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Abstract Over the past two decades, the flipped classroom model has gained traction
in post-secondary educational settings. However preliminary studies indicate that
students perceive a disconnect between out-of-class components and in-class compo-
nents (Bowers and Zazkis 2012) which may be amplified by the flipped classroom
model. The purpose of this paper was to present students’ perceptions of instructional
and curricular coherence in a flipped version of a Differential Equations course for 80
undergraduate engineering students. The course was designed to address cognitive
obstacles (Herscovics 1989) and to reduce the perceived disconnect between in-class
and out-of-class activities. Students’ perceptions of the course suggested that our model
for flipped classroom design did circumvent many of the instructional problems
reported in prior studies of flipped classrooms.

Keywords Flipped classroommodel . Cognition . Post-secondary education

Introduction

During the 1990s, instructors began to use video, presentation software, and Internet
capabilities to teach with a flipped classroom model (then called Binverted classroom^).
The philosophy was that students would go through lecture materials at home (e.g.,
watch a video) and class time would be used for what was traditionally at-home work
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(e.g., solving problems) (Baker 2000). In this way, students would be ready to engage
with the most difficult parts of the content during class time while the instructor was
present. Unsurprisingly after inquiry-based and problem-solving instructional ap-
proaches have begun to take hold, flipped classroom models have gained traction in
post-secondary mathematics courses.

However preliminary reports on flipped classrooms are troubling. Students perceive
a disconnect between out-of class components and in-class components (Bowers and
Zazkis 2012) which may be amplified by the flipped classroom model. For example,
the structure of the classroom may be ineffective in orienting students to the learning
tasks in the course (Strayer 2007). Specifically, in-class activities may fail to address
student misconceptions (either from previous courses or generated by out-of-class
activities), out-of-class activities may require only low-level recall, or course materials
may not be conceptually coherent (Andrews et al. 2011).

Taken together, this growing body of research into the efficacy of flipped classroom
models suggests that there is a need to create a theoretical understructure to support the
implementation of the model. Thus, we take the stance that flipped classroom models
could be leveraged to help students coordinate mathematical knowledge within the
course and we focus our theoretical efforts on the idea of promoting coherence. We
propose two types of coherence that impact flipped classroom models: instructional
coherence (cohesion and coordination among instructional materials) and curricular
coherence (the extent to which mathematics content is logically, cognitively, and
epistemologically sequenced).

The goals of this paper are a first step toward aligning course structure with a
cognitive view of course content. Here, we elaborate on a synthesis of theories of
mathematical thinking that allowed us to articulate a particular flipped classroom
model. Specifically, we designed the out-of-class materials and mathematical content
with theoretical grounding in the constructs cognitive obstacles (Herscovics 1989) and
conceptual analysis (Thompson 2008).

We used these constructs to develop theoretical grounding for designing a flipped
classroom model that would address needs reported in the literature. We then applied
our newly developed theoretical grounding in a differential equations course. In this
paper, we focus on the out-of-class modules and how they related to the content during
in-class instruction, rather than the pedagogy. The scope of this paper is a report of
students’ perceptions of the instructional coherence of our modified differential equa-
tions course using a flipped classroom model. Specifically, we addressed the following
research questions:

& What are students’ perceptions of instructional coherence prior to the start of and
throughout a differential equations course that uses a flipped classroom model?

& Is it promising to use cognitive obstacles as a theoretical grounding to reduce
instructional incoherence?

This research differs from other studies of flipped classrooms because we report on
whether our theoretical grounding to design a flipped classroom mitigates shortcomings
reported in other flipped classroom models, rather than focusing on measuring effec-
tiveness of the flipped model itself or studying student satisfaction. We argue that such
an approach does not do the same damage to instructional coherence as ad hoc models
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of the flipped classroom. The main contributions are a theoretically-based model for
designing flipped classroom instruction and extension of conceptual analysis tech-
niques (Thompson 2002, 2008) to the differential equations domain and to blended
learning environments. As such, this study contributes to the growing literature on best
practices for designing blended instruction.

Existing Flipped Classroom Models

There are multiple models of the flipped classroom (Tucker 2012) indicating that a
theory of implementation of the flipped classroom is currently in flux. Some have
reported using a combination of video recordings, educational videos, and comprehen-
sion or readiness quizzes (Bowers and Zazkis 2012) for students to interact with as at-
home work.

Some of the flipped classroom literature has demonstrated positive effects on
students’ perceptions of the flipped versions of courses. In the first documented flipped
classroom study, Lage et al. (2000) flipped an economics course by posting videos and
powerpoints for students to view before class. The in-class time was spent answering
questions followed by a 10 minute mini-lecture and then followed by an experiment or
lab. The students reported that they felt positively about the course and in particular, the
students enjoyed the in-class group work and felt more comfortable asking questions
than in a traditional classroom setting (Lage et al. 2000).

Baker (2000) coined the term Bflipped classroom^ and flipped two courses, both of
which were upper level undergraduate graphic design courses (Graphic Design for
Interactive Multimedia and Communication in the Information Age). He used online
discussion boards and lecture notes as the out-of-class activities. He carried out an
action research project where he noted the flipped model increased interactions between
students and also between students and him. The students felt they had more control
over what they learned and when they learned it and reported they experienced more
critical thinking in the course.

More recently, Love et al. (2014) carried out a comparison study of a flipped version
of an applied linear algebra course versus a traditional version of the same course. Their
out-of-class materials included screencasts, readings from the textbook, or readings
from the instructor’s notes. They used exam grades as a comparison of student
understanding and used an end of the course survey to measure students’ perceptions
of the course. The flipped classroom students performed better on the three exams
during the semester, but similarly to the traditional classroom students on the final
exam. The flipped classroom students had a more positive perception of the course and
scored better than the traditional classroom students on being willing to talk to
classmates about mathematics. Additionally, advocates of the flipped classorom model
argue that it allows for more individualized instruction and for students to set their own
educational pace (Baker 2000).

