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Abstract One of the important features of low-carbon

electric power system is the massive deployment of renew-

able energy resources in the advent of a new carbon-strained

economy. Wind generation is a major technology of gener-

ating electric power with zero carbon dioxide emission. In a

power system with the high penetration of wind generation,

the displacement of conventional synchronous generators

with variable speed wind turbines reduces system inertia.

This leads to larger system frequency deviation following a

loss of large generation. In this paper, the impact of the

reduction of system inertia on system frequency is analyzed

as the result of the integration of a significant amount of wind

generation into power systems. Furthermore, we present a

preliminary study of the impact of the distribution of the

inertia contributions from those online conventional syn-

chronous generators on the rate of change of frequency

(ROCOF) based on the total energy injected into the system

due to the fault. The total fault energy is represented using

Hamiltonian formulism. With the IEEE 39-bus system, it is

shown that for a fault with the given injected total energy,

clearing time, and location, the distribution of inertia con-

tributions can significantly affect the magnitude of ROCOF.

Moreover, for such a fault with different locations, the

average of the magnitudes of ROCOF caused by the fault at

different locations is larger when the distribution of the

inertia contributions is more dispersed.

Keywords Carbon dioxide emission, Wind generation,

System inertia, Rate of change of frequency

1 Introduction

The world-wide concern about carbon dioxide (CO2)

emission has led to the increasing interest in the generation

technologies of renewable energy sources. Decarbonization

of power generation is crucial for reducing CO2 emission

[1–3]. It is reported that 41 % of the energy-related CO2

emission are currently from the fossil-fuel power plants,

and the percentage is expected to be 44 % in 2030 [4]. To

reduce CO2 emission, the power industry is gradually

changing the generation technologies from fossil fuel to

renewable energy sources. Among these generation tech-

nologies of renewable energy sources, wind generation

grows rapidly. It is predicted that, by 2020, the total

worldwide power generated by wind generation would be

more than 1,261 GW, which can supply about 12 % of total

worldwide electricity demand [5].

Such a projected high penetration of wind generation in

power systems can affect the frequency stability. Nowa-

days, most of wind turbines (e.g. Doubly Fed Induction

Generators) employ variable speed constant frequency

generation technology to produce electric power from

variable wind [6]. Normally, variable speed wind turbines

do not contribute to system inertia since the rotor of the

variable speed wind turbines is running at a variable

asynchronous speed and thus not sensitive to the change of

system frequency [7–9]. The displacement of a large

number of conventional synchronous generators with var-

iable speed wind turbines reduces system inertia. When the

system is subjected to an unexpected disturbance that

causes a significant system-wide power imbalance, the

reduced system inertia can cause a larger and faster
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ROCOF and frequency nadir, which are two critical vari-

ables to set the relays for maintaining frequency stability

[10–12].

In the study presented in this paper, the impact of the

reduction of system inertia on system frequency is ana-

lyzed as the consequence of the integration of wind gen-

eration into power systems. Then, we investigate the

impact of the distribution of the inertia contributions on

system frequency in order to answer questions like, 1)

when a number of conventional synchronous generators

have to be turned off to accommodate more wind power,

how important the distribution of the inertia contributions

from the remaining online synchronous generators is? 2)

for the same amount of system inertia, do different distri-

butions of inertia contributions have different impacts on

ROCOF? The answers to these types of questions are

useful to better coordinate a conventional synchronous

generator fleet for the variable wind power generation.

Also, the answers can contribute to developing methods for

planning the power generation expansion towards low-

carbon economy [13, 14]. Specifically, the investigation is

based on the total fault injected energy, which is the

additional energy injected into the power system during the

fault period. The total fault injected energy is modeled

based on the so-called Hamiltonian formulism. The results

of the study are demonstrated and explained with the IEEE

39-bus system.

The rest of the paper is organized as follows: in Sect. 2,

we analyze the impact of the reduction of system inertia on

system frequency; in Sect. 3, a model of total fault injected

energy is developed for our study; in Sect. 4, the impact of

the distribution of inertia contributions on system fre-

quency is analyzed; Sect. 5 includes the numerical simu-

lations and results of analyses with the IEEE 39-bus

system; and Sect. 6 concludes.

2 Impact of reduction of system inertia on frequency

In this section, the impact of the reduction of system

inertia is analyzed as the result of the integration of a

significant amount of wind generation into power systems.

