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Abstract It is a common practice to simulate some his-

torical or test systems to validate the efficiency of new

methods or concepts. However, there are only a small

number of existing power system test cases, and validation

and evaluation results, obtained using such a limited

number of test cases, may not be deemed sufficient or

convincing. In order to provide more available test cases, a

new random graph generation algorithm, named ‘‘dual-

stage constructed random graph’’ algorithm, is proposed to

effectively model the power grid topology. The algorithm

generates a spanning tree to guarantee the connectivity of

random graphs and is capable of controlling the number of

lines precisely. No matter how much the average degree is,

whether sparse or not, random graphs can be quickly

formed to satisfy the requirements. An approach is devel-

oped to generate random graphs with prescribed numbers

of connected components, in order to simulate the power

grid topology under fault conditions. Our experimental

study on several realistic power grid topologies proves that

the proposed algorithm can quickly generate a large

number of random graphs with the topology characteristics

of real-world power grid.

Keywords Power gird topology, Dual-stage constructed

random graph (DSCRG) algorithm, Random graph

generation, Connectivity, Average degree, Connected

component

1 Introduction

Simulations based on standard models are often used as

part of the engineering design process to examine or test

the innovative concepts, novel algorithms or control

schemes proposed by researchers. In the electric power

industry, studies based on the IEEE benchmark systems [1]

defy enumeration. For example, the effectiveness of the

proposed algorithm for intentional islanding was tested on

the PG&E 69-node system in our previous work [2]. It

would be more sufficient and convincing to evaluate the

performance of the proposed algorithm based on a large

number of test cases. However, the number of standard

models is very small (less than one hundred), even

including other open source real-world power system

models [3]. There is a lack of power grid models to sim-

ulate a range of phenomena in power systems [4–7]. In

order to provide a statistically significant number of

examples to explore the variability of phenomena under

study, a fundamental requirement is to generate a large

number of test power systems featuring the same topology

characteristics as realistic or standard test systems.

Connectivity is the most important property of power

system topologies because the primary function is to sup-

ply energy to customers. A power system is not always in a

normal operation state. When faults occur, it is possible
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that the transmission systems are disconnected and the

distribution systems are broken into several regions by the

fault elements. From the point of view of graph theory, the

topology of a power system under a fault condition is a

graph with multiple connected components. The reconfig-

uration of distribution feeders will create a large number of

combinations of switch states in a post-fault system, which

means a great variety of distribution network structures and

corresponding graphs. However, there is no appropriate

random graph which is capable of fully exhibiting such

characteristics of distribution networks.

Sparsity is another main feature of power grid topolo-

gies. The average degree (i.e. the average value of the

number of lines connected to each node) of a realistic

power grid ranges from 2 to 5, normally between 2 to 3,

and does not scale with the grid size [8]. For example, the

average degrees of the power grids in northern China and

western US are 2.23 [9] and 2.67 [10], respectively, while

the degree of medium/low voltage grids in the Netherlands

is 2.18 [11]. Generally, it is difficult to generate a con-

nected random graph with a very low average degree,

because a sparser graph has a lower possibility of being

connected. Yet the distribution of node degrees [12] of

generated random graphs must fit with real-world power

grid topologies, and this must be achieved without con-

suming excessive time in the process of generating random

graphs.

It is necessary to research how to generate in a reason-

able time frame a large number of sparse random graphs

with prescribed numbers of connected components, and

with the appropriate distribution of node degree, to sub-

stitute for real-world power grid topologies.

A series of synthetic power system models were

designed to assist the study of power system blackouts by

Carreras et al. [4–6]. The purpose was to avoid incomplete

and inaccurate historical blackout data affecting the cred-

ibility of the analysis results. Synthetic power system

models with tree structure, quadrilateral structure and

hexagonal structure were implemented to simulate large

power outages. Parashar et al. [7] designed a ring model of

power grid, when testing the proposed continuum model of

electromechanical dynamics in large-scale power systems.

They attempted to use a simple ring structure to reflect the

essential characteristics of electromechanical wave propa-

gation in the power system. However, real-world power

systems are not uniform, and may contain a large number

of irregular structures, so the ideal models used in [4–7],

including tree, ring or other regular networks, are all

incapable of fully reflecting the topological properties of

realistic power grids. The results obtained using such reg-

ular network models may be biased or incomplete.

Therefore, we need to establish a more rigorous model of

power grid topology.

The Erdös-Rényi (ER) random graph [13] is often used

as a test case to substitute for a real network topology. In

the ER model, the probability of any line connecting two

arbitrary nodes is p. Thus, in a random graph with n nodes,

the expected number of lines is p[n(n - 1)/2]. The

expected average degree in an ER random graph is

p(n - 1). We can adjust the input value p to obtain the

average degree that we need. In [14, 15], an improved

model called ZER was developed based on the ER model.

