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Abstract The Phasor Measurement Unit (PMU) is a con-
temporary metering device installed on system to enable
the power system monitoring and control. PMUs are most
accurate and advance time synchronized technology which
provides measurements of voltages at the buses and also
current phase values which are connected to those buses
where these PMUs are located. PMU placement on each
bus of a system is difficult to achieve either due to cost
factor or due to non-existence limitation of communication
facilities in some parts of the system. Moreover, as a con-
sequence of Ohm’s Law, when a PMU is placed at a bus,
neighboring busses also become observable. This implies
that a system can be made observable with a lesser number
of PMUs than the number of busses. It is necessary to deter-
mine the minimum number of PMUs for entire observability
of the power network. The optimal placement of PMUs
(OPP) problem can be solved by various techniques. Hence
in this paper a comprehensive review is presented on the
OPP problems under the characterization of heuristic and
mathematical methodologies. Also a comparison between
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the various methods is also presented based on the various
operation and cost related factors.

Keywords Phasor measurement unit · Conventional
mathematical techniques · Artificial intelligence techniques

Introduction

The Modern deregulated electricity market is highly depen-
dent on the real time information. A reliable, accurate,
timely and complete set of measurement serves as a foun-
dation for the secure real time grid operation. For this Mon-
itoring and control of these grids in order to ensure reliable
power deliveries are dependent on sophisticated information
and control systems commonly referred to as SCADA/EMS
systems, where system states estimation depends on unsyn-
chronized measurement. These measurements have errors
such as measurement and telemetry bias. To overcome these
limitations in the SCADA, Wide Area Monitoring Protec-
tion and Control (WAMPAC) system is used. This system
consist Phasor Measurement Units (PMUs) as fundamental
components which gives synchronized and real-time volt-
ages and currents phasor measurement. Global Positioning
System (GPS) provides reference timing signals to achieve
synchronization of sampling voltage and current waveform
with respect to this reference time.

A PMU directly measure the voltage Phase of the bus
where these PMUs are placed and also measure the current
phases of a few or all the branches connected to that bus.
In recent years rapidly increases use of PMUs to improve
monitoring, needed to place these PMUs on all of the buses
for full observability of the network. It is also impossible to
place these units on entire system buses because PMUs and
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communication services are very costly. Thus determination
of the optimal number of PMUs and its location for overall
observability of the system is very important.

A proper methodology is required to find the optimum
number of the PMUs which will fully observe the power
network. To solve the Optimal PMUs Placement (OPP)
problem a number of mathematical methods have been
employed. Among these methods linear Programming, non-
linear programming, dynamic programming are the com-
mon optimization methodologies are proposed to solve
this problem. Problems such as difficulties of obtaining
local minima and handling constraints in conventional tech-
niques are overcome by other optimization methodology
like heuristic techniques, such as depth first search, iterated
local search, simulated annealing, tabu search, genetic algo-
rithms, differential evaluation, imperialistic, particle swarm
optimization and ant colony optimization etc.

This paper reviews the research work and studies that
have been done in the area of optimal placement of pha-
sor measurement units (PMUs) that are presented to solve
the typical optimal placement problem of PMUs. The for-
mulation of this problem is described in Section “Optimal
PMU Placement (OPP) Problem Formulation”. The heuris-
tic methods to solve the OPP problem are discussed in
Section “Artificial Intelligence Techniques”, the mathemat-
ical method is discussed in Section “Mathimatical Methods”
and Section “Comparative Analysis of Mathematical and
Artificail Intellegence Techniques” concludes this paper.

Optimal PMU Placement (OPP) Problem
Formulation

PMU is an advanced measurement device installed at a bus
(or node) of the system, measuring the voltage and cur-
rent phasors of the line (or branch) it is associated with.
Fig. 1 shows PMUs purely isolated to form a Wide Area
Monitoring System (WAMS). GPS time stamped measure-
ment signals are fed to a Phasor Data Concentrator (PDC)
by using PMUs. The PDC collects and sorts the phasor
measurements and signal processor converts data of PMUs
into useful information which is visible on Human Machine
Interface (HMI).The operator can easily access the criti-
cal information of the power system state. Some rules can
be used for the placement of PMUs which are given in
[26] like, assigning one voltage measurement at the bus
where PMU is located, one branch current measurement,
one voltage and current pseudo measurement.

The PMUs can be placed at planned buses to completely
observe the total network. These located PMUs are measur-
ing the voltage phase value of that bus and current phase
values of the lines which are connected to the same bus. The

Fig. 1 Layout of PMU along with GPS time stamped signals [26]

aim is to completely observe the network with an optimum
number of PMUs. The problem for n-bus system is formu-
lated and solved by integer programming method [51] as
given below:

min
n∑

i

Wixi

Subject to f (x) ≥ 1̂

Where x = binary decision variable vector

i = bus number, whose entries are,

xi = 1 if a PMU is located at bus i,

xi = 0 otherwise.

