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Abstract
This paper presents a hybrid decision support model aimed to help the travelers in selecting best route among multiple
alternatives. The proposed model consists of three parts: (i) analytic hierarchy process (AHP) to determine relative importance
of route attributes, (ii) axiomatic fuzzy set (AFS) theory for description of alternative routes, and (iii) technique for order
preference by similarity to ideal solution (TOPSIS)-based final selection. TOPSIS methodology is used to determine ranking
order of alternative routes inmulticriteria decision situations. In TOPSIS, the alternative routes are described usingAFS theory
to normalize the decision matrix for consistent rating of routes over attributes. The main advantage of the developed model
is that it copes inconsistency caused by both, different types of fuzzy numbers and normalization methods. An illustrative
example of route selection is presented to better understand the hybrid methodological process. A comparative analysis with
an established multicriteria decision-making technique shows the effectiveness and validity of the hybrid model for route
selection.

Keywords Hybrid model · Multicriteria decision-making · Axiomatic fuzzy set theory · AHP · TOPSIS · Route selection

Introduction

The individuals need information to make decisions, par-
ticularly for complex decisions. Although the need for
information applies to various types of decisions, it is very
important when it comes to making decisions about travel. In
real world, transit passengers choose the best path by consid-
ering not only the usual link-based shortest criteria but also
other attributes, which could affect their path choice, such as
avoid highway toll, good scenery along the path, and avoid
difficult roads. It is important for travelers to be able to gather
information before starting their trips to reach their destina-
tions as safely and efficiently as possible. An efficient travel
plan can increase the efficiency of trip, and reduce energy

B Sunil Pratap Singh
sunil_pratap@rediffmail.com

Preetvanti Singh
preetvantisingh@gmail.com

1 Bharati Vidyapeeth’s Institute of Computers Applications and
Management, New Delhi, India

2 Dayalbagh Educational Institute (Deemed University), Agra,
India

consumption, traffic congestion and air pollution, which are
growing problems in many urban areas.

In a transport network, represented in the form of
nodes (junctions) and links (roads), there could be multi-
ple routes between a given source and destination. It might
be difficult for travelers to determine the optimal route
because of complex and multiple criteria evaluation pro-
cess involved in route choice. The optimal route among
multiple alternatives can be defined as the alternative with
high performance on its associated attributes (selection cri-
teria).

In general, the route selection is a multicriteria decision-
making (MCDM) problem which involves both quantitative
and qualitative aspects in decision-making process. The
quantitative aspects are generally assessed by means of pre-
cise numerical values, but qualitative aspects are complex
to assess with precise and exact values. It is not possible
to model such imprecise situations using traditional MCDM
approaches and requires combining these with fuzzy logic
and other techniques in a hybrid manner to deal with the
qualitative aspects and uncertainty in decision-making pro-
cess. However, the fuzzy set theory deals with fuzzy numbers
and the use of different shapes of fuzzy numbers leads to dif-
ferent results.
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In practice, the decision matrix of a MCDM problem
involves the criteria values having different dimensions or
units ofmeasurement. Itmaybedifficult to select an appropri-
ate method for normalizing the decision matrix (converting
the criteria values into the dimensionless form) since a lot of
normalization methods have been developed and the choice
of different methods might change the final selection and
ranking for a specific problem [13].

This paper focuses on the development of a hybrid deci-
sion support model aimed to help the travelers in selecting
optimal route based on their personalized preferences or con-
straints. The integration of AFS theory, AHP and TOPSIS
methodology pave a new way for evaluating routes under
multicriteria decision environment. The main advantage of
the developed hybrid model is that it processes the linguis-
tic values using axiomatic fuzzy logic that overcomes the
ambiguity in human decision-making process and copes the
inconsistency caused by different types of fuzzy numbers.
Moreover, the route selection model also copes the inconsis-
tency due to choice of different normalization methods since
it performs the normalization process under AHP calculation
framework.

The remainder of this paper is organized as follows:
“Mathematical background” section presents the mathemat-
ical background of AHP, AFS theory and TOPSISmethodol-
ogy. “The proposedmodel” section outlines the development
phases of hybridmethodology. “Illustrative example” section
illustrates a hypothetical example of route selection to better
understand the hybrid methodological process. In “Compar-
ative analysis and model validation” section, a comparative
analysis and model validation is reported. Sensitivity anal-
ysis is reported in “Sensitivity analysis” section and finally,
“Conclusion” section of this paper.