2.1 Model of power system dynamics

For a power system with Ng interconnected generators

and Nb buses, its dynamics can be described by a set of

differential and algebraic equations (DAE). That is,

d/i

dt
¼ xi � xR; i ¼ 1; 2; . . .;Ng ð1Þ

Mi

dðxi � xRÞ
dt

¼ Pmi � Pi; i ¼ 1; 2; . . .;Ng ð2Þ

Pi þ PLi ¼ 0; i ¼ Ng þ 1;Ng þ 2; . . .;Ng þ Nb ð3Þ

Qi þ QLi ¼ 0; i ¼ Ng þ 1;Ng þ 2; . . .;Ng þ Nb ð4Þ

Pi ¼
XNgþNb

j¼1

BijViVj sinð/i � /jÞ; i ¼ 1; 2; . . .;Ng þ Nb

Qi ¼ �
XNgþNb

j¼1

BijViVj cosð/i � /jÞ; i ¼ 1; 2; . . .;Ng þ Nb

where /i is the ith element of (Ng ? Nb) 9 1 vector / in

which the first Ng elements are the rotor angles of the gen-

erators in radians and the remaining elements are the bus

voltage angles in radians; Vi is the ith element of

(Ng ? Nb) 9 1 vector V in which the first Ng elements are

the magnitudes of the generator internal voltages in per unit

and the remaining elements are the magnitudes of the bus

voltages in per unit; xi is the angular velocity of the ith

generator in radians per second; xR is the rated angular

velocity in radians per second; Mi = 2Hi/xR in which Hi is

the inertia constant of the ith generator in seconds; Pmi is the

mechanical power input of the ith generator in per unit; Pi is

the real power input at the ith bus in per unit; Qi is the reactive

power input at the ith bus in per unit; PLi and QLi are the

voltage dependent active and reactive power outputs at the ith

load bus in per unit, respectively; Bij is the imaginary part of

the negative of the branch admittance between buses i and j in

per unit; and Bii is the sum of imaginary parts of all branch

admittances connected to bus i in per unit.

2.2 Impact of reduction of system inertia on frequency

The impact of the reduction of system inertia on system

frequency is analyzed using ROCOF. The ROCOF is the

initial slope of the system frequency with respect to time. The

ROCOF is an important variable used for relay setting of

protection system. Also, the ROCOF is an indicator to

measure the seriousness that a disturbance affects system

frequency. The ROCOF can be derived from the center of

inertia of the system, which has angular velocity below [15],

�x ¼

PNg

i¼1

Mixi

PNg

i¼1

Mi

ð5Þ

With (5), the ROCOF can be represented as

d�f

dt
¼ �fRDPFð0þÞ

PNg

i¼1

2Hi

ð6Þ

where d�f=dt is the ROCOF in hertz per second; fR is rated

system frequency and is selected as 60 Hz; and DPF(0?) is
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the change in real power output at fault bus F from t = 0 to

t = 0? in per unit. The derivation of (6) is presented in

Appendix 1.

Equation (6) indicates that system inertia (i.e., the sum

of the inertia constants of all generators) can affect the

ROCOF. For a fault with a given size, the magnitude of the

ROCOF is inversely proportional to system inertia. That is,

the lower system inertia is, the larger the magnitude of the

ROCOF is. The larger the magnitude of the ROCOF means

the more severe frequency drop; thus, the lower system

inertia can cause the more severe frequency drop, which

may result in frequency instability.

The analysis above shows that frequency stability is a

concern in a power system with a large penetration of

variable speed wind turbines. Normally, the variable speed

wind turbines do not contribute to system inertia. When a

large penetration of variable speed wind turbines into a

power system reduces the power supplied by conventional

synchronous generators, system inertia correspondingly

reduces. According to (6), it is known that the reduced

system inertia can cause frequency instability when the

system is subjected to a significant power imbalance. On

the other hand, (6) does not show how the distribution of

the inertia contributions from the remaining online syn-

chronous generators affects the ROCOF. The distribution

of the inertia contributions may further increase the mag-

nitude of the ROCOF and thus the seriousness of frequency

instability. To understand the impact of the distribution of

the inertia contributions on system frequency, the ROCOF

defined in (6) will be represented based on the total energy

injected into the system during the fault period in Sect. 4.

A model of the total fault injected energy will be developed

in next section.

3 Modeling of total fault injected energy

In this section, a model of total fault injected energy is

developed based on Hamiltonian formulism and a classic

model of conservative power system.

3.1 Representations of energy components

Let tc be the fault clearing time and ts be the time at

which the system following a fault is stabilized. The total

kinetic and potential energies of the dynamic power system

described in (1)–(4) during the period of interest t [ [tc, ts]

can be summarized as follows:

Total kinetic energy (WKE) can be expressed as,

WKE ¼
1

2

XNg

i¼1

Mi xiðtÞ � xR½ �2 ð7Þ

Note that the kinetic energy above is represented with the

angular velocity relative to the rated angular velocity. More

detailed discussion of the total kinetic energy can be found

in many references such as [16].

For total potential energy (WPE), which is the electro-

magnetic energy stored in various components of the

power grid, including generators (WPE,1), loads (WPE,2),

and branches (WPE,3) in the transmission network, which

can be written as,

WPE ¼ WPE;1 þWPE;2 þWPE;3 ð8Þ

The detailed derivation of (8) can be found in Appendix 2.

