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Accurate predictions of the amount of harvestable energy available from ambient vibrations are important for design of energy

harvesters and for their integration in specific applications. This need has motivated the development of many mathematical models

for piezoelectric energy harvesters (PEHs). Existing models, however, require material and geometric PEH data that are often

incorrect and/or unavailable. As a more accurate and practical means to meet this need, we propose an energy conversion model

of a cantilevered PEH that requires only geometric data and modal parameters that can be directly measured using a standard

vibration test. The newly proposed model facilitates calculation of the maximum output power and thus enables visualization of the

harvestable energy from the target vibrating structure. Prediction accuracy of the proposed model was confirmed in our study through

finite element analysis and experimental results. Practical use of the proposed energy conversion model was demonstrated by applying

it to a cooling fan unit of a boiler facility in a power plant.
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1. Introduction

Energy harvesting from ambient environments has been recognized

as a promising powering technology that has the potential to replace

batteries in wireless sensor networks (WSNs) and/or ubiquitous sensor

networks (USNs).1-3 Among various types of energy sources,

mechanical vibration energy has received much attention due to its

promising power density and ease of energy acquisition.4-7 In this work,

we are mainly concerned with piezoelectric energy harvesters (PEHs)

because piezoelectricity is known to possess high energy conversion

efficiency and ease of miniaturization.7

Although many improved configurations for PEHs have been

proposed to overcome the main issues of insufficient output power and

narrow working frequency bandwidth,8-14 cantilever-type PEHs with

relatively low resonant frequencies have been more commonly

employed so far either in unimorph or bimorph configurations. It is

noted that cantilever-type PEHs still play a role as a reference when the

performance of a newly developed PEH are to be compared. Therefore,

both 1) understanding of physical behaviors and 2) investigations of the

effects of various parameters are important; thus, research to date has

been mainly focused on the development of mathematical models for

cantilevered PEHs. For example, the single-degree-of-freedom

modeling approach (lumped parameter modeling) was developed by

Roundy and Wright15 duToit et al..16 Since then, the variational

principle combined with the Rayleigh-Ritz method16,17 and the

continuous distributed parameter approach18,19 have been the two

primary mathematical modeling approaches used to predict the

electrical performance of cantilevered PEHs. More detailed discussions

about the existing mathematical modeling approaches can be found in

Erturk and Inman.20 However, the modeling approaches mentioned so

far have some limitations that inhibit their ability to correctly predict

the output power of a PEH. These limitations occur because the

mathematical models are based on the one-dimensional beam

assumptions and thus cannot correctly assess the performance of plate-

type PEHs that have large effective area for the energy harvesting. To

address the issue, a plate finite element model21 and an enhanced beam-

based analysis model22 were proposed, the latter of which also

considered the distribution effects of a tip mass in contrast to the

10.1007/s40684-015-0007-x



52 / JANUARY 2015 INTERNATIONAL JOURNAL OF PRECISION ENGINEERING AND MANUFACTURING-GREEN TECHNOLOGY  Vol. 2, No. 1

conventional assumption of a concentrated tip mass. As an alternative to

the above- mentioned modeling techniques, an equivalent electrical circuit

method can be used to find DC electrical outputs as well as frequency-

swept AC outputs.23,24 Although significant advancements have been made

in the field of PEH modeling, it is difficult to use the aforementioned

models in cases where some of the electro-mechanical material properties

required for analysis are unavailable or unreliable. Such is the case

especially when ready-made commercial PEHs are to be used.

To overcome this difficulty, the work described in this paper aims

at developing an energy conversion model that can easily predict the

maximum amount of harvestable energy for a given PEH by using only

basic measurable vibration parameters and geometric data. The

prediction accuracy of the proposed model was confirmed in this work

by examining it against the results from finite element analysis and the

traditional PEH experiment. The PEH experiment is defined in this

work as the standard procedure usually performed for a given PEH.7 As

a promising application of the proposed model, we examine its use to

a harvestable energy map of a target vibrating structure, which is useful

for.25

2. Derivation of a New Energy Conversion Model

We propose to derive an energy conversion model for cantilevered

PEHs that is expressed in terms of measurable geometric and modal

information such as resonant frequencies and damping ratios. The

derivation starts with the well-developed electro- mechanically coupled

governing equations for PEHs.

