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Abstract Computational modelling is often used to reduce
trial extrusions through accurate defect prediction. Tradition-
ally, metal extrusion is modelled using mesh based finite ele-
ment methods. However, large plastic deformations can lead
to heavy re-meshing andnumerical diffusion.Hereweuse the
mesh-less smoothed particle hydrodynamics method since it
allows simulation of large deformations without re-meshing
and the tracking of history dependent properties such as plas-
tic strain making it suitable for defect prediction. The varia-
tion in plastic strain and deformation for aluminium alloy in
a cylindrical 3D geometry with extrusion ratio and die angle
is evaluated. The extrusion process is found to have three
distinct phases consisting of an initial sharp rise in extrusion
force, a steady phase requiring constant force and terminating
in a sharp decline in force as metal is completely extruded.
Deformation and plastic strain increased significantly with
extrusion ratio but only moderately with die angle. Extru-
sion force increased by 150% as the extrusion ratio increased
from2:1 to 4:1 but had only amarginal changewith die angle.
A low strain zone in the centre of the extruded product was
found to be a function of extrusion ratio but was persistent
and did not vary with die angle. Simulation of a complex
3D building industry component showed large variations in
plastic strain along the length of the product at two scales.
These were due to change in metal behaviour as extrusion
progressed from phase 1 to phase 2. A stagnation zone at the
back of the die was predicted that could lead to the “funnel”
or “pipe” defect.
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1 Introduction

Extrusion can be defined as the production of a part of a
desired shape by forcing a solid billet to flow through a die.
Extrusion is often used in making automotive and building
hardware parts where high strength and close tolerances are
required. It is also used for extruding plastics and many well
known food products. The advantages ofmodelling extrusion
include:

• Ability to verify empirical knowledge
• Prediction of defects in extruded product
• Reduction in the number of trial die designs
• Improvements to existing die design through optimization
• Evaluation and modification of existing die design for a
new extrusion material.

Modelling of extrusion and similar metal forming processes
have so far largely been carried out using the mesh based
finite element method (FEM). Lim and Dunne [23] used the
FE software ABAQUS to investigate the central burst defect
formation during extrusion. Komori [21] used an in-house
developed finite element code to investigate the mechanics
of ductile fracture in bulkmetal forming processes. Saanouni
et al. [31] investigated the occurrence of discontinuous cen-
tral bursting during cold extrusion using Forge2 FE. Tiernan
et al. [32] used the ELFEN finite element code to simulate
the cold extrusion of aluminium. In all these cases the sim-
ulations were either in 2D or 2D axi-symmetric. D. C. Chen
et al. [5] performed 3D FE simulations of cold extrusion
using the DEFORM3D software. They used a relatively sim-
ple conical geometry and amodest extrude ratio of 2.04.More
recently [4] used 3D FE modelling to optimise the flow bal-
ance in isothermal extrusion of aluminium. This study was
performed to reduce variations in the shape and mechanical
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properties of the extruded product. A large extrusion ratio of
27:1 was used for the extruded product. A 2D axi-symmetric
model was assumed for the numerical simulations. The real
product shape could however become non-axisymmetric due
to flow imbalances occurring during extrusion. Large plastic
deformations in the metal during extrusion for large extrude
ratios can lead to heavy re-meshing requirements for FEM
methods as described in [32]. This can lead to inaccuracies
in the solution and numerical diffusion.

Mesh free methods can model very large deformations
since the connectivity among nodes is generated as part of the
computation and is inherently transient in nature. The mesh
free smoothed particle hydrodynamics (SPH) method has in
the past been successfully applied to several industrial metal
forming processes involving liquid metal including gravity
die casting by [19], high pressure die-casting by [7] and [8],
direct chill casting by [3] and ingot casting by [30] . In order
to address the issue of re-meshing in regions of high deforma-
tion [16] developed a blended FE/SPH method and applied
it to a simple metal forming problem. Alfaro et al. [1] devel-
oped a natural element method (NEM) which falls in the
category of mesh less methods. This alternative technique
was used to simulate simple 2D forming processes involving
large displacements. Alfaro et al. [2] then extended the NEM
method to perform 3D simulation of aluminium extrusion in
simple geometries assuming it to be a rigid plastic material.
Xiong and Martins [34] developed and applied the repro-
ducing kernel particle method for simulating bulk material
forming processes. Around the same time [9] used SPH in
2D to explore its ability to simulate metal forming processes
such as extrusion and forging. It was shown that the particle
based nature of the method gives it the ability to track his-
tory dependent properties such as surface oxide formation
and plastic strain on a node by node basis even during very
large deformations. Cleary and Das [11] provided a range of
examples of SPHusage for solidmechanics. Cleary [12] used
an elastoplastic SPH method in two dimensions to examine
deformation during projective-wall collision. Cleary et al.
[13] used the same SPH solid mechanics formulation in three
dimensions to predict forging behaviour and defects related
to incomplete filling of the die and flashing due to excessive
material build up. More recently, [25] applied the element
free Galerkin method to simulate metal forming in arbitrary
shaped 3D dies using a rigid/visco-plastic assumption.

In this paper we extend the study in [9] and explore the
ability of SPH to model metal extrusion in a 3D geometry
for a range of the control parameters, extrusion ratio and
die angle. Variations in plastic strain level, metal deforma-
tion pattern andmaximum extrusion force are compared. The
extrusion process is shown to consist of three distinct phases
starting with a sharp increase in the extrusion force, followed
by a central steady phase requiring constant force and ter-
minating in a sharp decline in the force as the end of the

billet approaches the die exit. The relationship between con-
trol parameters and occurrence of extrusion defects such as
chevron and chatter cracks is discussed. We then apply the
method to simulate the extrusion of ametallic building indus-
try component to demonstrate the ability of SPH to handle
extrusion of complex shaped parts in three dimensions.

