our equations (1) and the fact that qi are nonzero. So the maps αi , βi in (2) are
isomorphisms unless τ = 1.

Remark 3.5 As in the additive case we see that H̃C = ∏r−1
i=1 GL(ni ,C) acts freely

on a quiver if, for each i , either αi is injective or βi is surjective. If for each i , both
conditions hold, then the quiver is stable for the H̃C action.

If all αi are injective or all βi are surjective, then the quiver is stable for the HC

action.

Remark 3.6 As in [8] we can look at (full flag) quivers where αk, βk are of the fol-
lowing special ‘toric’ form:

αk =

⎛

⎜⎜⎜⎜⎜⎝

νk
1 0 0 · · · 0

0 νk
2 0 · · · 0

· · ·
0 · · · 0 0 νk

k

0 · · · 0 0 0

⎞

⎟⎟⎟⎟⎟⎠
(3)

and

βk =

⎛

⎜⎜⎝

μk
1 0 0 0 · · · 0

0 μk
2 0 0 · · · 0

· · ·
0 · · · 0 0 μk

k 0

⎞

⎟⎟⎠ (4)

for some νk
i , μk

i ∈ C. Now αkβk and βkαk are diagonal for each k, so our quiver
equations are just the diagonal components of (1). In fact they are equivalent to

μi
jν

i
j = qi . . . q j − 1.

Note that Y = 1 + αn−1βn−1 will also be diagonal.

Let us now focus on the full flag case, so r = n and ni = i for each i . If all βi are
surjective, then we may use the HC×SL(n,C) action to put βi in the standard form
βi = (0 Ii×i ). We now find that Y = 1 + αn−1βn−1 lies in the standard Borel of
GL(n,C), with diagonal entries
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1, qn−1, qn−1qn−2, . . . , qn−1 . . . q1. (5)

Using the equations, and the fact that βi are in standard form one may work down
the quiver finding αi successively from Y . Conversely, every such Y arises from a
solution of the equations. The invertibility condition on the endomorphisms 1 + αiβi

and 1 + βiαi is equivalent to the scalars q j all being nonzero.
The freedom involved in putting βi in this form is the action of N , conjugating Y

and acting on SL(n,C) on the right.
Our space of quivers (with all βi surjective) satisfying the equation modulo HC is

therefore

SL(n,C)×N B1,

where B1 denotes the subgroup of the Borel in GL(n,C) consisting of elements with
1 as the leading term on the diagonal. The geometric quotient SL(n,C)×N B1 can
therefore be viewed as sitting inside Qmult (in the full flag case) as a quasi-affine
variety.

If we let B denote the Borel in SL(n,C), then we have a degree n cover ρ : B → B1
given by dividing by the leading diagonal term. More explicitly, if the diagonal entries
of an element in B are z1, . . . , zn and the diagonal entries of the corresponding element
Y in B1 are w1, . . . , wn then

w1 = 1, wi = zi

z1
, i = 2, . . . , n, zn

1 = (w2 . . . wn)
−1 = (det Y )−1.

As in the additive case, we may generalise the above discussion to the case of a general
quiver with dimensions n1 < n2 < · · · < nr = n. The space of such quivers with all
β surjective may be identified with

SL(n,C)×[P,P]P

where P denotes the parabolic associated to the flag with dimensions (n1, . . . , nr = n).
Moreover P denotes the subvariety of SL(n,C) consisting of matrices with scalar
blocks down the diagonal, of size k j ×k j where k j = n j+1 − n j , and with all entries
below these blocks being zero. The scalars for the blocks are those given by (5).

In the full flag case when ni = i for each i , then the parabolic P is the Borel, the
variety P is B1, and we recover the earlier result.

Example 3.7 Let us consider the SL(2,C) case, so our quiver is just

C
α−→←−
β

C
2.

