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Abstract We suggest a delayed feedback control scheme
with arbitrary delay for stabilizing a periodic orbit, while
maintaining the noninvasiveness of the controller. Since the
constraint on the delay to be adjusted to the period of the
unstable periodic orbit is not imposed, a richer structure of
the dynamics can be observed: Not only weakly unstable,
but also strongly unstable periodic orbits are stabilized and
even stabilization of orbits with infinite period is achieved.
The control mechanism is elucidated for the generic model
of a subcritical Hopf bifurcation. A complete bifurcation
analysis for the fixed point as well as the periodic orbit is
presented and the stability domains are identified. Further-
more, we study the effects of distributed delayed feedback
on the stabilization of periodic orbits, and show that larger
variance of the delay distribution considerably enlarges the
stabilization region in the parameter space. We extend the
control scheme to a network of Hopf normal forms coupled
with heterogeneous delays. By tuning the coupling parame-
ters, different synchronization patterns, i.e., in-phase, splay,
and clustering, can be selected. The characteristic equation
for Floquet exponents of the heterogeneous delay network
is derived in an analytical form, which reveals the coupling
parameters for successful stabilization. The equation takes a
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unified form for both subcritical and supercritical Hopf bifur-
cations regardless of the synchronization patterns. Analysis
of Floquet exponents and direct numerical simulations show
that the heterogeneity in the delays drastically facilitates sta-
bilization and provides an enlarged parameter region for suc-
cessful control. Finally, we consider the thermodynamic limit
in the framework of a mean field approximation and show
that heterogeneous delays offer an enhanced performance of
control.

Keywords Time-delayed feedback control ·
Synchronization · Networks · Heterogeneous delay ·
Hopf normal form

1 Introduction

Time delayed feedback control (DFC), proposed by Pyragas
[1], is a simple and convenient method to stabilize unstable
periodic orbits (UPOs) occurring in a single dynamical sys-
tem. Since DFC uses only the difference of the current and
the delayed state, where the time delay is given by the period
of the UPO, the control is noninvasive. Furthermore, the con-
trol is applicable to systems whose equations of motion are
unknown. Due to this convenience, the algorithm of DFC
has been applied to quite diverse experimental systems, and
many theoretical advances have also been made [2–5]. How-
ever, it was commonly believed that torsion-free UPOs can-
not be stabilized by DFC [6]. To overcome this limitation,
modified control schemes, like an oscillating feedback [7],
a half-period delay [8] and the introduction of an unstable
controller [9–11] were proposed.

This alleged odd-number theorem has been refuted [12]
by a counterexample, using the normal form of a subcritical
Hopf bifurcation that is a representative system for the odd-
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Delayed-feedback control 3

number limitation. The normal form of a sub- or supercritical
Hopf bifurcation is also called Stuart-Landau oscillator, and
is often used as a generic model for oscillators. Experimental
evidence for the predicted DFC of odd-number orbits gen-
erated by a subcritical Hopf bifurcation has recently been
presented [13,14]. For a state-of-the-art general discussion
of the odd-number limitation see Ref. [15,16]. The normal
form of a system near a subcritical Hopf bifurcation also
allows for an analytical treatment of the stability of the UPO,
including the calculation of the Floquet exponents [17–20].
However, since the constraint is imposed that the delay time
should be adjusted to the period of the UPO, strongly unsta-
ble periodic orbits are difficult to stabilize.

Meanwhile, coupled systems ranging from a few elements
to large networks have become a central issue in nonlinear
science [21–24]. In particular, the study of the synchroniza-
tion of networks has evolved into a rapidly expanding field
[25,26]. Time delays are always present in coupled systems
due to the finite signal propagation time. These time lags give
rise to complex dynamics and have been shown to play a key
role in the synchronization behavior of systems [27–42], see
also the review [43]. In Ref. [20,44,45], we have shown that
UPOs in networks of Hopf normal forms can be stabilized to
exhibit in-phase synchronization in the sub- and supercriti-
cal case, and that additionnally more general splay or cluster
synchronization patterns can be stabilized in the supercritical
case. Here we extend these results in various ways; among
other issues, we show that cluster synchronization can also
be stabilized in networks of subcritical Hopf normal forms,
and that one can deliberately switch in a unique and non-
invasive form, including the case of heterogeneous delays,
between different synchronous states in a network of super-
critical Hopf normal forms by adjusting the coupling phase
parameter.

In practice, the exact values of the system parameters
might be unknown, and they might be heterogeneous, and
moreover, one cannot always adjust the delays to a speci-
fied value, e.g., to the period of the local node dynamics. In
particular, it has been pointed out in the biological context
that heterogeneous delays lead to more realistic models [46].
Nevertheless, most studies have assumed that all the interac-
tions occur with the same time delay and, up to now, little is
known about stabilizing UPOs and controlling the synchrony
patterns in networks coupled with heterogeneous delays. For
instance, the dynamics of an array of chaotic logistic maps
coupled with random delay times [47], the effects of hetero-
geneous delays in the coupling of two excitable neural sys-
tems [48,49] or a neural network [50], and amplitude death
in the Stuart-Landau system coupled with distributed delays
[51–53] or periodically modulated delay [54] were investi-
gated.