According to electric circuit theory [17], these types of

potential energy can be further expressed as follows:

1) Potential energy of generators (WPE,1) is related to the

change in the rotor angle positions of generators,

which can be represented as,

WPE;1 ¼ �
XNg

i¼1

Pmi /iðtÞ � /iðtsÞð Þ

2) Potential energy of loads (WPE,2) includes the potential

energy related to both active power (WPE,21) and

reactive power (WPE,22), which can be further written as,

WPE;2 ¼WPE;21 þWPE;22

¼
XNgþNb

i¼Ngþ1

Z t

ts

PLi

d/iðsÞ
ds

dsþ
XNgþNb

i¼Ngþ1

Z ViðtÞ

ViðtsÞ

QLi

xi

dxi

3) Potential energy stored in branches (WPE,3) can be

represented as,

WPE;3¼�
1

2

XNgþNb

i¼1

XNgþNb

j¼1

BijViðtÞVjðtÞcos /iðtÞ�/jðtÞ
� �

þ1

2

XNgþNb

i¼1

XNgþNb

j¼1

BijViðtsÞVjðtsÞcos /iðtsÞ�/jðtsÞ
� �

When the offset between the potential energy of loads

and branches is considered, the total potential energy can

further be described by the potential energy of generators

and of branches connected to internal generator buses.

Thus, we can have,

WPE ¼ �
XNg

i¼1

Pmi /iðtÞ � /iðtsÞð Þ

þ
XNg

i¼1

Z t

ts

XNgþNb

j¼1

BijViðsÞVjðsÞ sinð/iðsÞ � /jðsÞÞ
 !

� d/iðsÞ
ds

ds ¼
XNg

i¼1

Z t

ts

Pi � Pmið Þ d/iðsÞ
ds

ds ð9Þ
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The detailed derivation of (9) can be found in Appendix 3.

In order to better represent the amount of energy

injected into the system during the fault period, which is

manifested in the form of kinetic energy, we further sep-

arate the integral of (9) into two periods, [ts, tc] and [tc, t].

That is, (9) can be rewritten as,

WPE ¼
XNg

i¼1

Z tc

ts

Pi � Pmið Þ d/iðsÞ
ds

ds

þ
XNg

i¼1

Z t

tc

Pi � Pmið Þ d/iðsÞ
ds

ds ð10Þ

In (10), it can be seen that the first integral over [ts, tc] is

a time invariant function with respect to time t while the

second integral is a time varying function with respect to

time t. The former is considered as an energy constant and

selected as a reference. Then, the total potential energy

(WPE) of interest can be further simplified as,

WPE ¼
XNg

i¼1

Z t

tc

Pi � Pmið Þ d/iðsÞ
ds

ds ð11Þ

3.2 Total energy of dynamic power system

(Hamiltonian)

The total energy of the power system described in

(1)–(4) or Hamiltonian, T, can be constructed based on the

total kinetic energy and potential energy described in (7)

and (11), respectively. That is,

T ¼WKE þWPE

¼ 1

2

XNg

i¼1

Mi xiðtÞ � xR½ �2 þ
XNg

i¼1

Z t

tc

Pi � Pmið Þ d/iðsÞ
ds

ds

ð12Þ

The Hamiltonian described in (12) has some features

similar to those of the general Hamiltonian in classical

mechanics, which is summarized in [18]. The general

Hamiltonian is a function with respect to n generalized

position coordinates and n generalized momentum

coordinates, and the motion characteristics of a dynamic

system without dissipation can be described by a set of

Hamilton’s equations,

dqi

dt
¼ oT

opi

ðq1; q2. . .; qn; p1; p2:. . .pnÞ; i ¼ 1; 2; . . .; n

ð13Þ
dpi

dt
¼ � oT

oqi

ðq1; q2. . .; qn; p1; p2. . .; pnÞ; i ¼ 1; 2; . . .; n

ð14Þ

where qi is the ith generalized position coordinate and pi is

the ith generalized momentum coordinate. For a dynamic

system consisting of n rigid bodies with mass mi, pi ¼ mi _qi,

i = 1,2,…,n.