Wi = the cost of the PMU installed at the ithbus,

f (x) = vector function, having non-zero entry if

corresponding bus voltage is observable and

1̂ = vector having all ones entries.

The nonlinear constraint expressions are created consid-
ering the placement and types of available measurements.
Assume the phasor value of voltage at the bus where PMU
located and values of current phasors along the branches
which connected to that bus will be easily accessible. The
other adjacent bus voltages will also be accessible. Deter-
mine the solution vector which is a set of minimum xi
and satisfy above equation. The constraint function can be
defined with the help of Binary Connectivity Matrix A
which gives the information about bus connectivity of power
network. The elements of matrix A is defined as,

A(mn) = 1 if busm = busn

= 1 if there is connection between bus m and busn.

= 0 Otherwise.

The constraint equations are considered for the three cases:
(1) PMU measurements only, (2) PMU measurements and
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injections (i.e. zero injections) and (3) PMU measurements,
injections and flows.

Artificial Intelligence Techniques

Imperialistic Competition Algorithm (ICA)

ICA is an evolutionary optimization algorithm which is
inspired by socio-political process of imperialistic com-
petition. This algorithm has proven its superior ability to
achieve faster convergence and better solution compared to
the other evolutionary algorithms.

In the proposed method in [1], the optimal placement
of PMUs and minimization of the cost of associated CI
(communication infrastructure) are carried out simultane-
ously by using ICA. That is to say the optimal placement
of PMUs, the optimal location of the PDC and minimal
communication paths between PMUs and the PDC are
obtained simultaneously in order to make the network as
fully observable as possible in terms of the state estimation.

Cellular Learning Automata (CLA)

Cellular learning automata (CLA) algorithm is based on the
usage of learning automata (LA) to the state transition prob-
ability adjustment of cellular automata (CA). This method
starts by specifying the internal state of every cell. Then, the
reinforcement signal for each LA is determined on the basis
of the rule of CLA. Finally, as for supplied reinforcement
signal and action chosen by the cell, each LA updates its
action probability vector. The desired state will be reached
by continuing this process [85]. In [2] proposed a CLA
algorithm to tackle the optimization problem, introducing
new CLA local rules to enhance the optimization process in
the formulation of a modified multi-objective PMU place-
ment method by first calculating worth of observability for
a set of PMUs in contingency, by ranking the prospective
contingencies.

Chemical Reaction Optimization (CRO)

Chemical reaction optimization (CRO) is a heuristic algo-
rithm based on population processed by obtaining a lower
energy stable state by simulating the action and reaction
of molecules in a chemical reaction, which aimed to reach
the minimum state of free energy. Authors in [3] proposed
chemical reaction optimization (CRO) method to solve the
problem of maximizing the power system observability by
placing phasor measurement units (PMUs) in a multistage
manner where the problem is constrained by the financial
budgets available at each installation stage.

Fig. 2 the food finding iterative process of a fruit fly swarm [4]

The Fruit Fly Optimization Algorithm (FOA)

The fruit fly optimization algorithm (FOA) is a new method
for finding global optimization based on the food find-
ing behavior of the fruit fly. The fruit fly itself is superior
to other species in sensing and perception, especially in
osphresis and vision. The osphresis organs of fruit flies can
find all kinds of scents floating in the air; it can even smell
food source from 40 km away. Then, after it gets close to
the food location, it can also use its sensitive vision to find
food and the company’s flocking location, and fly towards
that direction too. Fruit flies are a kind of insect, which live
in the temperate and tropical climate zones and eat rotten
fruit [4]. Fig. 2 shows the food finding iterative process of a
fruit fly swarm.

The authors in [4] develop a modified fruit fly method for
solving PMU placement problems. This method is found to
speed up the convergence.

Genetic Algorithm (GA)

Genetic algorithm (GA) is adaptive heuristic search algo-
rithm that repeats the process of natural evolution. This
process is used to generate solutions to optimization and
also search problems. Modeling natural selection is the base
of genetic algorithm (GA) which does not need any sec-
ondary functions such as derivatives computation. Some
positive characteristics of GA which make it more usable in
optimization problems are as follows:(a) probability of local
minimum trapping is decreased,(b) computations of going
from one state to another is declined, and (c) evaluation of
the fitness of each string guides the search.

A genetic algorithm is proposed in [5] in order to min-
imize the number of PMU placement sites. The proposed
method is numerical observability by using the minimum
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condition number of the normalized measurement matrix as
criteria. The sequential elimination is used to find the essen-
tial measurements for the completely determined condition.
The sequential addition is used to select the redundancy
measurements under the contingency.