2 The SPH Method for elastoplastic deformation

For metal extrusion we use the elastic dynamics equations
presented in [17]. Themethod wasmodified by [9] to include
plastic deformation during the extrusion process using the
radial return plasticity model of [33]. Only a summary of the
SPH method applied to elastic materials is presented here.
For details of the SPH interpolation method see [27].

2.1 Continuity equation

The SPH continuity equation is from [27]:

dρa
dt

=
∑

b

mb (va − vb) ·∇Wab, (1)

where ρa is the density of particle a with velocity va and mb

is the mass of particle b. The position vector from particle
b to particle a is rab = ra − rb and the interpolation kernel
with smoothing length h evaluated at the distance |rab| is
Wab = W (rab, h). This form of the continuity equation has
good numerical conservation properties and is not affected
by free surfaces or density discontinuities.

2.2 Momentum equation

The momentum equation governing elastoplastic deforma-
tion of the solids is:

dvi

dt
= 1

ρs

∂σij

∂xj
+ gi, (2)

where v is velocity, g denotes the body force andσ is the stress
tensor. Decomposing this into a pressure P and a deviatoric
stress S gives:

σij = −Pδij + Sij. (3)

Using a linear elastic constitutive model with bulk modu-
lus K and shear modulus G, the evolution equation for the
deviatoric stress from [17] is:

dSi j

dt
= 2G

(
ε̇i j − 1

3
δi j ε̇kk

)
+ Sik� jk + �ik Sk j , (4)

where the strain rates are given by:

ε̇ij = 1

2

(
∂vi

∂xj
+ ∂vj

∂xi

)
, (5)
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and the Jaumann rotation tensor is:

Ω ij = 1

2

(
∂vi

∂xj
− ∂vj

∂xi

)
. (6)

The SPH momentum equation is:

dva
dt

=
∑

b

mb

(
σa

ρ2
a

+ σb

ρ2
b

+ �abI

)
·∇aWab + g, (7)

where σa and σb are the stress tensors of particles a and b,
g is the gravity, and Πab is an artificial viscosity originally
formulated by [27]. For particle a, the SPH equations for
calculating the strain rates and the rotation tensor Ωa are:

ε̇
ij
a = 1

2

∑

b

mb

ρb

[
(vib − via)

∂Wab

∂xja
+ (vjb − vja)

∂Wab

∂xia

]
, (8)

�
ij
a = 1

2

∑

b

mb

ρb

[
(vib − via)

∂Wab

∂xja
− (vjb − vja)

∂Wab

∂xia

]
. (9)

The Poisson ratio λ is:

λ = (3K/G − 2)

2 (3K/G + 2)
. (10)

2.3 Equation of state

The equation of state relating pressure P and particle density
is:

P = c2 (ρ − ρ0) , (11)

where ρ0 is the reference density and the speed of sound is

c =
√

K

ρ0
. (12)

Note that for modelling solid deformations the real speed of
sound is used so that stress wave propagation is correctly
resolved.

2.4 Plasticity model

Following [9]we use the radial return plasticitymodel of [33]
for plastic deformation. A trial deviatoric stress Si jT r is calcu-
lated assuming an initial elastic response giving an increment
of plastic strain:

�ε p = σvm − σy

3G + H
, (13)

where σvm is the von Mises stress and σy is the current yield
stress. The plastic strain at the i th time step is then given by:

ε
p
i = ε

p
i−1 +� εp . (14)

At each time step the yield stress incrementΔσy is calculated:

Δσy = HΔε p, (15)

where H is a hardening modulus. The deviatoric stress Si j

at the end of a step is:

Si j = rs S
i j
T r , (16)

where rs is the radial scale factor given by:

rs = σy

σvm
. (17)

2.5 Boundary conditions

An important consideration is the boundary condition betw-
een the deforming solid and the rigid walls used for mod-
elling the die. The boundary particles are included in both
the SPH continuity and momentum equations summations
(Eqs 1 and 7). This means that there is a shear force applied
to the deforming solid at the rigid diewall and this is provided
by the term Πab which is viscous in nature. This interaction
is simpler than the real boundary behaviour in that there is
no frictional limit applied here. For many frictional mate-
rials there is a maximum shear force above which sliding
occurs locally. Whilst simplified this is significantly better
than assuming perfect slipping (which is not physical for
such problems).

2.6 Tensile instability correction

The SPH method when used for quasi-compressible fluid
flow [10,28] exhibits noise in the form of fluctuations on the
scale of the particles. This typically leads to particles jig-
gling and to large fluctuations in the pressure field which can
lead to unphysical behaviour and numerical diffusion. This
behaviour is usually attributed to the tensile instability that
is inherent in classical (non-renormalised) formulations of
SPH. For elastic or elastoplastic solids, there is a stronger
requirement for stability under tension so a tensile stability
correction is used. We use the approach proposed by [29]
for fluid problems and then extended to elastic solid prob-
lems by [17]. This method involves explicitly removing a
fraction of the tensile force in the principle frame of each
particle to control the instability. It has been shown to be
robust [9,18,24] and it does not affect computational effi-
ciency, unlike some of the alternative methods. The impact
of this correction on the accuracy and stability of the clas-
sical SPH method for elastic deformation has recently been
evaluated by [15]. The artificial viscosityΠab in Eq. 7 is also
chosen to damp unphysical fluctuations. The consequence of
both these stabilisation measures is that particles should not
exhibit unphysical fluctuations when solving solid deforma-
tion problems with SPH.
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2.7 History dependent properties of the metal

Each SPH particle represents a specific volume of material
and carries information about that specific material with it.
This is an important attribute of Lagrangian methods such as
SPH. Thismeans that information on the precise state of each
elemental volume of metal can be known at all times and the
history of each such volume is easily built into the particle
data. This provides significant capability to track properties
such as:

• Cumulative plastic strain
• Damage (which is a volume averaged local measure of
cracking) leading to fracture prediction as shown in [14];

• Metal composition (including tracking multiple metals
or metal composites) and trapped gas;

• Metallic phase and microstructure; and
• Surface oxide as demonstrated in [30] for aluminium
ingot casting.