Let qi = di and pi = Mi(xi - xR). The Hamiltonian in

(12) can be viewed as a function with respect to position

coordinates and momentum coordinates; with (13)–(14),

the Hamilton’s equations of the power system described by

DAEs in (1)–(4) can be expressed as,

d/i

dt
¼ 1

Mi

oðWKE þWPEÞ
oðxi � xRÞ

¼ xi � xR; i ¼ 1; 2; . . .;Ng

ð15Þ

Mi

dðxi � xRÞ
dt

¼ � oðWKE þWPEÞ
o/i

¼ Pmi � Pi;

i ¼ 1; 2; . . .;Ng

ð16Þ

Thus, the derivative of Hamiltonian in (12) with respect

to time t can be written as,

dT

dt
¼
XNg

i¼1

oT

oqi

dqi

dt
þ oT

opi

dpi

dt

� �

¼
XNg

i¼1

oðWKEþWPEÞ
o/i

d/i

dt
þoðWKEþWPEÞ

oðxi�xRÞ
dðxi�xRÞ

dt

� �

¼ 0 ð17Þ

Equation (17) confirms that the total system energy

during the period t [ [tc, ts] is conserved in the power

system described by (1)–(4) since the Hamiltonian defined

in (12) is a constant during the period. Such confirmation

indicates that (12) is a complete expression of the total

system energy.

The Hamiltonian during the period t [ [tc, ts] is equal to

the amount of fault-related energy that is injected into the

system at t = tc. Thus, the Hamiltonian during the period t

[ [tc, ts] can be represented with the total kinetic and

potential energies at t = tc which are described in (7) and

(11), respectively,

TðtÞ ¼TðtcÞ ¼WKEðtcÞþWPEðtcÞ ¼
1

2

XNg

i¼1

Mi xiðtcÞ�xR½ �2

þ
XNg

i¼1

Z tc

tc

Pi�Pmið Þd/iðsÞ
ds

ds¼WKEðtcÞ ð18Þ

Equation (18) is a general representation of the total

energy that is injected into the power system during the

fault period.

3.3 Numerical estimation of Hamiltonian

The Hamiltonian at t = tc can be calculated with (18) if

the angular velocity of each generator at t = tc is obtained.

Let us consider a small fault with short duration during

which the acceleration power for a generator can be
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considered a constant. Then, (19) can be obtained from the

previous dynamical Eqs. (1)–(4),

xiðtcÞ � xR � �
EiVf BiF cosðdið0Þ � hFð0ÞÞDPFð0þÞ
PNg

i¼1

EiVFBiF cosðhFð0Þ � dið0ÞÞ

1

Mi

tc

ð19Þ

where Ei is the internal voltage magnitude of the ith gen-

erator in per unit; VF is the pre-fault voltage magnitude at

fault bus F in per unit; BiF is the imaginary part of the

negative of the transfer admittance between generator

internal bus i and fault bus F in per unit; di(0) is the pre-

fault rotor angle of the ith generator at t = 0 in radians; and

hF(0) is the pre-fault voltage angle of fault bus F in radians.

The derivation of (19) is presented in Appendix 4.

Plugging (19) into (18), we have

�TFðtcÞ ¼
t2
c

2
� DPFð0þÞ½ �2

�
XNg

i¼1

1

Mi

EiVFBif cosðdið0Þ � hFð0ÞÞ
PNg

i¼1

EiVf BiF cosðhFð0Þ � dið0ÞÞ

2
6664

3
7775

2

F ¼ 1; 2; . . .;Nb ð20Þ

where �TFðtcÞ is the estimated Hamiltonian of the system at

t = tc in per unit when a fault occurs at bus F.

Equation (20) indicates that the Hamiltonian is related to

three fault factors—fault size, clearing time, and location.

The relationship between the Hamiltonian and these three

fault factors can be clearly shown by simplifying (20) with

assuming Ei & VF & 1 p.u. and cos(di(0) - hf(0)) & 1,

�TFðtcÞ ¼
1

2
� t2

c � DPFð0þÞ½ �2�
XNg

i¼1

B2
iF

Mi

PNg

i¼1

BiF

" #2
;

F ¼ 1; 2; . . .;Nb

ð21Þ

Replacing Mi with Hi/pfR, (21) becomes

�TFðtcÞ ¼
pfR

2
� t2

c � DPFð0þÞ½ �2�
XNg

i¼1

B2
iF

Hi

PNg

i¼1

BiF

" #2
;

F ¼ 1; 2; . . .;Nb

ð22Þ

4 Impact of distribution of inertia contributions

on frequency

As the result of the integration of a significant amount of

wind generation into power systems, the impact of the dis-

tribution of inertia contributions from online conventional

synchronous generators on system frequency can be ana-

lyzed based on the total fault injected energy defined in (22)

and the ROCOF defined in (6).

By rewriting (6) based on (22), the impact of the dis-

tribution of inertia contributions on the ROCOF can be

shown by the following equation:

d�f

dt
¼ � 1

PNg

i¼1

Hi

�TFðtcÞfR
2pt2

c DF

� �1
2

ð23Þ

where

DF ¼
XNg

i¼1

B2
iF

Hi

PNg

i¼1

BiF

" #2
; F ¼ 1; 2; . . .;Nb ð24Þ

Equations (23) and (24) indicate that the distribution of

inertia contributions can affect the ROCOF by factor DF.