Reference [6] investigates the application of immunity
genetic algorithm (IGA) for the problem of optimal place-
ment of phasor measurement units (PMUs) in an electric
power network. The problem is to determine the placement
sites of the minimal set of PMUs which makes the system
observable.

The authors in [7] presents a non-dominated sorting
genetic-based algorithm (NSGA), which can successfully
solve PMU placement problem with two competing objec-
tives, such as minimization of the number of PMUs and
maximization of the measurement redundancy. The opti-
mization is performed without any preference information
given with respect to the objectives.

In [8] genetic algorithms to find the optimal placement
of PMUs has been generated using a MATLAB program
.The genetic algorithm method was tested on three network-
tests, and the results were compared with other algorithms
to prove that an optimal placement of PMUs ensures a
total observability of the network and thus confirming the
efficiency of genetic algorithm.

The genetic algorithm in [9] was used to calculate the
best PMU location that meets the prespecified threshold
of the LODE index for system observability reliability. In
this work multiple solutions for optimal PMU placement
in the normal system state are generated and the solutions
are ranked using the observability reliability indices. Then,
the best solution is compared with the optimal PMU place-
ment solution considering the full observability under N-1
conditions of transmission branch failures. In [10] authors
presents a genetic algorithm based method for optimal meter
placement problem by which measurement system can be
optimally determined and upgraded to maintain network
observability. The proposed algorithm yields a measure-
ment configuration that withstands any single branch outage
and/or loss of single measurement, without losing network
observability. In [11, 12] genetic algorithm (GA) is pro-
posed for PMU and SCADA placement for state estimation
identification. The results obtained in [11] are indicative of
the fact that the optimal placement of PMU increases the
accuracy of the obtained estimates and efficiency of the
bad data detection algorithms. In [13] Genetic algorithm
was developed to solve the proposed new model that uti-
lizes network observability rules and determine the optimal
investment decision for the placement of PMUs in the power
grid. Reference [14] proposes an optimal PMU allocation
method for substations based on a specialized Genetic Algo-
rithm (GA) while in [15] the same method has been used
for complete and incomplete observability. The authors in

[16] presented a new optimization algorithm for optimal
PMU configuration based on combination of graph theory
and genetic algorithm. The method for PMU allocation has
shown a decent result, obtaining the same or smaller num-
ber of PMUs to fully observe the power system compared
with the references. What is more important is that the com-
putation cost is greatly reduced, which mainly attributes to
the topology constraint analysis.

Greedy Algorithm

The greedy algorithm is an optimization methodology that
follows the problem solving heuristic of making the locally
optimal choice at each stage with the hope of finding the
global optimum.

In [17], Optimal PMU placement problem was consid-
ered in the power system to improve the state estimation
results. The PMU placement problem has been formulated
as an optimal experiment design problem, with a class of
well-known optimality criteria. It has been showed that
the design criteria are usually related to a key property,
sub modularity, which often allows efficient greedy algo-
rithms. A greedy PMU placement algorithm that has been
showed achieving an approximation ratio of(1 − 1

e
) for

any PMU budget K, which is the best guarantee among
polynomial-time algorithms has been presented in [18]. In
[19] a greedy algorithm is proposed to find unique optimal
PMU placement with the best state estimation performance
in three-phase network. A demonstration that the greedy
algorithm is efficient and taking PMU phase mismatch into
account will help in the improvement of the PMU placement
was presented in [20].

Differential Evolution (DE)

Differential evolution (DE) concept employs N-dimensional
element vectors to minimize ongoing space functions.
Mutation, crossover, and selection are the principle oper-
ators utilized to carry out the global optimization. This
heuristic method could be widely used in different cost
function problems such as non-differentiable, non-linear
and, multi-modal functions. Parallel computations, easy
usage, and good convergence properties are other benefits of
this approach [85]. In [21] authors presents a multi-objective
optimal model of PMU placement with the objectives of
minimization of the number of PMU and maximization of
the N-1 measurement reliability by using DE algorithm.

Particle Swarm Optimization (PSO)

Particle swarm optimization (PSO) is a population-based
stochastic optimization technique in which each poten-
tial solution (called a particle) is assigned a randomized



Technol Econ Smart Grids Sustain Energy (2016) 1: 10 Page 5 of 13 10

velocity and then flows through the problem hyperspace.
PSO has been found to be extremely effective in solving a
wide range of engineering optimization problems [22, 83].