Mathematical background

Analytic hierarchy process (AHP)

AHP, developed bySaaty [35], is amathematical technique to
model subjective decision-making processes based on multi-
ple criteria in a hierarchical system. The ability to incorporate
judgments on intangible qualitative criteria alongside tangi-
ble quantitative criteria makes AHP an ideal methodology
to solve multiple criteria decision problems. The method of
AHP is based on three principles: first, structure of themodel;
second, comparative judgment of alternatives and decision-
making criteria; third, synthesis of the priorities [35–37].
In recent research, the AHP methodology has been applied
to solve many complex multiple criteria decision problems
[1,23,26,30,31,39,40,43,44]. The process starts with orga-
nizing the decision problem in a hierarchical structure of
decision elements (criteria and alternatives). The decision

maker is asked to subjectively evaluate each pair of criteria
using Saaty’s [35] 9-point standardized scale. The pair-wise
comparisons allow to compute a relative importance value
(also known as weight) for each criterion using eigenvalue
calculation framework.

The result of the pairwise comparison on n criteria can be
summarized in an (n × n) algebraic matrix P , as shown:

P =

⎡
⎢⎢⎢⎣

p11 p12 . . . p1n
p21 p22 . . . p2n
...

...
. . .

...

pm1 pm2 . . . pmn

⎤
⎥⎥⎥⎦

where pi j is the relative importance for i to j , p ji = 1/pi j
and pi j = 1 if i = j .

The process commences to normalize the pairwise com-
parison matrix and obtains the relative weights. The relative
weights are given by right eigenvector (w) corresponding to
the largest eigenvalue (λmax), as:

Pw = λmaxw (1)

To ensure the consistency of subjective perception in pair-
wise comparisons, two indices, consistency index (CI) and
consistency ratio (CR) are suggested. The CI of a matrix of
order n is expressed as:

CI = (λmax − n)

(n − 1)
(2)

CR is calculated as the ratio of CI and random index (RI), as
indicated:

CR = CI

RI
(3)

where RI refers to a random consistency index derived from
a randomly generated pairwise comparison matrix. The ran-
dom indices with respect to different size matrices are shown
in Table 1. If the calculated CR of a pairwise comparison is
less than 0.1, the decisionmaker’s judgment is consistent and
acceptable; otherwise, the evaluation procedure is considered
inconsistent and needs revision to improve consistency.

Axiomatic fuzzy set (AFS) theory

The AFS theory, proposed by Liu [18], is a mathematical
framework that aims to explore how fuzzy set theory and
probability can be made to work in concert, so that the uncer-
tainty of randomness and of imprecision can be treated in a
unified and coherent manner. It provides an effective tool to
convert the information in observed data into themembership
functions and logic operations of fuzzy concepts. The recent
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Table 1 Random consistency
indices (Saaty [35])

n 1 2 3 4 5 6 7 8 9 10

RI 0.00 0.00 0.58 0.90 1.12 1.24 1.32 1.41 1.46 1.49

research literature onAFS studies and their applications [14–
17,21,22,33,42] reveals that it has become a flexible and
powerful framework for representing human knowledge and
studying intelligent systems in real-world applications.

The AFS theory is based on the AFS algebra—a kind
of semantic methodology of fuzzy concepts, and AFS
structure—a kind of mathematical description of data struc-
tures.

AFS algebra

Liu [18] defined a family of completely distributive lat-
tices, referred to as AFS algebras and applied them to
study the semantics of expressions and representations of
fuzzy concepts. For a multicriteria decision problem, Let
X = {x1, x2, . . . , x5} be a set of decision alternatives,
M = {m1,m′

1, . . . ,m5,m′
5} be a set of fuzzy attributes

on X , where m1: “attribute 1 is good”, m′
1: “attribute 1 is

not good”, …, m5: “attribute 5 is good”, m′
5: “attribute 5

is not good”. For each set of concepts A ⊆ M,
∏

m∈A m
represents conjunction of the concepts in A; for instance,
A = {m1,m5} ⊆ M,

∏
m∈A m = m1m5 represents a

new fuzzy concept “attribute 1 is good and attribute 5 is
good”.

∑
i∈I (

∏
m∈Ai

)m, a formal sum of
∏

m∈Ai
m, Ai ⊆

M, i ∈ I , is the disjunction of the conjunctions represented
by

∏
m∈Ai

m’s (i.e., the disjunctive normal form of a for-
mula representing a concept). For instance, we may have
m1m5 + m2m3 which translates as “attribute 1 is good and
attribute 5 is good” or “attribute 2 is good and attribute 3
is good” (the “+” sign represents disjunction of concepts).
For Ai ⊆ M and i ∈ I ,

∑
i∈I (

∏
m∈Ai

m) has a well-
defined meaning as discussed above. The semantics of the
logic expressions such as “equivalent to”, “or”, and “and”
as expressed by