Equation (23) shows that, for a fault with a given injected

energy and clearing time, when system inertia is constant,

the magnitude of the ROCOF is inversely proportional to

factor DF. Equation (24) further shows that, for a given

fault location, factor DF depends on the reciprocal of the

inertia of each generator, which is related to the

distribution of inertia contributions. Thus, for a constant

system inertia and a fault with a given injected energy,

clearing time and location, when the characteristic of the

distribution of inertia contributions increases factor Df, the

magnitude of the ROCOF reduces; when the characteristic

of the distribution of inertia contributions reduces factor Df,

the magnitude of the ROCOF increases.

5 Case studies

In this Section, the impact of the distribution of inertia

contributions on system frequency is further discussed with

example of IEEE 39-bus system shown in Fig. 1. In the

system, there are 34 lines, 12 transformers, 39 buses, 10

generators, and 17 loads [19]. Table 1 presents the inertia

constant of each generator. In the system, the following two

cases are investigated: in Case A, the impact is analyzed in

the system under a fault at a given location; in Case B, the

impact is analyzed in the system under the fault at different

fault locations. In the investigation, the system frequency

response is evaluated based on dynamic simulations.

5.1 Impact of distribution of inertia contributions

on frequency

At a given fault location, the impact of the distribution

of the inertia contributions on frequency response is
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investigated using different scenarios of the inertia con-

stants, which are shown in Table 2. In each scenario, sys-

tem inertia is the same, but the dispersion of the

distribution of the inertia constants is different. The dis-

persion is quantified by calculating the standard deviation

of all inertia constants. For a given scenario, the three-

phase fault with a given injected energy is applied in bus 39

at t = 0 s and then is cleared at tc = 0.15 s in the system.

Figure 2 shows the change of the ROCOF with the dis-

persion of the distribution of the inertia contributions.

Figure 3 shows the change of factor DF in (23) with the

dispersion of the distribution of the inertia contributions.

It is observed from Fig. 2 that the distribution of the

inertia contributions significantly affects the magnitude of

the ROCOF. In Fig. 2, the magnitude of the ROCOF

increases with the dispersion of the distribution of the inertia

contributions when the system is subjected to a fault with a

given injected energy, location, and clearing time. This

indicates that the seriousness of the impact of the fault at bus

39 on the system frequency response increases with the

dispersion of the distribution of the inertia contributions.

Figure 3 shows that the observation from Fig. 2 is con-

sistent with the analysis results of (23) and (24). According to

(23), it is known that the magnitude of the ROCOF increases

with the decrease in factor DF when the system with a con-

stant system inertia is subjected to a fault with a given

injected energy, location, and clearing time. Equation (24)

shows that the distribution of inertia contributions can change

factor DF. In Fig. 3, factor DF reduces when the dispersion of

the distribution of the inertia contributions increases.

According to (23), the magnitude of the ROCOF increases

with the dispersion of the distribution of the inertia contri-

butions. This is consistent with the observation from Fig. 2.

5.2 Impact of distribution of inertia contributions

and fault locations on frequency

At different fault locations, the impact of the distribution

of inertia contributions on frequency response is investi-

gated using the same scenarios of the inertia constants

shown in Table 2. For a given scenario, the three-phase

fault that is used in Sect. 5.1 is separately applied to buses

30, 33, 35, and 36. Figures 4, 5 show the changes of the

ROCOF and factor DF with the dispersion of the distri-

bution of the inertia contributions in the system under the

fault at different locations, respectively. Figure 6 shows the

Table 1 Generator inertia constants in the IEEE 39-bus system in seconds

H1 H2 H3 H4 H5 H6 H7 H8 H9 H10

42.00 30.50 35.80 28.60 26.00 34.80 26.40 24.30 34.50 500.00

Fig. 1 One-line diagram of the IEEE 39-bus system
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comparison of the ROCOFs at different fault locations in

different scenarios of the inertia constants.

Figures 4, 5 show that the changes of the ROCOF with

the dispersion of the distribution of the inertia contributions

in the system under the fault at different locations are con-

sistent with the analysis results of (23) and (24). According

to (23) and (24), it is known that the magnitude of the

ROCOF reduces with the increase in factor DF when the

system with a constant system inertia is subjected to a fault

with a given injected energy, location, and clearing time. In

Fig. 5, when the system is subjected to the fault at buses 30,

33, 35, or 36, factor DF increases with the dispersion of the

distribution of the inertia contributions. Thus, when the

system is subjected to the fault at these buses, the magnitude

of the ROCOF reduces with the increase in the dispersion of

the distribution of the inertia contributions. This is consistent

with the results shown in Fig. 4.