Other flipped classroom research has deomonstrated that the flipped classroom
caused a disconnection between the out-of-class materials and in-class materials.
Bowers and Zazkis (2012) studied a flipped version of calculus. The students were
asked to watch 10 minute videos before class and then come to class to work on
problems. In the study, the instructor did not interact much with the students during
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class, but teaching assistants worked with the students. The students, although reporting
enthusiasm about the course, did not score well on the final exam, and the researchers
interpreted this result as a disconnect between the out-of-class videos and the in-class
problems. Strayer (2012) conducted a comparison study between a traditional statistics
course and a flipped version of the same course. He used a mixed method study
including quantitative survey methods and qualitative interviews as well as field notes
to compare the students’ perceptions of the two learning environments. The out-of-class
activities for the flipped version were given through the intelligent tutoring system
Assessment and Learning in Knowledge Spaces (ALEKS). Strayer’s (2012) results
indicated that the flipped classroom students were more likely to engage in
cooroperative problem solving during class, but they were also more likely to misun-
derstand the connections between the materials in the course.

In a review of research on blended learning environments, which included flipped
classrooms, Bluic et al. (2007) found that there is a need for research to provide a
structure for designing blended environments and to develop research methods to
determine the blended learning constructs that are most useful to student learning. BA
strong theme in our reflection on the literature is that research on blended learning
needs to pay much more careful attention to issues of integration, and to choose
conceptual tools and methods that will help us all arrive at a better working knowledge
of how to help students integrate the various learning experiences that come their way^
(Bluic et al. 2007, p. 232). Consequently, the systematic investigation of the impact of
flipped classrooms on student learning is still necessary and important.

The mixed results reported above motivated the present study in two ways. First,
students tend to react well to the flipped classroom in terms of enthusiasm and
likability. Second, the flipped classroom seems to be a source of incoherence in
students’ understanding of content. There is such a long history of students’ miscon-
nections and missed connections in mathematics that we should take seriously any
potential pitfalls a particular instructional paradigm might introduce. We therefore
reasoned that there was a need to create a theory that would inform the design of a
flipped classroom model so as to reduce incoherence.

Coherence in the Mathematics Classroom

The National Mathematics Advisory Panel (2008) described a coherent curriculum as
one that is Bmarked by effective, logical progressions from earlier, less sophisticated
topics into later, more sophisticated ones^ (p. xvii). While the overarching undergraduate
mathematics curriculum proceeds in such a fashion, from precalculus, to calculus, to
differential equations or analysis, the logic follows an axiomatic structure. For example,
The Fundamental Theorem of Calculus cannot be articulated or proven without first
stating and proving the formal definitions of limits, derivatives, and integrals.

This logical structure at times undervalues, or even ignores conceptual structure, and
how students’ thinking progresses. When we speak of coherence in the mathematics
classroom, it has more components than just the correct axiomatic progression. We
agree with Thompson (2008) who stated that Beffectiveness might be a consequence of
coherence, but it cannot define it^ (p. 46) because progression in terms of mathematical
sophistication need not be the same as progression in epistemology or in individuals’
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cognition. A particular challenge in using flipped classroom models is that they
potentially create instructional incoherence. For example, Bowers and Zazkis (2012)
noted that in a flipped version of calculus, Basking students to view short, 10-minute
videos and then only do problems during class time negates the ability for the instructor
to help the students make critical connections^ (p. 850).

Thompson (2008) offered conceptual analysis as a way to consider mathematical
concepts in terms of their connections to and dependence upon other mathematical
concepts, with reference to how those prerequisite concepts must be known in order to
be useful in understanding the target concepts. We considered developing an effective
model for the flipped classroom as a theoretical problem and used conceptual analysis and
the notion of coherence to approach it. We created two constructs, curricular coherence
and instructional coherence, in order to approach the problem of incoherence introduced
by the structure of the flipped classroom. We define curricular coherence as the logical
sequencing of mathematical content. We define instructional coherence as alignment
among in-class materials, out-of-class materials, and target content. We then utilized two
theoretical tools, conceptual analysis (Thompson 2008) and mathematics-in-use (Czocher
et al. 2013) to design out-of-class materials to support in-class instruction in order to
reduce the disconnect between the two. Both constructs are described in further detail
below and an example of materials design and implementation is also provided below.

Curricular Coherence

Curricular coherence is the extent to which mathematics content is logically, cogni-
tively, and epistemologically sequenced. A typical curricular trajectory (such as pre-
calculus, calculus, analysis) is arranged to ensure logical coherence but may introduce
conflicting cognitive or epistemological views of mathematics concepts (Raman 2004).

For example, student difficulty with rate of change as related to quantities is
documented throughout mathematics learning (i.e. Thompson 2008), but it is a critical
concept in differential equations because of its relation to the derivative. To complicate
matters, the derivative concept was also identified as being used differently in differ-
ential equations than it was expected to be known at the end of calculus due to its
dependence on conceptions of rate of change of physical quantities (Czocher et al.
2013). Related mismatches have been reported between how engineering faculty and
mathematics faculty teach and use the concept of derivative (Bingolbali et al.
2007). Other lines of inquiry into student conceptualization of rate of change
have revealed that students have difficulty isolating rate of change as a quantity
of interest over time (Monk 1992), have a poor understanding of covariation
and derivative (Thompson 1994), and refer to derivative as the tangent line
(rather than slope of the tangent line) despite being able to define the derivative
symbolically (Zandieh 1997).

Herscovics (1989) introduced the construct cognitive obstacle to describe a manner
of thinking about a mathematical object or structure that is appropriate in one case, but
inappropriate in another. Cognitive obstacles may arise from or contribute to incom-
plete concept images. For example, many times in differential equations, the curve
describing the quantity in terms of time is unknown. So thinking about derivative as the
slope of a tangent line is unproductive when developing a (differential) equation to
describe how a quantity changes over time. In such a case, it is perhaps more
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productive to think about a derivative as a limit of difference quotients. Here, we
consider cognitive obstacles as a symptom of lack of coherence in the curriculum.

Instructional Coherence

We define instructional coherence as the mathematical connections among materials
within a course (i.e. the matching of content or important conceptual ideas from out-of-
class to in-class). It is important to consider when initiating a flipped classroom
paradigm because the purpose and role of various instructional modes, such as
lectures, videos, and group work, change. Without explicit attention to the new
role each of these instructional materials plays, instructional incoherence can
rise markedly.