∑
i∈I (

∏
m∈Ai

m), Ai ⊆ M , i ∈ I can be
formulated in terms of the AFS algebra (EM∗), defined as:

EM∗ =
⎧⎨
⎩

∑
i∈I

⎛
⎝ ∏

m∈Ai

m

⎞
⎠

| Ai ∈ M , i ∈ I , I is an non-empty indexing set

⎫⎬
⎭ (4)

Definition 1 [18] Let M be a non-empty set. A binary rela-
tion R on EM∗ is defined as follows: ∀∑

i∈I (
∏

m∈Ai
m) and

∑
j∈J (

∏
m∈Bj

m) ∈ EM∗,
[∑

i∈I (
∏

m∈Ai
m) R

∑
j∈J (

∏
m∈Bj

m)
]

⇔ (i) ∀Ai (i ∈ I ), ∃Bh(h ∈ J ) such

that Bh ⊆ Ai , and (ii) ∀Bj ( j ∈ J ), ∃Ak(k ∈ I ) such
that Ak ⊆ Bj . It is obvious that R is an equivalence rela-
tion and the quotient set EM∗/R is denoted by EM. The
notation

∑
i∈I (

∏
m∈Ai

m) = ∑
j∈J (

∏
m∈Bj

m) means that∑
i∈I (

∏
m∈Ai

m) and
∑

j∈J (
∏

m∈Bj
m) are equivalent under

relation R. Thus, the semantics they represent are equivalent.

Theorem 1 [18] Let M be a non-empty set, then (EM,∧,∨)

forms a completely distributive lattice under the binary com-
positions ∧ and ∨, defined as follows: ∀∑

i∈I (
∏

m∈Ai
m)

and
∑

j∈J (
∏

m∈Bj
m) ∈ EM∗,

∑
i∈I

⎛
⎝ ∏
m∈Ai

m

⎞
⎠ ∧

∑
j∈J

⎛
⎝ ∏
m∈Bj

m

⎞
⎠ =

∑
i∈I , j∈J

⎛
⎝ ∏
m∈Ai∪Bj

m

⎞
⎠

(5)

∑
i∈I

⎛
⎝ ∏
m∈Ai

m

⎞
⎠ ∨

∑
j∈J

⎛
⎝ ∏
m∈Bj

m

⎞
⎠ =

∑
k∈I�J

⎛
⎝ ∏
m∈Ck

m

⎞
⎠ (6)

k ∈ I � J (the disjoint union of I and J , i .e., every element
in I and every element in J are always regarded as different
elements in I � J ); Ck = Ak if k ∈ I and Ck = Bk if k ∈ J .
(EM,∧,∨) is called the E I (expending on M) algebra over
M.

AFS structure

AnAFS structure represented by a triple (M, τ, X) gives rise
to membership functions and fuzzy logic operations of the
concepts in EM .

Definition 2 [18,19] Let X and M be sets, 2M be the power
set of M , and τ : X × X → 2M . (M, τ, X) is called an AFS
structure if τ satisfies the following axioms: (a). ∀(x1, x2) ∈
X × X , τ (x1, x2) ⊆ τ(x1, x1), and (b). ∀(x1, x2), (x2, x3) ∈
X × X , τ (x1, x2)

⋂
τ(x2, x3) ⊆ τ(x1, x3). X is called the

universe of discourse, M is called the concept set and τ is
called the structure. In real-world applications, τ can be con-
structed from a linearly ordered relation ≥m as follows:

τ(x, y) = {m | m ∈ M , x ≥m y} ⊆ 2M (7)

where x ≥m y implies that the degree of x belonging to
concept m is greater than or equal to y.

Definition 3 [19] Let X and M be sets, (M, τ, X) be an AFS
structure and (M, σ,m) be a measure space, where m is a
finite and positive measure, m(X) �= 0, Aτ

i (x) ∈ σ, x ∈
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X , i ∈ I . For the fuzzy concept η = ∑
i∈I (

∏
m∈Ai

m) ∈
EM , the membership function of η is defined as follows:

μη(x) = supi∈I
m(Aτ

i (x))

m(X)
, ∀x ∈ X (8)

where Aτ
i (x) = {y ∈ X | x ≥m y, for any m ∈ Ai , Ai ⊆

M}. In other words, Aτ
i is the set of all elements in X whose

degrees of belonging to concept
∏

m∈Ai
are less than or equal

to that of x .