More importantly, Fig. 6 and Table 2 show that the

average of the magnitudes of the ROCOF caused by the

fault at different fault locations increases with the disper-

sion of the distribution of the inertia contributions. It can

be seen from Fig. 6 and Table 2 that when the fault occurs

at bus 30, 33, 35, or 36, the magnitude of the ROCOF

reduces with the increase in the dispersion of the distri-

bution of the inertia contributions; however, when the fault

occurs at bus 39, the magnitude of the ROCOF increases

with the dispersion of the distribution of the inertia con-

tributions. Also, Fig. 6 shows that, in most of scenarios of

inertia constants, the magnitude of the ROCOF caused by

the fault at bus 39 is much larger than that caused by the

fault at bus 30, 33, 35, or 36. Thus, the average of the

magnitudes of the ROCOF caused by the fault at these

buses increases with the dispersion of the distribution of

the inertia contributions.

Table 2 Different scenarios of generator inertia constants in the IEEE 39-bus system in seconds

S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11

H1 88.67 84.00 79.33 74.67 70.00 65.33 60.67 56.00 51.33 46.67 42.00

H2 76.97 72.30 67.63 62.97 58.30 53.63 48.97 44.30 39.63 34.97 30.30

H3 82.47 77.80 73.13 68.47 63.80 59.13 54.47 49.80 45.13 40.47 35.80

H4 75.27 70.60 65.93 61.27 56.60 51.93 47.27 42.60 37.93 33.27 28.60

H5 72.67 68.00 63.33 58.67 54.00 49.33 44.67 40.00 35.33 30.67 26.00

H6 81.47 76.80 72.13 67.47 62.80 58.13 53.47 48.80 44.13 39.47 34.80

H7 73.07 68.40 63.73 59.07 54.40 49.73 45.07 40.40 35.73 31.07 26.40

H8 70.97 66.30 61.63 56.97 52.30 47.63 42.97 38.30 33.63 28.97 24.30

H9 81.17 76.50 71.83 67.17 62.50 57.83 53.17 48.50 43.83 39.17 34.50

H10 80.00 122.00 164.00 206.00 248.00 290.00 332.00 374.00 416.00 458.00 500.00

Sum 782.70 782.70 782.70 782.70 782.70 782.70 782.70 782.70 782.70 782.70 782.70

Standard deviation 5.19 15.46 29.04 42.89 56.81 70.77 84.73 98.71 112.69 126.68 140.67
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Fig. 2 Change of the ROCOF with the dispersion of the distribution

of the inertia contributions in the IEEE 39-bus system under the fault

at bus 39
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6 Conclusions

This paper discussed the impact of the reduction of system

inertia on system frequency as the result of the high pene-

tration of wind generation into power systems. Moreover, a

preliminary study of the impact of the distribution of inertia

contributions on system frequency was included. In the

study, the impact of the distribution of inertia contributions

on the ROCOF was investigated based on the total energy

injected to the power system during the fault period. The total

fault energy was represented using Hamiltonian formulism.

With the IEEE 39-bus system, it was shown that, for a fault

with a given injected energy, clearing time, and location, the

distribution of the inertia contributions can significantly

affect the magnitude of the ROCOF; furthermore, for a given

(sized) fault at different locations, the average of the mag-

nitudes of the ROCOF caused by the fault is larger when the

distribution of the inertia contributions is more dispersed.

The implications of the study presented in this paper to the

development of the low-carbon electric power system are: 1) if

the concern about frequency stability resulting from the

reduction of system inertia and the distribution of inertia

contributions are indeed a serious concern in the development

of the low-carbon power system, the online synchronous

generator fleet needs a better coordination to accommodate the

variable wind power; 2) frequency stability should be seriously

studied for the development of the low-carbon electric power

system with the high penetration of renewable energy sources,

especially for those associated with the initial frequency

response in the system following a power imbalance.

Open Access This article is distributed under the terms of the

Creative Commons Attribution License which permits any use, dis-

tribution, and reproduction in any medium, provided the original

author(s) and the source are credited.

Appendix 1

Derivation of (6)

Based on (5), the mean acceleration of all generators in

the system at t = 0? can be represented as,

d �xð0þÞ
dt

¼

PNg

i¼1

Mi
dxið0þÞ

dt

PNg

i¼1

Mi

ð25Þ

In (25), the acceleration of the ith generator at t = 0?

can be expressed as,

dxið0þÞ
dt

¼ �DPeið0þÞ
Mi

ð26Þ
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Fig. 4 Changes of the ROCOF with the dispersion of the distribution
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where DPei(0
?) is the change in the real power output of

the ith generator from t = 0 to t = 0? in per unit and can

be represented with (27) below by using a typical treatment

of a small fault.

