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Abstract As discussed in the first part of this paper, a key problem shared by some of the most well-known
phenomenological derivations of Schrödinger-like equations is the (arbitrary) choice of the free parameters involved.
Specifically, the (universal) constant h̄ that makes the behavior of quantum systems so distinctive is normally
introduced into the description by hand. This, however, does not need to be so. As shown in the present paper, the
derivation provided by stochastic electrodynamics leaves no room for free parameters, the appearance of Planck’s
constant being determined univocally by the physics of the problem.

Keywords Schrödinger equation · Stochasticmechanics ·Classical quantum analogs · Stochastic electrodynamics

1 Introduction

The Schrödinger equation is traditionally presented in textbooks either as a basic postulate or, alternatively, it is
justified or ‘derived’ by making appeal to the wave nature of the solution ψ of the equation and to de Broglie’s
relation p = h̄/λ. In recent times, even simpler ‘derivations’ have beenmade available on the internet, spreading the
idea that arriving at the Schrödinger equation is an easy matter. Then, there are the phenomenological derivations of
Schrödinger-like equations in stochastic mechanics and the like, which seem to indicate that the most fundamental
equation of quantum mechanics is simply one more wave equation to which a particular constraint is added. What
is it, then, that makes the behavior of quantum systems so distinctive? What is their relation, if any, with those other
(nonquantum) systems that obey a Schrödinger-like equation under certain conditions?

To find an answer to these important questions, it is necessary to clarify the real status of the various derivations.
Given the scattered literature on the subject, a review on it would be most pertinent. Here, we offer a partial
contribution to the topic, by focusing on a particular kind of approaches that have in common a stochastic element,
and addressing the question of the uniqueness of the Schrödinger equation from a physical perspective as opposed
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to a merely formal one. Clearly, we do not pretend to cover all known proposals that have been made to arrive at the
quantum description; in particular, among the interesting alternatives that escape the present discussion one may
find those developed separately by Khrennikov [1–3] and by ’t Hooft [4–6].

Thepaper starts by recalling the phenomenological derivation ofSchrödinger-like equations in stochasticmechan-
ics, which serves to stress the distinction between classical and quantum stochastic processes. This is followed by
arguably the simplest derivation of all, which uses little more than the continuity equation and the factorization of
the probability density in configuration space. The classical hydrodynamic analogies are then briefly discussed, par-
ticularly those that have been recently exhibited through the series of bouncing-drop experiments. The importance
of the (arbitrary) choice of the free parameters involved in the various derivations of Schrödinger-like equations
is highlighted. Finally, the derivation provided by stochastic electrodynamics is presented, showing that, contrary
to the other approaches, it furnishes a physical explanation for the uniqueness of the Schrödinger equation, by
univocally fixing the value of the parameters based on first principles.

2 Stochastic (quantum) mechanics

A variety of arguments have been given historically in support of the notion of a stochastic process underlying
quantum mechanics. The more formal ones are based on the analogy first observed by Schrödinger [7,8] (and
followed by Fürth [9]) between his equation and the diffusion equation, which are related with one another by
analytical continuation into imaginary times. The seed planted by Schrödinger expanded much later into a fuller
theory in terms of Bernstein processes [10–12]. A further argument that has been put forward is that if a quantum
particle is considered to follow a stochastic process in configuration space, the resulting Hausdorff fractal dimension
of such process is the same as that of a Brownian particle [13]. This fact is in itself interesting, although when the
argument is transferred to a phase–space description the analogy breaks down. A number of additional reasons have
been given in support of a stochastic approach to the quantum problem; for example, de Broglie [14] felt compelled
to introduce it to make the particle switch at random from one guiding wave to another.

The first relatively accomplished stochastic theory of the quantum process was proposed by Féynes [15,16] on
the basis of an ad hoc Lagrangian within a Brownian context. But perhaps the most widely known theory of this
kind, based on a nondissipative Markov process, is stochastic mechanics, initiated by Nelson [17–19] and further
developed by Guerra et al. [20,21], Davidson [22,23], and others. A common weakness of these works, at least
during the earlier stages of their development, was the characterization of the underlying process as classical and of
a Brownian nature. The need for a clear conceptual distinction between classical and quantum stochastic processes
gave rise to a different branch of research, leading to the theory known as stochastic quantum mechanics [24–26];
this is the one that we will briefly recall. A somewhat different realist formulation of the stochastic approach to
quantum mechanics has been developed more recently by Budiyono [27], following a Lagrangian schema instead
of the Newtonian one presented here.