The electromechanically coupled governing equations - preferably

at the fundamental vibration mode of a cantilevered PEH (see Fig. 1)

based on the Rayleigh-Ritz method17,22 - are expressed as: 

(1a)

(1b)

where Qe(t) is generated charge on electrodes, V(t) is the output

voltage, Cp is the capacitance of the piezoelectric layer(s) at constant

strain, α is the electromechanical coefficient, zb denotes the base

displacement, and zrel is the displacement of a cantilever tip relative to a

base. Meq, Ceq, and  denote equivalent mass, damping, and stiffness,

respectively. Note that Mr is a correction factor for a base-accelerated

cantilever.20,26 The symbols sc and oc are used to represent short-circuit

and open-circuit conditions, respectively, throughout this work.

Note that piezoelectric vibration energy harvesters are preferably

expected to operate at the short-circuit resonant frequency ( fsc in Hz).

This is because they experience a higher output current under almost the

same output power seen at the open-circuit resonant frequency ( foc in Hz).

Therefore, the proposed energy conversion model is derived for the short-

circuit resonance. The average output power across a load resistance RL,

which is calculated as V2/2RL, can be derived as (see, e.g.
22):

(2)

where Ab denotes the magnitude of the acceleration of a base excitation,

ζm is the mechanical modal damping ratio measured at the short-circuit

condition, and ωsc (ωoc) is the angular short-circuit (open-circuit)

resonant frequency in rad/s. The parameter , which represents the

electro-mechanical coupling coefficient (EMCC) of piezoelectric

devices,27 is defined as:

(3)

Since the desired electrical output in the proposed energy

conversion model is the maximum possible output power at the short-

circuit resonance, the load resistance RL is selected to be the internal

impedance ( ) of a PEH at the short-circuit resonant frequency (see,

e.g.22). This is given by:

(4)

In the above equation, the new parameter , called the expedient

EMCC,27 is introduced to simplify the subsequent derivation and the

final form of the output power equation. The expedient EMCC is

defined as: 

(5)

By substituting the above  into Eq. (2), the maximum output

power at the optimal load resistance under short-circuit resonance

excitations is easily shown to be:22

(6)

As mentioned earlier, the use of Eq. (6) for predicting the maximum

output power requires correct information about the piezoelectric

material properties of a PEH, such as the clamped dielectric

permittivity εS for Cp and the piezoelectric stress constant e31 for α. The

evaluation of the parameter α also depends on the degree of accuracy

of an employed shape function that is integrated over the length of

piezoelectric layer(s). In the case of a non- rectangular beam, it may be

necessary to increase the number of employed shape functions28 to

enable accurate evaluation of α. Therefore, for accurate analysis of the

maximum possible output power using the mathematical model in Eq.

(6), the correct values of the mentioned parameters must be available.

These values are then often subject to tuning by trial and error or

through use of an optimization technique. In the worst case, where

plate-type commercial PEHs with large width-to-length aspect ratios
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Fig. 1 Typical cantilevered PEHs in (a) unimorph and (b) bimorph

(connected in parallel) configurations
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are to be used, the well-developed beam-based mathematical models17-

19 become incorrect and the three dimensional finite element analyses

should be employed. However, entire material properties required for

piezoelectric finite element models are not usually provided by PZT

vendors. Therefore, the maximum power output can be measured only

by the PEH experiment, which includes the laborious load resistance

sweep, as shown in Fig. 2.