For most instructors, using a combination of video recordings, quizzes, and educa-
tional videos (e.g., TED talks) to move lecture out-of-class has not been challenging.
How to spend class time is more problematic. In many flipped classroom settings,
instructors lecture during the in-class time too. Other difficulties in implementing a
flipped classroom model have been reported, such as: (1) failure to address student
misconceptions, (2) overuse of low cognitive-level activities that required only recall of
facts, and (3) an emerging disconnect between lecture materials and active-learning in-
class components (Andrews et al. 2011). For the first, if student misconceptions are not
addressed, students may fail to identify the necessary relationships among essential
concepts (NRC 2000), which leads to incoherence from one course to the next.
Secondly, continual use of low cognitive-level activities, particularly in mathematics,
allows students to achieve at a high level in their courses without ever connecting
mathematical content (Sternberg 1996). Lastly, the disconnect between lecture mate-
rials and active-learning components has also been identified as a point of instructional
incoherence in past implementations of the flipped classroom model (Bowers and
Zazkis 2012). In our use of the flipped classroom paradigm, we explicitly focused on
exposing and addressing cognitive obstacles in order to surmount the difficulties in
connecting in-class and out-of-class learning components reported by Andrews et al.
(2011) and Bowers and Zazkis (2012).

The Conceptual Framework

Conceptual Analysis

Thompson (2008) identified three issues he saw in mathematics education: (1) all
mathematics education research is carried out to help students learn meaningful
mathematics, (2) most students in the U.S. have little contact with core concepts
that carry throughout their education (e.g., base ten numeration), and (3) math-
ematics teaching focuses too much on moving students toward Btranslucent
symbolism^ (p. 46) and away from the core ideas of mathematics concepts.
Thompson combined these three issues and used them to address coherence in
curriculum. He did this through the construction of the conceptual analysis
framework, which was a way of, Banalyzing the coherence, or fit, of various
ways of understanding a body of ideas^ (p. 59).
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Thompson (2008) suggested that conceptual analysis could be applied for four
purposes: (1) examining what students know and understand given a particular context
and mathematical concept, (2) deciding when students’ knowledge was helpful for
learning a mathematical concept, (3) deciding when students’ knowledge might be
damaging for learning a mathematical concept, and (4) analyzing Bthe coherence…of
various ways of understanding a body of ideas^ and then arranging the ways of
understanding for Bmutual compatibility and mutual support^ (p. 59). In this present
study, we mapped which concepts satisfied (2) and (3) in order to accomplish (4). We
then used this map to design out-of-class instructional materials.

We summarize an example used by Thompson (2008) of how to introduce expo-
nential functions because we used a similar analysis to motivate the connections
between rate of change of a quantity and exponential growth.

Thompson (2008) provided an example of how introducing exponential functions to
students might be done through conceptual analysis. He noted that the most important
property of exponential functions was that the rate of change at a particular independent
value was proportional to the dependent value of the function at the independent value.
That is, given an exponential function f(x)=Ae^(Bx) and a value x_0, then the rate of
change at x_0 is ABe^(Bx_0), which is proportional to f(x_0)=Ae^(Bx_0). Although
this proportional property is essential to future uses of exponential functions, it is rarely
discussed in lessons on exponential functions, in part because it has been noted to be
difficult to cultivate in students’ understandings (Thompson 2008; Confrey 1994).

Thompson (2008) hypothesized that introducing exponential functions through the
context of simple interest because according to simple interest, if the rate is 8 % per
year, then the total value of the account after t years is V(t)=P+0.8Pt, which explicitly
shows the proportionality to the original value. Then instead of the usual route of
examining what the interest would be after an entire time period (i.e. 1 year), he
suggested the creation of a piecewise function shown in Fig. 1. Using v(x) where x
is the number of years including portions of years (i.e. 2.3 years), the students
can see the interest function as being able to measure the total amount at any
moment in time.

More to the point, though, the graphical representation of the piecewise function
showed that the rate of change within each period was proportional to the initial value
of that same period. For example, between 1 and 2, P(1.08) (0.08) is proportional to
P(1.08). BThe intent is that students come to see that, for very large n (a very large
number of annual compounding periods and thus a very small amount of time), the
function’s value at the beginning of each period is ‘nearly equal to’ the function’s value
at every point within the period^ (Thompson 2008, p. 55). Thompson (2008) conclud-
ed that this realization was the crux of connecting exponential growth to rate of change.

v(x) =

P + (0.08P)x,0 < x < 1
P(1.08) + P(1.08)(0.08)(x 1),1 x < 2

P(1.08)2 + P(1.08)2 (0.08)(x 2),2 x < 3

...

P(1.08)n + P(1.08)n (0.08)(x n),n x < (n + 1)
Fig. 1 Piece-wise function that demonstrates interest gained over a fixed number of compounding periods

Int. J. Res. Undergrad. Math. Ed. (2016) 2:223–245 229



Mathematics in Use

Mathematics-in-use was developed to explore from an epistemological and cognitive
standpoint, and with the support of extant mathematics education literature, how
mathematical concepts and procedures might come together to address a mathematical
problem. It has roots in APOS theory (Dubinsky and McDonald 2001), conceptual
analysis (Thompson 2002, 2008), and didactical phenomenology (Freudenthal 1983).
The technique provides Ba descriptive mapping of how the variety of concepts,
techniques and understandings converge within a particular mathematical setting (ex-
ample, task, segment of exposition)^ (Czocher et al. 2013, p. 4). It can provide a view
of how the prerequisite mathematics concepts work together and are applied to solve a
given problem. It is carried out by examining one problem or task in detail from the
perspective of how a student might go about solving a task. The analysis focuses on
what mathematical concepts and ways of thinking about those concepts she might
undertake in order to obtain a solution. In this study, we used those identified ways of
thinking to create out-of-class materials that would support productive ways of thinking
about major concepts in ways that would in turn support learning the target differential
equations topics. The mathematics-in-use analytic technique operationalizes
Thompson’s (2008) four stated goals of conceptual analysis within the context of
canonical differential equations problems thereby suggesting a roadmap for how to
build new mathematical understandings on the basis of conceptual knowledge of
prerequisite mathematics.