In this paper, we suggest a DFC scheme with arbitrary
delay for stabilizing a UPO, but maintain the noninvasiveness

property, for the normal form of a subcritical Hopf bifurca-
tion. Unlike the conventional DFC, where the delay-time is
adjusted to match the period of the target orbit, a rotation of
the feedback term is used to obtain noninvasive control. Since
the constraint on the delay to be adjusted to the period is not
imposed in the present study, rich dynamics can be found for
different delays. A complete bifurcation analysis for the fixed
point as well as for the periodic orbit is presented, and the sta-
bility domains are identified. We will show that both weakly
and strongly unstable periodic orbits can be stabilized. The
former have a global basin of attraction and the latter have
only a local basin. Furthermore, stabilization of orbits with
infinite period is possible. We also introduce a nonlinear feed-
back control scheme, which is more efficient than the linear
one, with respect to both the control aim and the theoreti-
cal analysis, and discuss effects of distributed delays in the
feedback.

We extend the feedback control scheme to a network of
Hopf normal forms coupled with heterogeneous delays. By
tuning the coupling rotations, only one state among different
synchronization patterns, i.e., in-phase, splay, and clustering,
can be chosen in noninvasive form and their stabilizations can
be efficiently achieved. Adopting the rotation of the delay
terms as a control parameter, rather than the coupling phase,
makes it possible to remove multistabilities of the collec-
tive amplitude and frequency that were undesirable effects
in the previous studies [44,45]. Our control scheme might
be viewed as a natural way to model the network coupled
with delay proportional to the distance and with rotation of
the input signal proportional to the distance. They could thus
be particularly suitable for networks of semiconductor lasers
and in neuroscience. Similar extensions of the Pyragas con-
trol scheme based on the symmetry-breaking of equivariant
Hopf bifurcation [55,56] have recently been suggested and
applied to noninvasive and pattern-selective stabilization of
three coupled Stuart-Landau oscillators (ponies on a merry-
go-round) [55].

The characteristic equation for Floquet exponents of the
heterogeneous delay network is derived in an analytical form,
which reveals the coupling parameters for successful stabi-
lization. The equation takes a unified form regardless of the
Hopf bifurcation forms including the subcritical and super-
critical case and regardless of the synchronization patterns.
As a result we can show that UPOs (limit cycles) in many
types of networks can be stabilized in cluster form by hetero-
geneous delayed coupling. Our results of controlling the peri-
odic orbits are demonstrated also by direct numerical sim-
ulations. The effects of heterogeneous delays on the cluster
stabilization of periodic orbits in noninvasive form are dis-
cussed, and it is shown that the heterogeneity in the delays
can greatly enlarge the set of parameters for successful con-
trol. We consider the thermodynamic limit of the network
system in the frame of mean-field approximation, and derive
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4 C.-U. Choe et al.

the characteristic equations for the stability of UPOs, relat-
ing them to the distribution of the heterogeneous delays. Our
results show that heterogeneous delays can greatly enhance
the control of UPOs.

The paper is organized as follows. In Sect. 2 we consider
delayed-feedback control with arbitrary delay for a single
Hopf normal form. Two coupling schemes, namely linear
and nonlinear, for DFC of the normal form of a subcritical
Hopf bifurcation are proposed in Sect. 2.1. Sections 2.2, 2.3
and 2.4 are devoted to a complete bifurcation analysis for the
fixed point as well as the periodic orbit. Section 3 describes
the effect of distributed delays. In Sect. 4, we consider net-
works of Hopf normal forms coupled with heterogeneous
delays and provide the example of a bidirectional ring in
Sect. 4.1. The characteristic equations for Floquet exponents
of networks coupled with heterogeneous delays are derived
and the effects of heterogeneous delays on the clustering are
presented in Sect. 4.2. Section 4.3 describes the special cases
and the numerical results. In Sect. 4.4, the thermodynamic
limit in the framework of a mean-field approximation is con-
sidered. Finally, we conclude with Sect. 5. In the Appendix,
the normal form of a Hopf bifurcation of the fixed point is
constructed using the method of multiple scales.

2 Self-feedback control with arbitrary delay in a single
system

Consider the stabilization of a UPO with period T, x0(t −
T ) = x0(t), contained in a dynamical system

ẋ = F(x),

where x ∈ Rn and F is a nonlinear function. If there exists
an operator S(t; τ), represented by a matrix, that satisfies
[55,57,58]

S(t; τ)x0(t − τ) = x0(t), (1)

one can consider, instead of the original Pyragas method [1],
a control scheme with arbitrary delay time τ as follows:

ẋ = F(x)+ K [S(t; τ)x(t − τ)− x(t)] , (2)

where K is a feedback gain matrix. Equation (2) is reduced to
the Pyragas control scheme for τ = T since S(t; T ) becomes
the identity matrix.