Some or all of these properties can then be used to feed back
into the flow dynamics using suitable rheology models

3 Parametric analysis for cold extrusion

3.1 Geometry and model setup

Figure 1 shows a front view of the geometry used for the
parametric study. It consists of a cylindrical billet of diame-
ter D = 40 mm which is cold extruded by a punch moving
at a constant speed of 25 m/min through a die with exit diam-
eter d. We consider three diameters of 20, 15 or 10 mm with
extrusion ratios, defined as

( D
d

)2
, of 4.0, 7.1 and 16.0. Die

angles of θ = 120, 140 or 160 degrees were also considered.
The material used is a generic aluminium alloy with proper-
ties given in Table 1. Although strain hardening is included in
the plasticity model we do not use any here in order to sim-
plify the subsequent analysis. The effect of hardening will
be examined in future work. The modelling is performed in
three dimensions so as not to artificially enforce any sym-
metry on the material flow. An SPH particle resolution of
1.6 mm was used giving a total of 7,760 particles for these
simulations.

3.2 Basic extrusion flow pattern

Figure 2 shows the metal flow pattern as the billet is extruded
through the circular die with a diameter of 20 mm and angle
of 120◦. Themetal is shaded by its flow velocity with a maxi-
mum value of 2.0 m/s (shown as red) and zero velocity being
blue. Such extrusion processes have three phases:

 

d 

D 
θ 

punch 

billet 

Fig. 1 Schematic diagram of the simple cylindrical extrusion config-
uration

Table 1 Properties of Al alloy used for cold extrusion

Bulk modulus (GPa) 7.0

Shear modulus (GPa) 2.70

Initial yield stress (MPa) 5.52

Hardening modulus (MPa) 0.0

Density (kg/m3) 2700.0

1. Phase 1where the punch pushes the billet into the tapered
section of the die when the extrusion force ramps up
steeply.

2. Phase 2where themetal is pushed through the die exit and
is extruded as the product. This phase requires a constant
extrusion force.

3. Phase 3where the rear of the billet approaches the conver-
gent die section. In this phase the extrusion force drops
off.

At 10ms, the punch (not shown in the figure) has begun push-
ing the billet into the tapered section of the die. At 20 ms, the
metal has almost completely filled the tapered section. This
concludes phase 1 of the extrusion process. The leading edge
of the metal has accelerated to around 0.5 m/s, which is close
to the pushing speed of the punch. At 30 ms, approximately
a quarter of the metal has been extruded through the die. As
the metal is forced through the die exit its velocity acceler-
ates to around 1.5 m/s. Distinct high velocity extruded and
low velocity non-extruded regions in the billet can be seen.
At 40 ms, around half the metal has been extruded through
the die with a uniform high velocity of around 1.8 m/s. This
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Fig. 2 Metal flow pattern as it
is extruded through die with
circular cross-section. The metal
is shaded by velocity with blue
being zero and red a maximum
of 2.0 m/s. (Colour figure
online)
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Fig. 3 Change in metal
deformation with die diameter;
(a) 20 mm, (b) 15 mm, and (c)
10 mm. The metal is initially
coloured by four equal volume
horizontal strata. The die is
sectioned at its mid-plane so that
the internal structure of the
extrusion is visible

is phase 2 of the extrusion process. By 70 ms, almost the
entire billet has been extruded with only a small portion fill-
ing the tapered section of the die. The rear of the billet starts
approaching the convergent section of the die which is the
start of Phase 3.

The metal flow and deformation through the tapered sec-
tion of the die into its exit as the extruded product was easily
modelled by the SPH method. The solution process was sta-
ble for all extrusion ratios and die angles. The variation in
metal velocity from 2.0 to 7.5 m/s and the high levels of
plastic strain also did not affect the stability of the numerical
solution.

3.3 Effect of die diameter on deformation, plastic strain and
extrusion force

The effect of die orifice diameter on internal billet deforma-
tion and plastic strain is evaluated using three cases with die
exit diameters of 20, 15 and 10 mm, which correspond to

extrusion ratios of 4.0, 7.1 and 16.0. The die angle for these
three cases is fixed at 120◦. Figure 3 shows metal deforma-
tion profiles on cross-sections through the mid-plane of the
billet for the three exit diameters. The billet is coloured in
four horizontal strata based on initial material position so we
can track the internal metal deformation profile.

At 20ms, themetal has just startedmoving into the tapered
section of the die for the d = 20 mm case, has just filled the
tapered section for d = 15 mm and is already being extruded
for d = 10 mm. At 30 ms, the first layer of metal has begun
pushing through the die for d = 20 mm. For the two smaller
diameters this layer has already been substantially extruded.
Metal in the central part of the converging region moves
faster than metal near the angled sides of the die. This is
a boundary layer type of effect which means that material
towards the side of the billet is extrudedmuchmore gradually
than material closer to the centre of the billet. This effect is
more pronounced for the smaller diameters due to the large
extrude ratio. Subsequent layers are extruded in a similar

123



Comp. Part. Mech. (2015) 2:19–38 25

manner. The slow moving material near the sides of the die
results in a stagnation zone at the circumference of the die
exit.

At 40 ms, metal from the first layer has almost completely
extruded through the die ford = 20mmwith the second layer
starting to push through the die entrance. For d = 15 mm,
a majority of the first layer has moved well past the die exit
with a thin section left behind close to the side walls. For
d = 10 mm, mixing between the green and blue colours
is seen closer to the leading edge of the extruded product.
For the smaller diameters there is also an increase in the
elongation of the layers as they pass through the die. For
the smallest die, the centre of the third (yellow) band is just
starting to move ahead of the rest of the bands indicating
that this band has just reached the converging region of the
flow. The interface of the second to third colour band remains
close planar for the two larger dies indicating that the billet
is moving almost as a rigid body at this point without much
internal flow and deformation. The interface between the last
two colour bands is completely planar for all three cases
indicating that there is no flow or deformation at this distance
from the orifice.