It can shorten the computation time by skipping some

specific lines. Although the model is more advanced than

the ER model, both of them have the disadvantage that they

give no assurance about the connectivity of the generated

random graphs. When n ? ?, if p is larger than a critical

value pc, (pc / ln n=n), then the generated random graphs

are connected in most cases. Conversely, when p is small,

the graphs are hardly connected at all. As a result, the

generation processes needs to be repeated many times until

a connected random graph is generated, which is

inefficient.

The work by Watts and Strogatz [10] first statistically

modeled the power grid as a small-world graph, which is

generated by starting with a regular ring lattice, then

rewiring some local lines with a probability p to arbitrary

nodes chosen uniformly at random from the entire graph. A

small-world model of a power transmission system was

established in [16] to evaluate a disturbance in it. Although

the small-world characteristic of the power grid is high-

lighted, the average degree of the Watts-Strogatz small-

world model can only be an even number, which is not in

accord with the node degree heterogeneity of the real-

world power grid.

Wang et al. [17] proposed a random topology generation

algorithm for studying the scale of communication needs

and the performance of the combined electric power con-

trol and communication networks. The algorithm consists

of three steps: (a) randomly place n nodes in a fixed area,

using a normal or Poisson distribution; (b) given the dis-

tance constraint d, connect each node to all its neighboring

nodes within the distance d; (c) check whether the gener-

ated topology is connected, if not, repeat the step (a) and

(b). The average degree of the random topology generated

by this algorithm is related to the distance d and the dis-

tribution of the nodes, and is not controllable. Based on the

above model, an improved hierarchical random topology

model was proposed in [18], as an analytical tool to

examine the efficiency of any networked control architec-

ture in smart grid applications. The generation algorithm

consists of two steps: (a) generate a number of sub-net-

works, where in each sub-network every node is connected

with k nodes within the distance d (where k is a positive

integer greater than one); then determine which lines need

to be rewired by adjusting three parameters a, b, and prw;
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(b) connect all the sub-networks generated in step (a). The

average degree of the above random topology is k, which

can only be an integer. The topological characteristics

depend on the four parameters d, a, b, and prw.

The above works demonstrate the importance of gen-

erating random topologies for power system studies.

However, the existing random topology models of power

grids have several shortcomings: (a) the generated

topologies are not necessarily connected; (b) the average

degree of the generated topologies cannot be controlled

precisely; (c) the generated topologies differ from real-

world power grid topologies in the node degree distribu-

tion; (d) the number of connected components contained in

the generated topology is equal to one. Therefore, in this

paper we focus on the above problems, and propose a dual-

stage constructed random graph (DSCRG) generation

algorithm to model power grid topologies, which is supe-

rior to the existing algorithms. The proposed algorithm can

guarantee the connectivity of the generated random graph

through forming a spanning tree; the number of lines in the

generated random graph is completely determined by the

required average degree; the node degree distribution fits

well with real-world power grid topologies; and the num-

ber of connected components in the generated random

graph is controllable. The effectiveness of the proposed

algorithm is validated by experimental studies.

The remainder of this paper is structured as follows. The

next section introduces the definitions and notation used in

this paper. Section 3 describes the DSCRG algorithm. We

conduct an extensive empirical comparison of the perfor-

mance of proposed algorithm and several existing algo-

rithms in Section 4. We conclude in Section 5.

2 Definitions and notation

1) Graph: A graph G is a representation of a set of

objects where some pairs of objects are connected by

links. The interconnected objects are represented by

mathematical abstractions called nodes (also called

vertices or points), and the links that connect some

pairs of nodes are called lines (also called arcs or

edges).

2) Undirected graph: An undirected graph G (V, E) is a

graph in which lines have no orientation; V is the set

of nodes in G; E is the set of lines.

3) Connected graph: In an undirected graph, an

unordered pair of nodes {x, y} is called connected

if a path leads from x to y. Otherwise the unordered

pair is called disconnected. A connected graph is an

undirected graph in which every unordered pair of

nodes in the graph is connected. Otherwise, it is

called a disconnected graph.

4) Connected component: A connected component is a

connected sub-graph of graph G. A connected graph

has only one connected component, that is, itself,

while an unconnected graph has multiple connected

components.

5) Node degree: The degree of a node is the total

number of lines connected to the node.

6) Average degree: The average degree (denoted by

\k[) of a graph G is another measure of how many

lines are in set E (denoted by e) compared to the

number of nodes (denoted by n) in set V. Because

each line is incident to two nodes and counts in the

degree of both nodes, the average degree and number

of lines of a graph is:

hki ¼ 2e=n , e ¼ nhki=2 ð1Þ

7) Node degree distribution: The node degree

distribution (degree distribution for short) of a

graph can be described by a distribution function

P(k), which represents the probability that the degree

of an arbitrary node is exactly k. A completely

random graph has a distinctive characteristic that the

degree distribution is similar to a Poisson distribution

with a mean value\k[ [19].