Technique for order preference by similarity to ideal
solution (TOPSIS)

TOPSIS, developed by Hwang and Yoon [12], is one of the
most popular multiple criteria decision analysis techniques
for evaluating a finite set of decision alternatives in terms of
a set of potentially conflicting criteria. The basic principle
of TOPSIS is that the best alternative would be one that is
nearest to the positive-ideal solution and farthest from the
negative ideal solution [8]. The positive-ideal solution is a
solution that maximizes the benefit criteria and minimizes
the cost criteria, whereas the negative-ideal solution max-
imizes the cost criteria and minimizes the benefit criteria
[45]. In literature, there have been a large number of studies
using TOPSIS for the solution of complex decision-making
problems ([2–4,24,25,41,48,49]). For this present study, the
procedure of TOPSIS can be expressed in following steps:

Step 1. Establish a normalized decision matrix [ri j ]m×n ,
where ri j (i = 1, . . . ,m and ; j = 1, . . . , n) repre-
sents the performance score of i th alternative over
j th criterion. The values of ri j are obtained by per-
forming pairwise comparisons (using 9-point scale
of AHP) between each pair of decision alternatives
according to benefit and cost criterion in their best
fuzzy descriptions. Since the performance scores
ri j are obtained using AHP, these are considered as
normalized under AHP calculation framework and
therefore there is no need to further normalize them
explicitly.

Step 2. Calculate the weighted normalized decision matrix
[vi j ]m×n , where vi j (i = 1, . . . ,m; j = 1, . . . , n)

is calculated as vi j = ri j × w j , w j is the weight of
criterion m j and

∑n
j=1 w j = 1.

Step 3. Determine the positive ideal solution and the nega-
tive ideal solution as follows:

A+ = {v+
1 , v+

2 , . . . , v+
n }

= {(max
j

vi j : i ∈ I ), (min
j

vi j : i ∈ J )} (9)

A− = {v−
1 , v−

2 , . . . , v−
n }

= {(min
j

vi j : i ∈ I ), (max
j

vi j : i ∈ J )} (10)

where I is associated with benefit criteria, and J is
associated with cost criteria.

Step 4. Calculate the separation measures using the n-
dimensional Euclidean distance. The separation of
each alternative from the positive-ideal solution and
negative ideal solution is given as:

D+
i =

√√√√
n∑
j=1

(vi j − v+
j )2, i = 1, . . . ,m, j = 1, . . . , n

(11)

D−
i =

√√√√
n∑
j=1

(vi j − v−
j )2, i = 1, . . . ,m, j = 1, . . . , n

(12)

Step 5. Calculate the relative closeness to the ideal solution.
The relative closeness of the alternative Ai is defined
as:

Ci = D−
i

D+
i + D−

i

(13)

where the value of Ci lies between 0 and 1.
Step 6. Rank the alternatives according to the preference

value and select the maximal ration in Step 5.

The proposedmodel

This section documents the methodological steps of a hybrid
decision support model for ranking the decision alterna-
tives underMCDAenvironment. The ranking process utilizes
the axiomatic fuzzy logic into the MCDA techniques to
model the fuzziness in human knowledge representation and
reasoning process. It can evaluate and rank the decision alter-
natives based on qualitative and quantitative (mixed data sets)
aspects. The proposed model is composed of AHP, AFS
theory and TOPSIS methodology. It consists of five basic
phases:

Phase 1: Identification of decision alternatives and decision
criteria, and linguistic assessment of alternatives with respect
to criteria.

(a) Identify all possible decision alternatives ai (i =
1, 2, . . . ,m) and decision criteria c j ( j = 1, 2, . . . , n).

(b) Establish a matrix [li j ]m×n for linguistic assessment of
alternatives in terms of decision criteria. The matrix ele-
ment li j represents assessment of i th alternative in terms
of j th criterion using linguistic term.

(c) Establish a hierarchy such that the objective is in the first
level, criteria are in second level and alternatives are on
the third level.
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Phase 2: Computation of relative weights (w j ) of decision
criteria.

(a) Establish a matrix [pi j ]n×n by performing pairwise
comparisons (using 9-point scale) between each pair of
criterion.

(b) Compute the criteria weights (w j , j = 1, 2, . . . , n)

using AHP calculation framework.

Phase 3: Determine the best fuzzy descriptions (ζAi ) of each
decision alternative using AFS theory. Let A = (a1, a2, , a5)
be a set of decision alternatives and C = {c1, c′

1, . . . , c5, c
′
5}

be a set of fuzzy criteria on A, then the fuzzy description
for each alternative is determined by running following steps
[20]:

(a) Find the set of fuzzy criteria in C , defined as:

Bε
ai = {

ck ∈ C |μck (ai ) ≥ μv(ai ) − ε
}

(14)

Bε
ai is the set of fuzzy attributes in C such that the

degrees of ai belonging to them are larger than or equal
to μv(ai ) − ε.