Motivated by these observations, the work described here proposes an

energy conversion model that requires no material properties. In order to

circumvent the difficulty in obtaining the proper material properties often

found in real-world settings, we propose to express Eq. (6) only in terms

of easily measurable data, such as geometric and modal data acquired

from a standard vibration test of a PEH. It is noted that Eq. (6) can also

be applied to plate-type PEHs as long as the relevant parameters can be

properly evaluated.22 Therefore, starting from Eq. (6), it is transformed

into the following equation after some manipulations:

(7)

where Qm is the quality factor equal to 1/2ζm and Vb denotes the

amplitude of the velocity of a vibrating base. The above equation is

arranged in two parts with each denoted by ‘PEH’ and by

‘Excitation’, respectively; one is related to the parameters of a PEH

itself and the other to the external excitation environments. The term

‘Excitation’ then represents the mechanical input power per unit

mass. In deriving the final form of Eq. (7), the following relation was

employed:22,24,29

 (8)

In Eq. (7), the values of the equivalent mass (Meq) and the correction

factor (Mr) can be calculated as:
20,30

(9)

(10)

where Mb is the mass of a cantilevered PEH and Mt denotes the

magnitude of a tip mass. The detailed procedure to derive Eq. (7) from

Eq. (6) is explained in Appendix A.

Let us summarize the advantages of using Eq. (7) over Eq. (6):

• If any material properties are unavailable, Eq. (7) can still be

effectively employed in the grey box in Fig. 2 because it requires

only measurable (and derived) geometric (Meq and Mr) and

vibration parameters (ζm, fsc, foc and Ab), i.e., no information on

the values of Cp and α is required for Eq. (7), as mentioned

earlier.

• The internal (denoted by ‘PEH’) and external (denoted by

‘Excitation’) contributions to the output power are explicitly

expressed.

• Eq. (7) can be directly used to assess the amount of harvestable

vibration energy in a specific vibration environment and thus it

can be used to construct a harvestable energy map. Alternatively,

the formula in Eq. (7) can be used to estimate the specifications

of PEHs for a desired amount of harvested electrical energy once

a vibration level denoted by ‘Excitation’ is known.

3. Output Power Prediction using the Proposed Energy

Conversion Model

In order to validate the proposed energy conversion model, a

standard vibration experiment was performed on a fabricated

cantilevered PEH to obtain the parameters needed for Eq. (7).

For the cantilevered PEH in a unimorph type (as shown in Fig. 3), a

piezoelectric layer (PSI-5H4E, Piezo Systems, Inc.) of 50×20×0.27mm3 is
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Fig. 3 (a) CAD model of a cantilevered PEH in the unimorph

configuration with relevant dimensions in mm, and (b) the fabricated

PEH installed on a vibration exciter in the zoomed-in experimental

setup

Fig. 2 Flow chart to emphasize the necessity of the proposed energy

conversion model
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bonded onto a 0.6mm thick aluminum substrate using a conductive epoxy

(CW2400, ITW Chemtronics). The tip mass is made of brass and weighs 8.4 g.

By employing the experimental procedure described in Erturk and

Inman,19 the short-circuit ( fsc) and open-circuit ( foc) resonant

frequencies in Hz were found to be 57.03 and 59.27, respectively. The

modal damping ratio (ζm) was calculated by using the measured

frequencies of half-power points, fa and fb. The acceleration, Ab, of the

base structure measured by an accelerometer (4393, Brüel & Kjær) on

the base structure was set to 1 m/s2 at the short-circuit resonant frequency.

The values of , Meq, and Mr were then calculated using Eqs. (5), (9)

and (10), respectively. With all the required parameters tabulated in Table

1, we then calculated the maximum output power using Eq. (7):

= 112.14 µW/(m/s2)2  (11)

4. Verification using the PEH Experiment and Finite

Element Analysis

4.1 Verification of Our Method using the PEH Experiment

In the standard procedure used to evaluate the performance of a

PEH,7 the open-circuit voltage and output voltage/power with a

specified load resistance must be determined for varying excitation 

frequencies. In addition, the output voltage/power at resonances for

varying load resistances and output voltage/power at the optimal load

resistance must be found for varying excitation frequencies. 