A modified discrete binary version of particle swarm
algorithm was used in [21, 25] as an optimization tool in
finding the minimal number of the required PMUs for the
complete system observability. At first, the PMU placement
was solved with the goal of minimizing the total number of
required PMUs for the complete system observability. Then,
the effect of PMU loss or a branch outage was taken into
consideration, and a placement scheme was obtained which
maintains complete sys-tem observability during the con-
tingency conditions. In [23, 24] PSO optimization is also
used for obsevability with the objective of minimum cost of
PMU.

Iterated Local Search (ILS)

Searching a smaller subspace, which is defined as local
optima, instead of the whole solution space, is the main
viewpoint of iterated local search (ILS) method. By utilizing
an embedded heuristic, a sequence of solutions is provided
in which the best solution is obtained if one were to utilize
repeated random trials of that heuristic. The Iterated Local
Search (ILS) metaheuristic in [26, 28, 31] is used to mini-
mize the size of the PMU configuration needed to observe
the network .The algorithm is tested on IEEE test networks
with 14, 57 and 118 nodes and compared to the results
obtained in previous publications.

In [29] authors use a local search heuristic method to
derive the minimum number of PMUs. In addition to the
practical model, this study also considers the ideal model,
in which all load nodes are assumed to be zero injection.
The numerical studies on various IEEE power test systems
demonstrated the superior performance of the proposed
algorithm in both the models in regard to computational
time and solution quality. In [30] the empirical observabil-
ity gramian is applied to quantify the degree of observability
of a power system under a specific PMU configuration and
an optimal PMU placement method for dynamic state esti-
mation is proposed by maximizing the determinant of the
empirical observability gramian. It is effectively and effi-
ciently solved by the NOMAD solver which implements the
Mesh Adaptive Direct Search algorithm.

Intelligent Search Technique

An intelligent-search technique called best first search
(BFS) method utilizes information about each node by com-
puting an evaluation function at each of them while moving
towards the goal state. It helps the BFS algorithm to search
and explore only the most promising nodes, thereby mak-
ing the search process, simpler and faster one. The most

promising nodes are identified as those having least/highest
score of an evaluation function. While searching towards the
least optimal cost path, the BFS algorithm has the capabil-
ity to change its search path from the current search path to
the most promising path (Kumar, 2008). This characteristic
makes the BFS method superior over other graph theoretical
methods for optimal PMU placement problem.

The authors in [33] utilize this method for the optimal
placement of PMUs to make the power system topologically
observable. The proposed method determines the optimal
locations of PMUs in two stages. Stage I determines the sub-
optimal locations of PMUs using best first search, which
is an intelligent search algorithm with an ability to change
its search path from the current node to the most promis-
ing node. From the results of stage I, the redundant PMU
locations are identified and eliminated in stage II using
pruning. The proposed method is extended to take into
account the presence of conventional flow measurements in
the system. It is also found to be effective in handling both
single as well as multiple flow measurements connected
to a bus.

Simulated Annealing (SA)

Simulated annealing (SA) is a procedure for solving com-
plicated combinatorial optimization in which the current
solution is randomly altered. The new solution is the worse
alteration with the probability that is reduced as the compu-
tation proceeds. An optimal solution for a large combina-
torial optimization problem needs a fit perturbation mecha-
nism, cost function, solution space, and cooling schedule to
be solved by SA. Sufficiency of SA can be found by search-
ing a large-scale system and obtaining good speed in terms
of finding an optimal or near-optimal solution [84].

In [34] an algorithm dealing with communication con-
strained PMU placement is modeled within the framework
of simulated annealing. Here the pragmatic constraint of not
placing PMUs at buses without communication support is
recognized.

The proposed method in [35] considers project practical
view. It used the concept of indirect observation, the MST
and SA method. And it also improved the state estimation
with SCADA/EMS measurement and PMU measurement.
The method has been declared as effective, and it also have
some advanced points such as strong maneuverability and
small investment.

Tabu Search (TS)

Tabu search (TS) is an adaptive algorithm that utilizes many
other methods such as linear programming algorithms and
heuristic concepts. This procedure is presented to solve
the combinational optimization problems in scheduling and



10 Page 6 of 13 Technol Econ Smart Grids Sustain Energy (2016) 1: 10

covering. Tabu list which is one of the main elements of
TS consists of the number of recently visited states plus
a number of unwanted states. Other main elements of TS
are aspiration, diversification, and definition of a state and
the surrounding area. There is a reset in TS when it is not
converging [84].

A TS method to obtain a solution for the OPP problem
by checking network observability with a numerical algo-
rithm is introduced in [36, 37]. The impact of three different
TS initialization schemes, together with the two TS param-
eters (TL and TSI), on the optimal solution is investigated.
The experimental results verify the superiority of the pro-
posed RTS method over the MTS method. The effectiveness
and flexibility of the proposed scheme is demonstrated by
the simulation results tested on the four different IEEE test
systems.