Figure 2 shows how the theoretical constructs and analytic techniques are linked. We
drew from the literature and our experiences on what cognitive obstacles were likely to

Cognitive Obstacles
(Herscovics, 1989) 

Mathematics-in-use
(Czocher, Tague, & 

Baker, 2013) 

Coherence through Conceptual
Analysis (Thompson, 2008) 

Instructional Coherence Curricular Coherence

Fig. 2 Conceptual framework informing design of out-of-class instructional materials
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be present given a particular mathematical concept. At the same time, we used the
analytic technique mathematics-in-use to determine, given a task to be introduced
during the in class time, what mathematics students might need to reach a solution.
Combining these two sources of information, we then examined the coherence of the
mathematical content through instructional coherence (coherence between the in-class
and out-of-class content) and curricular coherence (coherence across the mathematical
content within the course and connecting to past and future mathematical content). In
the next section, we provide an example of how the conceptual framework informed
design of out-of-class instructional materials to support in-class activities.

Applying the Conceptual Framework to Design Instructional Materials

We found that in focusing on coherence, it was necessary to examine two aspects:
instructional coherence and curricular coherence. To apply the conceptual framework to
design out-of-class instructional materials that would reduce curricular and instructional
coherence for a particular differential equations topic, we first used mathematics-in-use
analytic technique to examine what content could be drawn upon to identify potential
cognitive obstacles. We then examined the literature on related cognitive obstacles and
coupled that with our experiences of students’ difficulties in learning the material. This
was aimed at addressing curricular coherence. We then compiled an exhaustive list of
background content that might be needed. We then used conceptual analysis of that
content and its focus on coherence to structure the out-of-class materials so that they
might support in-class content. This stage was aimed at reducing instructional incoher-
ence. The net result was informing design of out-of-class materials that would take into
account how calculus, precalculus, and pervasive concepts would need to be thought
about and used in order to promote understanding of the target differential equations
concept.

Here, we offer an example of how the in-class and out-of-class instructional
materials were designed to work together to promote curricular and instructional
coherence and how we drew from our theoretical frameworks in designing the content
for the course. The first class was designed to address one basic idea supporting the
interpretation of rate-of-change as a quantity: what are some ways change in a quantity
can be measured? The goal was to introduce the idea that there are many ways to
quantify rate of change, and that many of these ways were already known by the
students. The Data Analysis Task given on the first day during class asked the students
to analyze the data shown in Fig. 3. Since the data grows (or decays) exponentially
(Figs. 3 and 4), we needed to push the students to examine the rate of change of the data
proportionally (Thompson 2008).

In designing the activities for the first day of class (in class and out-of-class), we first
sought what cognitive obstacles might be present in students’ solving of the Data
Analysis Task. From the literature, there are numerous cognitive obstacles associated
with students’ conceptions of rate of change, however, we summarized these into three
main cognitive obstacles.

First, many students after calculus tend to define rate of change as a procedural rule
(i.e. rate of change is taking the derivative via the power rule) (Zandieh 2000). This is a
cognitive obstacle because sometimes taking the derivative via the power rule is an
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appropriate method to find rate of change, however this method is inappropriate in
many cases, especially when reasoning from discrete tabular data. This cognitive
obstacle was also confirmed by our experiences in facilitating discussions about
analyzing change from tabular representations and students would initially explain that
the way to determine the rate of change was to Btake the derivative^.

Second, Hackworth (1995) noted that students’ conceptions of rate of change were
weakened from the beginning to the end of a calculus course. She reported that
students’ conceptions of rate of change did not include two quantities changing
simultaneously, but rather a focus on change in one quantity. This is a cognitive
obstacle for reasoning about rate of change as a quantity because change in a quantity
is measured with respect to change in another quantity. For example, we can talk about
change in volume but the rate at which that volume changes must be measured with
respect to some other variable, such as time. Thus, while it might sometimes be
appropriate to consider the change in a single variable, in most cases, it is not
appropriate to examine the rate of change according to one variable. Confrey and
Smith (1994) noted that without an understanding of covariation, individuals could not
develop the ability to reason meaningfully about rate of change.

Third, studies have shown that individuals (including teachers) tend to view the
various representations of rate of change (symbolic, graphical, tabular, etc.) as separate
isolated entities (Coe 2007; Lobato 2006). This is a cognitive obstacle because again,
while each representation could be appropriate, it may not always be appropriate or
useful. For example, if an individual were given tabular data and asked to find an

Fig. 3 Original data from Baker (n.d.) (p. 2)

Fig. 4 Normalized data from Baker (n.d.) (p. 2)
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equation that best represents that data, it might not be appropriate to only consider the
tabular representation. A graph may be the most productive means for making sense of
patterns in the table. Considering the table as isolated from its graph would impede
finding a solution to the task.

Having identified these cognitive obstacles, we then used mathematics-in-use to
determine what mathematics students might draw on when approaching the Data
Analysis Task. We reasoned students would begin by taking sequential differences.
Sequential differences were noted as the main mode of analysis that students of all ages
initially engage in when confronted with tabular data (Tague 2015). The difficulty with
the data from Fig. 3 is that since each of the series begins at different initial values and
each sequence grows exponentially, the sequential differences provide little insight on
what pattern might guide the growth of each series. A different analytic approach must
be introduced. The student must first decide to normalize the data by dividing the
elements of each column by the initial value. This transformation results in Fig. 4.

At this point, a student might want to view the graphical representation of the
normalized data to examine any trends (Fig. 5). She could notice that the shapes of
the graphs resemble exponential functions. Then the student must make the large
conceptual step of examining the proportional difference (what we call the relative
change) by dividing the sequential differences by the initial value in that increment
(Thompson 2008). For example, if a student were to determine the relative change, she
must examine that (1.14–1)/1=0.14, (1.30–1.14)/1.14=0.14, and so on. This exami-
nation produces a consistent relative change of 0.14 in the figure column indicating that
the data can be modeled using an exponential function because of the proportional
nature of the rate of change.

Based on the documented and experienced cognitive obstacles combined with the
mathematics-in-use exploration of how students might solve the in class Data Analysis
Task, we considered both curricular and instructional coherence when designing out-of-
class and in-class materials. The isolation of the various representations means that
when designing instruction connections should be made explicitly so that students can
connect the representations of the same mathematical object.