In order to verify Eq. (7), the output power of a fabricated PEH was

measured by changing external load resistances while the PEH was

excited at the short-circuit resonance frequency. Fig. 4 shows a

schematic of the experimental setup for the PEH experiment. The base

structure was firmly mounted on an electromagnetic exciter (4809,

Brüel & Kjær) and a function generator (33220A, Agilent

Technologies) was used to generate an input sinusoidal signal at the

short-circuit resonant frequency. The amplitude of the output voltage

from the piezoelectric layer was measured using an oscilloscope

(LT354M, LeCroy) for varying values of load resistance. From the

results shown in Table 2, the maximum output power was found at the

load resistance of 6 kΩ as:

= 104.82 µW/(m/s2)2 (12)

The predicted value from the proposed energy

conversion model in Eq. (11) differs from  in Eq. (12) by

only 7.0% error.

4.2 Verification of Our Method using Finite Element Analysis

Next, the accuracy of our proposed energy conversion model was

checked against the finite element analysis results obtained using

ANSYS (Version 14.5). It is known that electrical outputs of a PEH with

an attached load resistance can be well predicted using finite element

analysis.22 Here, the fabricated PEH was modeled with the three-

dimensional coupled-field SOLID5 elements. The properties of the

aluminum, brass and piezoelectric material used for the finite element

analysis are listed in Table 3. For the piezoelectric material, the value of

Poisson ratio is assumed to be 0.3, which is needed for estimating some

material properties such as , , , and  (see, e.g.28).
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Fig. 4 Schematic of the experimental setup

Table 2 Experimental results of the PEH performance tests for varying

values of load resistance under excitations at the short-circuit resonant

frequency

Resistance [kΩ] Voltage [V/(m/s2)] Power [µW/(m/s2)2]

1 0.275 37.765

2 0.500 62.433

3 0.701 81.889

4 0.863 93.072

5 0.987 97.496

6 1.122 104.818 (max)

7 1.208 104.244

8 1.285 103.133

9 1.347 100.834

10 1.389 96.463

11 1.426 92.377

Table 1 Measured or calculated values of parameters for the fabricated

PEH

Measured parameters

fsc foc fa fb Ab

57.03 Hz 59.27 Hz 56.1 Hz 57.9 Hz 1 m/s2

Calculated parameters

Qm Mr Meq

31.6833 0.0742 0.0801 1.0584 0.0094 kg

ksys
2

ke
2

Table 3 Material properties of the tip mass, substrate, and piezoelectric

material

Aluminum

(Substrate)

Brass

(trip mass)

mass density

(kg/m3)
2700 8470

Young’s modulus

(Gpa)
69 110

Poisson’s ratio 0.33 0.33

Piezoelectric material (PSI-5H4E, Piezo Systems, Inc.)

mass density

(kg/m3)
7800  (m2/N) 1.61×10-11

d15 (m/V) 7.41×10-10  (m2/N) -4.84×10-12

d31 (m/V) -3.20×10-10  (m2/N) -6.00×10-12

d33 (m/V) 6.50×10-10  (m2/N) 2.00×10-11

 (relative) 3800  (m2/N) 5.20×10-11

 (relative) 3800  (m2/N) 4.19×10-11

s11
E

s12
E

s13
E

s33
E

ε 11

T
s44
E

ε 33

T
s66
E
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Using mode-frequency analysis at the short-circuit and open-circuit

conditions, fsc and foc were found to be 57.91 Hz and 60.33 Hz,

respectively. These values agree very well with the experimental results,

57.03 Hz and 59.27 Hz, as tabulated in Table 1. To find the maximum

possible output power, the values of load resistance, RL, were varied at

the short-circuit resonant frequency. The output power was calculated by

V2/2RL, where the magnitude of the output voltage (V) across an external

load resistance (RL) was determined using ANSYS simulations. The

simulation results are shown in Fig. 5, together with the experimental

results. The maximum output power was found at the short-circuit

resonant frequency and the optimal impedance of 9.93 kΩ as:

= 109.31 µW/(m/s2)2

In comparison with the above value of , the

relative error in the maximum output power estimated by the proposed

energy conversion model is only 2.6%. The deviation in Fig. 5 appears

to result from manufacturing tolerance and measurement errors and

also from the difficulty to realize the exact clamping condition.