Our invertibility conditions are just equivalent to

1 + a1b1 + a2b2 �= 0,
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where α = ( a1
a2

)
and β = (b1 b2). As HC = SL(1,C) is trivial there are no moment

map equations in this case, and no quotienting. So the quiver space is just the comple-
ment in C

4 of the hypersurface 1 + a1b1 + a2b2 = 0.

It is useful to consider a slight modification of the quiver equations so that we deal
with the Borel B in SL(n,C) rather than the group B1. We achieve this by setting

qi+1 = q̃i+1

q̃i
, i = 0, . . . , r − 2,

subject to the constraint q̃0 . . . q̃r−1 = 1. Our equations (1) now become

q̃i (1 + βi+1αi+1) = q̃i+1(1 + αiβi ) (6)

and recovering q̃ j from q j involves choosing an nth root of unity. In terms of the
matrix Y = 1 + αn−1βn−1 introduced above, we have q̃ n

n−1 = det Y , so recovering
our solutions from Y involves a choice of an nth root of det Y , as in the above discussion
of the cover ρ : B �→ B1. We then obtain the geometric quotient SL(n,C)×N B as
a moduli space of quivers with all βi surjective, sitting inside the full quiver moduli
space as an open dense subset.

As remarked in Introduction, Boalch [2] has obtained a quasi-Hamiltonian G ×TC

structure on G ×N B, for a general complex reductive group G. (In fact he more gener-
ally obtains a quasi-Hamiltonian G × L structure on the geometric quotient G ×U P ,
where P is a parabolic subgroup with unipotent radical U and Levi factor L).

4 Nonreductive GIT quotients

We now make contact with nonreductive GIT quotients following [11]. The quotient
X�G, in the sense of geometric invariant theory (GIT), of an affine variety X overC by
the action of a complex reductive group G is the affine variety SpecO(X)G associated
to the algebraO(X)G of G-invariant regular functions on X . This makes sense because
the algebra O(X)G is finitely generated, since X is affine and G is reductive. If we
want to quotient an affine variety by a nonreductive group then difficulties can arise
because the algebra of invariants is not necessarily finitely generated. However if the
algebra of invariants is finitely generated then we can define the GIT quotient to be
the affine variety associated to this algebra, just as for reductive groups.

It is worth noting that the inclusion ofO(X)G inO(X) induces a natural G-invariant
morphism from X to X�G. When G is reductive this morphism is always surjective,
and points of X become identified in X�G if and only if the closures of their G-orbits
meet in X . However when the group is not reductive this morphism is not necessarily
surjective; indeed its image is in general not a subvariety of the GIT quotient but only
a constructible subset [11].

Recall that the universal symplectic implosion for a compact group K can be identi-
fied with the nonreductive GIT quotient KC�N of the complexified group KC (which
is a complex affine variety) by the action of its maximal unipotent subgroup N [14].
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Here the algebra of invariants O(KC)N is finitely generated although N is not reduc-
tive. In fact KC�N is the canonical affine completion of the quasi-affine variety KC/N ,
which embeds naturally as an open subset of KC�N with complement of codimension
at least two. The restriction map fromO(KC�N ) toO(KC/N ) is thus an isomorphism,
and both algebras can be identified with the algebra of N -invariant regular functions
on KC. In terms of the moment map description of the symplectic implosion, KC/N
corresponds to the open subset determined by the interior of the positive Weyl chamber
for K .

Recall also from [7] that in the additive case when K = SU(n) the universal
hyperkähler implosion can be identified with the GIT quotient (KC×n◦)�N by the
nonreductive group N . (On choosing an invariant inner product, the annihilator n◦
may be identified with the opposite Borel subalgebra b). Just as for the action of N on
KC, the algebra of invariants turns out to be finitely generated, and the GIT quotient
is defined to be the corresponding affine variety. As the moment map for the right KC

action on T ∗KC is projection onto the Lie algebra factor, the quotient (KC×n◦)�N
can be viewed as the complex-symplectic quotient in the GIT sense of T ∗KC by N .