Now in the next section a review of mathematical tech-
niques used for optimal placement of PMU is presented.

Mathimatical Methods

These methods are classified into three broad categories:
Exhaustive search, Integer Programming, Integer Quadratic
Programming (IQP).

Exhaustive Search

Exhaustive search is a general optimization technique that
systematically enumerates all possible candidates for the
solution and selects the candidate that satisfied the con-
straints at the optimum value of the objective function. Its
main advantage is that it guarantees the finding of the global
optimum. However, it is not suitable for large-scale systems
with huge search space [84].

An exhaustive binary search method is implemented in
[38] to determine the minimum number of PMUs needed
to make the system observable. In case there is more than
one placement set having the same minimum number of
PMUs, a method is proposed to select the one resulting in
the most preferred pattern of measurement redundancy. Due
to its exhaustive nature, the method gives the global opti-
mal solution, and hence the results for a number of standard
test systems are reported to provide benchmark solutions for
researcher’s investigating various methods of optimal PMU
placement.

A contribution in [27] is the development of an exhaus-
tive binary search algorithm to determine the optimal place-
ment of PMUs as well as calculate the channels availabil-
ity, the availability of measurement system of each PMU
placed, and the global avail ability of measurement and
maximize the average identification capability of multiple
line outages in [39].

Integer Programming (IP)

Integer programming (IP) is a mathematical programming
method of solving an optimization problem having integer
design variables, while the objective function and the con-
straints are linear, nonlinear, or quadratic, thus leading to
integer linear programming (ILP), integer nonlinear pro-
gramming (INLP) and integer quadratic programming (IQP)
algorithms, respectively[49, 79, 84].

In [40] an IP was used to achieve optimal PMU place-
ment for observability in a manner that can also detect and
eliminate bad data in critical and critical measurement pairs,
which otherwise can render the state estimation problem
unsolvable or bad data undetectable. In [32], a new method
is proposed for optimal PMU placement in power systems
suffering from random component outages. The original
ILP method is valid to get a PMU placement solution which
can make the whole system topologically observable with
minimum number of PMU.

In [41] authors proposed a new algorithm to determine
optimum number of PMUs for fully observability of the
system under any contingency. The suggested algorithm
operates in four stages; the essential measurement for totally
known condition is found out in first stage. In next stage,
it selects redundant measurement set under any contin-
gencies. Above both stages uses least condition number
of normalized measurement matrix to select the proper
measurement location. Further, minimum redundant mea-
surement set is chosen from these measurements using
the binary integer programming technique. Finally these
measurements i.e. essential and minimum redundant mea-
surements are arranged such that locations of PMUs are
minimum. For this purpose heuristic method is used. The
IEEE test systems results show proposed placement method
which ensures the system observability under the given con-
tingency. Also it provides the reliable measurement to the
system.

The contributions of [42] by using ILP are: new OPP
model is devised in which dc lines are modeled for observ-
ability analyses. The new OPP model seeks the minimal cost
of the PMU placement while the cost of each PMU is a func-
tion of its measurement channels. This practical assumption
is emphasized in our optimization model by the allocation
of more than one PMU to a single node because a PMU
would not have many channels due to technical limitations.
The performance of the proposed model is examined on the
IEEE test systems and a real-size power system. An Inte-
ger Linear programming is used to determine the optimal
number and location of PMUs to make the system mea-
surement model observable and thereby it can be used for
power system state estimation. When installing PMUs in a
power system that already has SCADA measurement units,
it was suggested that the minimum amount of PMUs first be
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calculated and then install those PMUs in phases, where in
each phase a certain number of PMUs are installed in loca-
tions providing the highest possible level of obsevability
chosen from the optimal locations[43, 44].

In [45], OPP problem is solved using Integer Linear
Programming considering sensitivity analysis. As the cost
of one PMU is very high, so it is required to place min-
imum number of PMU’s without neglecting the safety
and security of the system. So the most sensitive buses
in given power system based on load changes, are found
and PMU’s are optimally placed such that all the sensi-
tive buses are observed. A technique is proposed in [46]
for placing the PMUs in multiple stages over a given
time period that ensures complete power system observ-
ability even under a branch outage or a PMU failure. The
proposed technique is based on integer linear program-
ming (ILP) and a multi-criteria decision-making (MCDM)
approach. Integer Linear Programming method is used in
first stage to find the optimum number of PMUs for the
complete observability of the system. These PMU place-
ments include the contingency cases such as single branch
outage and single PMU outage. A multi-criteria decision-
making (MCDM) subsequently developed to prioritizing the
optimal PMU locations. This criteria include three indices,
viz. tie-line oscillations observability index (TOI), volt-
age control area observability index (VOI) and bus voltage
observability index (BOI). Finally, select the PMU loca-
tions in each stage by ranking the optimal locations using
the proposed indices in the MCDM process. he number of
PMU’s are further reduced and hence reducing the system
cost.