At 70 ms, the metal has almost completely extruded
through the die for all three cases. For d = 20 mm, the
strata interfaces have significantly deformed with essentially
parabolic shapes as the metal is extruded through the die.
The interface between the colour bands is sharp but uneven
due to mixing between the layers. At 70 ms the maximum
elongation of the coloured strata is twice the diameter for
d = 20 mm, 4 times for d = 15 mm and as much as
10 times the diameter for d = 10 mm. The advection of
the material colours shown here is a simple example of the
history tracking ability of the SPH method. This is relevant
especially in instances where multiple materials are extruded
and their relative positions in the extruded product are criti-
cal for product quality and material strength. Achieving this
with the same level of stability and accuracy as SPH with a
mesh based method would require the solution of an advec-
tion equation with a higher order scheme combined with
explicit interface tracking techniques to prevent numerical
diffusion.

The degree of metal deformation increases significantly
with an increase in the extrusion ratio. The elongation of the
layers as the metal is deformed can have important implica-
tions for the final product microstructure. For example it has
been shown experimentally by [5] that for large extrusion
ratios (>7) there is a significant increase in grain refinement
and elongation for Mg alloy. The SPH method allows the
simulation of such large extrude ratios without the need for
frequent complex re-meshing.

Figure 4 shows the same cases but now coloured by corre-
sponding percentage plastic strain with blue being zero and
red showing amaximum strain level fixed at 400%.At 20ms,

for d = 20 mm the plastic strain levels are still very low. For
d = 15mm, themetal hasmoved into the die exitwith about a
quarter of the billet experiencingmoderate amounts of strains
of around 150%. Once the corners of the billet contact the
converging walls of the die, the metal is quickly loaded elas-
tically and then begins undergoing plastic deformation. For
d = 10 mm, a reasonable amount of metal has already been
extruded through the die with the metal experiencing high
strain levels in excess of 300% as it passes through the rela-
tively small die orifice. At 30 ms, for the d = 20 mm case the
extruded section has moderate strain levels of up to 150%
symmetrically distributed about the centre of the die. A low
strain region exists at the leading edge of the metal. Since the
extrusion ratio for d = 15 mm is larger the plastic strain is
correspondingly larger and around 250% close to the die ori-
fice. The material at the leading edge has lower strain levels
of around 150% compared to the bulk of the extruded prod-
uct. For d = 10 mm, very large strain levels of between 350
and 400% are experienced by all the extruded metal except
in a region close to the leading edge which has a lower strain
of around 200% (green to blue coloured metal). The high
strain levels observed for the larger extrude ratios can lead to
grain refinement which in turn would increase the material
strength.

By 40 ms, for d = 20 mm, the central region except at the
leading edge has strains of around 160%with peak strains at
the outer surface reaching 200%. For d = 15 mm, medium
strain levels of 200% are now seen even in the central region
of the extruded product. These medium strains are developed
since the two high plastic strain regions from the sides of
the cylindrical die do not meet and could lead to a defect
referred to as chevron crack (see descriptions in [21] and
[31]). The occurrence of this central medium strain zone can
be reduced by increasing the extrusion ratio as seen from
the d = 10 mm case. By 70 ms, the central medium strain
zone is clearly seen for the d = 20 mm case as the billet
is almost fully extruded through the die. The central section
coloured light blue has strain levels of around 160%whereas
the outer region has higher strain levels of 200%. As the end
of the billet approaches the convergent section a clear strain
concentration occurs in the central core. For d = 15 mm,
the central medium strain regions are more stretched and
less pronounced. High strain level of 400% can be seen in
the convergent section at the central core at the end of the
billet. This localised strain can lead to the extruded product
cracking at this point resulting in reduced product length. For
d = 10mm, the metal passes through the die with high strain
levels of between 350 to 400% throughout the metal mass.
A uniformly high level of strain is good for the product since
it can lead to improved grain refinement. For large extrude
ratios, high levels of plastic strain in the extruded product is
an indication of high levels of metal elongation as seen in
the previous section. The simulations show that even at very
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Fig. 4 Change in plastic strain
with die diameter (a) 20 mm, (b)
15 mm, and (c) 10 mm. The
metal is coloured by plastic
strain with blue being zero and
red indicating a strain of 400%.
The die is sectioned at its
mid-plane so that the internal
structure of the extrusion is
visible. (Colour figure online)

high extrusion ratios leading to large deformations no special
treatment is required with the SPH methodology.

Figure 5 compares the radial distribution of plastic strain
at 70 ms in the extruded product for the three die orifices.
For d = 20 mm, there is a wide distribution in the strain
level experienced by the extruded metal ranging from 40 to
230%. The strain distribution is broader closer to the centre
than the surface of the extruded product. For regions close
to the surface the strain distribution lies in a tighter band
between 80 and 200%with only a few particles experiencing
strain levels outside this range. The lower level of strain in
the centre of the extruded product compared to the surface
could lead to chevron crack defects due to the presence of
two independent plastic strain zones. For d = 15 mm, there
is a moderate increase in the overall level of plastic strain
experienced by the extruded metal. For approximately 90%
of themetal, the strain lies in a range between 120 and 300%.
Near the surface, the strain lies in a narrower high range of
170–300%. The difference in the strain distribution between

the centre and the surface is approximately 14% less than
for d = 20 mm. For d = 10 mm, around 90% of the metal
experiences strain in the region of 250 to 400%. The radial
strain distribution is the same in the centre and the surface
of the extruded metal. This demonstrates that at high extrude
ratios the central low strain zone leading to chevron cracks
is absent.