By construction, the control scheme given by Eq. (2) is
noninvasive: the control force vanishes at successful stabi-
lization, and the periodic orbit itself remains untouched by
the control terms. In general, however, it is difficult to find
a transformation matrix S(t, τ ) satisfying Eq. (1) unless full
information of the UPO is given. If we consider, however,
the normal form for Hopf bifurcation, then we can overcome

this limitation by taking the S1 equivariance of the system
into account.

2.1 Time-delayed feedback scheme

As a generic model system for time-delayed feedback control
of periodic orbits, we consider the normal form of the sub-
critical Hopf bifurcation. The equation of motion subjected
to a delayed feedback control with an unspecified (arbitrary)
delay time τ reads

ż(t) =
[
λ+ iω0 + (1 + iγ ) |z(t)|2

]
z(t)

+ K eiβ [w(t; τ)z(t − τ)− z(t)] , (3)

with the complex variable z = reiθ ∈ C, λ, ω0, γ ∈ R. For
simplicity, the feedback gain matrix K of Eq. (2) is modeled
as complex number K eiβ with feedback strength K and phase
β. In the absence of feedback (K = 0), a UPO with the
radius r = r0 ≡ √−λ and period T = 2π/(ω0 − γ λ), i.e.,
angular frequency 	0 = ω0 − γ λ, exists for λ < 0. The
control operator S(t; τ) of Eq. (1) is given by the complex
function w(t; τ) = |w| eiψ(τ), and we suggest two types of
of feedback: (i) a linear control force using

w = wL ≡ eiψ(τ) (4)

and (ii) a nonlinear one using

w = wN L ≡ |z(t)|
|z(t − τ)|eiψ(τ), (5)

where the rotational part is given by ψ(τ) = 	0τ in order to
compensate the time delay τ .

We stress that both choices Eqs. (4) and (5) guarantee
that the target UPO is reproduced automatically and nonin-
vasively for any delay time τ by construction of the control
system (3). This is in contrast to the conventional DFC, in
which the delay time should be adjusted to the period of the
UPO, τ = T , defining the Pyragas curve

τ = 2π

ω0 − γ λ
. (6)

In our study, we will no longer impose the constraint (6).
Furthermore, the inequality γ λ < ω0 can be relaxed. This
implies that the rotations around the fixed point and UPO
could be in opposite direction and that strongly unstable
orbits are also feasible as target UPO involved. Moreover,
the extreme case, γ λ = ω0, at which the period of the UPO
becomes infinite, is not excluded from our considerations.

Throughout our analytical study the coupling phase β is
confined to an interval of [0, π/2] and the control amplitude
K takes positive values or, equivalently, the K values satisfy
K cosβ > 0 with β ∈ [0, π ]. In our numerical diagrams
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Delayed-feedback control 5

we will usually fix the three parameters, ω0, γ , and β, to
ω0 = 1, γ = −10, and β = π/4.

Obviously, the linear feedback system, Eqs. (3) and (4), is
reduced to Pyragas control when the delay time τ coincides
with the period T since ei	0T = 1. On the other hand, the
choice in Eq. (5) means that the delayed-feedback in Eq. (3)
might still be influenced by the phase of the variable, but
not by the amplitude. Nevertheless, it is worth to mention
that with such a choice the parameter region for success-
ful control becomes remarkably larger than with the linear
technique and, moreover, a thorough analytical study for the
stabilization of the UPO becomes possible, as will be shown
in Sect. 2.3.

2.2 Stability analysis of the fixed point

Stabilization of the UPO does not necessarily require destabi-
lization of the fixed point. There could, for instance, be a para-
meter range with multistability in the presence of an addi-
tional delay-induced orbit. However, the stabilization could
be accelerated and achieved with a larger basin of attraction,
i.e., the whole region inside the UPO. Moreover, the proper-
ties of the two schemes are closely related since the feedback
term includes the frequency of the UPO.

2.2.1 Hopf curves of the fixed point

The exponential ansatz z = exp(ηt) yields a transcen-
dental characteristic equation for evaluating the stability
of the trivial fixed point z∗ = 0: η = λ + iω0 +
K eiβ

(
e−ητ+i	0τ − 1

)
, or, equivalently, using η− i	0 = η̄,

η̄ = λ(1 + iγ )+ K eiβ
(

e−η̄τ − 1
)
. (7)

Note that the coefficient of the cubic term of the Hopf normal
system, (1 + iγ ), appears in Eq. (7) for the linear stability
analysis of the fixed point. Thus, it is not surprising that the
characteristic equations for the fixed point and the UPO are
closely related to each other.