A natural multiplicative version of this starts with the double KC×KC instead of
the cotangent bundle T ∗KC [1]. We have an action of KC×KC, given by

(u, v) �→ (
gLug−1

R , gRvg−1
R

)

with quasi-Hamiltonian moment map

(μL , μR) : (u, v) �→ (
uvu−1, v−1).

By analogy with the additive case we consider the nonreductive GIT quotient

(KC×B)�N ,

where N acts on the right

(u, v) �→ (
un−1, nvn−1).

If K = SU(n), the argument in the additive case can be adapted to the present situation
to show that the nonreductive GIT quotient (SL(n,C)×B1)�N may be identified
with the space Qmult of solutions to the quiver equation (1) in the full flag case,
modulo (in the GIT sense) the action of HC = ∏r−1

i=1 SL(i,C). For one shows that the
resulting quiver variety is an affine variety with coordinate ring equal to the coordinate
ring O(SL(n,C)×B1)

N of the variety of surjective quivers SL(n,C)×N B1. This
identification of the coordinate ring is obtained by showing that SL(n,C)×N B1 is an
open subset of the affine variety Qmult with complement of codimension at least two.
So Qmult = (SL(n,C)×B1)�N may be viewed as the canonical affine completion of
the geometric quotient SL(n,C)×N B1.

Working instead with (6) gives the analogous result for (SL(n,C)×B)�N (recall
that B is an n-fold cover of B1). Our quasi-Hamiltonian reduction (SL(n,C)×B)�N
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(which in general may be singular) may be thus viewed as the canonical affine com-
pletion of the smooth quasi-Hamiltonian space SL(n,C)×N B as discussed at the end
of Sect. 3.

Definition 4.1 The multiplicative universal complex-symplectic implosion for
SL(n,C) is Q̃mult = (SL(n,C)×B)�N , or equivalently the GIT quotient by HC

of the space of full flag quivers satisfying (6).

The left SL(n,C) action on SL(n,C)×SL(n,C) descends to the nonreductive GIT
quotient Q̃mult = (SL(n,C)× B)�N . We also have a residual right action of TC =
B/N .

The left moment map μL defined above is an N -invariant map (u, v) �→ uvu−1

which descends to a map Q̃mult → SL(n,C). We also have a map ψ : Q̃mult → TC
given by projecting onto the diagonal in B.

If we take the level set ψ−1(1) and reduce by TC we obtain the affine variety
(SL(n,C)×N )�B. This is actually the target space of the multiplicative Springer
resolution

SL(n,C)×B N �→ U;

that is, it is the unipotent varietyU. The multiplicative Springer map is just φ : (u, v) �→
uvu−1. The identification of U with (SL(n,C)×N )�B is the well-known fact that
the Springer map is an affinisation map.

More generally, we can reduce via ψ at a level λ in TC. We obtain the quotient
SL(n,C)×λ.N�B.

Our map gives a surjection of SL(n,C)×B λ.N onto the Steinberg fibre Fλ which
is the variety of elements in SL(n,C) where the regular class functions take the same
values as they do on the diagonal matrix with entries λ.

The Steinberg fibres are the multiplicative analogues of the Kostant varieties. We
recall the following facts (see [12] or [19, Section 6], for example) that hold for general
complex semisimple KC :

(i) Each Steinberg fibre Fλ is a finite union of conjugacy classes. The dimension of
Fλ is dim KC − rank KC.

(ii) The regular elements form a single conjugacy class which is open and dense. This
class is the smooth locus of Fλ. Its complement in Fλ has complex codimension
at least 2.

(iii) The semisimple elements in Fλ form a single conjugacy class, the unique closed
class in Fλ. This class is contained in the closure of each class in Fλ.

The map φ : KC×B λ.N → Fλ is a resolution of singularities and is an isomorphism
over a locus in the target space whose complement has codimension at least 2. As
in the additive case, we conclude that Fλ is the affinisation (KC×λ.N )�B. So the
reduction of Q̃mult = (SL(n,C)×B)�N at level λ gives the Steinberg fibre.