(b) Find the set B̄ε
ai , defined as follows:

B̄ε
ai =

{∏
c∈X

c|μ∏
c∈X c(ai ) ≥ μv(ai ) − ε, X ⊆ Bε

Ai

}

(15)

B̄ε
ai is the set of the conjunctions of the attributes in Bε

Ai
such that the degrees of ai belonging to the conjunctions
are larger than or equal to μv(ai ) − ε.

(c) Select the best fuzzy description ζai ∈ B̄ε
ai for the alter-

native ai , as follows:

ζai = argminζ∈B̄ε
ai

⎧⎨
⎩

∑
a∈A,a �=ai

μζ (a)

⎫⎬
⎭ (16)

Thus, ai can be distinguished by ζai from other objects
in A at maximum extent.

Phase 4: Establish a normalized weighted decision matrix
by rating each alternative ai over each decision criterion c j .

(a) Perform pairwise comparisons (using 9-point scale)
between each pair of decision alternatives according to
benefit and cost criterion in their best fuzzy descriptions
(ζai ). For benefit criterion, the alternatives are compared
based on c j (criterion c j is positive) and for cost crite-
rion, the comparison process is carried out based on c′

j
(criterion c j is negative).

(b) Compute the performance scores of alternatives over
decision criteria using AHP and establish a normalized
decision matrix [ri j ]m×n , where each element ri j repre-
sents the performance score of i th alternative over j th
criteria. Since the performance scores ri j are obtained by
performing pairwise comparisons under AHP, these are
considered as normalized under AHP calculation frame-
work and therefore there is no need to further normalize
them explicitly.

Phase 5: Establish a weighted normalized decision matrix
[vi j ]m×n by calculating vi j = ri j × w j and then process this
matrix using TOPSIS approach, as described in “Technique
for order preference by similarity to ideal solution (TOPSIS)”
section, to obtain ranking.

Illustrative example

It is important for travelers to be able to gather route infor-
mation in advance to make their trip safe and efficient. The
route information before starting the trip can also help to
reduce energy consumption, traffic congestion and air pollu-
tion, which are growing problems in many urban areas. The
selection of optimal route among the multiple alternatives
is very complex where the alternatives dominate each other
in different qualitative and quantitative characteristics, and,
therefore, requires an integrated approach to deal with com-
plexities inmulticriteria route selection. In following section,
a real-life application of multicriteria route selection is con-
ducted to illustrate the utilization of the proposed model.
The presented application is based on the phases explained
in previous section.

Phase 1: This phase begins with forming a team of experts
responsible for identifying a set of route attributes impor-
tant to determine best route. A list of route attributes was
prepared based on expert’s opinion and extensive literature
survey [7,9,10,28,29,34,38,47,50]. A calibration processwas
applied to narrowdown the list to includeonly those attributes
the travelers’ feel relevant to select best route. This process
results in a set of six main attributes (m1,m2, . . . ,m6), as
shown in Table 2. From Table 2, it can be noticed that m1,
m2, m3, m4, and m6 are negative (cost) attributes because
their minimum values will be preferred and m5 is a posi-
tive attribute which is preferred to be maximized. Next, a
set of five hypothetical alternative routes (A1, A2, . . . , A5)

is considered between a source and destination. These routes
together with their attribute values are presented in Table 3
and a three-level decision hierarchy is structured in Fig. 1,
where the first level represents the goal “selection of best
route”, second level represents route selection criteria and
the alternative routes are on the third level of hierarchy.
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Table 2 List of route attributes
(route selection criteria)

Attributes (selection criteria) Definition

(m1) Travel distance Total distance from source to destination (measured
in Meters)

(m2) Travel time Expected travel time to reach destination (measured
in Minutes)

(m3) Level of congestion Level of traffic congestion on route

(m4) Level of difficulty of travel Difficulty level due to road width, number of lanes,
etc.

(m5) Scenery Scenic/tourism spots across the route

(m6) Toll Toll tax for route (measured in INR)

Table 3 Routes and their attributes’ values

Routes m1 m2 m3 m4 m5 m6

A1 9200 64 VL M L 25

A2 2900 28 M NA M 0

A3 2750 46 NA M H 45

A4 6230 66 H L VL 0

A5 900 47 L VL NA 0

SELECTION OF BEST ROUTE

m2 m3 m4 m5m1 m6

A2 A3 A4 A5A1

Fig. 1 Decision hierarchy of route selection

Table 4 Linguistic performance scores of routes (judgment matrix)

Routes m1 m2 m3 m4 m5 m6

A1 VH H VL M L L

A2 L L M NA M NA

A3 L M NA M H M

A4 H H H L VL NA

A5 VL M L VL NA NA

The attributes’ values in Table 3 are measured in two dif-
ferent forms: quantitative and linguistic, which need to be
uniform. The fusion method, given by Herrera and Martinez
[11], is used for transforming the numeric values to linguis-
tic values. The transformation process results in a linguistic
judgment matrix [ai j ]m×n , as given in Table 4.