The theory uses a kinematics in configuration space that is sufficiently general to accommodate both classical and
quantum processes. This is achieved by developing a coarse-grained description, with the concomitant appearance
of two velocities: the diffusive (or osmotic) velocity u given by

u = D
∇ρ

ρ
= D∇ ln ρ, (1)

where ρ(x, t) is the probability density and D is the diffusion coefficient (which appears as a free parameter and is
considered a scalar, for simplicity), and the systematic (or flow) velocity v, which satisfies the continuity equation
expressing the local conservation of particles,

∂ρ

∂t
+ ∇ · ρv = 0. (2)
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Specificity of the Schrödinger equation 277

Correspondingly, there appear four possible acceleration terms.Thewant of a specificmodel calls for the introduction
of a couple of basic physical considerations for the construction of the dynamical law involving the four accelerations,
namely their properties under time reversal and in theNewtonian (nonstochastic) limit.With f = −∇V , the external
conservative force acting on the system, the general equation thus obtained [25,26] reads

m

[
∂v

∂t
+ (v · ∇) v − λ (u · ∇) u − λD∇2u

]
= f , (3)

which can be integrated once, to obtain

2mD
∂S

∂t
+ 1

2
mv2 − λ2mD2∇2√ρ√

ρ
+ V = 0, (4)

where the dimensionless action function S(x, t) is such that

v = 2D∇S (5)

and λ is a free parameter, which may in principle have any real value. Equation (3) was first proposed by Nelson
[17–19], with the specific value λ = 1. The term in (4) that contains the Laplacian is known as the quantum
potential. Equation (3) is obtained whenever the flow velocity v is irrotational (corresponding to a laminar flow)
and can therefore be written as in Eq. (5). This restriction can be lifted, for example, when there is an external
electromagnetic vector potential A, in which case v = 2D∇S − (e/mc)A. The extra term appears eventually in
the Schrödinger-like equation (see below), playing the usual role of the vector potential under minimal coupling.

Equations (4) and (2) form a couple of differential equations for the variables ρ and S, which bear the dynam-
ical information for an ensemble of particles subject to the conservative force −∇V . They can be decoupled by
introducing the functions ψ+, ψ− such that

ψ± = √
ρ exp

(
± S√−λ

)
(6)

and

ρ = ψ+ψ−. (7)

The velocities v and u rewrite then as

v = D
√−λ∇ ln

ψ+
ψ−

, u = D∇ lnψ+ψ−. (8)

This change of functions leads to the pair of uncoupled linear equations

∓iγ
∂ψ±
∂t

= − γ 2

2m
∇2ψ± + Vψ±, (9)

where

iγ ≡ 2mD
√−λ. (10)

Equations (9) apply to any system that is amenable to the present stochastic treatment, subject to the free (though
nontrivial) choice of D and λ, hence of γ. This exhibits at once the strength and the weakness of the procedure. For
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on the one hand, we have arrived at a Schrödinger-like description of the stochastic system; but on the other hand,
the equation thus obtained is quite unspecific and the selection of the parameters seems rather arbitrary. A complete
theory should allow for an unambiguous derivation of both λ and the coefficients Di j (the elements of the diffusion
tensor D, which in the more general case is not necessarily constant nor diagonal as was assumed here), from first
principles. This is beyond reach for the present phenomenological approach, due inter alia to the nonspecificity of
the random field responsible for the stochasticity.

2.1 Quantum vs classical stochastic processes

Notice that in the integrated equations (9), the single free parameter is γ, i.e., the product D
√−λ, not each factor

separately. One may therefore consider that D takes care of the scale, and take λ = ±1. This leads to essentially
two different kinds of process, described by equations having a different mathematical structure, according to the
sign of λ.