Extrusion force is the force with which the punch needs to
be pushed to extrude the metal through the die orifice. Fig-
ure 6 shows the effect of die diameter on the extrusion force.
Here it can be seen that in phase 1 of the extrusion process,
the force ramps up over the first 15–20 ms to a maximum
value as the billet fills the converging region around the die
inlet. This is fastest and leads to the highest force for the
smallest d = 10 mm orifice and slowest and lowest force
for the largest orifice. Between 20 and 60 ms, in phase 2, the
metal is extruded at a nearly constant rate through the die
with the force being consistently around its maximum level
but with small fluctuations around these levels. The aver-
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Fig. 5 Radial variation in plastic strain for die orifice diameters of a
20 mm b 15 mm, and c 10 mm at 70 ms

age extrusion force experienced during this steady middle
phase is 12 kN for d = 20 mm, 17 kN for d = 15 mm and
30 kN for d = 10 mm. So there is a clear increase in the
average extrusion force with the decreasing die orifice diam-
eter. The amplitude and irregularity of the fluctuations also
increase with decreasing orifice diameter. These oscillations
could lead to chatter cracks as defined in [20], which are
surface defects at right angles to the direction of extrusion,
in the extruded metal. One means of reducing these cracks
is by reducing the extrusion speed but this leads to reduced
productivity.

During phase 3, as the rear of the billet approaches the con-
verging region of the die, the extrusion force declines rapidly.
This decline is almost linear for the largest die diameter. For

Fig. 6 Force on piston during extrusion as a function of time for three
die orifice diameters

Table 2 Variation of average extrusion force with die diameter and
angle, during steady operation

Case Die exit
diameter
(mm)

Die angle
(degrees)

Extrusion
ratio

Maximum
force (kN)

1 20 120 4.0 12

2 15 120 7.1 17

3 10 120 16.0 30

4 20 140 4.0 13

5 20 160 4.0 14

the smaller diameters, there is a large single oscillation fol-
lowed by a sharp drop in force followed by a linear decline.
As shown in Table 2, the maximum extrusion force for the
main second phase increases with increasing extrusion ratio.
The d = 10 mm case experiences the largest phase 2 force of
30 kNwhich is around 1.7 times greater than the d = 15 mm
case and 2.5 times greater than d = 20 mm.

A reduction in the die exit diameter therefore has the
effect of increasing elongation of the metal layers leading
to grain refinement, as reported in [6]. If the billet is made of
recycled material containing oxide, then the deformation can
lead to more uniform contaminant dispersion throughout the
extruded part resulting in highermaterial strength and fatigue
resistance due to higher tensile strength and yield stress. Such
increased material strength is, however, achieved at the cost
of an increase in the extrusion force as seen fromTable 2. The
higher extrusion force results in an increased power require-
ment to push the punch.

3.4 Effect of die angle on deformation, plastic strain and
extrusion force

The effect of die angle on internal billet deformation and
plastic strain is evaluated using three die angles of 120, 140
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Fig. 7 Variation in metal
deformation with die angle; (a)
120◦, (b) 140◦, and (c) 160◦.
The metal is coloured as four
initially equal volume horizontal
strata. The die is sectioned at its
mid-plane so that the internal
structure of the extrusion is
visible

and 160◦ for the die geometry shown in Fig. 1. Figure 7
shows metal deformation profiles on a cross-section through
the mid-plane of the billet for the three die angles. The bil-
let here is coloured in four horizontal strata based on initial
material position in order to track the deformation. Overall
the metal deformation profile is similar for all three cases.
The interface between the colours is initially horizontal but
becomes broadly parabolic as the metal is extruded through
the die. There is very little change in the shape of the interface
profiles with die angle.

The metal starts flowing through the die exit first for a
die angle of 120◦ at 30 ms since the convergent section in
phase 1 extrusion is least for the smallest die angle. With an
increase in die angle from 120 to 160◦ the size of the region
to be filled in phase 1 increases by approximately 10%. At
40 ms, for higher die angles the sides of the stratum coloured
blue is retarded and is extruded with the stratum coloured
green behind it. This retardation of the metal flow is further
seen at 70 ms where the edge of the stratum coloured yellow
is extruded with the last stratum coloured red. This lag in
the extrusion of metal from the edge can distort the material

leading to product warpage, a defect commonly seen due to
the use of large die angles as illustrated experimentally in
[23].

The elongation of each stratum for the final extruded prod-
uct shows that the first blue layer has the smallest elongation.
There is little variation in the elongation for this layer for
die angles of 120 and 140◦ and is around twice the product
diameter. The elongation increases marginally to about 2.2
times the product diameter for the 160◦ die angle. For the
second green stratum, which is the only other layer com-
pletely extruded, there is a significant increase in the elonga-
tion especially for the larger die angles. For 120◦ angle the
elongation is 2.2 times the product diameter. This increases
to almost 3.0 times the product diameter for 140◦ and fur-
ther to around 3.8 times the product diameter for 160◦. The
increase in the elongation suggests greater levels of plastic
strain for the larger die angle. Lower elongation for the first
stratum suggests that the plastic strain will be lower at the
leading edge of the product.

Figure 8 shows the billet coloured by the magnitude of
the plastic strain, with blue being zero and red showing the
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Fig. 8 Variation in plastic
strain with die angle; (a) 120◦,
(b) 140◦, and (c) 160◦. The
metal is coloured by plastic
strain with blue being zero and
red indicating a strain of 210%.
The die is sectioned at its
mid-plane so that the internal
structure of the extrusion is
visible. (Colour figure online)

maximum strain of 210%. At 20 ms, the metal at the leading
edge has begun plastically deforming to match the shape of
the die entrance. Modest plastic strains of 80% (light blue)
are observed. For the larger die angles the metal front is
still flat and the billet has not yet loaded sufficiently to start
deforming plastically. At 30 ms, for 120◦ the metal close
to the die orifice has strain levels close to 210% whereas
the leading edge has a low strain level of less than 60%. At
40 ms, first phase of the extrusion process has ended for all
three die angles. The metal flow is now fully developed and
end effects are no longer influencing the strain distribution
of the extruded metal. Higher strain levels are seen at the
circumference of the extruded metal as it flows through the
convergent conical region of the die. This strain concentra-
tion increases with die angle. The increased strain results in
increased metal elongation with die angle. The distribution
of strain in the core is similar for all three die angles. At the
leading edge of the extruded product a V-shaped low plastic
strain region is formed for all three cases. For all three die
angles there is a central low to medium plastic strain zone in

the extruded product which could lead to the development of
chevron cracks.