The linguistic ratings of different route attributes inTable 4
can be defined as: NA = Not at All, VL = Very Low,
B.VL&L = Between Very Low and Low, L = Low, B.L&M

= Between Low and Medium, M = Medium, B.M&H =
Between Medium and High, H = High, B.H&VH = Between
High and Very High, and VH = Very High.

Phase 2: In this phase, the prioritization procedure is applied
to calculate the relative weights of route selection criteria.
The traveler’s preferences for criteria are reflected in a pair-
wise comparison matrix [pi j ]n×n (Table 5) by using Saaty’s
[35] standardized comparison scale of nine levels. The cri-
teria weights w j are determined using AHP calculation
framework with consistency ratio (CR = 0.047) represent-
ing consistency in comparison matrix.

Phase 3: This phase determines the best fuzzy description
of each alternative route (ζAi ) using axiomatic fuzzy logic.
Let X = {A1, A2, A3, A4, A5} be the set of five alternative
routes, M = {m1,m′

1,m2,m′
2, . . . ,m6,m′

6} be the set of
selection criteria on X , v = m1+m′

1+m2+m′
2+. . .m6+m′

6,
and ε = 0. Using the linguistic judgment matrix given in
Table 4 and the semantic meanings of the selection criteria
in M , we have following linearly ordered relations:

m1 : A5 < A2 = A3 < A4 < A1 m′
1 : A5 > A2 = A3 > A4 > A1

m2 : A2 < A3 = A5 < A1 = A4 m′
2 : A2 > A3 = A5 > A1 = A4

m3 : A3 < A1 < A5 < A2 < A4 m′
3 : A3 > A1 > A5 > A2 > A4

m4 : A2 < A5 < A4 < A1 = A3 m′
4 : A2 > A5 > A4 > A1 = A3

m5 : A5 < A4 < A1 < A2 < A3 m′
5 : A5 > A4 > A1 > A2 > A3

m6 : A2 = A4 = A5 < A1 < A3 m′
6 : A2 = A4 = A5 > A1 > A3

The best fuzzy description of each route (ζAi ) is obtained
as follows:

Using Eq. (8),

μv(A1) = μv(A2) = μv(A3) = μv(A4) = μv(A5) = 1.0

μm1(A1) = μm2(A1) = μm4(A1) = 1.0

Using Eqs. (14) and (15),

B0
A1

= {m1,m2,m4}
B̄0
A1

= {m1,m2,m4,m1m2,m1m4,m2m4,m1m2m4}
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Table 5 Pairwise comparison
matrix of route selection criteria

Attributes m1 m2 m3 m4 m5 m6 Weights CR

m1 1.00 0.50 0.50 4.00 2.00 2.00 0.173 0.047

m2 2.00 1.00 2.00 4.00 4.00 5.00 0.346

m3 2.00 0.50 1.00 4.00 2.00 5.00 0.246

m4 0.25 0.25 0.25 1.00 0.50 3.00 0.076

m5 0.50 0.25 0.50 2.00 1.00 2.00 0.105

m6 0.50 0.20 0.20 0.33 0.50 1.00 0.053

Table 6 Comparison matrix of alternative routes over m′
1

m′
1 A1 A2 A3 A4 A5 Weights CR

A1 1 1 1 1 1/9 0.077 0.000

A2 1 1 1 1 1/9 0.077

A3 1 1 1 1 1/9 0.077

A4 1 1 1 1 1/9 0.077

A5 9 9 9 9 1 0.692

Using Eqs. (8) and (16),

ζA1 = m1m2m4

Therefore, the best fuzzy description of route A1 is such
that “distance, time and difficulty level are strong attributes”.

Similarly,

ζA2 = m′
2m

′
4m

′
6, ζA3 = m4m5m6m

′
3, ζA4 = m2m3m

′
6, and

ζA5 = m′
1m

′
5m

′
6

Phase 4: In this phase, a normalized decisionmatrix [ri j ]m×n

is established by performing pairwise comparisons between
each pair of routes according to attributes in their fuzzy
descriptions. In this comparison process, m5 is considered
as positive (benefit) attribute while m1, m2, m3, m4, and m6

are considered as negative (cost) attributes.
For illustration, the comparison process of alternative

routes overm′
1 (sincem1: travel distance is negative attribute)

is presented in Table 6 with explanation as: sincem′
1 appears

in ζA5 , hence A5 is extremely preferred over A1, A2, A3, and
A4.

