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Abstract Optimal power flow (OPF) has been used for

energy dispatching in active distribution networks. To

satisfy constraints fully and achieve strict operational

bounds under the uncertainties from loads and sources, this

paper derives an interval optimal power flow (I-OPF)

method employing affine arithmetic and interval Taylor

expansion. An enhanced I-OPF method based on succes-

sive linear approximation and second-order cone pro-

gramming is developed to improve solution accuracy. The

proposed methods are benchmarked against Monte Carlo

simulation (MCS) and stochastic OPF. Tests on a modified

IEEE 33-bus system and a real 113-bus distribution net-

work validate the effectiveness and applicability of the

proposed methods.

Keywords Active distribution network, Optimal power

flow, Interval uncertainty, Affine arithmetic, Second-order

cone programming

1 Introduction

Optimal power flow (OPF) is one of the fundamental

static power system calculations. It has wide application in

electrical engineering, including scheduling of generators,

loss reduction, congestion management, and expansion

planning. As distributed generation (DG) and controllable

loads (e.g., electric vehicles) proliferate, active network

management has been introduced in distribution systems

[1]. In this context, OPF is no longer limited to the domain

of high voltage transmission networks and has been grad-

ually investigated for application to distribution networks

[2].

In general, all the input data of OPF are deterministic.

Governed by nonlinear Kirchhoff’s laws, such determin-

istic optimization problems can be solved by many meth-

ods, such as successive linear/quadratic programming

[3, 4], trust-region-based methods [5], the Lagrangian

Newton method [6] and the interior-point method [7].

However, with increasing internal and external factors of

uncertainty, such as the power demand affected by daily

economic activities, power generated by renewable energy,

and grid parameters obtained by approximate measure-

ments, the input data have increasing uncertainty, which

challenges conventional deterministic OPF models. The

degree of uncertainty for some factors can be reduced, but

for most uncontrollable factors, it is very difficult to

decrease the impact of their uncertainty. Hence, OPF

should be able to manage uncertainties in power flow

performance.

Most conventional methodologies to address uncertainty

are based on probabilistic methods that account for the

variability and stochastic nature of the input data. Current

OPF research on this topic can be divided into two cate-

gories, probabilistic OPF (P-OPF) and stochastic OPF (S-
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OPF). P-OPF [8] is a well-respected approach for charac-

terizing the output of an implicit function whose inputs are

random variables, where the cumulant method [9] and the

point estimate method [10] are examples of very efficient

P-OPF computation. However, the solution of P-OPF is

influenced indirectly by the randomness of input variables,

and only the probability distributions of control variables

can be determined.

In S-OPF problems, the objective function and con-

straints are usually described by probability equations or

inequalities, which means that the randomness of input

variables can directly impact the solution [11, 12]. Thus,

constraint satisfaction in an uncertain environment can be

achieved. Another competitive choice for modeling S-OPF

problems often considered is chance-constrained pro-

gramming (CCP) [13] in which the constraints (some or

all) can be violated with a pre-assigned level of probability.

These are referred to as ‘‘chance constraints’’. However, it

is generally agreed that closed-form solutions for S-OPF

are rarely available due to the different types of parameter

distributions and the nonlinear nature of OPF, and thus one

has to resort to approximation methods to solve instances

of nontrivial size. Researchers have devised solution

methods that rely mainly on discretization of the uncertain

parameters. Theoretically, these scenario-based approaches

to S-OPF can achieve any desired level of accuracy, but the

required computational resources for scenario generation

and coordinated optimization could be prohibitively

expensive.

Although scenario-free approaches to chance-con-

strained OPF have also been developed, specific uncer-

tainty distributions (e.g., Gaussian distribution) should

usually be assumed for analytical reformulation of the

chance constraints. Furthermore, to deal with the higher

complexity of chance-constrained OPF, the existing

approaches either assume a DC-OPF [14], a linearized OPF

[15], a convex relaxation-based OPF [16], or they solve

iteratively linearized instances of nonlinear OPF [13]. In

addition to these approximation or relaxation approaches,

accurate probability information in the form of scenarios or

pre-defined distributions is always necessary, which is

difficult to obtain in practice.

Robust optimization (RO) is another promising

approach to model OPF involving uncertainties. It should

be noticed that RO is applicable for problems with convex

feasible regions. Thus, it is mainly applied to OPF with DC

power flow constraints [17] or linearized power flow con-

straints [18]. To improve its accuracy, second-order cone

programming (SOCP) is introduced by relaxing the power

flow equality constraints [19] and thus the robust optimal

power flow model is converted into a mixed-integer SOCP

model through the robust counterpart. However, these

approximation-based or relaxation-based methods may still

cause a gap to the original exact power flow equations.