Figure 9 compares the radial variation in plastic strain for
the three different die angles. With increasing die angle the
spread of plastic strain experienced becomes wider. For 120◦
the range is from 50 to 220% whereas for 160◦ the range
is 30–260%. The inhomogeneity in plastic strain increases
with increasing die angle which could lead to higher anneal-
ing times post extrusion. The use of lower die angles for
the same extrusion ratio would seem to be advantageous for
product quality. The central low strain zone exists for all three
die angles demonstrating that the chevron crack defect could
occur for all three cases and is predominantly a function of
the extrusion ratio.

Figure 10 shows the effect of die angle on the extrusion
force. There is an increasing delay in the commencement of
extrusionwith die angle because themetal is filling the region
around the die exit during phase 1. This region has a higher
volume for larger die angles. Phase 2 occurs between 20 and
60 ms. During this period of steady operation the extrusion
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Fig. 9 Radial variation in plastic strain for die angles of a 120◦ b 140◦
and c160◦ at 70 ms

Fig. 10 Extrusion force as a function of time for three die angles

force is relatively constant with moderate oscillations. The
average extrusion force (summarised in Table 2) is 12 kN
for 120◦, 13 kN for 140◦ and 14 kN for 160◦ which repre-
sents a weak linear increase with increasing die angle. The
force oscillations arise from stick-slip like behaviour where
the billet shows intermittent motion due to high extrusion
speed and lack of lubrication. This behaviour is likely to also
be dependent on the form of the metal-die shear boundary
condition. In this case, a simple viscous interaction is used
without a sliding frictional limit. It is interesting that even
such a simple boundary condition enables development of
this for of behaviour. The oscillation amplitude in the force
increases almost linearly with die angle and are 1.2, 1.8 and
2.4 kN respectively. The frequency of this oscillation remains
almost the same for all three die angles and lies in the range
of 115–130 Hz.

4 Extrusion modelling of complex cross-section

4.1 Geometry and model setup

A metallic component used in the building industry is simu-
lated to demonstrate the ability of SPH to handle extrusion of
complex shaped parts in three dimensions. Figure 11 shows
the cross-section and setup used for simulating the extru-
sion of this component. The central part of the die is disc
shaped with four symmetrically placed rectangular ribs. The
external cross-section is square with chamfered corners and
a side length of 100 mm. Four symmetrically placed flanges
attached to the square cross-section protrude into the cen-
tral part of the die. The large gap between the central and
external part contains four symmetric eye-shaped features.
The width of the thinnest section of the component is 5 mm.
The length of the metal billet is 150 mm. A square piston is
used to push the rectangular billet through the die at a speed
of 25 m/min. Metal flows into the gap between the external
and central section of the die creating a complex structure.
The SPH particle size used in this case was 2 mm leading to
approximately 190,000 metal SPH particles for this 3D sim-
ulation. The alloy properties are the same as for the previous
cases and are given in Table 1.

4.2 Metal flow pattern

Figure 12 shows themetal flowpattern as the billet is extruded
through this complex die. Frames on the left show the metal
surface and frames on the right show a longitudinal cross-
section of the metal so that the internal structure of the extru-
sion can be examined. The metal is shaded by velocity with
blue indicating zero and red indicating a maximum veloc-
ity fixed at 2.0 m/s. Initially, the metal billet is stationary
and so all the metal particles are shaded blue. At 20 ms,
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Fig. 11 Cold extrusion of complex building component, a die cross-section, and b simulation configuration

metal contacts the front walls of the die as it is pushed by
the punch into the complex die cross-section. This results in
localized high velocity regions on the surface of the billet.
These can be attributed to stick-slip motion where the bil-
let moves intermittently rather than continuously. According
to [22] stick-slip occurs if there is lack of lubrication and if
the punch speed is high resulting in oscillations in various
quantities including local velocity and extrusion force. The
stick-slip motion can result in undesirable surface markings
on the extruded product.

At 50 ms, approximately 10% of the metal has extruded
through the die. The extruded section has a uniform high
velocity of 1.5 m/s. By 120 ms, approximately 40% of the
metal has extruded through the die. The metal flow pattern
remains fairly steady with distinct and uniform high velocity
extruded and low velocity non-extruded regions. This results
in a high velocity gradient in the metal in the transition zone
just before the orifice that could cause high strain levels.
By 269 ms, around 90% of the metal has extruded through
the die. The length of the extruded metal is approximately
250mmcompared to an initial billet length of 150mm. Three
distinct flow phases can be seen in the extrusion of the billet
here:

• In phase 1, the material between the punch and die
behaves as a uniformly moving rigid body.

• In phase 2, the region around the die exit has the metal
experiencing high levels of plastic strain. The metal
accelerates significantly as it converges towards the die
orifice resulting in high velocity. The area ratio between
the billet and the die orifice is 2.3:1. Flow separation
of the metal occurs around the die exit with stagnation
due to the large die angle. The region shows similar flow

behaviour to the large die angle case seen for the simpler
geometry.

• In phase 3, the extruded metal leaving the die moves with
a uniform high velocity.

4.3 Variation in plastic strain

Figure 13 shows the progress of the extrusionwhere themetal
is coloured by plastic strain. The metal with zero strain is
coloured blue and red shows strain levels of 300%. Frames
on the left show the surface of the billet and frames on the
right show a cross-section at the centre. The punch pushes
the metal towards the die exit and at 20 ms the leading edge
of the billet contacts the walls of the die cross-section. Metal
close to the die exit is elastically loaded and begins to deform
plastically.

At 50 ms, convergence of the metal on approach to the
orifice into the die leads to pressure build up resulting in
strong plastic strain due to the 180◦ die angle. Metal around
the die exit experiences increasing amounts of plastic strain
reaching values of around 160%. The cut section shows that
strain levels of more than 160% are also experienced by the
metal where it is in contact with the internal die structure.