DPeið0þÞ ¼ �EiVFBiF cosðdið0Þ � hFð0ÞÞDhF ð27Þ

where hF(0) can be further represented as,

DhF ¼
�DPFð0þÞ

PNg

i¼1

ViVf BiF cosðhFð0Þ � dið0ÞÞ
ð28Þ

With (26)–(28), (25) can be rewritten as,

d �xð0þÞ
dt

¼ �DPFð0þÞ
PNg

i¼1

Mi

ð29Þ

Replacing �xð0þÞ and Mi with 2p�f and Hi/pfR,

respectively, (29) becomes

d�f

dt
¼ � fRDPFð0þÞ

PNg

i¼1

2Hi

ð30Þ

Appendix 2

Derivation of (8)

In (8), the components of potential energy are defined

according to (31) below, which is derived from (1)–(4).

XNg

i¼1

1

2
Mi xiðtÞ � xR½ �2 ¼

XNg

i¼1

Pmi /iðtÞ � /iðtsÞ½ �

�
Z t

ts

XNgþNb

i¼Ngþ1

PLiðViÞ
d/iðsÞ

ds
ds�

Z t

ts

XNgþNb

i¼Ngþ1

QLi

Vi

dVi

ds
ds

þ 1

2

XNgþNb

i¼1

XNgþNb

j¼1

BijViðtÞVjðtÞ cosð/iðtÞ � /jðtÞÞ
� 	

� 1

2

XNgþNb

i¼1

XNgþNb

j¼1

BijViðtsÞVjðtsÞ cosð/iðtsÞ � /jðtsÞÞ
� 	

¼ �WPE;1 � WPE;21 þWPE;22

� �
�WPE;3

¼ � WPE;1 þWPE;2 þWPE;3

� �
ð31Þ

Equation (31) is derived as follows:

1) Both sides of (2) are multiplied by (d/i/dt) and then

the summation of Ng generator equations yields

XNg

i¼1

Miðxi�xRÞ
dðxi�xRÞ

dt
¼
XNg

i¼1

ðPmi�PiÞ
d/i

dt
ð32Þ

When xi(ts) = xR, the integral of both sides of (32)

from t to ts can be represented as,

XNg

i¼1

1

2
Mi xiðtÞ � xR½ �2 ¼ �WPE;1

�
Z t

ts

XNg

i¼1

XNgþNb

j¼1

BijViVj sinð/i � /jÞ
d/i

ds
ds ¼ 0

ð33Þ

2) Both sides of (3) are multiplied by (d/i/dt), and then the

summationofNb equations yields the followingequation,

XNgþNb

i¼Ngþ1

Pi

d/i

dt
þ
XNgþNb

i¼Ngþ1

PLi

d/i

dt
¼ 0 ð34Þ

The integral of both sides of (34) from t to ts can be

represented as follows,

�
Z t

ts

XNgþNb

i¼Ngþ1

XNgþNb

j¼1

BijViVj sinð/i � /jÞ
d/i

ds
ds

�
Z t

ts

XNgþNb

i¼Ngþ1

PLi

d/i

ds
ds

¼ �
Z t

ts

XNgþNb

i¼Ngþ1

XNgþNb

j¼1

BijViVj sinð/i � /jÞ
d/i

ds
ds

� WPE;21 ¼ 0 ð35Þ

3) Both sides of (4) are divided by Vi and then multiplied

by (dVi/dt); the summation of Nb equations yields the

equation below,

XNgþNb

i¼Ngþ1

QLi

Vi

dVi

dt
þ
XNgþNb

i¼Ngþ1

Qi

Vi

dVi

dt
¼ 0 ð36Þ

Since dEi/dt = 0 at the internal generator bus, the left-

hand-side second term of (36) can be represented with

the summation of Ng ? Nb equations; then (36) can be

changed as,

XNgþNb

i¼Ngþ1

QLi

Vi

dVi

dt
þ
XNgþNb

i¼1

Qi

Vi

dVi

dt
¼ 0 ð37Þ

The integral of both sides of (37) from t to ts can be

represented with the equation below

�
Z t

ts

XNgþNb

i¼Ngþ1

QLi

ViðsÞ
dViðsÞ

ds
dsþ

Z t

ts

XNgþNb

i¼1

XNgþNb

j¼1

�BijVjðsÞcos /iðsÞ�/jðsÞ
� �dViðsÞ

ds
ds ¼�WPE;22

þ
Z t

ts

XNgþNb

i¼1

XNgþNb

j¼1

BijVjðsÞcos /iðsÞ�/jðsÞ
� �dViðsÞ

ds
ds¼0

ð38Þ
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4) Eq. (31) can be obtained by summating (33), (35), and

(38). Note that in addition to the total kinetic energy

and negative potential energy components WPE,1,

WPE,21, WPE,22, the remanding terms in these

equations can be integrated and then represented

with negative potential energy component WPE,3. The

details can be found in Appendix 3.