8) Kullback–Leibler divergence: In probability theory

and information theory, the Kullback–Leibler diver-

gence [20] (also information divergence, information

gain, relative entropy, KLIC, or KL divergence) is a

measure of the difference between two probability

distributions P and Q. It is not symmetric in P and Q.

In applications, P typically represents the ‘‘true’’

distribution of data, observations, or a precisely

calculated theoretical distribution, while Q typically

represents a theory, model, description, or approxi-

mation of P. Specifically, the Kullback–Leibler

divergence of Q from P, denoted DKL (PkQ), is a

measure of the information gained when one revises

one’s beliefs from the prior probability distribution Q

to the posterior probability distribution P. For

discrete probability distributions P and Q, the

Kullback–Leibler divergence of Q from P is defined

to be:

DKLðPjjQÞ ¼
X

x2X
PðxÞ log PðxÞ

QðxÞ ð2Þ

9) Complete graph: A complete graph is a graph in

which each pair of graph nodes is connected by a

line. The complete graph with n graph nodes is

denoted by Kn. The average degree of Kn denoted by

\kKn[ is:

hkKni ¼ 2 � nðn� 1Þ
2

�
n ¼ n� 1 ð3Þ
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10) Forest: A forest (denoted by F) is an acyclic graph

(i.e., a graph without any graph cycles). Forests

therefore consist only of (possibly disconnected)

trees, hence the name ‘‘forest’’. The line number of a

forest with n nodes and c connected components is

n - c. The average degree of a forest denoted by

\kF[ is:

hkFi ¼ 2ðn� cÞ=n ð4Þ

11) Tree: A tree (denoted by T) is a connected acyclic

graph. Thus, each component of a forest is a tree, and

any tree is a connected forest. The line number of a

forest with n nodes is n - 1. The average degree of a

tree denoted by\kT[ is:

hkTi ¼ 2ðn� 1Þ=n ð5Þ

12) Spanning forest: A spanning forest is a forest that

contains every node of G such that two nodes are in

the same tree of the forest when there is a path in

G between these two nodes.

13) Spanning tree: A spanning tree of a connected graph

G is a maximal set of lines of G that contains no

circle or a minimal set of lines that connect all nodes.

14) Node-branch incidence matrix: If a power network

has n nodes and m branches, its node-branch

incidence matrix A(n 9 m), can be formulated as

follows:

A ¼
Ai;b ¼ 1;Aj;b ¼ �1 if bth branch is between

node i and j

Ak;b ¼ 0 if k 6¼ i; j

8
><

>:

ð6Þ

15) Node admittance matrix: Also network admittance

matrix, is defined as follows:

Y ¼ AYbA
T ð7Þ

where Yb represents the branch admittance matrix, and can

be derived from branch impedance matrix; A represents the

above mentioned node-branch incidence matrix.

3 DSCRG algorithm

In this section, we firstly propose an algorithm to generate

a connected random graph (that contains only one connected

component), then generalize the algorithm to generate ran-

dom graphs with prescribed numbers (one or multiple) of

connected components. We call the algorithm ‘‘dual-stage

constructed random graph’’ (DSCRG for short).

As an artificial network, the main task of a power system

is to deliver electrical energy to customers, which means

connecting the power sources and loads through power

lines. Hence the connectivity is a key feature of power

system topologies. Reviewing the history of power sys-

tems, we find the power system topologies in the past can

only meet the requirement of connectivity. From the point

of view of graph theory, the earliest power system topology

is a tree-like structure. We can easily define the power

source and the loads as the root node and the leaf nodes,

respectively. There is only one path between the root node

and each leaf node. As power system technology was

developed, and customers required more reliable electric-

ity, the topology of power systems began to change.

Transmission systems are designed as reticular structures.

A number of tie lines or tie switches are installed in dis-

tribution systems, which are implemented as backup lines

or switches to transfer loads when faults occur. Through

the above analysis, we design an algorithm to obtain con-

nected random topologies for simulating real-world power

grids. Firstly, we stochastically generate a spanning tree

that contains all the nodes in the power grid, and then add a

certain number of lines to meet the requirement of the

average degree of the power grid topology.

However, the power system is not always in its normal

operation state. When faults occur, it is possible for

transmission systems to be disconnected and the distribu-

tion systems will be broken into several regions by the fault

elements. From the point of view of graph theory, the

topology of power system in a fault condition is a graph

with multiple connected components. Fault conditions of

power systems need more attention by system operators

and researchers, but random topologies with only one

connected component are not adequate for simulating a

fault condition. We need to develop an approach for gen-

erating random graphs with prescribed numbers (one or

multiple) of connected components.