2.1.1 The parabolic solution

Take first λ = −1. In this case iγ = 2mD, Eq. (9) are parabolic, both ψ+ and ψ− are real, and the process
described by them is irreversible. This theory can be used to describe classical Markov processes, if due allowance
is made for the unbalanced friction force, which can be introduced via an expression such as f f = −βve with
ve = 2D(∇ψ+/ψ+), or the like (see, e.g., Ref. [28]). However, with the introduction of such a term, the theory
ceases to be linear and it is then simpler to go back to the (linear) Fokker–Planck equation used traditionally to
deal with Markov processes. Moreover, it happens that the values of both the friction parameter β and the diffusion
coefficient D are problem-specific; a partial way out of this situation is the fluctuation–dissipation relation, when it is
at hand. As is well known, the presence of the friction force, together with the incoherence of the noisy background,
leads to purely noisy solutions for t → ∞. With all these drawbacks, a procedure as the present one seems to be
of limited practical value in this case.

2.1.2 The hyperbolic solution

With λ = 1, according to (10), the parameter γ becomes equal to 2mD, Eq. (6) gives

ψ− = √
ρ exp (i S) = ψ∗+, (11)

and Eq. (9) becomes hyperbolic and each other’s complex conjugate. The process is therefore reversible. The
Schrödinger equation is obtained with the selection

D = h̄

2m
(12)

for the diffusion coefficient. It acquires the nature of a wavelike equation thanks to the factor i in front of the first
derivative with respect to time, which mimics a second-order time derivative—although giving rise to some bizarre
wave phenomena; see, e.g., Refs. [29,30] for a discussion.

It should be stressed that the choice (12) is far from obvious or natural; there is no physical reason to assume
that the diffusion tensor is diagonal and has a universal value, independent of the specific problem. Given the
phenomenological character of the theory, this formula enters as an empirical selection, although there have been
of course some attempts to justify it from fundamental considerations (see, e.g., Ref. [14]). As long as the task of
identifying the noise source behind the assumed stochastic process is left open, that of deriving the values of D and
λ remains open as well.
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Specificity of the Schrödinger equation 279

It seems reasonable to ask at this point why the theory should predict an undulatory behavior, when the whole
treatment has been made in terms of particles that follow (stochastic) trajectories. That such a stochastic mechanical
formulation can reproduce the wavelike behavior of particles has been confirmed with the help of various numerical
simulations. One such example is provided in the form of a fringe pattern obtained for a ‘wave packet’ of several
thousand particles emerging from two Gaussian slits [31]. The result, obtained by numerical integration within
stochastic mechanics, compares well, statistically speaking, with that obtained from a quantum mechanical calcu-
lation (J. Avendaño, Personal communication). Incidentally, an important observation made with this as with other
numerical experiments [32–34] is that they demonstrate that each particle passes through just one slit.

3 On Schrödinger-like equations

From the above, it should be clear that deriving a Schrödinger-like equation is indeed a relatively easy matter. Yet,
obtaining the Schrödinger equation is not. A true derivation of a quantum equation of motion requires more than
arriving at a Schrödinger-like equation, it requires also deriving the value of the parameters involved, λ and D. To
make this point clear, suffice it to recall the following alternative way of arriving at the Schrödinger equation, based
merely on general arguments of a statistical nature. The sole intention of this example is to elaborate on the general
relationship between the Schrödinger equation and a simple stochastic description in configuration space.

The starting point is the continuity equation (2) for the density of particles [35]. Assuming again, for simplicity,
that the flux is laminar we write the drift (systematic) velocity v in terms of a velocity potential (an ‘action’ aS)
according to

v = a

m
∇S, (13)

with the parameter a selected so as to make S a dimensionless function of x and t . A change of functions from ρ, S
to a complex pair ψ,ψ∗, defined as

ψ = √
ρei S, ψ∗ = √

ρe−i S, (14)

gives

v = ia

2m
∇ (

lnψ∗ − lnψ
)
. (15)

The continuity equation becomes thus

ψ∗
(
i
∂ψ

∂t
+ a

2m
∇2ψ

)
− ψ

(
−i

∂ψ∗

∂t
+ a

2m
∇2ψ∗

)
= 0. (16)

At this point, we introduce a separating real function U (x, t) such that

ψ∗
(
i
∂ψ

∂t
+ a

2m
∇2ψ

)
= ψ

(
−i

∂ψ∗

∂t
+ a

2m
∇2ψ∗

)

= Uψψ∗. (17)

As a result, Eq. (16) becomes separated into

i
∂ψ

∂t
= − a

2m
∇2ψ +Uψ (18)
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and its complex conjugate. This procedure can be applied to any mechanical system obeying the continuity equation
(with a laminar flow), and hence to classical or quantum particles alike. However, it remains to determine both the
parameter a and the function U, which may depend on x, t and even on ψ and ψ∗. One procedure to determine U
is as follows (see Refs. [36,37] for other procedures).