Appendix 3

Derivation of (9)

The potential energy of branches (WPE,3) can be reor-

ganized as follows:

WPE;3 ¼�
XNgþNb

i¼1

1

2
BiiV

2
i ðtÞþ

XNgþNb

i¼1

1

2
BiiV

2
i ðtsÞ

�
XNgþNb�1

i¼1

XNgþNb

j¼iþ1

BijViðtÞVjðtÞ cos /iðtÞ � /jðtÞ
� �

þ
XNgþNb�1

i¼1

XNgþNb

j¼iþ1

BijViðtsÞVjðtsÞ cos /iðtsÞ � /jðtsÞ
� �

ð39Þ

Equation (39) can be represented with the integral form

below,

WPE;3 ¼ �
Z t

ts

XNgþNb

i¼1

BiiViðsÞ
dViðsÞ

ds
ds

�
Z t

ts

XNgþNb�1

i¼1

XNgþNb

j¼iþ1

Bij cos /iðsÞ � /jðsÞ
� �

� VjðsÞ
dViðsÞ

ds
þ ViðsÞ

dVjðsÞ
ds

� �
ds

þ
Z t

ts

XNgþNb�1

i¼1

XNgþNb

j¼iþ1

BijViðsÞVjðsÞ sin /iðsÞ � /jðsÞ
� �

d /iðsÞ � /jðsÞ
� �

ds
ds

¼ �
Z t

ts

XNgþNb

i¼1

BiiViðsÞ
dViðsÞ

ds
ds

�
Z t

ts

XNgþNb

i¼1

XNgþNb

j¼1;j6¼i

BijVjðsÞ cos /iðsÞ � /jðsÞ
� � dViðsÞ

ds
ds

þ
Z t

ts

XNgþNb

i¼1

XNgþNb

j¼1

BijViðsÞVjðsÞ sin /iðsÞ � /jðsÞ
� � d/iðsÞ

ds
ds

With (3) and (4), the equation above can be simplified

as,

WPE;3 ¼ �
Z t

ts

XNgþNb

i¼Ngþ1

QLi

Vi

dVi

ds
ds�

Z t

ts

XNgþNb

i¼Ngþ1

PLi

d/iðsÞ
ds

ds

þ
Z t

ts

XNg

i¼1

XNgþNb

j¼1

BijViðsÞVjðsÞ sin /iðsÞð

�/jðsÞ
� d/iðsÞ

ds
ds ¼ �WPE;2 þ

Z t

ts

XNg

i¼1

XNgþNb

j¼1

� BijViðsÞVjðsÞ sin /iðsÞ � /jðsÞ
� � d/iðsÞ

ds
ds

ð40Þ

Plugging (40) into (8), we have (9). That is,

WPE ¼ �
XNg

i¼1

Pmi /iðtÞ � /iðtsÞð Þ

þ
XNg

i¼1

Z t

ts

XNgþNb

j¼1

BijViðsÞVjðsÞ sinð/iðsÞ � /jðsÞÞ
 !

� d/iðsÞ
ds

ds ¼
XNg

i¼1

Z t

ts

Pi � Pmið Þ d/iðsÞ
ds

ds

Appendix 4

Derivation of (19)

The angular velocity of a generator relative to the rated

angular velocity at t = tc can be represented with the

change in angular velocity of the generator from t = 0 to

t = tc,

xi tcð Þ � xR ¼ Dxi tcð Þ ¼ xi tcð Þ � xRð Þ � xið0Þ � xRð Þ;
i ¼ 1; 2; . . .;Ng ð1Þ

where the angular velocity of a generator is assumed to be

equal to the rated angular velocity (i.e., xi(0) = xR) before

a fault occurs.

The change in the angular velocity of the generator in

(41) can be represented with the integral of the acceleration

of the generator during the period t [ (0, tc),

DxiðtcÞ ¼
Z t�c

0þ

dxiðsÞ
ds

ds; i ¼ 1; 2; . . .;Ng ð42Þ

For a short duration of fault, the acceleration power of a

generator can be considered as a constant that is equal to

the change in the real power output of the generator from

t = 0 to t = 0?. Thus, the acceleration of the generator can

be considered as a constant during the duration of fault.

Then, (42) can be represented as,
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DxiðtcÞ ¼
Z t�c

0þ

dxiðsÞ
ds

dt ¼ dxið0þÞ
dt

tc ¼ �DPeið0þÞ
1

Mi

tc;

i ¼ 1; 2; . . .;Ng

ð43Þ

With (27)–(28) and (43), the angular velocity of a

generator relative to the rated angular velocity at t = tc can

be approximately represented as,

xiðt�c Þ�xR ¼�
EiVFBiF cosðdið0Þ� hFð0ÞÞDPFð0þÞ
PNg

i¼1

ViVFBiF cosðhFð0Þ� dið0ÞÞ

1

Mi

tc
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