3.1 Generation of random graph with one connected

component

3.1.1 Computations

Consider a connected random graph G, for which the

node number is n and the average degree is\k[, where

n[ 1. The value of\k[is between the average degree of a

spanning tree with n nodes\kT[(derived from (5)) and the

average degree of a complete graph with n nodes\kKn[
(derived from (3)), which means

2ðn� 1Þ=n�hki� n� 1 ð8Þ

Thus, a connected graph with n nodes can be regarded as a

spanning tree plus a certain number of expanded lines. This

number, denoted by S, equals the difference between e and

the line number of the spanning tree. By (1), e can be
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calculated, and the line number of the spanning tree is

n - 1. Thus, the number of lines to be expanded S is

S ¼ hki � n=2� ðn� 1Þ ð9Þ

In this way, the process of generating a connected random

graph can be divided into two stages: randomly generating

a spanning tree with n nodes and expanding the spanning

tree by randomly adding a certain number of lines. In the

second stage, the number of optional lines denoted by R is

equal to the line number of Kn minus the line number of the

spanning tree, which is

R ¼ nðn� 1Þ=2� ðn� 1Þ ð10Þ

Thus, in the second stage, we need to select S lines ran-

domly from R lines.

3.1.2 Procedure

We propose an algorithm to generate a random graph

with one connected component. The procedure is explained

below.

3.1.2.1 First stage: Randomly generating a spanning tree

with n nodes

1) A random graph is represented by a node adjacency

matrix A(n 9 n). The elements of matrix A are 0 or 1,

where ‘‘0’’ means that no line exists between two

nodes while ‘‘1’’ is the contrary. Assign A to a zero

matrix at the beginning.

2) The serial numbers of n nodes are {1, 2,…, n}. Pick

one node from n nodes at random, and put it into set

X. X contains the nodes belong to the spanning tree.

3) Put the remaining (n - 1) nodes into set Y. Y contains

the nodes don’t belong to the spanning tree.

4) Determine whether Y is empty, and if so, then go to

stage 2 and do step 1, or otherwise proceed to step 5.

5) Randomly select one node from each of set X and Y,

denoted by x and y, respectively.

6) Connect x and y with a line, i.e., set A(x, y) = 1 and

A(y, x) = 1.

7) Remove node y from set Y, and put it into set X, then

return to step 4.

3.1.2.2 Second stage: Randomly adding the correct num-

ber of lines to the spanning tree

1) Compute S by (9).

2) Compute R by (10).

3) Utilize i and j to represent two different nodes, and let

i = 1, j = 2.

4) Determine whether there is a line between i and j,

i.e., A(i, j) = 0. If so, proceed to step 5, otherwise

proceed to step 10.

5) Generate a uniform random number h that is between
0 and 1.

6) Determine whether h is less than the ratio of S and R,

and if so, then proceed to step 7, otherwise proceed

to step 8.

7) Connect i and j with a line, i.e. set A(i, j) = 1 and

A(j, i) = 1. Let S = S - 1.

8) Let R = R–1.

9) Determine whether S is zero. If so, then exit the loop,

and matrix A is the resulting generated random

graph, otherwise proceed to step 10.

10) Let i = i ? 1, j = j ? 1.

11) Determine whether i equals n - 1. If so, then exit the

loop, and matrix A is the resulting generated random

graph, otherwise proceed to step 5.

3.2 Generation of random graph with a prescribed

number of connected components

Based on the algorithm presented in section 3.1, we

propose a more generalized algorithm to generate the

random graph with a prescribed number (one or multiple)

of connected components. To obtain a random graph with

n nodes and c connected components, we intend to gen-

erate the connected components one by one, and then form

them into a whole graph. The first thing we should do is to

determine the value of node number and average degree for

each connected components.

3.2.1 Computations

1) The value of node number for each connected com-

ponent

The sum of the node numbers of all the connected

components is n. Let ni be the node number of connected

component i, then we have (11):

n ¼
Xc

i¼1

ni

ni � 2

8
><

>:
i ¼ 1; 2; . . .; c ð11Þ

We randomly generate ni for all the connected components

with the constraint of (11).

2) The value of average degree for each connected

component
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We attempt to make the average degree of each

connected component be the same as that of the whole

graph, but the node number of each connected component

is generated randomly, which may cause some component

to have a small ni, so that it is impossible for its average

degree to reach the value of\k[, i.e.

9i 2 f1; 2; . . .; cg
s:t: ni � 1\hki

(
ð12Þ

Meanwhile some other components may have larger nj.

This means we have to increase the number of lines in the

larger components to make up the shortage of lines in the

smaller components, so that the average degree of the

entire graph can reach the given value of\k[. If the given

\k[is out of an appropriate range, then the average degree

of the generated random graph may not be the required

value. For example, given that n = 6, c = 2, and\k[= 7/

3, then there needs to be 7 lines in the random graph. First,

we randomly generate the node number of each connected

component, and assume that the result is n1 = 3, and

n2 = 3. At this moment, there can be 6 lines at most in the

two components, thus the average degree can be 2 at most,

which doesn’t reach the given value 7/3. In order to avoid

that situation, we discuss the appropriate range of the given

value\k[. Hence, we present a Proposition to restrict the

range of\k[.