Interval arithmetic (IA) offers another approach to

model and analyze uncertainties. It can be used to give the

variation ranges of output variables and simultaneously

verify the satisfaction of constraints. One of its successful

applications in electrical engineering is to determine the

strict solution bounds of power flow [20]. Ranges of

uncertainty expressed by intervals are easily available in

practice, so programming methods incorporating IA have

received widespread attention. Early attempts in this area

were focused on interval linear programming (ILP),

[21, 22]. Since the ILP model can be transformed into

several deterministic linear programming models accord-

ing to the signs of the interval coefficients and variables, it

can be solved in an efficient way. However, due to the

nonlinear and non-convex characteristics of OPF, the best

and worst optimums are not necessarily on the bounds of

the intervals, resulting in an interval nonlinear program-

ming (INLP) problem that is much more difficult to solve.

To the best of our knowledge, the general idea for solving

INLP problems in existing literature is to use approximate

approaches via order relations of interval numbers or

Taylor expansions [23–25].

To conquer the drawbacks including the ‘‘dependency

problem’’ and the ‘‘wrapping effect’’ in IA, affine arith-

metic (AA) is proposed in [26]. By using AA, two self-

validated computation approaches for the power flow cal-

culation and OPF with uncertainties are proposed in [27]

and [28]. To satisfy constraints fully and to achieve accu-

rate operational bounds of the solution under uncertainties,

the authors in [29] further combined the linear approxi-

mation method and AA-based power flow calculation to

address the uncertain reactive power optimization problem

in transmission grid. It is worth noting that OPF incorpo-

rating intervals is a typical INLP problem. Although the

above solution algorithms have been applied successfully

in some applications, an analytical OPF model incorpo-

rating intervals like the deterministic OPF model is still

unavailable.

Motivated by the requirements of OPF in distribution

networks, namely, full satisfaction of constraints and

determining the strict operational bounds of the solution

under uncertainties, an interval OPF model incorporating

robustness is proposed in this paper; the main accom-

plishments are as follows.

1) An interval OPF (I-OPF) model applied to distribution

networks is derived to deal with uncertainties in power

flow and constraint satisfaction, by employing the

affine arithmetic and interval Taylor expansion.

2) To improve solution accuracy, combining second-

order cone relaxation and successive linear
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approximation, an enhanced method accounting for

the equivalent error caused by high-order items is also

derived.

3) The proposed I-OPF model and its enhanced method

are tested on a modified IEEE 33-bus distribution

system and a real 113-bus system, using Monte Carlo

simulation and stochastic OPF as comparative

analyses.

The remainder of this paper is arranged as follows.

Section 2 presents a brief background of the deterministic

OPF model using the branch flows, as well as the formu-

lation of OPF incorporating interval uncertainties. The

I-OPF model is derived in Section 3. Section 4 derives in

detail the enhanced method with improved accuracy. Case

studies based on a modified IEEE 33-bus system and a real

113-bus system are presented in Section 5, followed by the

conclusion in Section 6.

2 Problem formulation

Consider a distribution network with a set of control-

lable devices denoted by G, including DG units, energy

storage units and var compensation devices, and loads

denoted by L. Since the distribution network typically has

a radial structure, we model it as a connected tree graph

ðN ; EÞ, where each node i 2 N represents a bus and each

link (i; j) 2 E represents a branch. The root of the tree is the

feeder with a fixed voltage and flexible power injection.

2.1 Formulation of the deterministic OPF

For the link (i; j) 2 E, let IijðtÞ and Sij,Pij þ iQij be the

complex current and complex power respectively, flowing

from buses i to j, where the corresponding complex

impedance is denoted as zij,rij þ ixij. For the bus i 2 N ,

let Vi be its complex voltage. si,pi þ iqi is the corre-

sponding net load which is the load minus the generation at

bus i, given by:

si ¼ sLi
� sgu;i �

X

gc2Gi

sgc ð1Þ

where sLi
is the load at bus i; sgu;i is the power injection of

the uncontrollable device; Gi is the subset of controllable

devices connected to bus i; sgc corresponds to the

controllable device gc 2 Gi. The power injection sgc is

generally limited to a pre-specified set Sg;i, representing for

example the capacity and power factor constraints. For

brevity, we just denote it as:

sgc 2 Sg;i i 2 N ð2Þ

The steady-state power flows can be described by the

Distflow model for radial networks [30, 31]: 8(i; j) 2 E

sj ¼ Sij � zij‘ij �
X

k:ðj;kÞ2E
Sjk ð3Þ

vi � vj ¼ 2Reð�zijSijÞ � zij
�� ��2‘ij ð4Þ

‘ij ¼
Sij
�� ��2

vi
ð5Þ

where ‘ij, Iij
�� ��2 and vi, Vij j2.