5. Application of Our Proposed Model to a Harvestable

Energy Map

As a promising application, an energy map25 can be easily

constructed using the proposed energy conversion model. Because this

energy map helps to visualize harvestable ambient vibration energy

distributions, it can be used to find the best places to locate PEHs. In

doing so, the developed model will work as a practical and correct

vibration-to-electric energy conversion model using the distributions of

acceleration levels.

A cooling fan unit of a boiler facility at the power plant of Seoul

National University was selected  for the demonstration of green

industry.31 Fig. 6(a) shows the photograph of the cooling fan unit. The

cooling fan housing, the drive belt cover, and the air duct were found

to be dominantly excited at 38 Hz (due to the electric motor) and/or

452 Hz (due to the rotation of the cooling fan). The maximum

acceleration was measured to be around 7 G (G = 9.81 m/s2). In order

to build a harvestable energy map for the cooling fan unit, a

commercial bimorph PEH (T226-H4-503X, Piezo Systems, Inc) was

considered. The PEH (T226-H4-503X) consists of two piezoelectric

layers (top and bottom layers) and one substrate (center shim). The

piezoelectric layers and substrate are PZT-5 H and brass, respectively.

Each of the piezoelectric layers is 0.265 mm thick while the substrate is

0.140 mm thick. The overhang length and width of the PEH are 31.8 mm

and 51 mm, respectively. The mass densities of the piezoelectric layer

and substrate are 7,750 kg/m3 and 9,000 kg/m3, respectively, which are

slightly different from those used in the previous verification model. The

short-circuit and open-circuit resonant frequencies of T226-H4-503X

were measured to be 122.4 Hz and 131.1 Hz, respectively. The value of

Qm was calculated to be 20.07. Under the given vibration condition, the

excitation acceleration levels at selected locations were first measured.

Using the distributions of acceleration levels, the maximum output power

of T226-H4-503X was then estimated for the optimal external load

resistance by Eq. (7). Note that all the locations for estimating the output

power do not always have the highest peak values of acceleration at the

short-circuit resonant frequency of a given PEH. Next, a harvestable

vibration energy map, which was visualized on a CAD model, was

constructed as shown in Fig. 6(b). Although the use of a harvestable

energy map is not within the scope of this work, one can utilize the

energy map to estimate the optimal locations for PEHs and the resulting

harvestable energy from a finite number of installed PEHs.

6. Conclusions

An alternative, practically useful energy conversion model for a

cantilevered PEH was developed in this work. Unlike previous models,

our model involves use of only the geometric and vibration parameters;

both easily measured. The standard vibration modal test proved

sufficient to evaluate the parameters in the proposed energy conversion

model. The proposed model was shown to yield results within 7.0% of the

Psc

max

Finite element analysis

Psc

max

Finite element analysis

Fig. 5 Comparisons of the output power using finite element analysis

and the PEH experiment for varying load resistance under the short-

circuit resonance excitation

Fig. 6 (a) Cooling fan unit in a boiler facility as an example ambient

vibration environment and (b) a visualized harvestable energy map on

a CAD model of the unit where the proposed energy conversion

model was used
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results of the PEH experiment and within 2.6% errors of the results of a

finite element simulation. Because the proposed model is more suitable

for practical applications as compared with the more rigorous existing

mathematical models, it could be favored for use in industrial sites. It is

well acknowledged that randomness of the vibration32 must be

characterized for the practical use.
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Appendix A

To help understand the proposed energy conversion model, a more

detailed procedure to derive Eq. (7) from Eq. (6) is explained here.

Starting from Eq. (6), the use of Eq. (5) yields the following

expression:

(A.1)

If the ratio of α 2/Cp from Eq. (8), which is equal to , is

substituted into the above equation, Eq. (A.1) is then expressed as

(A.2)

By replacing the mechanical damping ratio ζm with 1/2Qm, the first

expression in Eq. (7) can now be rearranged as

(A.3)
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