Proposition The average degree of a random graph with

n nodes and c connected components has to satisfy the

following inequality:

a) Prove the right side of (13)

2ðn� cÞ=n�hki� n=c� 1 ð13Þ

When every connected component is a complete sub-graph,

the line number of the entire graph is maximized, denoted

by eKn:

eKn ¼
Xc

i¼1

niðni � 1Þ=2 ð14Þ

Due to (11), eKn is minimized when the node number of

each connected component is equal, i.e.

ni ¼ n=c; i ¼ 1; 2; . . .; c ð15Þ

Substitute (15) into (14), and we obtain (16) as follows:

min ðeKnÞ ¼ c � n
c
ðn
c
� 1Þ=2 ¼ nðn� cÞ=2c ð16Þ

According to (8), the upper bound of\k[ is the minimum

value of\kKn[, which is obtained by substituting (16) into

(1). So the upper bound of\k[ is:

hki�minðhkKniÞ ¼
2minðeKnÞ

n
¼ 2nðn� cÞ

2cn
¼ n

c
� 1 ð17Þ

This proves the right side of (13).

b) Prove the left side of (13)

The spanning forest of a random graph has the minimum

number of lines. In other words, when all of the connected

components are trees, the line number of the random graph

is minimized. The line number is denoted by ef where

eF ¼
Xc

i¼1

ni � 1ð Þ ð18Þ

Substitute (11) into (18), and then we obtain (19):

eF ¼ n� c ð19Þ

According to (8), the lower bound of\k[ is\kF[, which

is obtained by substituting (19) into (1). So the lower bound

of\k[ is

hki� hkFi ¼ 2eF=n ¼ 2ðn� cÞ=n ð20Þ

This proves the left side of (13), and the Proposition is

proved through (a) and (b).

Inequality (13) shows the value range of average degree

of a random graph with n nodes and c connected compo-

nents. Based on (13), we calculate the average degrees of

all the components as follows:

i) Vi[{1, 2,…, c}, s.t. ni C\k[? 1, let

hkii ¼ hki ð21Þ

ii) Vj[{1, 2,…, c}, s.t. nj C\k[? 1, let the jth connected

component be a complete sub-graph. Then the average

degree of jth connected component is

hkji ¼ nj � 1 ð22Þ

iii) The number of lines of all of the remaining connected

components except for the jth component is denoted

by er, and equals the line number of the entire random

graph minus the line number of the jth connected

component, i.e.

eR ¼ hki � n=2� njðnj � 1Þ=2 ð23Þ

iv) The average degree of all of the remaining

components except for the jth component is denoted

by\kR[,

hkRi ¼
2eR

n� nj
¼

hki � n� n2j þ nj

n� nj
ð24Þ

v) Continue to determine whether the node numbers of

the remaining components except for component j are

less than\kR[? 1, until the average degrees of all of

the components are obtained.
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3.2.2 Procedure

Consider that the number of connected components is

c (c is a positive integer); the node number is n (n C 2c);

and the average degree is \k[, whose value range is

restricted by (13). The procedure of the generalized algo-

rithm is:

1) Randomly generate the node numbers of all of the

connected components, and sort them into ascending

order, denoted by n1, n2, …, nc.

2) Let j(0) = 0, l = 1,\k(l)[=\k[, and l is the number

of iterations.

3) Let i = j(l - 1) ? 1, j(l) = 0.

4) Determine whether ni is less than \k(l)[? 1. If so,

proceed to step 5, otherwise proceed to step 8.

5) Let j(l) = i.

6) Let i = i ? 1.

7) Determine whether i is more than c. If so, proceed to

step 8, otherwise return to step 4.

8) Determine whether j(l) is more than 0. If so, proceed to

step 9, otherwise proceed to step 13.

9) Compute the number of remaining lines in the lth

iteration:

eðlÞ ¼ eðl�1Þ �
Xj ðlÞ

m¼1

nmðnm � 1Þ=2 ð25Þ

10) Compute the number of remaining nodes in the lth

iteration:

nðlÞ ¼ nðl�1Þ �
Xj ðlÞ

m¼1

nm ð26Þ

11) Compute the average degree of the remaining part of

the graph in the lth iteration:

hkðlÞi ¼ 2eðlÞ=nðlÞ ð27Þ

12) Let l = l ? 1, then return to step 3.

13) Generate complete sub-graphs for the first to

(j(l - 1))th connected component.

14) Generate random sub-graphs for the (j(l - 1))th to cth

connected component with \k(l - 1)[ using the

algorithm in section 3.1.2. Then, exit the loop, and

the random graph with c components is obtained by

putting all of the connected components together.

3.3 Electrical parameters

After the generating the random power grid topology,

electrical parameters need to be determined. In this paper,

we discuss two issues: bus type assignment and line

impedance assignment.