For m′
2, m

′
3, m

′
4, m5 and m′

6, the same process is repeated
and a normalized decision matrix [ri j ]m×n is obtained in
Table 7.

Phase 5: In this last phase, a weighted normalized decision
matrix [vi j ]m×n (Table 8) is established by calculating vi j =
ri j × w j .

The fuzzy positive-ideal solution and fuzzy negative-ideal
solution are calculated using the data as given in Table 8. The
separation of each alternative route from fuzzy positive-ideal
solution (D+

i ) and fuzzy negative-ideal solution (D−
i ) are

Table 7 Normalized decision matrix

Routes m′
1 m′

2 m′
3 m′

4 m5 m′
6

A1 0.077 0.077 0.077 0.077 0.077 0.034

A2 0.077 0.692 0.077 0.692 0.077 0.310

A3 0.077 0.077 0.692 0.077 0.692 0.034

A4 0.077 0.077 0.077 0.077 0.077 0.310

A5 0.692 0.077 0.077 0.077 0.077 0.310

Table 8 Weighted normalized decision matrix

Routes m′
1 m′

2 m′
3 m′

4 m5 m′
6

A1 0.013 0.027 0.019 0.006 0.008 0.002

A2 0.013 0.239 0.019 0.053 0.008 0.016

A3 0.013 0.027 0.170 0.006 0.073 0.002

A4 0.013 0.027 0.019 0.006 0.008 0.016

A5 0.120 0.027 0.019 0.006 0.008 0.016

Table 9 Separation measure
and relative closeness to ideal
solution

Routes (D+
i ) (D−

i ) Ci

A1 0.293 0.000 0.000

A2 0.196 0.218 0.527

A3 0.243 0.164 0.404

A4 0.293 0.015 0.048

A5 0.273 0.107 0.282

determined in Table 9 which also summarizes the TOPSIS
analysis. Based on Ci values as given in Table 9, the rank-
ing of routes in descending order is A2, A3, A5, A4 and A1,
which indicates that A2 is the best route.

Comparative analysis andmodel validation

To test the validity of the developed model, it is applied to
four existing case studies, with already known results, taken
from [5,6,32,46]. For these case studies, AFS theory is used
to find the best fuzzy descriptions of decision alternatives and
rankings are obtained using TOPSIS approach. The compar-
ative analysis presented in Tables 10, 11, 12 and 13 reveals
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Table 10 Comparison results with existing study [5]

Alternative Ranking using
developed model

Ranking using
existing approach

Company X 2 2

Company Y 1 1

Company Z 3 3

Table 11 Comparison results with existing study [6]

Alternative Ranking using
developed model

Ranking using
existing approach

A1 2 2

A2 3 3

A3 1 1

Table 12 Comparison results with existing study [32]

Alternative Ranking using
developed model

Ranking using
existing approach

FMS-I 2 2

FMS-II 1 1

FMS-III 4 3

FMS-IV 3 4

Table 13 Comparison results with existing study [46]

Alternative Ranking using
developed model

Ranking using
existing approach

A1 1 1

A2 3 3

A3 2 2

A4 4 4

A5 5 5

that the top ranking results obtained using developed model
are same as with the existing studies. These results ensure
the acceptability and validity of the developed model.

Sensitivity analysis

The solution to a decision problem (ranking of alternatives)
may not provide enough information to the decision maker
to make a final decision because the parameter values in
decision-making problems are often imprecise and change-
able. Sensitivity analysis (SA) is the investigation of changes
in parameter values and their impacts on results drawn from
themodel. In this analysis, criteria weights are slightly modi-
fied to observe the impact on the ranking. Hence, performing
sensitivity analysis on the results of a decision problem may

provide valuable information to the decisionmaker to be able
to make more informed decision.

According to the results obtained in Table 9 of Phase 5,
the best route alternative is A2 based on traveler’s person-
alized criteria weights. To analyze the alternative routes
using different criteria weights, a sensitivity analysis is
conducted. For this study, the purpose of sensitivity anal-
ysis is to increase/decrease each criterion’s weight and
decrease/increase the weights of other criteria evenly; thus, 6
cases for 6 criteria are analyzed by means of simulation with
equal weights of criteria. The closeness coefficients (Ci ) are
calculated with each case.