A Hopf bifurcation of the fixed point that occurs for η̄ =
iωH gives

iωH τ = λ(1 + iγ )+ K eiβ
(

e−iωH τ − 1
)
, (8)

which yields the Hopf curves, or more precisely, the Hopf
surface in the (λ, τ, K )-parameter space with parametric rep-
resentation

λ = K [cosβ − cos(β − φ)] , (9a)

τ = φ

γλ+ K [sin(β − φ)− sin β]
, (9b)

where φ = ωH τ . In other words, separating Eq. (8) into real
and imaginary parts

−λ = K [cos(β − ωH τ)− cosβ] , (10a)

ωH − γ λ = K [sin(β − ωH τ)− sin β] , (10b)

and using trigonometric identity [cos(β − ωH τ)]2 + [sin
(β − ωH τ)]2 = 1, the Hopf frequency is determined by

ωH = ω± ≡ γ λ− K sin β ± √
, (11)

where  = K 2 − (K cosβ − λ)2. Note that the Hopf fre-
quency is defined under the condition  ≥ 0, i.e.,

K (cosβ − 1) ≤ λ < 0.

Equations (10a, b) can be rewritten as

K cos(ω±τ − β) = K cosβ − λ, (12a)

K sin(ω±τ − β) = ∓√
. (12b)

Since the right-hand side of Eq. (12a) is always positive for
λ < 0, the principal values of ω+τ − β and ω−τ − β lie
in the intervals (−π/2, 0) and (0, π/2), respectively, i.e.,
0 < arccos (cosβ − λ/K ) < π/2 and

ω+τ − β = −θ + 2nπ, (13a)

ω−τ − β = θ + 2nπ, (13b)

where n = 0,±1,±2, . . . and θ = arccos (cosβ − λ/K ).
The inequality θ < β holds for λ < 0, since sin θ =√

sin2 β + 2(λ/K ) cosβ − λ2/K 2 < sin β.
Summarizing these results, we obtain an explicit expres-

sion for the multi-valued Hopf curve for a given control
amplitude K and λ:

τ+
n = −θ + β + 2nπ

ω+

= − arccos (cosβ − λ/K )+ β + 2nπ

γλ− K sin β + √
K 2 − (K cosβ − λ)2

, (14a)

τ−
n = θ + β + 2nπ

ω−

= arccos (cosβ − λ/K )+ β + 2nπ

γλ− K sin β − √
K 2 − (K cosβ − λ)2

. (14b)

It is clear that two Hopf curves, τ+
n and τ−

n , meet at
points An for n = 0, 1, 2, . . ., satisfying the relation

(λ, τ ) =
(

K (cosβ − 1), β+2nπ
K [γ (cosβ−1)−sin β]

)
, or equiva-

lently, (K , τ ) =
(

λ
cosβ−1 ,

(cosβ−1)(β+2nπ)
λ[γ (cosβ−1)−sin β]

)
.

Note that we assumed ω± 	= 0 in the derivation of the
Hopf curves (14a). However, one can see in Eq. (13a) the
following relations

ω+|λ=0 = 0, (15a)

ω−|λ=λ⊥ = 0, (15b)
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6 C.-U. Choe et al.

where λ⊥ = 2K (γ sin β−cosβ)/(1+γ 2) < 0. For the case
of Eq. (15a), in particular, Eq. (10a) holds for any τ . Thus,
λ = 0, i.e., the τ axis in the (λ, τ )-plane also forms another
part of Hopf curves besides the curves given by Eq. (14a)
(see the lines denoted by H+ and H− in Fig. 1b).

None of the Hopf branches determined by Eq. (14a)
emanates from the original point (λ, τ ) = (0, 0), and the
crossings of the branches along the τ axis are given by

ω+τ+
n = 2nπ, (16a)

ω−τ−
n = 2β + 2nπ (16b)

with ω+ = 0 and ω− = −2K sin β for λ = 0. In Eq. (16a),
the case n = 0 makes sense only for a definite value of τ+

0
since ω+ = 0, in which τ+

0 takes the value 0/0. As λ → 0,
the intersection is determined by.

τ+
0 = lim

λ→0

−θ + β

ω+
= −1

K (cosβ + γ sin β)
. (17)

As a result, we obtain the crossing points B−n given by

τ B
0 = τ ∗, (18a)

τ B
n = −β + nπ

K sin β
, (18b)

where τ ∗ = −1/K (cosβ + γ sin β) and n = −1,−2, . . ..
The integers n in Eq. (18a) have to take negative values in
order to satisfy the inequality τ B

n > 0 for β ∈ (0, π) and
negative values of γ . Thus, for the positive branches τ+

n ,
the crossing of Hopf curves with τ axis occurs only at the
point τ ∗, and other crossing points are generated by negative
branches τ−

n with negative n (see Fig. 1a).