The authors in [47] addresses the various aspects of opti-
mal PMU placement using binary integer linear program-
ming(BILP). Cases with and without zero injection buses
have also been considered. Minimum PMU placement prob-
lem may have multiple solutions, therefore, two indices viz.
BOI (Bus Observability Index) and SORI (System Observ-
ability Redundancy Index) have been proposed to further
rank these solutions. An integer-linear programming (ILP)
model is developed in [48] to find the minimum number
and location of synchrophasors subject to the feasibility of
proposed backup protection scheme.

In [50] authors present an optimization model to deter-
mine optimum number of PMUs in power network. The
proposed model consists of observability necessities based
on a set of probabilistic criteria. The nonlinear mathemati-
cal expression related with the probability of observability
index is changed to a linear model by a useful lineariza-
tion technique. This linear model further described as a
Mixed Integer Programming (MIP) problem. This proposed
mathematical model is therefore well-suited with the Mixed
Integer Programming solution tools and also it tested on
large scale power systems.

A different formulation which is numerical and uses inte-
ger programming allows easy analysis of network observ-
ability [51]. An efficient and comprehensive formulation
based on mixed integer linear programming method for the
optimal placement of PMUs taking into account the channel
avail-ability and different contingency conditions associated
with power systems, i.e. single line outage and single PMU
loss were also considered in [52].

In [53] mixed integer linear programming (MILP) frame-
work was formulated for the proposed model that simulta-
neously optimizes two objectives functions: (i) minimizes
the number of PMUs and (ii) maximizes the expected value
of system’s redundancy (or minimizes the un-observability
of the system). Incorporating the impact of zero-injection
buses, the formulation is used to evaluate the probability
of un-observability of buses resulted from line outages and
PMU loss.

An Integer linear programming based method for PMU
placement has been considered to ensure complete system
observability under critical contingencies. In case of opti-
mum placement difficulties two indices have been proposed
to choose the optimal solutions; namely Bus Observabil-
ity Index (BOI) which gives the total number of PMUs
observing a given bus and to get the sum of all BOI for the
system, System Observability Redundancy Index (SORI) is
used. An optimal PMU placement scheme is also be pro-
posed considering different PMU channel capacities. This
has been also indicated to help the power system planner
to greater extent from application-cost point of view for
PMU-PDC installation in the WAMS based power network
at the planning stage. In addition to the cost factor, differ-
ent criteria are suggested for the proper allocation of PMUs
in a given system. Network observability, state estimation
accuracy and robustness present samples of such criteria
[54–60].

In [61], authors proposed Integer Linear Programming
with a fast and novel practical model to determine the opti-
mum number of PMU. It consist power system contingency
conditions i.e. line outages and measurement losses. The
proposed model is flexible than existing model because
other situation can be included separately or all together
in power systems. Also, model consist measurement limi-
tations i.e. communication constraints of power networks.
The main importance of this method; it take low time getting
the result also it gives local optimal solution for large-scale
power.

The problem of PMU placement is formulated and solved
as an IP problem [62]. The solution will provide the mini-
mum number of strategically located PMUs that will elim-
inate measurement criticality in the entire system. This
implies that any bad data appearing on any single measure-
ment will be detectable. It is shown that depending on the
measurement configuration and the system topology, this
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goal can be achieved by using only a few extra PMUs to
transform several critical measurements into redundant ones
in the system.

A new multi-stage PMU placement approach to maxi-
mize the network observability during time horizons was
proposed. Linear Integer Programming (LIP) is widely used
to solve the OPP problems. An optimal placement of syn-
chronized phasor measurement units (PMUs) to ensure
complete power system observability in the presence of non-
synchronous conventional measurements and zero injec-
tions is also presented.[63–65].

A Binary Integer Programming technique for instan-
taneous PMUs placement and conventional power flow
measurements for fault observability in power systems pro-
posed in [66]. The formulation is initially based on a non-
linear programming problem is unsolvable therefore initial
formulation results in a binary non-linear integer program-
ming problem that is transformed into a corresponding ILP
problem through Boolean implications. The transformation
provides a high scale of scalability.

In [67] using the Binary linear Integer Programming
method, local redundancy of the existing measurement is
considered in the PMU placement strategy. Besides consid-
ering the number of PMUs implemented yearly limited, a
multistage placement strategy is proposed according to the
improvements on local redundancy.