At 120 ms, plastic strain close to the die exit has increased
significantly with maximum values reaching around 300%.
Regions of high plastic strain are now seen in the extruded
product surface except at the leading edge. High strain
regions are also seen in the internal cut-section of the metal
in the extruded product. The strain inside the billet remains
low on approach to the die opening until extremely close to
the orifice. At 120 ms, 80 mm of metal has been extruded
through the die. This indicates that the deformation of the
metal at the opening is confined to a very thin region just
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Fig. 12 Metal flow pattern for
cold extrusion through a
complex die. The metal is
shaded by velocity with blue
being zero and red a maximum
of 2.0 m/s. (Colour figure
online)

before the orifice and to the surface of the die closer to the
punch.

At 269 ms, the plastic strain of the material varies sig-
nificantly across the length of the extruded product on two
scales. The first is a variation along the length of the billet
and related to the material moving as a uniform rigid body
in phase 1 of the extrusion process. This causes high strain
levels of around 300% for the first 60% of the metal closer
to the die orifice on the surface. The strain levels then drop
off abruptly closer to the leading edge of the extruded prod-
uct. There is also a mottled fine scale variation of the strain
mainly visible in the internal cut-section of the metal but also

on the surface that has a more uniform distribution. This sec-
ond level strain variation is only seen in the extruded product
and is caused by the interaction of the metal with the die exit
with a large die angle of 180◦ during phase 2 extrusion.

In order to explore the nature of the spatial variation of
the plastic strain, we plot the strain distribution across the
length of the extruded product for different times in Fig. 14.
The origin of the extrusion distance is at the die exit with
positive being outside the die. At 50 ms when 25 mm of the
extruded product is formed, the maximum strain level along
the product length is uniform for the first 15 mm. The maxi-
mum strain level at this time is 40%. The maximum plastic
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Fig. 13 Extrusion through a
complex die with metal shaded
by plastic strain. Blue is zero
and red indicates strain level of
300%. Frames on the right are a
section cut across the mid-plane
of the extruded metal. (Colour
figure online)

strain then drops off gradually with a 30% angled decline
between 15 and 25 mm of the product length. The leading
edge of the metal experiences the lowest plastic strain. The
non-extruded part of the billet is also plastically loaded with
peak strain levels of around 30% on the surface and close to
the die exit.

At 120 ms, phase 2 of extrusion has started and the metal
close to the die exit begins experiencing higher strain lev-
els of around 300%. There is a larger distribution of plastic

strain level in the first 50% of the extruded metal close to the
die orifice. In this first half of the product, strain variations
occur over two ranges. Around 90% of the metal experi-
ences strain between 0 and 80%. This is related to phase 1
where the metal moves as a uniform rigid body. The lower
strain levels are within the extruded product. The remaining
10% of the metal experiences significantly higher strain lev-
els of between 80 and 120%. These higher strain levels are
related to phase 2 of extrusion where the metal close to the
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Fig. 14 Variation in plastic strain along the length of the extruded
product with time. In the figure the die exit is located at the origin

die exit has experienced high plastic strain and is nowflowing
through as the extruded product. These occur predominantly
on the surface of the extruded billet. Overall the extruded
product has strain levels within an envelope of 120%. There
is an approximately 30% angled decline of this plastic strain
envelope 40 mm past the orifice close to the leading edge of
the extruded product.

At 180 ms, as the metal gets pushed further through the
large die angle exit, very high maximum strain levels of
greater than 600% are experienced by the metal on the sur-
face in the yet to be extruded part. The strain level envelope
has increased from 120% at 120 ms to almost 250 for 95%
of the extruded product. At the die exit strain levels have
reached in excess of 600%. High strain of around 480%
is also experienced on the extruded surface just before the
strain level envelope begins its angled decline to the leading

edge. This region marks the location at the end of phase 1
extrusion when the free surface influences the internal metal
deformation.

At 269 ms when around 210 mm of the metal is extruded,
the plastic strain profile is similar to the 180 ms level,
albeit with a wider distribution of plastic strain levels in the
extruded metal. Progressive extrusion of metal through the
die orifice creates additional back pressure in the region close
to the orifice resulting in higher strain levels especially on
the surface. The point where the high and low surface strain
zones meet in the product is a possible location for product
failure and would need appropriate annealing treatment.

4.4 Metal deformation pattern

In Fig. 15 the billet is shaded in four equal volume horizon-
tal strata. The nature and extent of metal deformation can
be determined by analysing the distribution of these colours
after extrusion. It also allows themixing and intermingling of
the metal from different initial billet locations to be explored,
particularly if there are any compositional variations in the
billet. Frames on the left show the surface of the billet and
frames on the right show a cross-section through the centre
of the metal. At 50 ms, half of the first strata of the bil-
let has passed through the die. The undeformed part of the
billet behaves as a single uniformly moving rigid body. At
80 ms there is visible evidence of distortion of the layers at
the edges where the metal is touching the die surface. This
region moves more slowly than the remaining billet resulting
in a very steep metal deformation profile.

At 150 ms, the entire first strata and about half the sec-
ond strata have extruded through the die. There is significant
stretching and reasonable mixing of the metal layers close to
the die orifice on the surface as it is extruded through the com-
plex die shape. This is seen from the mottled colour pattern
close to the die orifice. This is consistent with the high levels
of plastic strain observed in this region. Internally however,
there is limited visible mixing as the interface between the
two colours is well defined in the cut section. This suggests
that the mixing is restricted to a thin surface region. The bulk
of the first stratum has already been completely extruded by
this stage. Approximately 10% of material from this stratum
is still left at the back of the die close to the billet surface.
At 180 ms the second stratum of metal has almost extruded
through the orifice but one can still clearly see around 10%
of the first stratum trapped at the back close to the die orifice.
This indicates a stagnation zone in the convergent section of
the flow before the step in the die profile in the flow direction
and as predicted by the high plastic strain levels at the back
of the die in the previous section.