We start by combining the expression (15) with Eq. (18), to obtain

∂v

∂t
= a2

4m2∇
(

1

ψ∗ ∇2ψ∗ + 1

ψ
∇2ψ

)
− a

m
∇U. (19)

On the other hand, ∇ lnψ = (1/2) ∇ ln ρ + i∇S, whence

∇2ψ

ψ
= ∇2√ρ√

ρ
+ i∇2S + i∇S · ∇ρ

ρ
− (∇S)2 , (20)

which introduced into (19) leads to

∂v

∂t
= ∇

(
a

2m
∇ · u + 1

2
u2

)
− 1

2
∇v2 − a

m
∇U, (21)

with

u = a

2m
∇ ln ρ. (22)

Using ∇v2 = 2 (v · ∇) v, we rewrite Eq. (20) in terms of the total time derivative along the trajectory dv/dt =
(∂v/∂t) + (v · ∇) v, as

m
dv

dt
= −∇

(
−a

2
∇ · u − 1

2
mu2

)
− a∇U. (23)

On the other hand, Eq. (3) (with D = a/2m, in accordance with Eqs. (1) and (22)) can be recast in the form

m
dv

dt
= −λ∇

(
−a

2
∇ · u − 1

2
mu2

)
− ∇V . (24)

By combining the last two equations, we obtain

(1 − λ)∇
(

−a

2
∇ · u − 1

2
mu2

)
= ∇ (V − aU ) , (25)

which gives upon integration

aU = V + (1 − λ) Va + h(t), (26)

with h(t) an arbitrary function of time that can be taken as zero without loss of generality, and

Va =
(
1

2
mu2 + 1

2
a∇ · u

)
= a2

2m

∇2√ρ√
ρ

. (27)
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We now introduce Eq. (26) into (18), thus obtaining

ia
∂ψ

∂t
= − a2

2m
∇2ψ + Vψ + (1 − λ) Vaψ. (28)

With λ = 1, this becomes a Schrödinger-like equation,

ia
∂ψ

∂t
= − a2

2m
∇2ψ + Vψ. (29)

The value λ = −1, corresponding to the Brownian case as discussed above, leads instead to a (nonlinear)
Schrödinger-like equation, with a total potential V + 2Va . (The value λ = 0 gives a net potential V + Va , corre-
sponding to a classical equation ofmotion devoid of stochasticity). Notice further that Eq. (25) is satisfied identically
(for any u) with the selection λ = 1, V = aU.

Leaving aside the problem of justifying the selection λ = 1 to arrive at (29), we observe that the parameter a fixes
the scale of the action aS, and is therefore in principle problem-dependent. Hence, the a priori identification of Eq.
(29) with the Schrödinger equation containing a universal constant a is not warranted. This observation explains the
singular role played by Schrödinger’s equation in quantum theory, and therein resides a specific feature of quantum
systems.Whereas in the classical case the value of the action integrals is determined by the initial conditions (whence
a becomes highly arbitrary), in the quantum case this parameter becomes fixed in a more fundamental way: it is
the initial conditions that are conditioned by the parameter, and determined so as to comply with an energy-balance
condition, as will be shown in Sect. 5.

Notwithstanding its importance, this discussion is frequently overlooked in the literature, characteristically in
many published attempts to present variants of the above procedure as bona fide derivations of the Schrödinger
equation from classical arguments.

An independent approach leading to the Schrödinger equation is provided byReginatto [38,39], using information
theory. For his derivation, the author introduces two basic assumptions: that one can associate a wave front with
the motion of particles, and that the probability distribution for the position of particles should satisfy the principle
of minimum Fisher information. While the first assumption introduces a physical element into the theory, and
justifies the interpretation of the solution ψ as a ‘wave function’, the association of Fisher information with the
probability distribution incorporates an element of epistemic nature. The minimization procedure leads to the
quantum mechanical equation, provided the minimization parameter—which in stochastic quantum mechanics
represents the diffusion coefficient (multiplied by λ = 1)—is assumed fixed and set equal to the appropriate value,
which is precisely the one that introduces Planck’s constant into the picture.