A new method has been proposed in [68] that approached
the PMU placement problem with purpose to ensure that
all WAMPAC applications attain complete measurement
observability. It presented an optimal method of placing
PMUs for three categories of WAMPAC applications. The
author weighted the application by all three criteria and
categorize by the type of measurement shared. Category 1
consists of applications that require phasor measurement
relative to a network’s stability. Category 2 requires a bus’
normal voltage and 3 requires measurement under faulted
conditions. The phasing strategy ensures that initial PMU
placements enable Category 1 and subsequently 2 and 3.

In [69] authors propose a new PMU placement algo-
rithm, which can minimize the number of PMU, considering
network connectivity, ZIB, N-1 line contingency, system
reliability and voltage stability level. By introducing the
concept of system reliability, the proposed method can
effectively reduce the number of PMU while ensuring the
observability for major contingencies. The proposed method
also employs the Voltage Stability Index (VSI) to weigh the
priority level of bus, which is used to screen the severer
buses during contingencies.

Based on the integer linear programming formulation
proposed for optimal PMU placement, the authors in
[70] presents a generalized integer linear programming
formulation for cases including redundant PMU placement,

full observability and incomplete observability. The pro-
posed formulation improved the non linearity with and
without conventional power flow and power injection mea-
surements.

In [71] outages and system states is identified with
the help of optimal sensors locations. In [72], an optimal
phasor measurement unit (PMU) placement model consid-
ering power system controlled islanding so that the power
network remains observable under controlled islanding con-
dition as well as normal operation condition has been pro-
posed using ILP. An ILP model for the optimal multistage
placement of PMUs is proposed in [73]. The approach finds
the number of PMUs and its placement in separate stages,
while maximizing the system observability at each period
of time. The model takes into account: the available budget
per stage, the power system expansion along with the mul-
tistage PMU placement, redundancy in the PMU placement
against the failure of a PMU or its communication links,
user defined time constraints for PMU allocation, and the
zero-injection effect.

In [74], an integer linear programming (ILP) framework
for the optimal placement of phasor measurement units
(PMUs), in the presence of conventional measurements is
presented. Furthermore, by the proposed method, the power
system is to be remaining completely observable during
all possible single contingencies for lines and measurement
devices. In [75] authors proposed a technique based on sin-
gular value decomposition (SVD) to define the role of each
placement in dynamic stability assessment and find the best
PMU places to achieve this goal. Since observability is
still a very important factor, the integer linear programming
method is used to solve the optimal PMU placement prob-
lem for full system observability. The contribution of the
authors in [76] is to present a PMU placement methodology
with observability redundancy; that is, to get more observ-
ability times of buses with the same number of PMUs. The
method employs MILP, to make it possible to explore the
global optimal solution unlike nonlinear programming.

The aim of the authors in [77] is to recognize the effect
of channel capacity of PMUs on their optimal placement for
complete power system observability. Initially, the conven-
tional full observability of power networks is formulated.
Next, a modified algorithm based on integer linear program-
ming model for the optimal placement of these types of
PMUs is presented.

In [78] authors presents a novel integer linear program-
ming approach, which is shown to be equivalent to the
ES-based PMU placement. The linearity of circuit equa-
tions ensures that there is a one-to-one relationship between
the solutions of the proposed equivalent integer linear pro-
gramming method (EILPM) and those of ES. Therefore,
impractical ES is translated into EILPM, which can be
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solved in a few seconds or minutes. Furthermore, additional
constraints for observability preservation following single
PMU or line outages can easily be developed in the pro-
posed EILPM. Moreover, the limitation of communication
channels is also handled by rendering the nonlinear terms
into linear ones.

Branch and Bound Method

In [86] authors presented the optimal positioning of the
phasor measuring units for complete monitoring of power
network in Khouzestan province in Iran. The (ILP) inte-
ger linear programming based branch and bound method is
used to find the optimal number and position for PMUs. In
[87] authors proposed an optimal phasor measurement units
(PMUs) placement algorithm for power system observabil-
ity and also increasing the performance of secondary volt-
age control scheme. The OPP is formulated to minimize the
number of PMU installations subject to full network observ-
ability and monitoring pilot buses of the system to improve
secondary voltage control performance. The branch and
bound optimization method is used to solve the OPP prob-
lem which is suitable for problems with integer and boolean
variables.