Regulating the voltages and currents to lie within pre-

specified lower and upper bounds is another important goal

of control, specified by:

vi � vi � �vi i 2 N ð6Þ

‘ij � �‘ij 8(i; j) 2 E ð7Þ

Let x and u denote the state variables and control

variables in above equality and inequality constraints,

where u is the vector of power injections of controllable

devices, i.e., u¼ sgc j8gc 2 G
� �

. Considering that there may

be multiple applications of OPF, such as voltage control to

prevent overvoltage, var optimization to minimize loss and

expansion planning, the objective function is denoted as

f ðx; uÞ without loss of generality. Thus, deterministic OPF

subject to above constraints can be formulated as:

min f ðx; uÞ
s.t. hðx; uÞ ¼ s0

gðx; uÞ� 0

8
<

: ð8Þ

where hðx; uÞ and gðx; uÞ represent the equality and

inequality constraints, respectively; s0 is the given constant

vector constructed by loads and uncontrollable power

injections.

2.2 OPF model with interval uncertainty

The most significant uncertainties in active distribution

networks are associatedwith the complex dynamics of active/

reactive power supply and demand. Therefore, we take into

account the uncertainties of intermittent uncontrollable DG

output and load demand in this paper. By IA, sLi
and sgu;i can

be extended to s�Li
¼ ½s�Li

; sþLi
� and s�gu;i¼½s�gu;i; s

þ
gu;i

� respec-
tively, of which ‘‘?’’ represents the upper bound of variable

and ‘‘-’’ represents the lower bound. The net load at each bus

i 2 N can be expressed as an interval:

s�i ¼ s�Li
� s�gu;i �

X

gc2Gi

sgc¼½s�i ; sþi � ¼ ½p�i þ iq�i ; p
þ
i þ iqþi � ð9Þ

After the net loads in interval form are introduced into

the balance equations (3)-(5), the state variables will reflect
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interval uncertainties, thus producing a new form of OPF

model incorporating interval data. It has the form:

min f ðX�; uÞ
s.t. hðX�; uÞ ¼ ½s�0 ; sþ0 �

gðX�; uÞ� 0

8
<

: ð10Þ

where ½s�0 ; sþ0 � is an interval vector of the power injection

for uncontrollable DGs and loads; X� is the state variable

vector in interval form, which is uniquely determined by

the control variable vector u and net load uncertainties.

Due to the wrapping effect of IA, (10) cannot be fully

consistent with the actual physical system described by real

values. The existence of interval data also makes (10) hard

to solve directly with the classical algorithms used in

deterministic OPF problems. For these two problems, we

need to transform (10) using some additional measures to

obtain a more practical and direct description, which are

introduced in the following section.

3 Formulation of I-OPF model

To transform (10) into equivalent deterministic one, we

first replace interval arithmetic with AA and further

introduce an interval Taylor expansion [25] to reconstruct

the nonlinear constraints with intervals.

3.1 Introduction of AA and interval Taylor

expansion

AA provides a good solution to keep track of correla-

tions between the input and computed quantities, which

allows much tighter bounding of solutions than IA in the

computing process. The interval x� ¼ ½x�; xþ� can be

rewritten as an affine number, a linear combination of the

central value and a series of noise terms:

x̂ ¼ x0 þ x1e1 þ x2e2 þ � � � þ xnen ð11Þ

where x0 is the central value; ei represents a noise symbol

whose value is unknown but lies in the range [-1,1]; xi is

the known real coefficient of partial deviation.

The linear operation w ¼ Rðx; yÞ may be transformed to

the affine operation ŵ ¼ Rðx̂; ŷÞ which is a composite

procedure, computing the affine form ŵ for w that is con-

sistent with the affine forms x̂ and ŷ. Specially, the addi-

tion, subtraction, and scalar multiplication operations are

given by:

x̂� ŷ ¼ ðx0 � y0Þ þ ðx1 � y1Þe1 þ � � � ðxn � ynÞen ð12Þ
ax̂ ¼ ðax0Þ þ ðax1Þe1 þ ðax2Þe2 þ � � � þ ðaxnÞen ð13Þ

where a is a constant number.

There are non-affine operations that cannot be expressed

exactly as an affine combination of noise symbols.

Although Chebyshev approximation [26] and other similar

approaches may generate approximate results, the

approximation process using compound non-affine opera-

tions is quite complicated and the result is hard to express

in an intuitive form. For easier engineering practice, we

compromise by introducing the first-order interval Taylor

expansion to construct the affine approximation. For a

function RðX�Þ containing an interval variable vector, its

first-order interval Taylor expansion about the midpoint XC

in X� is given by:

RðX�Þ � RðXCÞ þ
Xn

i¼1

oRðXCÞ
oxi

X�
i � XC

i

� �

¼ RðXCÞ þ
Xn

i¼1

oRðXCÞ
oxi

DX�
i e

ð14Þ

where X� ¼ ½X�
1 ;X

�
2 ; � � � ;X�

n �
T
; XC ¼ ½XC

1 ;X
C
2 ; � � � ;XC

n �
T
;

e ¼ ½�1; 1�; DX�
i ¼ ½XC

i � DXi;X
C
i þ DXi�.