4 Hydrodynamic analogies

In the early phase of quantum mechanics, Madelung [40,41] demonstrated that the Schrödinger equation can be
formally rewritten in hydrodynamic form. This so-called Madelung quantum hydrodynamics is usually considered
as a precursor of the Bohmian mechanics [42,43], although the two theories are conceptually different. According
to Madelung, the hydrodynamic-like velocity (5) appearing in the continuity equation (2) is not simply the particle
velocity but an averaged quantity representing the flow of particles, hence S is the (dimensionless) hydrodynamic-
like velocity potential, rather than the mechanical action as in Bohm’s theory. This formal hydrodynamic analogy
has been useful to investigate qualitative properties of the nonlinear Schrödinger equation, particularly in the
semiclassical limit, when the quantum pressure term (deriving from the quantum potential) can be considered small
(see, e.g., Ref. [44]). Here, however, we are interested in a different kind of hydrodynamic analogy, namely the one
observed in recent experiments exhibiting macroscopic quantum-like behavior.
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4.1 Wavelike patterns

Some15 years ago, Couder and coworkers discovered that droplets bouncing on a vibrating fluid bath exhibit features
previously thought to be exclusive of the quantum realm. These bouncers are macroscopic particles (millimetric
drops of silicon oil) that can be made to dance over the surface of a vertically vibrated bath of the same fluid (which
acts as a substratum), and to self-propel with constant speed. With this arrangement, a variety of phenomena having
a striking similarity with the wavelike behavior of quantum particles have been observed, including single-particle
diffraction, tunneling, quantized orbits and orbital level splitting [45–50].

A detailed theoretical analysis of the corresponding ‘pilot-wave-hydrodynamics’ has revealed that this macro-
scopic system can indeed be described, under very specific circumstances, i.e., within a limited range of values for
the system parameters (specifically the drop size, driving acceleration and driving frequency), by a Schrödinger-like
equation of the form (29). The parameter a is then determined by the system parameters, which means that its value
is problem-dependent, rather than universal as in Schrödinger’s equation.

In recent years, Grössing et al. [51–53] have attempted to model a quantum as a nonequilibrium steady state
maintained by a permanent throughput of energy, much in the spirit of thewalking-droplet experiments. Specifically,
they consider the particle as a bouncer whose oscillations are phase-locked with those of the energy-momentum
reservoir of the surrounding vacuum, which they propose to identify with the zero-point radiation field. Introducing
into the (otherwise classical) expression for the particle Lagrangian an additional kinetic energy term associatedwith
the apparent temperature of the surroundings (emulating the quantum potential), they arrive at the (time-dependent)
Schrödinger equation, introducing Planck’s constant into the picture through the energy E = h̄ω associated with
each particle, considered as an elementary oscillator.

5 Stochastic electrodynamics

The discussion in previous sections points to at least two elements that in one way or another must be present in
any process leading to the Schrödinger equation: the stochasticity, and the undulatory component. We have also
seen that these two elements, though necessary, are nevertheless not sufficient to arrive univocally at Schrödinger’s
equation; at most they produce a Schrödinger-like equation with a parameter that is undetermined and may be
problem-dependent. The fact that there are even classical, macroscopic systems that exhibit quantum-like features
under specific constraints (and within a limited range of system parameters) may be an indication that classical
and quantum systems are perhaps not so distant from one another as usually considered; however, the Schrödinger
equation, with Planck’s constant h̄ as a universal parameter, is unique, and it is specific of quantum mechanics.
What is the physical origin of this uniqueness?

The answer to this question has been central to the theory of stochastic electrodynamics [54,55]. By considering
that the (otherwise classical) particle is embedded in the fluctuating zero-point radiation field (corresponding to the
temperature-independent term in Planck’s blackbody radiation formula, see Eq. (33) below), this theory contains
from the outset a physical element that provides in principle for both the stochasticity and the undulatory component
mentioned above (and for the appearance of h̄). It is important to realize that these ingredients are internal to the
theory (rather than additional postulates). But rather than being innate to the particle, stochasticity and wavelike
behavior appear as properties acquired by it through the permanent action of this specific kind of reservoir, which
is the background field of energy h̄ω/2 per normal mode. The question, now, is whether this physical element
determines the quantum solution unequivocally.