Integer Quadratic Programming (IQP)

Quadratic Programming (QP) is solving the optimization
problem which has quadratic objective function and linear

constraint. In this technique all design variables take only
an integer value [85]. An integer-quadratic-programming-
based method in [80] is used to determine the minimum
number and the optimal locations of the PMUs to ensure
complete topological observability of the system. In [81] an
integer quadratic programming approach is used to deter-
mine the optimal locations of PMUs. The optimization
process tries to attain dual objectives: 1) to minimize the
number of PMUs needed to maintain complete observabil-
ity of the system for normal operating conditions as well
as for the outage of a transmission line or PMU and 2)
to maximize the measurement redundancy at all buses in
the system. The method was applied on IEEE test systems
considering the outage of a single transmission line or a sin-
gle PMU. The proposed method can be used to determine
PMU locations when conventional measurements, such as
line flows and power injection measurements, are available.
While the authors in [82] presents a new method for optimal
placement of phasor measurement units (PMU) for com-
plete power system observability by formulating the optimal
PMU placement (OPP) problem as a quadratic minimiza-
tion problem with continuous decision variables subject to
nonlinear observability constraints. The optimal solution
is obtained by an unconstrained nonlinear weighted least
squares (WLS) approach.

Comparative Analysis of Mathematical
and Artificail Intellegence Techniques

S. Properties Mathematical Technique Artificial Intelligence
No. Techniques

1. Problem size Mathematical models are typically
used to model a system when the
system is not so complicated. Some
complex problems have defied
solution using conventional mathe-
matical techniques.

Artificial intelligence (AI) is
a computational method that
attempts to imitate, in a very
simplistic way, the human
cognition capability so as to
solve PMU placement prob-
lem

2. Data requirement Conventional techniques first use
the principles (e.g., physical laws)
to derive the relationships of the
system, which usually justifiably
simplified with many assumptions
and require prior knowledge about
the nature of the relationships
among the data.

AI models are dependent
on data that rely on the
data alone to determine the
structure and parameters
that solve a system problem,
with fewer assumptions
about the physical behavior
of the system.

3. Handling capability
of non-linearity

In the real world, it is prone
that complex and highly non-linear
problems are encountered. If the
relationship between x and y is non-

The prior information of the
nature of the non-linearity is
not required for AI models.
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linear, mathematical analy-
sis can be applied success-
fully only if prior knowl-
edge of the nature of the
non-linearity exists.

4. Assumptions For most traditional math-
ematical models, the lack
of physical understanding
is usually supplemented by
either simplifying the prob-
lem or incorporating several
assumptions into the mod-
els.

There is less need to either
simplify the problem or
incorporate assumptions in
AI modals.

5. Problem solving approach Mathematical models rely
on assuming the structure of
the model in advance, which
may be sub-optimal. Hence
many mathematical models
fail to simulate the complex
engineering problems

AI techniques are data-
driven approaches in which
the model development
is based on training of
input-output data pairs to
determine the structure and
parameters of the model.

6. Up gradation of results In the conventional mathe-
matical techniques this up
gradation of the past results
is not possible.

AI models can always be
updated to obtain better
results by presenting new
training examples as new
data become available

7. Precision & Accuracy As compare to AI tech-
niques, mathematical mod-
els not provide highest level
of accuracy due to various
assumptions incorporated in
the modeling.

Artificial intelligence tech-
niques provide greater preci-
sion and accuracy due to less
chances of error.

8. Efficiency Conventional mathematical
techniques require more
time to solve the complex
problem as compare to AI
techniques.

Artificial intelligence tech-
niques can be utilized in
carrying out repetitive and
time-consuming tasks effi-
ciently.

9. Transparency & model uncertainty In mathematical modeling
such as MIP The existence
of integer decision variables
makes the problem hard to
solved using conventional
log barrier.

AI techniques are still fac-
ing classical opposition due
to some inherent inadequacy
that need further attention in
the future including the lack
of transparency, knowledge
extraction, and model uncer-
tainty

10. Prior information In mathematical techniques
are the process are mathe-
matically proved.

Special attention should be
paid to incorporating prior
knowledge about the under-
lying physical process based
on engineering judgment or
human expertise into the
learning formulation.
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Conclusions

Under smart gird environment the placement of phasor mea-
surement units is very critical because accurate measure-
ment of active power transferred is required. Hence in this
paper a comprehensive review of PMU placement methods
is presented. Optimal PMU placement (OPP) problem has
been solved by utilizing numerous optimization methods.
To obtain solutions for the OPP problem, two major tech-
niques including mathematical methods and heuristic algo-
rithms exist. The correct methodology is required to find
the optimal placement of PMUs in power network. The pre-
sented review of heuristic and conventional/mathematical
optimization techniques could largely help researchers in
terms of employing new concepts to solve the OPP problem.
Further economic point can also be added to make opti-
mal PMU placement problem more practical to the industry
stakeholders. This review can be helpful to researchers
for making improvement in already existing methods and
develop new heuristic optimization approaches for multi-
objective optimal PMU placement considering the con-
straints. Additionally security assessment with PMU’s is
also a important issue which could also be incorporated.
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