2.2.2 Codimension-2 bifurcations on Hopf curves

Next, we evaluate the crossing directions of the critical Hopf
eigenvalues on the Hopf curves. Abbreviating ∂

∂τ
η̄ by η̄τ

the crossing direction for the τ axis direction is given by
sign(Reη̄τ ). Implicit differentiation of Eq. (7) with respect
to τ gives

η̄τ = −K η̄eiβ−η̄τ

1 + K τeiβ−η̄τ ,

and

Reη̄τ
∣∣
η̄=iω± = ±ω±

√


|D|2 , (19)

where= K 2 − (K cosβ−λ)2 > 0 and D =1+K τeiβ−η̄τ .
Taking into account that ω+|λ=K (cosβ−1) = −2K sin β

2(
γ sin β

2 + cos β2

)
> 0 for γ < − cot β2 , and ω+ = 0 if

and only if λ = 0, then it turns out that ω+ takes always the

positive values for λ < 0 and γ < − cot β2 . Thus, Eq. (19)
yields

Re
(
η̄τ

∣∣
η̄=iω+

) {> 0, for λ < 0
< 0, for λ > 0.

(20)

On the other hand, ω− is decreasing with the increasing λ
due to

d ω−
dλ

= γ − K cosβ − λ√


< 0, (21)

which results in the fact thatω− > 0 for λ < λ⊥ andω− < 0
for λ > λ⊥ since ω− = 0 at λ = λ⊥. Therefore,

Re
(
η̄τ

∣∣
η̄=iω−

) {< 0, for λ < λ⊥
> 0, for λ > λ⊥.

(22)

As a result, we see that the Hopf curves τ+
n correspond to

destabilization of the fixed point for the τ axis direction when
λ < 0, while τ−

n correspond to stabilization for the same
direction when λ < λ⊥. The primary branch τ+

0 for λ > 0
and the curves τ−

n with the negative n for λ > λ⊥ represent
the boundaries for the stabilization and destabilization for
the τ axis direction, respectively.

The region for the destabilization of the fixed point can be
described as follow as:

τ+
n < τ < τ−

n for λ < 0 and n ≥ 0, (23a)

τ > τ−
n for λ > λ⊥ and n < 0 (23b)

τ < τ+
0 for λ > 0. (23c)

The crossing points An of Hopf curves, τ+
n and τ−

n , are
codimension-2 bifurcation points, but do not coincide with
the transition point from sub- to supercritical Hopf bifurca-
tion. The criterion for the super- and subcritical behavior can
be derived by using the multiple scales method as follows
(see Appendix):

1 + K τ [cos(β +	0τ − φ)

+ γ sin(β +	0τ − φ)
] {< 0, supercritical,
> 0, subcritical.

(24)

Here, the control amplitude K , the delay time τ and λ are
to be determined by Eq. (9a). Equation (24) gives the value
of φ for the transition point from sub- to supercritical Hopf
bifurcation. Since	0 T = 2π for the choice τ = T , Eq. (24)
coincides with that obtained in [17], in which approximation
of the center manifold was used for determining the criterion
for the super- and subcritical behavior.

In a similar way the crossing directions of the critical Hopf
eigenvalues on the other Hopf curve, i.e., τ axis, can be deter-
mined. Abbreviating ∂

∂λ
η̄ by η̄λ, the crossing direction for the

λ-axis direction is given by sign(Reη̄λ). Implicit differentia-
tion of Eq. (7) with respect to λ at λ = 0 and ωH = ω+ = 0
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Fig. 1 (Color online) Two-dimensional bifurcation diagram of the
fixed point in the (λ, τ )-plane for ω0 = 1, γ = −10, β = π/4, and
K = 0.3: a destabilizing [dashed red (dark)] and stabilizing [solid
red (dark)] Hopf curves τ±

n for τ -axis direction, Pyragas curve [solid
cyan (light)], and Hopf curves of the conventional DFC (solid gray).
Yellow (light gray) shading marks the domains of unstable fixed point,

and the shading with the deeper color indicates the higher order of
destabilization. b Same diagram enlarged close to the crossing point B0
of three bifurcation curves. At the point B0 two Hopf curves, τ+

0 and
H = H+ ∪ H−, and a transcritical curve of periodic orbits (solid blue
line) exhibits codimension-2 bifurcation

gives η̄λ = (1 + iγ )/(1 + K τeiβ), which yields

Re η̄λ = 1 + K τ (cosβ + γ sin β) .

Thus, a change of the crossing directions of the critical Hopf
eigenvalues for the λ-direction on the τ axis occurs at

τ ∗ = −1

K (cosβ + γ sin β)
, (25)

separating the τ axis as a Hopf curve into two part, i.e., the
stabilization segment H− and destabilization segment H+.
This is just the intersection point of the primary branch, n =
0, with τ axis given by Eq. (17). We note that it also coincides
with the intersection point of the curve for the transcritical
bifurcation of the UPO with the τ axis given by Eq. (29), as
will be seen in Sect. 2.3.4 below. Therefore, the point B0,
i.e., (λ, τ ) = (0, τ ∗), is a meeting point of three curves,
i.e., two Hopf curves of the fixed point and a transcritical
bifurcation curve of the UPO, at which each curve exhibits
codimension-2 bifurcation.