The procedure leading to the Schrödinger equation for this problem starts with the equation of motion for the
particle subject to an external conservative force f(x) and embedded in the random field [55–59]. A statistical
treatment usual in the theory of stochastic processes [60,61] leads in the Markovian limit to the Fokker–Planck
equation for the probability density Q(x, p, t),
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∂Q

∂t
+ 1

m
∇x · ( pQ) + ∇ p · [

( f + mτ
...
x )Q

]
= ∇ p · (Dpp · ∇ p + D

px · ∇x)Q. (30)

In the first row we have, in addition to the external force f, the radiation-reaction force mτ
...
x (τ = 2e2/3mc3);

in the second row, we have two diffusive terms due to the action of the random field, with the components of the
diffusion tensors given by

Dpp
i j = e2

∫ t

−∞
dt ′ϕ(t − t ′)

∂p j (t)

∂pi (t ′)
,

Dpx
i j = e2

∫ t

−∞
dt ′ϕ(t − t ′)

∂x j (t)

∂pi (t ′)
, (31)

where

ϕ(t − t ′) = 4π

3

∫ ∞

0
ρ0(ω) cosω(t − t ′)dω (32)

expresses the autocorrelation function of the zero-point field, of spectral energy density

ρ0(ω) = h̄ω3

2π2c3
, (33)

and pi (t ′) evolves deterministically towards p(t). The entire system is assumed to approach eventually a reversible
regime, as a result of the combined action of the (dissipative) radiation reaction and the (fluctuating) zero-point
field force. In this regime, the average power lost by the particle by radiation is compensated by the average power
gained from the field, and the residual effects of these terms become negligible. In this so-called radiationless
approximation, the reduction of the description to the configuration space leads from Eq. (30) to a couple of
equations that can be written in the form

∂ρ

∂t
+ ∇ · (vρ) = 0, (34)

m
∂

∂t
(vρ)+m∇ ·(vvρ) (35)

−η2

m

[
ρ∇∇2 ln ρ + (∇ρ) ·∇(∇ ln ρ)

]
− f ρ = 0.

Notice that Eq. (35) contains a free parameter η with units of action, which arises from a change of variables carried
out in the transition to configuration space. The same parameter appears in the expressions for the local average
momentum and its square average,

〈 p〉x = mv = −iη∇ ln
q (x, t)

q∗ (x, t)
, (36)

〈
p2

〉
x

= −η2∇2 ln ρ + 〈 p〉2x , (37)

where q∗q = ρ.
By their form, Eqs. (34) and (35) resemble the corresponding pair of equations of kinetic theory [62], with the

stress tensor replaced by the term proportional to η2 in (35). To carry further this analogy (which goes back to
Ref. [40,41]), one would have to treat this term as a kind of stress—which is somewhat artificial, as no real fluid is
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supporting such stress. In the present context, the term proportional to η2 has a clear meaning, since according to
(37) it comes directly from the momentum fluctuations transcribed to configuration space. An important property
of this term is its nonlocal nature, manifested through its dependence on the probability distribution in the entire
configuration space, ρ(x). Upon integration of (35), this term acquires precisely the form of the quantum potential

VQ = − h̄2

8m

[
2

ρ
∇2ρ − 1

ρ2 (∇ρ)2
]

= − h̄2

2m

∇2√ρ√
ρ

, (38)

representing actually a contribution to the kinetic energy.
Upon integrating and combining Eqs. (34) and (35), one gets [55]

[
−2iη

∂

∂t
+ 1

2m
(−2iη∇)2 + V

]
q = h(t)q, (39)

with h a real, but otherwise arbitrary function of time. In terms of the function