3.3.1 Bus type assignment

In power transmission networks, there are three types of

buses: generation (G), load (L) and connection (C). Dif-

ferent power systems have varying bus type ratios. The

generation buses may comprise (10-40)% of total grid; the

load buses (40-60)%; and the connection buses (10-20)%

[21]. Random bus type assignment only according to the

bus type ratios may lead to unrealistic electrical charac-

teristics. In this paper, we apply the method presented in

[22] to assign the bus types in the randomly generated

power grid topologies.

3.3.2 Line impedance assignment

As indicated in (7), the node admittance matrix Y can be

expressed as a function of the node-branch incidence

matrix and the branch impedance matrix. If line impe-

dances are determined, then Y can be derived. The study in

[18] showed that the line impedance in the power grid is

heavy-tailed and can be captured quite accurately by a

clipped double Pareto lognormal (DPLN) distribution.

After the assignment of bus types, we can define six

types of lines: GG, GL, GC, LL, LC and CC. For example,

GC denotes the line connecting a generation bus and a

connection bus, and similarly for the other pairs. Through

bus types and the node adjacency matrix, we can determine

the type of each line. The distribution of line impedance of

each type is not the same. A unique DPLN distribution is

not adequate for six types of lines. We will comprehen-

sively discuss this issue in our future work.

4 Experimental studies

The experiments were run on a Core 2 DUO 3.3 GHz

CPU machine with 6 GB ROM under Windows 7. All

algorithms were implemented in MATLAB R2012b. We

measure the execution time as user time, averaging the

results over 100 runs.

4.1 Instructions of existing algorithms

Two existing random topology generation algorithms

are introduced in this section, consisting of small-world

[10] and RT-nested-Smallworld [18].

4.1.1 Small-world networks

Watts–Strogatz small-world models (‘‘small-world’’ for

short) are often used for modeling power grid topologies.

The small-world network is generated starting from a
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regular ring lattice, then using a small probability p, by

rewiring some local links to an arbitrary node chosen

uniformly at random in the entire network (to make it a

small-world network).

1) Connectivity check

Small-world networks are not always connected. Their

connectivity depends on the average degree and the

rewiring probability p. Therefore, we need to add a

loop to check connectivity each time a small-world

network is generated.

2) The rewiring probability

To make the small-world networks match the charac-

teristics of the realistic power grid topologies, we need

to choose an appropriate rewiring probability p. In

Fig. 1, we present the degree distributions of con-

nected small-world networks with n = 3000,

\k[= 2, 4, and p = 0.1, 0.5, 0.9. Horizontal and

vertical axis represent node degree and probability

mass function (i.e. PMF) respectively.

It can be seen that the degree distributions of small-

world networks become broad and close to a Poisson dis-

tribution, as the value of p increases. In other words, the

rewiring probability p determines the degree of random-

ness of small-world networks—a larger p means a more

randomized network.

4.1.2 RT-nested-Smallworld

There is no specific instruction about how to choose the

parameters of RT-nested-Smallworld in the literature, so

we provide some guidance.

1) Connectivity check

We first review the procedure of the algorithm. The

RT-nested-Smallworld network is formed using a

hierarchical process: first form connected sub-net-

works with size limited by the connectivity require-

ment; then connect the sub-networks through lattice

connections. To make sure the generated sub-networks

are connected, the experiments in [18] have shown

that: for\k[= 2 to 3, the sub-network size should be

limited to no greater than 30; and for\k[= 4 to 5, no

greater than 300. Therefore, the first step of this model

is to select the size of sub-networks according to the

connectivity limitation. In this paper, we call the sub-

network ‘‘RT-Smallworld’’.

2) Parameter selection

There are four parameters to be determined when RT-

Smallworld is formed, which are the neighborhood

range d, the Markov transition probabilities (a, b), and
the rewiring probability prw. In the experiment, we

investigate four groups of different RT-Smallworld

sub-networks: {n = 30, \k[= 2}; {n = 30,

\k[= 3}; {n = 300, \k[= 4}; {n = 300,

Fig. 1 Degree distributions of small-world networks with different

rewiring probability p

Fig. 2 Execution time ratios between d = 2\k[ and d =\k[ for

generating RT-Smallworld networks
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\k[= 5}. The parameters: d = {\k[, 2\k[}; a, b,
and prw all range from 0.1 to 1 with step 0.1.

Firstly, we determine the value of d by setting it as the

unique variable. The execution time ratios of d = 2\k[
and \k[ are recorded, when a, b, and prw remain

unchanged. There are 1000 values of time ratio in each

group. The four groups of time ratios are shown in Fig. 2.

The red, pink and light blue dots means that the ratio is

over 10, between 1 and 10, and less than 1, respectively.

Obviously, the algorithm with d =\k[ is faster than the

one with d = 2\k[. Hence, the value of d is determined to

be\k[.

Secondly, the values of a, b, and prw are to be deter-

mined. The definition of Kullback–Leibler divergence was

introduced in section 2, and it can be an index to measure

the difference between two degree distributions. Based on

the DKL, we propose an offline method to determine the

parameters a, b, and prw for RT-Smallworld.