2.2.3 Numerical diagrams

Our findings are summarized in Fig. 1 that shows a two-
dimensional bifurcation diagram of the fixed point in the
(λ, τ )-plane for γ = −10, β = π/4, and K = 0.3. The
dashed and solid curves with red (dark) color indicate the
stabilizing and destabilizing Hopf curves, τ+

n and τ−
n , for

τ -axis direction, respectively. The τ axis, i.e., H = H+ ∪
H−, also forms a Hopf bifurcation curve. Codimension-2
bifurcations occur at the points An and B0. In Fig. 1b, we see
that B0 is a crossing point of three lines, two Hopf curves,
τ+

0 and H = H+ ∪ H−, and a transcritical curve (solid

blue) of the UPO (see also Fig. 2), while three codimension-
2 bifurcations occur at that point: stabilization directions are
changed for the τ -direction and λ-direction.

We note that the primary domain for destabilizing the fixed
point, bounded by τ+

0 and τ−
0 , is much larger than that of the

conventional DFC given by Eq. (6) and, moreover, contains
not only the primary domain, but also most of the secondary
one of conventional DFC. The domains of the destabilized
fixed point, bounded by the Hopf curves, are marked by light
gray shading (yellow online), which becomes darker in color
with the increasing dimension of the unstable manifold.

The light gray curves denote Hopf curves with Pyragas
delay, which was considered in [12] and [17]. The Pyragas
curve given by Eq. (6) is seen in cyan color (light). When
moving along the Pyragas curve, we clearly observe that these
three curves cross each other in a point, reflecting that our
control system is reduced to the Pyragas system as the delay
time is chosen to be equal to the period of the UPO.

2.2.4 Nonlinear feedback

It is obvious that the control system (3) with the nonlinear
feedback (5) yields the same characteristic equation of the
fixed point as that of the linear case, Eq. (8), since |z(t)| =
|z(t − τ)| at the Hopf bifurcation. Therefore, the Hopf curves
and the parameter region for destabilizing the fixed point are
determined by the same equations as the linear feedback case.

2.3 Stability analysis of the UPO

As mentioned above, an unstable fixed point is neither a nec-
essary nor a sufficient condition for stabilization of the UPO.

123



8 C.-U. Choe et al.

Fig. 2 (Color online) Same bifurcation diagram as in Fig. 1, including
also the bifurcation curves for UPO: a transcritical bifurcation of the
UPO [solid blue (dark)], Hopf bifurcation of the UPO for linear feed-
back [solid green (light)], Hopf bifurcation of the UPO for nonlinear
feedback [dotted green (light)], stable and unstable Pyragas curve [solid
and dashed cyan (light)]. Blue (light gray) shading marks the domains
for stabilizing UPO using the linear feedback, and the dark gray shad-
ing corresponds to the enlarged part of the domain with the nonlinear
feedback. Black crosses N1, N2 and N3 denote points where numerical
simulations for stabilizing UPO have been conducted using time series
(see Fig. 4a–c). N1 and N2, which are lying sufficiently inside and out-

side the primary region for the unstable fixed point, correspond to points
that represent the weakly and strongly unstable orbit, respectively, while
N3 indicates the point where the period of the UPO becomes infinite.
b Enlarged part close to the crossing point C of the transcritical and
Hopf bifurcation curves of the UPO. Dotted blue (dark) line indicates
the transcritical bifurcation curve for further destabilizing UPO for the
τ -axis direction. Dotted black (dark) curve corresponds to the spurious
(unphysical) solution for Hopf bifurcation since the Hopf frequency
takes imaginary values there, as shown in the insets. Parameters as in
Fig. 1

It affects only the global properties of the basin for the stabi-
lization of the UPO: an overlapping region of parameters for
simultaneously destabilizing the fixed point and stabilizing
the UPO yields a global attractor basin for the domain inside
the UPO, while the stabilization of the UPO alone guarantees
its local stability.

2.3.1 Floquet exponents

Linear Feedback In polar coordinates z = reiϕ , Eq. (3) with
the linear feedback control (4) reads

ṙ = (λ+ r2)r + K [r(t − τ) cos(β +	0τ

+ϕ(t − τ)− ϕ)− r cosβ] (26a)

ϕ̇ = ω0 + γ r2 + K

[
r(t − τ)

r
sin(β +	0τ

+ϕ(t − τ)− ϕ)− sin β

]
, (26b)

which obviously yields a noninvasive solution r(t) = r0 and
ϕ(t) = 	0t for any delay time τ . Using the ansatz r(t) =
r0(1 + δr(t)), ϕ(t) = 	0t + δϕ(t) and expanding Eqs. (26a,
b) to linear order in the small deviations δr and δϕ, we obtain
(
δ̇r
˙δϕ
)

=
(−2λ 0

−2γ λ 0

)(
δr
δϕ

)

+ K

(
cosβ − sin β
sin β cosβ

)(
δr(t − τ)− δr
δϕ(t − τ)− δϕ

)
,

Using the exponential ansatz (δr(t), δϕ(t)) ∝ exp(�t) gives
a transcendental equation for the Floquet exponents � as
follows:

det

⎡
⎣

−2λ+ K (e−�τ − 1) cosβ −� −K (e−�τ − 1) sin β

−2γ λ+ K (e−�τ−1) sin β K (e−�τ−1) cosβ −�

⎤
⎦ = 0,

that is,

0 = χ1(�) ≡ �2 + 2 [λ− K Q(�) cosβ]�

+ K 2 Q2(�)− 2λK Q(�)(cosβ + γ sin β) (27)

with Q(�) = e−�τ −1. Note that although the characteristic
equation (27) has just the same form as that considered in
Refs. [12,17], now the time delay τ can take any positive
value.