Remark 4.2 We can ask whether the Steinberg fibre could also be viewed as the
reduction of SL(n,C)×B N by TC at level λ in the sense of GIT, since it is the
affine variety associated with the appropriate algebra of invariant regular functions
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on SL(n,C)×B N . However geometric invariant theory does not behave well when
applied to actions on quasi-affine varieties such as SL(n,C)×B N which are not affine,
since quasi-affine varieties are not determined by their algebras of regular functions
even when these are finitely generated. For a reductive group action on a quasi-affine
variety X a categorical quotient of an open subset X ss of X is given in [17, Theo-
rem 1.10], but this differs in general from the affine variety associated to the algebra
of invariants and X ss does not necessarily coincide with X , in contrast with the case
when X is affine.

Remark 4.3 When Y is a hyperkähler manifold with an action of SU(n) which is
Hamiltonian in the hyperkähler sense, its hyperkähler implosion is constructed in [7] as
the hyperkähler quotient of the product of Y with the universal hyperkähler implosion
Q; it has an induced action of T which may be complexified with respect to any of
the complex structures to an action of TC. Likewise, given a general space with quasi-
Hamiltonian SL(n,C) action, we may take its product with Q̃mult to get a space with
SL(n,C)×SL(n,C)×TC action, and perform fusion (cf. [1]) to obtain a space with
SL(n,C)×TC action. Reducing by SL(n,C) then yields a space with TC action.

Remark 4.4 If, for a general semisimple KC, we could show finite generation of the
ring of N -invariants O(KC×B)N , then the nonreductive GIT quotient (KC×B)�N
would exist as an affine variety, and the discussion of this section would go through for
general KC. The analogous result in the additive case is known by work of Ginzburg–
Riche [13], but we have not yet been able to adapt it to the multiplicative setting.

Example 4.5 Let us return to the SL(2,C) example. We are considering the quotient
(SL(2,C)×B)�N , where as usual B is the standard Borel and N the associated
maximal unipotent.

Let us write the elements of SL(2,C) and B as
(

a b
c d

)
and

(
e f
0 e′

)
with relations

ad − bc = 1, ee′ = 1.

The action of
(

1 n
0 1

)
leaves a, c, e and e′ invariant and transforms b, d, f as follows:

b �→ b − an, d �→ d − cn, f �→ f + n(e′ − e).

The invariants are generated by a, c, e, e′ and

x = a f + (e′ − e)b, y = c f + (e′ − e)d

with relations

cx − ay = e − e′, ee′ = 1.

In terms of new variables X = ex and Y = ey we can rewrite this as

cX − aY = e2 − 1, e �= 0,
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that is, an open set in the complex quadric in C
5. Note this can also be written as

the double cover of the complement in C
4 of the locus cX − aY = −1, which is

compatible with the quiver picture as in Example 3.7.

Remark 4.6 If we take the element of B to be in the real maximal torus, that is we
take e = exp(iθ), e′ = exp(−iθ), f = 0, then the relation becomes

cx − ay = 2i sin θ.

If we take, for example, c = i x , a = −i y, then we get a copy of the group-valued
symplectic implosion S4 inside our variety. We have a copy of S3 for each θ ∈ (0, π)

and these collapse to a point at the endpoints θ = 0, π .

We can generalise this idea to produce a copy of the quasi-Hamiltonian symplectic
implosion inside our complex space.

Let us take qi to lie in the unit circle. We choose a branch of the square root function
on the half plane Re z < 0, and consider quivers of the toric form (3)–(4) where the
entries are given by

νi
j = μi

j = √
qi . . . q j − 1.