In (2), P(x) and Q(x) represent the degree distribution of

the realistic power grid topology to be simulated and the

Table 1 Four typical power system cases

Name IEEE-300 GB-2224 PL-2383 EU-2869

Number of nodes 300 2224 2383 2869

Number of lines 409 2804 2886 3968

Average degree 2.73 2.52 2.42 2.77

Fig. 3 Comparisons of degree distributions
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generated RT-Smallworld network, respectively. The pur-

pose is to select the RT-Smallworld network with the most

similar degree distribution to the realistic power grid

topology.

For this purpose, we obtain the degree distributions of RT-

Smallworld networks under different a, b, and prw in advance,
and use them as an offline database. When the degree distri-

bution of the targeted power grid topology P(x) is given, we

compare the values of DKL(P||Q) and choose the RT-Small-

world network with the smallest DKL(P||Q). Then the corre-

sponding values of a, b, and prw are obtained.

4.2 Typical power system cases

Four typical power system test cases are introduced in

this section, which are the IEEE-300 test system [1], the

GB-2224 power system [3], the PL-2383 power system [3]

and the EU-2869 power system [23]. These power grid

topologies are summarised in Table 1 and are all

connected.

4.3 Comparison of simulation results

It should be noted that neither small-world nor RT-

nested-Smallworld are capable of generating random

topologies with multiple connected components. In sec-

tion 4.3.1 we compare the performance of the algorithms

for generating random topologies with only one connected

component, and in section 4.3.2 we present the results of

generating random topologies with prescribed numbers of

connected components by using DSCRG.

4.3.1 Results of generating random topologies with one

connected component

The four typical power system cases introduced in sec-

tion 4.2 are simulated by the Small-world (SW), the RT-

nested-Smallworld based on DKL offline database

(PreRTNSW) and the DSCRG algorithms. The comparison

results of the three algorithms are presented in Table 2.

\kreal[ represents the realistic average degree of each

power grid topology, while\kob[ is the average degree of

the obtained random topology. We introduce an index e to
denote the relative error between\kreal[and\kob[, where

e = |\kreal[-\kob[|. The smaller e is, the better is the

corresponding algorithm. The numbers in parentheses are

the parameters of the corresponding algorithm. For SW, the

parameters are (\k[, p); for PreRTNSW, (\k[, a, b, prw);
for DSCRG, (\k[, c).

There are four columns under each algorithm name,

which are execution time, average degree of the generated

random topology, relative error e and DKL of degree dis-

tributions between the realistic power grid topology and the

generated random topology. There are four different values

of n, the first is equal to the node number of the realistic

power grid, and the others are 1000, 3000 and 5000. The

best performances are listed in bold font.

From the above table, we observe that DSCRG is the

fastest algorithm for generating all the random topologies.

Fig. 4 Execution times of generated random graphs with prescribed

numbers of connected components

Fig. 5 Average degrees of generated random graphs with prescribed

numbers of connected components
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The execution time of DSCRG is only related to n; for SW

and PreRTNSW, it depends on \k[, and more time is

required to check connectivity when\k[ is smaller.

The obtained average degree\kob[of DSCRG is iden-

tical to the realistic average degree \kreal[, because the

number of lines is precisely controlled in the second stage of

DSCRG. By contrast,\kob[of SW are even numbers, and

\kob[of PreRTNSW are near integers, because the process

of generating the regular ring lattice has limited the value of

\k[. The values of\kreal[are between 2 to 3, so the\k[of

SW can only be 2, and \k[ of PreRTNSW needs to be

rounded to the nearest integer.

The relative error e shown in Table 2 is the difference

value between\kreal[ and\kob[. For DSCRG, e is zero,
clearly less than for SW and PreRTNSW. This proves that

the average degree of the generated random topology by

DSCRG can be precisely controlled.

The values of DKL of DSCRG are the smallest for all the

generated random topologies, which means the degree

distributions of DSCRG are most similar to the realistic

ones. The values of DKL of PreRTNSW are the second

smallest, because of the offline method we proposed for

selecting parameters. However, the degree distribution is

somehow affected by the average degree, so the DKL of

PreRTNSW is greater than that of DSCRG.

We provide the bar charts of the degree distributions in

Fig. 3, from which can be seen that SW networks have the

greatest difference compared to realistic power grid

topologies. As shown in Fig. 3(a), the node proportion of

DSCRG is closer to that of IEEE-300 than the node

Table 2 Simulation results of SW, PreRTNSW and DSCRG for four typical power systems

n SW (2, 0.8) PreRTNSW (3, 0.2, 0.2, 0.8) DSCRG (2.73, 1)

Time(s) \kob[ e DKL Time(s) \kob[ e DKL Time(s) \kob[ e DKL

IEEE-300,\kreal[= 2.73

300 0.035 2.00 0.73 0.3092 1.071 2.97 0.24 0.0389 0.005 2.73 0 0.0246

1000 0.507 1.493 0.064

3000 7.673 2.565 0.657

5000 24.014 3.654 1.895

n SW (2, 0.9) PreRTNSW (3, 0.3, 0.1, 0.9) DSCRG (2.52, 1)