ψ (x, t) = q (x, t) e− i
2η

∫ t h(t ′)dt ′
, (40)

one finally arrives at

−2η2

m
∇2ψ + Vψ = 2iη

∂ψ

∂t
, (41)

with ψ∗ψ = q∗q = ρ(x, t). Without loss of generality, one may take h(t) = 0, and hence ψ (x, t) = q (x, t).
Equation (41) has precisely the form of the Schrödinger equation for the probability amplitude ψ , in terms of

the parameter η. It is therefore again a Schrödinger-like equation, like (29), as long as η remains undetermined. But
we do have a physical basis to determine it, because we know that for the system to admit stationary solutions, it
must have reached a state of energy balance with the background field. The explicit expression for this condition of
energy balance is obtained by multiplying the Fokker–Planck equation (30) by p2 and integrating over the entire
space, which gives

d

dt
〈H〉 = τ 〈 p · ...x 〉 + 1

m

〈
TrDpp〉 , (42)

where H = 1
2m p2 + V (x) is the particle Hamiltonian, and the components of Dpp are given in (31). Applied to

the ground state (in which the mechanical system is in equilibrium with the zero-point field), the energy-balance
condition reads

τ 〈 p · ...x 〉0 = − 1

m

〈
TrDpp〉

0 . (43)

Using the stationary solutions of Eq. (41) (still in terms of η) to calculate both sides of this equation, one obtains
in terms of the matrix elements x0k = ∫

ψ∗
0 xψkd3x and p0k = imω0kx0k ,

τ 〈 p · ...x 〉0 = −mτ
∑
k

ω4
0k |x0k |2 (44)
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and

− 1

m

〈
TrDpp〉

0 = − h̄mτ

2η

∑
k

ω4
0k |x0k |2 . (45)

Note that Planck’s constant appears here as a footprint of the zero-point field. From equating these two results, it
follows that for energy balance to hold, η must have the value

η = h̄

2
. (46)

The general equation (41) becomes then precisely Schrödinger’s equation,

i h̄
∂ψ

∂t
= − h̄2

2m
∇2ψ + Vψ. (47)

Therefore, the energy-balance condition (43) determines Schrödinger’s equation univocally. From this perspective,
the Schrödinger equation describes more than just the particle; it describes the particle in interaction with the field
that has taken it to the time-reversible regime and has impressed upon it the characteristic fluctuating and wavelike
properties.

The fact that η does not depend on the specific problem (e.g., on the external potential V ) but only on the zero-
point field of fixed intensity conveys to the Schrödinger equation its recognized universal validity. In addition to
introducing Planck’s constant into the picture and furnishing the right value for η, Eq. (43) confirms the spectrum
ρ ∼ ω3 as the single one that leads to equilibrium with the ground state of the mechanical system, by guaranteeing
that both expressions (44) and (45) have the same algebraic structure. This means that the energy-balance condition
is satisfied not only globally, but term by term (for every k), i.e., that a situation of detailed energy balance between
particle and field is reached.

A comment is in place here regarding the nature of the zero-point field. This field is considered by many as
quantum for the simple reason that it contains Planck’s constant. However, it should be clear that we are not dealing
with a quantized field, but with a solution of the (classical) Maxwell equations that does not go to zero at zero
temperature. This is perfectly allowed by classical physics, and is in agreement with Wien’s law for the mean
energy of the field oscillators as a function of frequency and temperature (with f an unspecified function in the
general case), namely

U (ω, T ) = ω f (T/ω), (48)

as can be shown through a thermodynamic analysis [63]. At zero temperature, the energy per mode of frequency ω

of the oscillators as allowed byWien’s law is E0 = U (T = 0) = Aω, with A = f (0) a universal constant with units
of action [55,64–66]. The solution A = 0 represents a departure from the classical realm (it is contrary to energy
equipartition) and leads to a zero-point field spectral energy density ρ0 = Aω3/π2c3. In Eq. (33), we have set the
value A = h̄/2 to establish contact with the experimental value of the universal constant. In fact, we could have
carried out all the derivations in this section writing A instead of h̄/2. The result would have been the appearance of
A in the Schrödinger equation, and the relation between ρ0 and this universal constant would have indicated that,
as concluded above, the zpf is the ultimate responsible for the specificity of the Schrödinger equation.

6 Conclusions

A main conclusion to be drawn from the above discussion refers to the degree of arbitrariness implicit in usual
derivations (whether through stochastic mechanics, Fisher information theory, or some other stochastic or hydro-
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dynamic model) leading to a Schrödinger-like equation with a free parameter. The universality of this parameter
(as well as its correct numerical value h̄) should be a prediction of any theory that aims to explain (or reproduce)
quantum mechanics from first principles. The fact that stochastic electrodynamics satisfies this demand strongly
suggests that the zero-point radiation field plays a fundamental role in determining the quantum behavior of matter.
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