At 269 ms, three quarters of the metal billet has extruded
through the die. There is nowmaterial from the first two strata
left behind at the back of the die close to the die exit where
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Fig. 15 Deformation profile for
extrusion through a complex
die. The billet is shaded by four
equal volume initial strata.
Frames on the right are a section
cut across the mid-place of the
extruded metal

the billet is touching the die surface. This is a result of the
large 180◦ die angle which leads to a stagnation region at
the corners of the die exit. This leads to a defect known as
the “funnel” or “pipe” resulting from the non-uniform metal
flow. This involves thin layers ofmetal from early in the billet
being deposited in the surface of the extrudate at distances
well beyond where the bulk of that material was located. It
also creates very high and irregular plastic strains along the
surface.

4.5 Variation in extrusion force

Figure 16 shows the variation in extrusion force with time
for this building product. As the billet pushes forward and
starts flowing through the die the extrusion force ramps up
rapidly to around 6.8 kN. This is when the billet fills the die
exit region and becomes fully elastically loaded. The steep
increase in the extrusion force is determined by the die ori-
fice configuration. There are very strong oscillations in the
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Fig. 16 Variation in punch force (in kN) with time during extrusion
for a component with a complex cross-section

force with a constant frequency of 150 Hz. The amplitude
of these oscillations starts at around 2.5 kN but this later
declines to around 1.5 kN after 20 ms. The amplitude then
remains almost constant from 20 to 200 ms before dropping
down further to around 1 kN during the final stages of extru-
sion (phase 3) as the end of the billet approaches the die
orifice. As explained earlier for the simpler extrusion case,
the oscillations in the force are attributed to stick-slip effects
at the die-metal surface resulting from the large extrusion
speed and lack of lubrication (or sliding capacity in the SPH
boundary condition used). The stick-slip nature of the billet
motion was also evident from the large sectional variation in
the plastic strain seen in the earlier section.

5 Conclusion

The use of the mesh-free elastoplastic SPH method has been
explored for modelling metal extrusion. We have shown that
the method can simulate deformations for a range of die
cross-sections ranging from a simple circular section to a sig-
nificantly complicated industrial component with a die angle
of 180◦ which results in significant metal deformation. The
metal flow through a tapered die section is easily modelled
by SPH and is stable for all extrusion ratios and die angles.
The simulation of the complex cross-section demonstrates
that SPH has the advantages of being able to follow very
high deformations (beyond what is typically possible with
FEM and FV methods) especially in geometries where there
is large profile and angular variation. Due to its Lagrangian
nature it is also able to predict the mixing, stretching and
distribution of metal as it is extruded through the die ori-
fice. This provides the ability to keep track of the specific
history of each part of the metal allowing fine scale control

over the material model and potentially direct prediction of
many types of flow and microstructure related defects. The
prediction of material distribution in the extruded product is
also important in cases where multiple materials are used.

The extrusion process consists of three phases for all
cases investigated. This begins with phase 1 where the punch
pushes the billet into the tapered die section resulting in a
sharp increase in the extrusion force. This is followed by
phase 2 where the metal is pushed through the die exit at a
uniform rate requiring a constant extrusion force. The process
culminates in phase 3 where the rear of the billet approaches
the convergent die section with a sharp drop off in the extru-
sion force.

The effect of changes in die geometry such as the extru-
sion ratio and die angle on plastic strain, metal deformation
profile and maximum extrusion force required has also been
explored. Specifically the effects on increased extrusion ratio
were found to be:

• There is a strong increase in metal deformation as the
extrusion ratio increases from 4 to 16. The interfaces
between deformed metal layers were generally sharp
but somewhat uneven due to mixing between the lay-
ers. The large deformations at high extrude ratios can
lead to increased grain refinement and thereby increased
material strength.

• The maximum plastic strain experienced by the extruded
metal increases from 220 to over 400% as the extrusion
ratio changes from 4 to 16.

• A low strain zone exists in the centre of the extruded
product only for lower extrude ratios and disappears with
an increase in the extrusion ratio from 7.1 to 16. Such low
strain zones can potentially cause chevron crack defects.

• The maximum extrusion force increases sharply with an
increase in extrusion ratio, with an increase of around
150% between extrusion ratios of 4 and 16. Thus the
increased material strength is achieved at the cost of
increased power requirements for large extrude ratios.

The effects of increased die angle were found to be:

• There is a reduction in the rate at which the product is
extruded due to a stagnation zone created close to the
die exit. This can distort the material leading to possible
twisting and warping.

• There is only amoderate increase in the plastic strain from
amaximumof 220 to 260%as die angle is increased from
120 to 160◦. This occurs only in regions adjacent to the
walls of the die exit.

• The plastic strain distribution is higher for larger die
angles leading to longer annealing times post extrusion
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suggesting the use of lower die angles for the same extru-
sion ratio.

• The central low strain zone exists for all three die angles
investigated demonstrating that the chevron crack defect
is predominantly a function of the extrusion ratio.

• The maximum extrusion force shows only a small
increase with die angle giving a variation of around 15%
for die angles between 120 and 160◦.

The levels of strain and their distribution can vary signifi-
cantly depending on the die shape. For the diewith a complex
cross-section large variations in plastic strain are seen along
the length of the extruded product at two scales. These are
due to the change in behaviour of the metal as the extrusion
progressed from phase 1 to phase 2. The deformation profile
indicated a clear stagnation zone at the back of the die close
to the edge consistent with observations made for such die
shapes. This stagnation zone leads to a commonly encoun-
tered defect known as “funnel” or “pipe” due to non-uniform
metal flow. The variation in extrusion force with time is also
significantly affected by the shape of the die exit. Large oscil-
lations in the extrusion force are observed and attributed to
stick-slip where the billet moves intermittently rather than
in a continuous motion. For the complex die cross-section
the extrusion force ramps up to its maximum value rapidly
and remains at that level almost throughout the extrusion
process. This is because of the steep change in the shape of
the cross-section for this complex geometry.
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