Time(s) \kob[ e DKL Time(s) \kob[ e DKL Time(s) \kob[ e DKL

GB-2224,\kreal[= 2.52

2224 4.220 2.00 0.52 0.3391 3.869 2.97 0.45 0.0379 0.351 2.52 0 0.0254

1000 0.550 2.087 0.066

3000 8.432 4.491 0.646

5000 25.084 6.035 1.903

n SW (2, 0.9) PreRTNSW (2, 0.7, 0.6, 0.9) DSCRG (2.42, 1)

Time(s) \kob[ e DKL Time(s) \kob[ e DKL Time(s) \kob[ e DKL

PL-2383,\kreal[= 2.42

2383 4.700 2.00 0.42 0.1419 14.412 2.08 0.34 0.0853 0.381 2.42 0 0.0587

1000 0.550 7.686 0.065

3000 8.432 15.958 0.649

5000 25.084 26.122 1.910

n SW (2, 0.9) PreRTNSW (3, 0.2, 0.1, 1) DSCRG (2.77, 1)

Time(s) \kob[ e DKL Time(s) \k[ e DKL Time(s) \kob[ e DKL

EU-2869,\kreal[= 2.77

2869 8.159 2.00 0.77 0.4996 3.293 2.97 0.20 0.0278 0.599 2.77 0 0.0163

1000 0.550 1.805 0.064

3000 8.432 3.500 0.648

5000 25.084 5.206 1.896

The bold number means the best result in a row
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proportion of PreRTNSW when the node degree is 1, while

the opposite is true when the node degree is 3.

Fig. 3(b) shows that the performance of DSCRG is

better than that of PreRTNSW when the node degree is

from 1 to 3. On the contrary, when the node degree is over

3, the performance of PreRTNSW is slightly better than the

one of DSCRG. Some nodes with degree greater than 14

are generated by PreRTNSW, but there is no such node in

GB-2224.

Fig. 3(c) shows that the degree distribution of DSCRG

is closer with PL-2383 than that of PreRTNSW except

when the node degree is 2. Finally, Fig. 3(d) shows that the

degree distributions of DSCRG and PreRTNSW are nearly

the same when the node degree is below 12. Nodes with

degree 14 and 15 are not generated by the former, while

nodes with degree greater than 15 (that don’t exist in EU-

2869) are generated by the latter.

From the above analyses, we conclude that DSCRG is

superior to SW and PreRTNSW with respect to execution

time, average degree and distribution degree for simulating

the realistic power grid topologies.

4.3.2 Results of generating random graphs with prescribed

numbers of connected components

An experimental study was conducted to generate ran-

dom topologies with prescribed numbers of connected

components by applying DSCRG only. With n = {1000,

2000, 3000, 4000, 5000},\k[= {2, 3, 4, 5, 6, 7, 8, 9, 10}

and c = {1, 3, 5, 7, 9}, 225 (n9\k[9c) kinds of different

random graphs were generated. The execution times are

shown in Fig. 4. All the random graphs can be generated

within 2 seconds. The execution time increases linearly

with the graph size. The average degrees are shown in

Fig. 5. We observe that the obtained average degrees are

the same as the given value of\k[ for any c and n.

5 Conclusion

Numerous studies on power systems call for the gener-

ation of random graphs. In order to substitute generated

random graphs for realistic power grid topologies in sim-

ulations, we have studied several existing random graph

generation algorithms and pointed out their shortcomings

clearly. To effectively model power grid topologies, we

have presented a novel algorithm named ‘‘dual-stage con-

structed random graph’’. In the first stage, a spanning tree

with a given number of nodes is randomly constructed; in

the second stage, the spanning tree is expanded to the

required random graph by arbitrarily adding a certain

number of lines to it. To simulate power grid topologies

under fault conditions, the algorithm has been generalized

to generate random graphs with prescribed numbers (one or

multiple) of connected components. By empirical com-

parisons, it has been proved that:

1) When the number of connected components is

prescribed to be one, the proposed DSCRG can

guarantee the connectivity of the generated random

graph. Unlike the existing algorithms, there is no need

to check connectivity repeatedly.

2) The number of lines in the generated random graph by

DSCRG can be precisely controlled to ensure that

there is no difference between the obtained and the

realistic average degrees.

3) Similar node degree distributions to real-world power

grid topologies have been obtained by DSCRG.

4) Random graphs with a prescribed number of con-

nected components can be generated by DSCRG

within a shorter time frame than existing

algorithms.

In general, the proposed DSCRG is a preferable algo-

rithm that is capable of quickly generating a large number

of sparse random graphs with prescribed numbers of con-

nected components and the appropriate degree distribution

to substitute for real-world power grid topologies.
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