Case 1: If the traveler (decisionmaker) increases distance cri-
terionweight to 26%, no change in result/ranking is observed.
However, the increment of 27% in distance criterion and
decrement of other criteria’ weights evenly alters the out-
ranking as shown in Table 14. On the contrary, no alternation
in outranking is seen when this criterion weight is decreased
up to 100% and the weights of other criteria are increased
evenly. The reason for distance criterion is not altering results
while decreasing itsweight to 100% is that the best alternative
has powerful value. In this way, simulations are performed
to carry out the sensitivity analysis for other criteria

Case 2: The increment of time criterion weight up to 100%
and decrement in other criteria’s weight evenly does not alter
the outranking. However, the decrement of time criterion
weight to 10% and increment in the weights of other criteria
evenly results in change in ranking as given in Table 15. The
reason of no change in the ranking even after increasing the
distance criterion weight to 100% is that the best alternative
has powerful value.

Case 3: An increment of 8% in ‘level of congestion’ crite-
rionweight results in ranking alteration as shown in Table 16.
Further, 51% decrement in weight also changes the outrank-
ing.

Case 4: When ‘level of difficulty’ criterion weight is incre-
mented up to 100% and other criteria weights are decre-
mented evenly, no alteration in outranking is seen (Table 17).
This is due to powerful value of best alternative. However,
decrementing the weight by 10% causes outranking changes.

Case 5: An increment in the weight of scenery criterion by
8% and then decrement in other criteria’s weights evenly
results in outranking alteration, as shown in Table 18. This
is due to powerful value of best alternative. However, decre-
menting the weight by 10% causes outranking changes.

Case 6: If the traveler increases toll criterion weight to 85%
and decreases the weights of other criteria evenly, the out-
ranking alters as shown in Table 19. However, no alternation
in outranking is seen when this criterion weight is decreased
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Table 14 Sensitivity analysis of
distance criterion

Alternatives Ranking

(With equal weight) (With 27% increased
weight)

(With 100% decreased
weight)

A1 5 5 5

A2 1 1 1

A3 2 3 2

A4 4 4 4

A5 3 2 3

Table 15 Sensitivity analysis of
time criterion

Alternatives Ranking

(With equal weight) (With 100% increased
weight)

(With 10% decreased
weight)

A1 5 5 5

A2 1 1 2

A3 2 2 1

A4 4 4 4

A5 3 3 3

Table 16 Sensitivity analysis of
‘level of congestion’ criterion

Alternatives Ranking

(With equal weight) (With 8% increased
weight)

(With 51% decreased
weight)

A1 5 5 5

A2 1 2 1

A3 2 1 3

A4 4 4 4

A5 3 3 2

Table 17 Sensitivity analysis of
‘level of difficulty’ criterion

Alternatives Ranking

(With equal weight) (With 100% increased
weight)

(With 10% decreased
weight)

A1 5 5 5

A2 1 1 2

A3 2 2 1

A4 4 4 4

A5 3 3 3

Table 18 Sensitivity analysis of
scenery criterion

Alternatives Ranking

(With equal weight) (With 8% increased
weight)

(With 51% decreased
weight)

A1 5 5 5

A2 1 2 1

A3 2 1 3

A4 4 4 4

A5 3 3 2
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Table 19 Sensitivity analysis of
toll criterion

Alternatives Ranking

(With equal weight) (With 85% increased
weight)

(With 100% decreased
weight)

A1 5 5 5

A2 1 2 1

A3 2 1 3

A4 4 4 4

A5 3 3 2

up to 100% and the weights of other criteria are increased
evenly. This is due to best alternative has powerful value

Conclusion

This paper presents the development of a hybrid decision
support model to solve multicriteria route selection problem.
The developed model integrates AHP as a multiple criteria
decision-makingmethod to determine priorities among route
selection criteria, and TOPSIS method to obtain the ranking
of all possible alternative routes between a source and des-
tination. The best fuzzy description of each alternative route
is obtained using AFS theory and the performance scores
of all route are determined by performing pairwise compar-
isons between each pair of routes over cost or benefit criteria
as described in routes’ best fuzzy description. Finally, the
resulting scores (decision matrix) are used to rank the routes
using TOPSISmethodology. The AFS theory is incorporated
into the model to overcome the uncertainty and ambiguity in
linguistic knowledge representation. The main advantage of
the developed hybrid model is that it processes the linguistic
values using AFS theory that copes the inconsistency caused
by different types of fuzzy numbers. The hybrid method also
copes the inconsistency due to choice of different normal-
ization methods. A hypothetical application of best route
selection is presented to illustrate the utilization of hybrid
model. Finally, a sensitivity analysis is performed. As a result
of comparative analysis and model validation carried out for
the developed model, it is found that the developed model is
practical for selecting best route under multicriteria environ-
ment.
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