Fig. 5 Graph of three sets of normalized data from Fig. 4
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The out-of-class activity invited students to examine data derived from a loan
repayment schedule based on an exponential model using both absolute change and
relative change. A summary of all text from the slides in the first out-of-class activity is
shown in Table 1. The students were first shown a table of values without context,
which is shown in Fig. 6. The goal in designing the first slide was to allow them to
draw on past experience to make sense of the data without moving directly into
sequential differences. This was specifically designed to address the cognitive obstacle

Table 1 Text from the first out-of-class activity

Slide
number

Text from the slide

1 Take a moment and look at the table to the right. What are some ways we talk about changes in
quantities in English?

2 What do you think is happening based on the data given in the table? What trends do you notice
and how did you notice them?

3 Suppose the amount owed is based on a loan taken out by a law student over the course of
3 years of law school. The student is now out of school and paying off $880.87 per month,
but interest is still accruing on the remaining principal. How might the situation be described
mathematically (in words and symbols)?

4 The table and symbolic notation are supposed to represent the same data set. Do they? Explain
why or why not?

5 Two students from last year’s class were arguing about what the data in the table might mean.
The first student, Anna, said she measured the change in amount owed by taking the
calculations shown here. Another student, Brian, told Anna that before calculating change in
amounts owed, he needed to take each amount owed and divide by the original amount to
get the following table. Do you agree with Anna or Brian? Who is more convincing or do
you disagree with both? Explain why?

6 Anna’s version of change shown below again is called absolute change and is calculated by
taking the difference between two subsequent amounts owed. Brian’s version of change
requires first calculating the amounts owed relative to the initial loan principal. Then he
calculated the difference between relative amounts and divided by the previous amount to
figure out the relative change. Note that the chosen variable is different below because it is
now relative amount owed. These are the kind of variable changes that can be helpful to you
too!

7 Anna’s version of change shown below (left) is called absolute change. Brian’s version of
change is called relative change and is shown below (right). Brian’s measurement can be
seen as a modification on Anna’s measurement. How?

8 Anna’s version of change shown below (left) is called absolute change. Brian’s version of
change is called relative change and is shown below (right). When might it be more beneficial
to examine data with absolute change and when might it be helpful to use relative change?
Think of some real life situations for when each kind of measurement might be helpful.

9 How does representing the data graphically help to analyze the data from the amount owed
column?

10 What are the strengths and weaknesses of using graphical, tabular, and mathematical
representations in explaining change in data?

11 In class, we will talk more about how to describe change in data and why we might want to talk
about change. Please think about how you have described and written about change in
previous math classes as well as in science and engineering classes. Be ready to suggest
some ideas of how to use mathematics to describe change and which display is most helpful in
describing the change. See you soon!
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of students’ wanting to take the derivative of the data. It also allowed us to address the
mathematics-in-use aspect of the activity for the next day where the students would
have to examine and discuss the rate of change of three sources of data (Fig. 3).

During the out-of-class activity, the students were then asked to draw on their past
experiences with measuring change to make sense of trends in the table and in
particular over time trends. By asking the students to examine the change over various
amounts of time, it has been shown to begin to address the cognitive obstacle of only
examining the rate of change according to one variable and move the students toward
covariation (Monk 1992). Next they were given a context to go along with the table and
asked to describe change in the data set in words or symbols. In the following slide, we
asked them to consider if the symbolic notation and the table represented the same data
mathematically. In this way, the students could examine and hopefully connect their
English description with the mathematical symbols, which was addressing the cogni-
tive obstacle of the isolation between representations of rate.

Next, the students were given a situation where two students were having a
disagreement over which way to represent the change in the table: sequential differ-
ences or proportional change. We defined sequential differences as absolute change and
proportional change as relative change because that was the vocabulary used in the
class materials. We asked them to examine the connections between the students’
method of calculating change and to think about some contexts where relative or
absolute change might be appropriate in examining the change over time. In designing
the argument between the two students, we contrasted the students’ typical analysis of
rate in a tabular setting (sequential differences) with the proportional rate of change that
we hoped students would generate the next day in class.

Fig. 6 First mathematics content slide of the first out-of-class activity
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Last, we introduced multiple representations of the data set including sequence
notation and graphical representations. Open-response questions were shaped
around helping the students articulate the idea that different representations high-
light different attributes of the data to again address the isolation amongst the
representations.

In class, the students were given the data shown in Fig. 3. The table recorded growth
of enzymes in the same medium at different temperatures. The professor opened the
first class meeting of the course by asking, BWhat is happening?^ Students volunteered
that the first two columns were increasing and the last was decreasing. A good initial
look at the data completed, the instructor moved on to asking, BHow do the data
change?^ Because the out-of-class activity provided students with priming of vocab-
ulary and ways of reasoning, the students suggested that relative densities might be a
way to compare the cultures across the temperatures. They also volunteered that the
data might need to be normalized by dividing each column by the initial value for that
column. Both of these actions were analogous to tasks students completed on the out-
of-class activity. The corresponding transformation produced the table shown in Fig. 4.
After examining the proportional rate of change, a pattern emerged leading to an
exponential function. Thus, through the support of extant research, the out-of-class
modules were designed to explicitly address underlying cognitive obstacles and mis-
conceptions relevant to the in-class materials.

Methods

Classroom Context

The differential equations course was a class of 80 second-year engineering and science
majors. The classroom was large with a central podium and clusters of four to five
desks with computers on each desk. The students enrolled were in general highly
motivated since the course was initially designed as part of the Honors program.
Enrollment was not limited to only Honors students. Many students reported having
signed up for the course because a friend, teacher, or advisor had recommended it as
being more helpful than the non-flipped, non-mathematical modeling-based differential
equations course.

The course used a mathematical modeling approach to differential equations. By this
we mean that new mathematics was introduced through solving canonical engineering
problems, such as predicting the concentration of pollution in a dam. In general, the
engineering problems took multiple class sessions to solve. The course progressed not
through algebraic or computational difficulty, but instead through increasing complex-
ity of the engineering situations. For example, when approaching the problem of
predicting the concentration of pollution in a dam, we assumed that the water was well
mixed both in space and in time. Then as the course progressed, simplifying assump-
tions were removed in order to represent more general situations. In the case of the
dam, by the end of the course, a partial differential equations (PDE) was used to model
the level of contamination of water in the dam.