3.2 AA-based I-OPF model

By AA, the net load in interval form can be expressed

as:

ŝi,p̂i þ iq̂i ¼ ðpci þ priep;iÞ þ iðqci þ qrieq;iÞ ð15Þ

where pci,ðp�i þ pþi Þ
�
2 and qci,ðq�i þ qþi Þ

�
2 are the cen-

tral values of active and reactive net load at the ith bus;

pri,ðpþi � p�i Þ
�
2� 0 and qri,ðqþi � q�i Þ

�
2� 0 correspond

to the partial deviations; ep;i and eq;i are noise symbols of

the active and reactive net load at the ith bus.

Because (3) and (4) involve only affine operations,

namely, a linear form that can be expressed exactly as an

affine combination of noise symbols, after uncertainty

modeling for state variables, (3) and (4) can be expressed

exactly in affine form as:

p̂j ¼ P̂ij � rij‘̂ij �
X

k:ðj;kÞ2E
P̂jk ð16Þ

q̂j ¼ Q̂ij � xij‘̂ij �
X

k:ðj;kÞ2E
Q̂jk ð17Þ

v̂j ¼ v̂i � 2ðrijP̂ij þ xijQ̂ijÞ þ ðr2ij þ x2ijÞ‘̂ij ð18Þ

where P̂ij,Pc
ij þ Pr

ijeP;ij, Q̂ij,Qc
ij þ Qr

ijeQ;ij, ‘̂ij,‘cij þ ‘rije‘;ij
and v̂i,vci þ vriev;i correspond to the affine forms of Pij, Qij,

‘ij and vi respectively.

Notice also that there still exist non-affine operations in

(5) and thus it cannot be expressed as affine combinations

of the noise symbols. Using the first-order interval Taylor

expansion, (5) can be approximated as:
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‘̂ij ¼ ‘cij þ ‘rije‘;ij ¼
P̂2
ij þ Q̂2

ij

v̂i
�

ðPc
ijÞ

2 þ ðQc
ijÞ

2

vci

þ
2Pc

ij

vci
Pr
ijeP;ij þ

2Qc
ij

vci
Qr

ijðtÞeQ;ij �
ðPc

ijÞ
2 þ ðQc

ijÞ
2

ðvci Þ
2

vriev;i

ð19Þ

Ignoring the noise symbols, the affine equalities

described in (16)-(19) can be further transformed into

equivalent decoupled equalities as follows:

pcj ¼ Pc
ij � rij‘

c
ij �

X

k:ðj;kÞ2E
Pc
jk ð20Þ

qcj ¼ Qc
ij � xij‘

c
ij �

X

k:ðj;kÞ2E
Qc

jk ð21Þ

vcj ¼ vci � 2ðrijPc
ij þ xijQ

c
ijÞ þ ðr2ij þ x2ijÞ‘cij ð22Þ

‘cij ¼
ðPc

ijÞ
2 þ ðQc

ijÞ
2

vci
ð23Þ

prj ¼ Pr
ij � rij‘

r
ij �

X

k:j!k

Pr
jk ð24Þ

qrj ¼ Qr
ij � xij‘

r
ij �

X

k:j!k

Qr
jk ð25Þ

vrj ¼ vri � 2ðrijPr
ij þ xijQ

r
ijÞ þ ðr2ij þ x2ijÞ‘rij ð26Þ

vci ‘
r
ij ¼ 2Pc

ijP
r
ij þ 2Qc

ijQ
r
ij � ‘cijv

r
i ð27Þ

The inequality constraint sets found in (6) and (7) can be

easily transformed into the following affine forms:

vi � vci � vri � �vi
vi � vci þ vri � �vi

�
ð28Þ

‘cij � ‘rij � �‘ij
‘cij þ ‘rij � �‘ij

(
ð29Þ

The comparison of interval objectives generally uses

their midpoints and radii, where the midpoints of intervals

represent their identified basic locations and their radii

represent their uncertainty. In (10), the uncertainty of the

objective function mainly depends on uncertainties of load

demands and of outputs of uncontrollable devices, and this

information is the input data. Thus, we can use the

midpoint function as an alternative to the interval objective

function. Subject to the above constraints in affine form,

the AA-based I-OPF model can be finally obtained:

min f ðXC; uÞ
s.t. ð2Þ; ð15Þ; ð20Þ � ð29Þ

�
ð30Þ

It should be pointed out that the proposed I-OPF model

in this paper is investigated for a balanced distribution

network, being a single-phase formulation. Load unbalance

is a typical characteristic of distribution networks,

especially in low-voltage distribution networks. When

I-OPF is required for an unbalanced system, a three-phase

I-OPF model is required, which can be obtained by using

the three-phase Distflow model derived in [32] and [33]

and applying the same modeling process as described in

this paper.