For such quivers we recall that Y = 1 + αn−1βn−1 is diagonal with entries given by
(5). Setting a consecutive run of entries of Y to be equal is equivalent to setting a
consecutive run of q j to be 1. If, say, qi = · · · = qi+m = 1 for some m ≥ 0 (so that
m + 2 consecutive entries of Y are equal), then the last diagonal entry of βi , the last
two of βi+1, and so on up to the last m + 1 of βi+m , are zero, and similarly for the
corresponding α. This means that the quiver decomposes according to the direct sum
ker α j ⊕ im β j , where ker α j = ker β j−1 and im β j = im α j−1. Moreover the quiver
maps are zero on ker α j and injective and surjective on the complement.

Let us now consider the sweep of such quivers under the action of K = SU(n).
Now the action of K × HC = SU(n)× ∏n−1

i=1 SL(i,C) preserves the scalars qi , hence
if K moves a quiver to another quiver of the same form, then the two quivers must
be the same modulo the action of HC. That is, g ∈ SU(n) has the same effect on the
quiver as (h2, . . . , hn−1) ∈ HC. The resulting equations

α j = h j+1α j h
−1
j , 2 ≤ j ≤ n − 2, α1 = h2α1, αn−1 = g−1αn−1h−1

n−1,

together with their analogues for β, now imply that (h2, . . . , hn−1) and g preserve the
above decomposition. We get that g lies in the commutator of the parabolic associated
to the dimension flag of the injective/surjective quiver. More precisely, the dimensions
of the injective/surjective quiver are 1, 2, . . . , i −1, i −1, . . . , i −1, i +m +1, . . . , n
and we take the parabolic associated to the strictly increasing sequence 1, 2, . . . , i −
1, i + m + 1, . . . , n obtained by collapsing the chain of equalities. But as g lies in the
maximal compact subgroup we find that g lies in SU(m + 2), diagonally embedded
in SU(n).
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The sweep of our quivers is now SU(n)×SU(m+2)Y, where Y denotes the set of
diagonal matrices Y with Yi−1 = · · · = Yi+m . This picture now generalises in the
obvious way to the case of general systems of equalities between elements of Y .

We obtain a space stratified by sets Y of diagonal matrices with entries satisfying
specified equalities. Each such face gives a copy of SU(n) ×SU(n1)×···×SU(nr ) Y. The
open interior face Y where all entries are distinct just gives SU(n)×Y.

Finally, we pass to the cover. We work on the fundamental alcove

θ1 − 2π ≤ θn ≤ θn−1 ≤ · · · ≤ θ2 ≤ θ1

in the Cartan algebra
∑n

i=1 θi = 0, and consider the corresponding elements
(eiθ1 , . . . , eiθn ) of SU(n). The map ρ sends this element to

(
1, ei(θ2−θ1), . . . , ei(θ3−θ2)

)

in B1. The fibres of the map are obtained by multiplying by scalar matrices in SU(n),
but within the alcove this means only the vertices map to the same point (the identity
in B1).

So upstairs in the covering space we obtain a stratified space stratified by the walls
of the alcove. The strata are the sets

SU(n)×SU(n1)×···×SU(nr )Y

discussed above. The open stratum is SU(n)×Y, and at the other extremes the ver-
tices just give points. We have obtained the quasi-Hamiltonian symplectic implosion
introduced in [15] as a subset of our complex quasi-Hamiltonian implosion.

Example 4.7 In the case of SU(2), we take the alcove θ1 −2π ≤ θ2 ≤ θ1 in the Cartan
algebra θ1 + θ2 = 0 and the associated elements diag(eiθ1 , eiθ2) of the maximal torus
in SU(2). Equivalently, we take 0 ≤ θ ≤ π and diag(eiθ , e−iθ ). The covering map
to B1 sends this to (1, e−2iθ ) and is injective in the given range except that the scalar
matrices ±I , corresponding to θ = 0, π both map to the identity in B1.

We obtain the quasi-Hamiltonian symplectic implosion by taking an open stratum
SU(2)×(0, π) and then adding point strata at the endpoints, to obtain S4 as in [15].
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