There were 47 class meetings and a total of 32 out-of-class modules created and
assigned. In general the out-of-class modules were assigned before each class meeting.
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If a particularly challenging problem spanned several class sessions, but no new
cognitive obstacles were addressed then an out-of-class module was not assigned.
For example, near the end of the course, the engineering situations were complex
and so took several in class periods to reach a solution, but no new mathematics was
introduced and so no new out-of-class activities were assigned. The modules were
administered through the course webpage and the students worked through them at
their own pace and as many times as they wanted. The modules were only available for
12 hours the day before the next class meeting and closed at midnight. The modules
had next buttons that were only active after the student responded to the task on the
current slide. If the questions were multiple choice or multiple select, they were graded
automatically and sent to the online course grade book, so students had automatic
feedback on those questions. The open-response questions were graded as complete/
incomplete and the instructor used those to decide if there were concerns to be
addressed the following day during class or if there was a particular way he might
introduce the in class activity that would build off of students’ responses.

Class time was driven by students choosing and defining the variables and param-
eters important to the engineering situations. If students could not come to a conclusion
or determine the next step toward a solution at the end of class, then class was ended
without a resolution. In these situations, the following class began by asking the
students to resolve whatever issue was necessary to move forward in solving. The
out-of-class activity was only referenced when the connection arose. For example, in
the first day of class, the out-of-class material was brought up near the beginning of
class because it was used to set up how students approached the first in-class activity.

Creation of Out-of-Class Materials

Out-of-class instructional materials were online interactive modules created using
Articulate Storyline software and were embedded in the course website. Each module
addressed an aspect of a single cognitive obstacle identified as problematic for the
upcoming differential equations content. In the extended example provided above, the
interactive module provoked student thinking about ways to measure change and rates
of change. The modules included both long-and short-answer questions as well as some
multiple-choice questions which were designed to encourage critical thinking about the
cognitive obstacle. If a procedure was the focus (e.g., implicit differentiation) the
module asked questions that would highlight how the procedure was used in the
precalculus or calculus course and how it would be used in the differential equations
course. Several modules were more complex, having branches where the next question
depended on the response to previous question. Excerpts from one of the modules are
displayed in Table 1 and Fig. 6.

Data Collection and Analysis

The study was carried out using survey methods adapted from an existing instrument
(Powers et al. 2010). Powers et al. (2010) introduced pencasts in a chemistry course and
used survey methods to examine student feedback on lecture capture through pencasts
(flash videos where handwriting and audio is synched) in the context of a pharmaceu-
tical computations course. The researchers designed 10 survey questions to examine:
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(1) if the students used the lecture capture pencasts; (2) if they found the pencasts
helpful; (3) if they thought the pencasts Benhanced learning the material presented in
class (p. 147); (4) how they used the pencasts; and (5) what could be improved. In past
semesters, we examined students’ perception of pencasts of difficult homework prob-
lems (Tague et al. 2014) and lecture capture as part of the development of the
differential equations course (Tague et al. 2013). We, therefore, sought to use percep-
tion surveys that were similar to those used in studies of classroom technology but
would also provide us with feedback on the course components.

In the present study, there were two types of surveys: a large pre-/post-course survey
administered online and four smaller surveys administered in class. The two large
surveys will be referred to as Initial Perception and Final Perception. The four smaller
in-class surveys will be referred to as Check Ins 1, 2, 3, and 4. We adapted similar
questions to those developed by Powers et al. (2010), but found that requesting specific
examples of what students’ find helpful or not helpful allowed us to make more
informed adaptations of technology in our class. For the current study, we adapted
our past surveys to determine, instead of helpfulness, if students found the course
materials related (and thus coherent).

The online Initial and Final Perception surveys addressed a variety of aspects of the
adaptation of instructional technology in several mathematics courses, three of which
were related to instructional cohesion. The Initial/Final Perception surveys were part of
a larger project examining blended or flipped courses across the mathematics depart-
ment. The purpose of these surveys was to build a profile of students’ past technology
experiences as well as how the technology as a part of mathematics courses may impact
students’ beliefs about mathematics and the mathematics department. For this study we
selected three questions that were relevant to instructional coherence in a flipped
classroom. The questions from the Initial/Final Perception surveys are displayed in
Table 2.

The Check In surveys were designed to provide ongoing feedback about students’
perception of coherence of the course that we could take into account when designing
future out-of-class materials. Four were given to allow for feedback at intervals that
would allow us to make any adjustments necessary. The survey questions are displayed
in Table 2.

Table 2 Survey questions

Initial/final perception survey (Likert scale) Check in survey (Open response)

I expect out-of-class materials to prepare me to par-
ticipate in class activities (group discussion, prob-
lem solving, etc.)

1. Did you complete the out-of-class activities this
week? (Circle one) All Some None

As a result of the out-of-class material, I expect to be
confident in my understanding of the concepts that
each module covered.

2. Were the in class activities related to the out-of-
class activities this week?

I expect the in class activities to be clearly coordinated
with the out-of-class material.

3. If they were related, give an example of something
from an out-of-class activity that you felt was use-
ful in class.
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Students were asked to respond to the Initial/Final Perception surveys on a 5-point
Likert scale and the verb tense was changed from the Initial to the Final Perception
survey. Students were also given the opportunity to provide open-ended feedback on
the Initial/Final Perception surveys. After the three Initial/Final Perceptions questions
shown in Table 2, there was an optional follow-up question that stated: Please provide
any additional feedback from your experience with the out-of-class materials. This
question was analyzed by sorting the students’ responses into the categories helpful/not
helpful/neutral. Lastly, there was one question on the Final Perceptions survey meant to
gauge the students’ overall thoughts on the course. This question was rated on a five
point Likert scale and stated, BOverall this course was designed and taught: much better
than I expected/better than I expected/similar to what I expected/worse than I expected/
much worse than I expected.^

Students’ responses were entered into Excel to facilitate analysis. The quantitative
data generated by the Initial/Final Perception surveys were analyzed with Qualtrics
descriptive statistics and with SPSS to generate the t-statistic for the difference in means
between the Initial/Final Perception surveys in order to address the first research
question. Assumptions for the t-test were met.