I-OPF depends on the special nature of a radial distri-

bution network, namely that its power flows can be spec-

ified by a simple set of linear and quadratic equalities if

voltage angles are eliminated, and constraints constructed

with central values are exact. In addition to satisfying

constraints fully under uncertainty, the interval extensions

of state variables in the model also make the operational

bounds of solution available, which is one of the advan-

tages of I-OPF or interval programming.

4 Enhanced I-OPF model

The I-OPF model in (30) is deterministic so that it can

be solved directly by using conventional nonlinear algo-

rithms, such as the interior-point method. Note that its

accuracy mainly relies on the approximation of the interval

power flow equalities. When the interval uncertainties

increase, the I-OPF model will be less accurate due to

neglecting the higher order terms in (27). To solve this

problem, an enhanced model is developed through modi-

fications discussed in this section.

4.1 Accurate approximation

A more accurate expression equivalent to (19) but

including higher order items is:

‘̂ij ¼ ‘cij þ ‘rije‘;ij ¼
P̂2
ij þ Q̂2

ij

v̂i

¼
ðPc

ijÞ
2 þ ðQc

ijÞ
2

vci
þ
2Pc

ij

vci
Pr
ijeP;ij þ

2Qc
ij

vci
Qr

ijeQ;ij

�
‘cij
vci
vriev;i þ

ðPr
ijÞ

2

vci
rP;ij þ

ðQr
ijÞ

2

vci
rQ;ij þ ‘cij

X1

d¼1

vri
vci

	 
2d

rv;i

� ‘cij
X1

d¼1

vri
vci

	 
2dþ1

ev;i þ oð‘̂ijÞeo þ oð‘̂ijÞro

ð31Þ

where rP;ij; rQ;ij and rv;i represent new noise terms whose

values are unknown but lie in the range [0,1]. Since

ðvriÞ
2
.
ðvci Þ

2
���

���\1, the summation terms in (31) can be

simplified to:
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‘cij
X1

d¼1

vri
vci

	 
2d

rv;i ¼ ‘cij lim
d!1

ðvri
.
vci Þ

2
1� ðvri

�
vci Þ

2d
h i

1� ðvri
.
vci Þ

2
rv;i

¼ ‘cij
ðvriÞ

2

ðvci Þ
2 � ðvriÞ

2
rv;i

ð32Þ

‘cij
X1

d¼1

vri
vci

	 
2dþ1

ev;i ¼ ‘cij lim
d!1

ðvri
.
vci Þ

3
1� ðvri

�
vci Þ

2d
h i

1� ðvri
.
vci Þ

2
ev;i

¼
‘cij
vci

ðvriÞ
3

ðvci Þ
2 � ðvriÞ

2
ev;i

ð33Þ

To eliminate the adverse effect of new noise symbols

that couple some terms in (31), we transform (31) into:

‘̂ij ¼ ‘cij þ ‘rije‘;ij ¼
P̂2
ij þ Q̂2

ij

v̂i

¼
ðPc

ijÞ
2 þ ðQc

ijÞ
2

vci
þ
‘cij
2

ðvriÞ
2

ðvci Þ
2 � ðvriÞ

2
þ
ðPr

ijÞ
2

2vci
þ
ðQr

ijÞ
2

2vci

þ
2Pc

ij

vci
Pr
ijeP;ij þ

2Qc
ij

vci
Qr

ijeQ;ij �
‘cij
vci
vriev;i

þ
ðPr

ijÞ
2

2vci
eP;ij þ

ðQr
ijÞ

2

2vci
eQ;ij þ

‘cijðvci � 2vriÞ
2vci

ðvriÞ
2

ðvci Þ
2 � ðvriÞ

2
ev;i

þ oð‘̂ijÞeo þ oð‘̂ijÞro
ð34Þ

If we neglect the remainder oð‘̂ijÞeo and oð‘̂ijÞro in (34),

then (23) and (27) can be rewritten as:

‘cij ¼
ðPc

ijÞ
2 þ ðQc

ijÞ
2

vci
þ 1

2

ðPr
ijÞ

2 þ ðQr
ijÞ

2

vci
þ

‘cijðvriÞ
2

ðvci Þ
2 � ðvriÞ

2

" #

¼
ðPc

ijÞ
2 þ ðQc

ijÞ
2

vci
þ qc

ð35Þ

vci ‘
r
ij ¼ 2Pc

ijP
r
ij þ 2Qc

ijQ
r
ij � ‘cijv

r
i

þ 1

2
ðPr

ijÞ
2 þ ðQr

ijÞ
2 þ

‘cijðvci � 2vriÞðvriÞ
2

ðvci Þ
2 � ðvriÞ

2

" #

¼ 2Pc
ijP

r
ij þ 2Qc

ijQ
r
ij � ‘cijv

r
i þ qr

ð36Þ

4.2 Successive linear approximation-based

modification

Replacing (26) and (27) with (35) and (36), the I-OPF

model can be modified to take into account the higher order

information of partial deviations for state variables. How-

ever, this modification also makes the I-OPF model more

non-convex and harder to solve. To solve it efficiently, we

introduce successive linear approximation (SLA). By

assigning fixed initial values to vci , P
c
ij, Q

r
ij, q

rand qc in (35)

and (36), (36) can be converted to a first-order equality and

(35) can be relaxed to the following second-order cone

constraint:

2Pc
ij

2Qc
ij

‘cij � qc � vci

������

������
2

� ‘cij � qc þ vci ð37Þ

It has been shown in [31] that, when the objective

function is convex, (5) can be exactly relaxed to a second

order cone constraint. Roughly speaking, such a relaxation

for radial networks is exact if the power injection at each

bus is not too large and the voltages are kept around their

nominal values [34]. For the relaxation shown in (37), the

introduction of a small constant does not affect this feature.

Due to space limitations, we do not present the detailed

proof process, which is available on request from the

authors.

Thus, a second-order cone programming (SOCP) model

for I-OPF with stepwise modification, called enhanced

I-OPF, can be formulated as:

min f ðXC; uÞ
s:t:ð2Þ; ð15Þ; ð20Þ � ð26Þ; ð28Þ; ð29Þ; ð36Þ; ð37Þ

�
ð38Þ

Based on SLA, the flowchart of the modification method

is shown in Fig. 1. The iterative procedure continues until

the ?-norm of the vector difference for the state and

Fig. 1 Flow chart of enhanced I-OPF
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control variables between two successive iterations is small

enough:

ðX�
k ; ukÞ � ðX�

k�1; uk�1Þ
�� ��

1 � d ð39Þ

where d is the convergence threshold. To improve the

efficiency of the iterative procedure, the (k-1)th opti-

mization result ðX�
k�1; uk�1Þ is suggested as the initial

search point of kth optimization for enhanced I-OPF.

5 Case studies

This section illustrates the solutions obtained with the

proposed I-OPF model and its enhanced method for two

test cases. All the tests were implemented using the OPTI

and SDPT3 packages in MATLAB, running on an Intel

4-Core i7-CPU 3.40 GHz personal computer, and they

were based on a modified IEEE 33-bus system and a real

10 kV 113-bus distribution system.

5.1 Modified IEEE 33-bus system

The standard IEEE 33-bus system [35] was modified by

adding two photovoltaic panels (PV1 and PV2) with the

installed capacity of 1 MW at buses 18 and 30, one static

var compensator (SVC) with a reactive compensation

range of [-100, 200] kvar at bus 8, and one energy storage

system (ESS) with a power limit of 240 kW at bus 16, as

shown in Fig. 2. The system is connected to root bus 1.

Reducing network loss was the control objective in this

analysis. The tolerances of voltage magnitude were limited

within [0.95, 1.05] p.u. and the active power injected at the

root bus was constrained within [0, 2.40] MW. Moreover,

the predicted value of PV maximum output was set to 0.8

MW, with the power factor of PV output fixed as 0.95, and

a tolerance of ±10% was assumed for the load demand at

each bus.

Table 1 shows the solutions of OPF (without consider-

ing load uncertainties), I-OPF, and its enhanced version

with convergence threshold d set to 1 9 10-5. In addition,

stochastic OPF [12] was used to calculate a comparison

case, denoted by S-OPF, where 50 scenarios were gener-

ated for load uncertainty of ±10%. Note that the CPU time

in Table 1 represents the iterative time.

The I-OPF and its enhanced version are more efficient

than S-OPF. To illustrate their effectiveness on constraint

satisfaction, Monte Carlo simulation (MCS) for loads was

conducted using forward-backward power flow calcula-

tions, where the load at each bus was uniformly distributed

in a ±10% interval for 20000 simulation cases. Figure 3

presents the simulated distribution of active power injected

at the root bus according to different solutions. Due to

neglecting load uncertainty, the deterministic OPF solution

may make the active power injected exceed the upper limit.