Nonlinear feedback For the nonlinear control (5), Eq. (3)
can be written as follows:

ṙ = (λ+ r2)r + Kr [cos (β +	0τ + ϕ(t − τ)− ϕ)− cosβ]

ϕ̇ = ω + γ r2 + K [sin (β +	0τ + ϕ(t − τ)− ϕ)− sin β] .

The variational equations around the UPO becomes
(
δ̇r
˙δϕ
)

=
(−2λ 0

−2γ λ 0

)(
δr
δϕ

)

+ K

(
0 − sin β
0 cosβ

)(
δr(t − τ)− δr
δϕ(t − τ)− δϕ

)
,
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Delayed-feedback control 9

Fig. 3 (Color online) Two-dimensional bifurcation diagram of both
the fixed point and, in pronounced form, UPO in the (K , τ )-plane for
γ = −10, β = π/4, and λ = −0.005: a transcritical bifurcation of
the UPO [solid blue (dark)], Hopf bifurcation of the UPO for linear
feedback [solid green (light)], Hopf bifurcation of the UPO for non-
linear feedback [dotted green (light)], stable [solid cyan (light)] and
unstable [dashed cyan (light)] Pyragas curve. Blue (light gray) shading
marks the domains for stabilizing UPO using the linear feedback, and
the gray shading corresponds to the enlarged part of the domain with the
nonlinear feedback. b Enlarged part close to the crossing point C of the

transcritical and Hopf bifurcation curves of the UPO. Dotted blue (dark)
line indicates the transcritical bifurcation curve for further destabilizing
UPO for the τ -axis direction. Dotted black (dark) curve corresponds to
the spurious (unphysical) solution for Hopf bifurcation. Insets (i), (ii)
and (iii) display the real part of Floquet exponents in dependence on
the control amplitude K for the delay time given by τ ∗ + 20, τ ∗ and
τ ∗ − 20 with τ ∗ = 249.4, respectively. The blue (dark) and magenta
(light) lines in the insets correspond to the transcritical mode (with
zero imaginary part) and Hopf mode (with non-zero imaginary part),
respectively

which yields

det

⎡
⎣

−2λ−� −K (e−�τ − 1) sin β

−2γ λ K (e−�τ − 1) cosβ −�

⎤
⎦ = 0,

i.e., equation for the Floquet exponents � for the nonlinear
feedback control (5)

0 = χ2(�) ≡ �2 + [2λ− K Q(�) cosβ]�

−2λK Q(�)(cosβ + γ sin β). (28)

We note that χ2(�) contains only the first order terms of
the transcendental function Q(�), which allows to perform
a thorough bifurcation analysis of the UPO. It also yields
a larger parameter region for the stabilization of the target
UPO than the case of χ1(�) that includes not only the first
order, but also the second order, as seen below.

2.3.2 Transcritical bifurcation of the UPO

Point of Transcritical Bifurcation Note that� = 0 is always
a solution of Eq. (27), which corresponds to the Goldstone
mode of the periodic orbit, i.e., the trivial Floquet mode
with Floquet exponent zero. A second, but nontrivial van-
ishing eigenvalue is generated when the transcritical bifur-
cation of periodic orbits occurs. If we confine � within real
eigenvalues, then the condition for a transcritical bifurca-
tion in the control system is provided by a double zero of

0 = χ1(�; K , τ, λ), i.e.,

0 = χ1(0; K , τ, λ),

0 = ∂

∂�
χ1(0; K , τ, λ).

Thus, the point of transcritical bifurcation is simply given as

τ T r = − 1

K (cosβ + γ sin β)
, (29)

which is independent of the parameter λ. Note that this coin-
cides with the intersection point of the primary Hopf branch
of the fixed point with τ axis given by Eq. (17) and with the
boundary value of H = H+ ∪ H− given by Eq. (25).

The approach of τ+
0 to τ T r as λ → 0 may be observed

also from Fig. 3a, where two curves, i.e., the primary Hopf
branch of the fixed point (red color) and the transcritical curve
(blue color), are lying close to each other for small parameter
λ = −0.005. The nonlinear feedback control with Eq. (5)
also gives the same expression for the transcritical bifurcation
as Eq. (29).

Turning Point of the Stability Direction We calculate the ana-
lytical conditions for the change of the stabilization direc-
tion that occurs on the transcritical curve, the codimension-2
bifurcation. Eliminating the Goldstone mode, a transcenden-
tal function G1(�) = χ1(�)/� is considered instead of
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10 C.-U. Choe et al.