Responses to the first two Check In Survey questions were coded numerically. For
the first question, students could choose from three discrete choices all/some/none,
which were coded as 2, 1, and 0, respectively. For the second question, if the students
perceived in-class material to be related to the out-of-class material the response was
coded as 1. Otherwise, it was coded as 0. Results from all surveys were used to address
the second research question. Descriptive statistics for the Check In Survey questions
were generated using spreadsheets.

Results

Initial/Final Perceptions Results

The Initial and Final Perceptions surveys were completed by 58 (72.5%) and 20 (25%)
students, respectively. The surveys were voluntary and anonymous. The low response
rate on the Final Perceptions survey is likely due to its administration being close to
final examinations. Table 3 shows student responses to the Initial/Final Perceptions

Table 3 Descriptive statistics from Initial/Final Perceptions surveys

Question (5-point Likert scale) Initial- Mean (SD) Final- Mean (SD)

Participate: I expect out-of-class materials to prepare me to
participate in class activities (group discussion,
problem solving, etc.)

3.33
(1.033)

3.67
(.856)

Confident: As a result of the out-of-class material, I expect to be
confident in my understanding of the concepts that each
module covered.

3.10
(1.054)

3.14
(.964)

Coordinated: I expect the in class activities to be clearly
coordinated with the out-of-class materials.

3.91
(.884)

3.90
(.944)
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surveys. Table 4 shows the statistical significance between the mean response for each
question on the Initial/Final Perceptions surveys. There were no significant differences
for any of the three questions. This could be partly due to the fact that how students
expect to participate in class tends to be how they participate in class. Out of the 20
individuals who took the Final Perceptions survey, 65 % thought the class was better or
much better than they expected and 30 % thought it was the same as what they
expected, while 5 % thought the class was worse than expected.

Qualitative coding on Initial/Final Perceptions surveys on the optional follow-up
question was coded according to the categories helpful/not helpful/neutral. The results
of the coding are shown in Table 5. There were 2 students in the Initial Perceptions
survey that wrote Bnone^ and so were not included in the other codes. Some examples
from the Helpful category include: the [out-of-class materials] helped to remind me of
things I forgot how to do, I expect they will help me, however I doubt that they will
completely prepare me every single time, and They are a good introduction to the
material being presented. Some examples from the Not Helpful category include: BI
expect to be lost while doing pre-class material^, BI don’t expect the out-of-class
materials to be especially useful. I will read the book as I’m assigned it, but I find
videos rather boring usually and not a lot of help when I’m trying to grasp concepts^,
and BMost of the stuff on [out-of-class materials] seemed like a waste of time. I know
they were meant to ‘get our minds ready for class’ but I didn’t really need to review
most of the concepts covered in the [materials].^ The neutral category consisted of
responses that were skeptical of the technology aspect of the course or just stated
neither positive nor negative aspects of the out-of-class materials. For example: BI
expect that the out-of-class materials will both help and hinder my success and
understanding in the class. With online pre-class material, I expect that, while the
questions won’t be difficult, the syntax used to input the correct answer will be difficult
and irritating.^ or BI hope that the [out-of-class materials] will not be too in depth to
the topic we will be looking at in the next lecture^. The helpfulness category increased
from the initial to the final perceptions, but so did the not helpful category. However,
out of the 4 individuals who wrote that the out-of-class materials were not helpful, all of
them did so while also mentioning a syntax or administration issue that they were angry

Table 4 Statistical significance
from the Initial/Final Perceptions
surveys

t df p

Participate −1.345 77 0.183

Confident −0.150 77 0.881

Coordinated 0.039 77 0.969

Table 5 Qualitative codes from the follow-up question on the Initial/Final Perceptions surveys: Please
provide any additional feedback from your experience with the out-of-class materials

Initial perceptions (n = 34) Final perceptions (n = 11)

Helpful 38 % 55 %

Not Helpful 18 % 36 %

Neutral 38 % 9 %
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about. For example, they were angry that the out-of-class materials were only available
for the 12 hours before class began instead of for several days in advance. There was
also only one student in the Final Perceptions survey who provided a neutral response
indicating that the responses were more bimodal than in the Initial Perceptions survey.

Check In Results

Table 6 shows the quantitative results from the first two questions from Check In
surveys 1, 2, 3, and 4. The number of students taking the Check In surveys was
consistent throughout the semester because they were given in class and on paper
suggesting that completion rates were similar to attendance rates. The descriptive
statistics for the Check In surveys were calculated in a spreadsheet.

Of those that completed the check in surveys, more than 72 % reported having
completed all of the out-of-class activities.

For three of the surveys (Check In 1, 2, and 4) at least 85 % of the students
rated that the out-of-class materials were related to the in-class materials. The
results from Check In 2, were anomalous because a student asked a question
that prompted the instructor to decide to back up and address the student’s
conceptual concern. It led to a rich discussion in class, but caused that class to
be out of sync with the out-of-class activity from the previous night. This
alteration of in class activities caused the slight drop (74 %) in students’ rating
of if the out-of-class and in class activities were related.

On Question 3 of the Check In surveys, students were asked to give an example of
something that was useful from the out-of-class materials. We coded the responses as
either directly stating a mathematical concept or connection, stating that there was no
connection or they did not remember, or not applicable if the students made a vague
reference to remembering, but could not state something specifically. The percent of
each type of response is shown in Table 7. In Check In 1, 2, and 3, at least 82 % of the
students who responded could a direct connection between the out-of-class of class and
in class activities that was offered as a specific example. We took this as evidence that
the students were appreciating cohesiveness between the out-of-class and in-class
activities. For Check In 4, 78 % of the respondents who could make a connection
between the out-of-class and in-class activities, but a larger number of students could
not remember during this Check In survey than the other three. This might have been
due to the fact that there were only two out of class modules during that week and there
was not one assigned the day before Check In 4 was administered. Because of the
delay, there were fewer students who could recall a direct connection.