The scenario-based S-OPF does have the ability to handle

the uncertainty caused by load variations, but the simulated

maximum active power is still over the upper limit. In

comparison, I-OPF model treats the uncertainty of power

injection as an interval, thus satisfying the boundary con-

straint well, especially enhanced I-OPF.

The intervals of node voltages and line currents esti-

mated by I-OPF and enhanced I-OPF are shown in Figs. 4

and 5 respectively, both compared with the MCS results.

Note that the node voltages and line currents are valued in

the per-unit system, and the line number is equal to its

terminal node number minus one. Observe that the I-OPF

model performs well in boundary estimation of node

voltages and line currents, while its enhanced version can

obtain more accurate intervals for the state variables,

especially the upper bounds of line currents.

To measure the accuracy of solutions for state variables,

the upper bound error EB
? and the lower bound error EB

- are

defined as follows:

Eþ
B ðxÞ ¼ Xþ � Xþ

MCS

�� ��
E�
B ðxÞ ¼ X� � X�

MCS

�� ��

�
ð40Þ

where Xþ
MCS and X�

MCS are the upper and lower bound of

state variable x obtained by MCS, which is used as a ref-

erence solution.

Figure 6 presents the lower bound errors (LBE) and

upper bound errors (UBE) of the I-OPF model and its

enhanced version with modification. These results further

demonstrate that the enhanced method provides more

accurate estimated results of state variables, especially for

the node voltages.

Fig. 2 Single-line diagram of modified IEEE 33-bus system

Interval optimal power flow applied to distribution networks under uncertainty of loads… 145

123



5.2 Real 113-bus system

The 113-bus system that is part of a distribution system

in Beijing was used to test the applicability of I-OPF model

to larger distribution networks. It is shown in Fig. 7

including some modification from the real system. The

compensation range of the SVC was [-300, 600] kvar, the

power limit of the ESS was set as 600 kW, and the pre-

dicted value of PV maximum output was set to 1.2 MW.

Fig. 3 Distribution of active power injected at root bus obtained by

MCS using solutions of OPF, S-OPF, I-OPF and enhanced I-OPF

(a)

(b)

Fig. 6 Lower and upper bound errors of I-OPF and its enhanced

version with modification

Table 1 Optimization results of I-OPF, enhanced I-OPF and S-OPF

Method P (MW) Q (Mvar) Objective (10-1) CPU time (s) Total time (s)

PV1 PV2 ESS PV1 PV2 SVC

OPF 0.5909 0.8 0.2207 0.1942 0.2630 0.2 0.5808 0.096 3.159

I-OPF 0.7120 0.8 0.2400 0.2340 0.2630 0.2 0.5954 0.125 3.835

Enhanced OPF 0.7220 0.8 0.2400 0.2373 0.2630 0.2 0.6055 0.267 6.186

S-OPF 0.7069 0.8 0.2400 0.2324 0.2630 0.2 0.6025 2.250 98.783
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Fig. 4 Intervals of voltages and currents estimated by I-OPF and

MCS
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Fig. 5 Intervals of voltages and currents estimated by enhanced

I-OPF and MCS
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Two control objectives, minimum network loss and max-

imum utilization ratio of DGs, were investigated as dis-

cussed in the following subsections.

1) Case 1: network loss objective with the 113-bus

system. To illustrate the effect of load uncertainty on the

accuracy of the I-OPF model, a tolerance sequence {±5%,

±10%, ±15%, ±20%} was successively assigned to the

load demand. The voltage magnitudes were limited within

[0.95, 1.05] p.u. and the active power traded between the

main grid and the distribution network was constrained

within [0, 5.5] MW.

Figure 8 depicts the intervals of active power transmit-

ted in each line solved by enhanced I-OPF, where the load

variation at each bus was ±20%, as well as a profile

obtained by deterministic OPF without considering load

uncertainties. The distributions of active power injected at

root bus corresponding to the load variation of ±20% are

summarized in Fig. 9. These were obtained by MCS with

20000 simulation cases using the solutions of I-OPF and its

enhanced version.

The MCS results show that I-OPF and its enhanced

version are both applicable to a large distribution system

and they satisfy boundary constraints well, in particular,

the constraint on the active power injected at the root bus.

Also, we notice that there are still some errors in constraint

satisfaction for I-OPF shown in Fig. 9. These errors are

caused the approximation that ignores higher order infor-

mation of partial deviations for state variables, which

becomes noticeable for the large load variation of ±20%.

However, the enhanced I-OPF modified to include higher

order terms still works well.