Table 6 Quantitative results from the four Check In Surveys

Check In 1
(n = 59)

Check In 2
(n = 62)

Check In 3
(n = 53)

Check In 4
(n = 55)

Completed all the out-of-class activities 85 % 82 % 72 % 81 %

Out-of-class activity was related to the in class activity 85 % 74 % 85 % 96 %
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Some responses which illustrate the BConnection^ category included: I found the
second-order introduction to be very useful before lecture covered it, Refreshers on
balancing equations and derivatives were useful, and The [out-of-class activity] about
implicit differentiation really helped with variable coefficients. From the BNot
Applicable^ category, some responses were: differential equations practice, Review of
concepts from past classes, and Learning. These were coded as Not Applicable because
of their lack of specificity. From the BNot Related^ category, some representative
responses were: We didn’t really use cosine and sine transformations, but they were in
the [out-of-class activity], I can’t remember, and None of them really felt useful to me.

Across all of the Check In surveys 10 % of respondents or fewer found no relation
between the in class and out-of-class materials or else indicated that they did not
remember any specific mathematical content from the out-of-class materials. We also
received no consistent feedback of complete disconnect between in class and out-of-
class materials as had been reported in previous studies on the flipped classroom
(Andrews et al. 2011; Bowers and Zazkis 2012). Our results, compared to previous
studies of flipped classrooms, are encouraging in that students seemed to see the
connections in the course activities.

Discussion and Conclusions

The purpose of this study was to investigate differential equations students’ perceptions
of a flipped classroom model. The flipped classroom model was meaningfully rooted in
theory of mathematics teaching and learning in order to reduce instructional incoher-
ence reported by previous studies. Analyzing the in class activities for possible
cognitive obstacles (Herscovics 1989) coupled with using mathematics-in-use
(Czocher et al. 2013) to determine the mathematical resources a student would need
while engaged in the in class activity allowed us to design course materials for
curricular and instructional coherence.

Students’ perceptions of instructional coherence prior to the start of and at the
conclusion of a differential equations course that uses a flipped classroom model were
not significantly different as shown in the Initial/Final Perceptions survey Results.
Students’ perceptions of instructional coherence before and after were between 3 and 4
on a 5 point scale indicating a slightly positive perception of instructional coherence.
Results also roughly characterized students’ perceptions of instructional coherence.
Additionally, although the response rate was quite low on the Final Perceptions survey,
responses indicated that the students who did respond were likely the most involved in

Table 7 Qualitative coding on Question 3 from the four Check In surveys

Check In 1 (n = 50) Check In 2 (n = 54) Check In 3 (n = 57) Check In 4 (n = 41)

Connection 82 % 91 % 90 % 78 %

Not Related/Don’t
Remember

4 % 0 % 5 % 10 %

Not Applicable 14 % 9 % 5 % 12 %
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the course. Their responses suggested that either they perceived the materials as helpful
or they disliked structural aspects of the materials (i.e. they disliked when they were
due). On the Check In surveys, at least 85 % of students indicated that the out-of-class
materials were related to the in-class materials, except in the case when the instructor
purposefully altered his in-class plans to address a student concern. In this case, 74 % of
the students found that the out-of-class and in-class materials were related. Even
more telling, nearly 80 % of the students were able to restate a direct connection
between the out-of-class and in-class materials on each of the four Check In
surveys. Not only did students report that the materials were related, they, could
also provide examples of the relation, which we took as evidence of their
perception of instructional coherence.

While many of the current studies of flipped classrooms show that students
enjoy them (Lage et al. 2000; Love et al. 2014), other studies point to the
flipped classroom as a source of incoherence (Bowers and Zazkis 2012; Strayer
2012). Indeed, even when an instructor is aware of current literature and
attempts to design in-class and out-of-class components purposefully, students
in a flipped statistics classroom still expressed that they felt incoherence among
the course components when compared to peers in an unflipped classroom
(Strayer 2012). Our study took the design of out-of-class materials further by
basing them in a cogent conceptual framework derived from theories of teach-
ing and learning. Results show that it is promising to use cognitive obstacles
and mathematics-in-use as a theoretical grounding, to align in-class and out-of-
class materials. More generally, it is promising to ground blended instructional
methods in discipline-specific knowledge of how that content is learned.

Although our design philosophy centered on addressing cognitive obstacles was
intended to reduce instructional coherence, it may also help improve curricular coher-
ence because of our execution of the analytic technique, mathematics-in-use. Since we
adapted mathematics-in-use from APOS (Dubinsky and McDonald 2001),
Freudenthal’s (1983) structural analysis, and Thompson’s (2008) conceptual analysis,
it allowed us to project a task onto the mathematics necessary to solve it successfully
while simultaneously considering what the current literature suggested about students’
cognition of that same mathematics. As such, it allows for incorporation of students’
mathematical thinking into instructional design. Although we are aware this might be
useful for not only flipped classroom settings, it is especially useful in that case because
it provides a way to coordinate out-of-class and in-class materials, which was previ-
ously reported as a source of instructional incoherence for flipped classrooms (i.e.
Strayer 2012).

The current study is limited in a few important ways. The small sample included
only advanced mathematics students in a specific content area. However, these limita-
tions are not unique to our study of flipped classrooms and are indeed common among
flipped classroom studies (Bluic et al. 2007). Since our focus was on coordination
between course elements and the mathematics content, we sought to measure students’
perceptions on this aspect and not their perceptions of how the in-class time was spent.
We hypothesize that the instructor and his in-class interactions with the students also
contributed to the students’ perceptions of the course materials. Future studies might
also examine the effectiveness and efficacy of the theory-based approach to reducing
perceived incoherence.
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Even with these limitations in mind, our design philosophy fills a void in the
literature by providing a first step toward designing flipped classrooms for instructional
coherence and curricular coherence. Furthermore, our results show that our design of a
flipped classroom did circumvent the past documented disconnects between the out of
class and in class content. While our design was created specifically to address
incoherence fostered through flipped classrooms, it could be used to examine coher-
ence in any mathematics classroom. However, more research is needed to develop
techniques that might be used to address instructional coherence and curricular coher-
ence. Our study used mathematics-in-use and conceptual analysis to address curricular
coherence in the structure of the content, but we primarily focused on measuring
students’ perceptions of instructional coherence for two reasons: (1) it was a persistent
issue in flipped classroom models, and (2) there were not methods available for
measuring students’ perceptions of curricular coherence. Thus, while more work is
necessary to develop reliable and valid research techniques to ensure and measure
instructional and curricular coherence, it is essential that future flipped classrooms are
designed while keeping cohesion in the fore.
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