For different degrees of load variation, Table 2 presents

the CPU time and the mean network loss of I-OPF and its

enhanced version, as well as the mean bound errors (Emean)

of node voltages and line currents, which is defined as:

Emean ¼ mean E�
B ðxÞ þ Eþ

B ðxÞ
� �

ð41Þ

The I-OPF model and its enhanced version are both

computationally efficient for the large system. Although

the mean bound errors of node voltages and line currents

increase as the load variation increases, the enhanced

method can maintain the error level within an

acceptable range. These characteristics further

demonstrate the superiority of the proposed I-OPF model

and its enhanced version. Note that I-OPF without

modification is better for application to the large system

because it is more efficient. On the other hand, enhanced

I-OPF can achieve higher accuracy, especially when the

Fig. 7 Single-line diagram of modified real 113-bus system

Fig. 8 Intervals of active power transmitted in each line obtained by

enhanced I-OPF and a profile obtained by deterministic OPF
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load uncertainty is significant. Therefore, when the system

has significant scale or the load variation level is not large,

we recommend using the original I-OPF, otherwise the

enhanced version is recommended.

2) Case 2: utilization ratio objective with the 113-bus

system. The primary target of active network management

is to improve the utilization ratio of the renewable energy

sources. OPF introduced for dispatch in an active distri-

bution network is generally operating on a 5-minute control

cycle or longer. When considering the uncertainties of

uncontrolled DG and loads within this control interval,

some control instructions may allow overvoltage to occur.

The I-OPF model can be employed to prevent overvoltage

at the system level and simultaneously to make the most of

DGs.

This functionality was demonstrated by setting the loads

of each bus at 40% of the peak load, given that the over-

voltage generally occurs at the access nodes of DGs at low

load levels. The uncertainties of loads including the pre-

diction error within the control interval were all set to

±10%, which corresponds to ±4% of the peak load. The

upper limit of node voltage for normal operation was set to

1.042 p.u.. For brevity, a simple objective function is

defined as:

min
X

g2G
ðPPre

g � PgÞ
 !

ð42Þ

where Pg is the output power of DG g and PPre
g is the

maximum value of predicted DG g output.

Figure 10 shows the range of node voltages solved by

enhanced I-OPF, as well as a profile obtained by deter-

ministic OPF. To illustrate the accuracy of solved voltage

intervals, we also employ MCS with 20000 simulation

cases using the solutions of deterministic OPF and its

enhanced version, and the voltage distributions for bus 28

are compared in Fig. 11. The solution of OPF creates a

condition that voltages at some nodes reach the upper

voltage limit. In this case, load variation will easily make

the node voltage exceed the limit, as shown in the upper

Fig. 10 Range of node voltages solved by enhanced I-OPF with

modification and a profile obtained by deterministic OPF

Table 2 Mean network loss, CPU time and Emean of I-OPF and enhanced I-OPF

Method Load variation Mean loss (MW) CPU time (s) Emean (V) (10
-4 p.u.) Emean (I) (10

-3 p.u.)

I-OPF ± 5% 0.1707 0.242 0.1132 0.0705

I-OPF ± 10% 0.1707 0.241 0.4662 2.9608

I-OPF ± 15% 0.1707 0.244 1.0706 5.9920

I-OPF ± 20% 0.1716 0.294 1.9188 11.0460

Enhanced I-OPF ± 5% 0.1713 0.635 0.0915 0.0414

Enhanced I-OPF ± 10% 0.1731 0.693 0.2618 1.8813

Enhanced I-OPF ± 15% 0.1762 0.781 0.5772 4.6759

Enhanced I-OPF ± 20% 0.1816 0.852 1.0119 6.9626

Fig. 9 Distribution of active power injected at root bus obtained by

MCS using solution of I-OPF and enhanced I-OPF

Fig. 11 Voltage distribution at bus 28 simulated by using the

solutions of deterministic OPF and enhanced I-OPF
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graph of Fig. 11. I-OPF takes account of the boundary

constraint considering load uncertainty, so that the node

voltages even under extreme conditions are kept below the

upper limit. This confirms the effectiveness of I-OPF in

overvoltage prevention at the system level, while also

satisfying other boundary constraints.

6 Conclusion

This paper proposes an I-OPF model that incorporates

uncertainties in distribution networks, representing uncer-

tainties as intervals. To improve accuracy, an enhanced

method based on AA and successive linear approximation

is developed. The proposed technique is tested on a mod-

ified IEEE 33-bus system and a real 113-bus distribution

network. Some conclusions are drawn as follows.

1) Compared with MCS, the I-OPF model and its

enhanced version perform well in bounds estimation

and constraint satisfaction of state variables. Enhanced

I-OPF can offer a more accurate estimate of state

variables and thus meet optimization objectives more

effectively than unmodified I-OPF.

2) Compared with scenario-based approaches, the I-OPF

model and its enhanced version are more efficient.

Unmodified I-OPF is better to use for large distribution

systems due to its concise form and computational

efficiency, while enhanced I-OPF requires additional

computing resources to satisfy constraints accurately

when there are large load variations.
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