χ1(�). Taking into account the derivatives

∂G1

∂τ

∣∣∣∣
�=0

= 2λK (cosβ + γ sin β)

and

∂G1

∂�

∣∣∣∣
�=0

= lim
�→0

(
1 − 2K Q′ cosβ

+2K 2 Q Q′�− 2λK Q′�(cosβ + γ sin β)− K 2 Q2 + 2λK Q(cosβ + γ sin β)

�2

)

= lim
�→0

{
1 + 2K τ cosβ + K 2

(
Q′2 + Q Q′′) − λK Q′′(cosβ + γ sin β)

}

= 1 + 2K τ cosβ + K 2τ 2 − λK τ 2(cosβ + γ sin β),

we obtain

∂�

∂τ

∣∣∣∣
�=0

= −
∂G1
∂τ
∂G1
∂�

∣∣∣∣∣
�=0

= −2λK (cosβ + γ sin β)

1 + 2K τ cosβ + K 2τ 2 − λK τ 2(cosβ + γ sin β)
.

(30)

It is obvious that the sign of�τ is always positive for λ > 0,
since λK (cosβ + γ sin β) < 0 and 1 + 2K τ cosβ +
K 2τ 2 > 0. On the other hand, for the case of λ < 0, Eq. (30)
exchanges its sign when its denominator becomes zero, i.e.,
at

λ = λ∗ ≡ −(1 + γ 2) sin2 β

τ(cosβ + γ sin β)2
, (31a)

= K (1 + γ 2) sin2 β

cosβ + γ sin β
, (31b)

where the condition for the transcritical bifurcation, i.e.,
1 + K τ (cosβ + γ sin β) = 0, was used.

Therefore, the transcritical curve in the intervals λ∗ <

λ < 0 and λ < λ∗ represents the boundaries for stabilization
and destabilization of the UPO for the positive τ -direction,
respectively. The transition point C characterized by λ∗ can
be expressed in the (λ, τ )-plane and the (K , τ )-plane as

(λ∗, τ ∗) =
(

K (1 + γ 2) sin2 β

cosβ + γ sin β
,

−1

K (cosβ + γ sin β)

)
,

(32)

and

(K ∗, τ ∗) =
(
λ(cosβ + γ sin β)

(1 + γ 2) sin2 β
,

−(1 + γ 2) sin2 β

λ(cosβ + γ sin β)2

)
,

(33)

respectively. Note that the derivative ∂�
∂τ

∣∣
�=0 becomes

infinite at the codimension-2 bifurcation point (K , τ ) =
(K ∗, τ ∗), while it takes positive and negative values for
τ above and below the transcritical curve, respectively, as
shown in the insets of Fig. 3b.

The condition for stability and instability for λ∗ < λ < 0
can be written as

τ

{
> τ T r , transcritical stable,

< τ T r , transcritical unstable.
(34)

Similarly, for the nonlinear feedback control with Eq. (5), we
obtain the following relations:

∂G2

∂τ

∣∣∣∣
�=0

= 2λK (cosβ + γ sin β),

and

∂G2

∂�

∣∣∣∣
�=0

= 1 + K τ cosβ − λK τ 2(cosβ + γ sin β),

which yields

∂�

∂τ

∣∣∣∣
�=0

⎧⎨
⎩
> 0 for 0 < λ,

< 0 for λ∗ < λ < 0,
> 0 for λ < λ∗,

(35)

where G2(�) = χ2(�)/� and λ∗ = −γ sin β
τ(cosβ+γ sin β) . The

boundary point for the transition can be written in the (λ, τ )-
plane and the (K , τ )-plane by

(λ∗, τ ∗) =
(
γ K sin β,

−1

K (cosβ + γ sin β)

)
, (36)

and

(K ∗, τ ∗) =
(

λ

γ sin β
,

−γ sin β

λ(cosβ + γ sin β)

)
, (37)

respectively.

123



Delayed-feedback control 11

2.3.3 Hopf bifurcation of the UPO

The transcritical stable region could be cut off by an appear-
ance of torus bifurcation, i.e., Hopf bifurcation of the UPO.

Linear Feedback One can find the Hopf bifurcation of the
UPO (in a semi-analytic way) by inserting � = i	H into
Eq. (27) and separating the equation into real and imaginary
parts as follows:

Real: A1 K 2 + B1 K + C1 = 0, (38a)

Imag: A2 K 2 + B2 K + C2 = 0, (38b)

where

A1 = 2 cos(	H τ) [cos(	H τ)− 1] ,

A2 = 2 sin(	H τ) [1 − cos(	H τ)] ,

B1 = 2δ [1 − cos(	H τ)] − 2	H cosβ sin(	H τ),

B2 = 2	H cosβ [1 − cos(	H τ)] + 2δ sin(	H τ),

C1 = −	2
H ,C2 = 2λ	H , δ = λ(cosβ + γ sin β).

Multiplying Eq. (38a) with sin	H τ and Eq. (38b) with
cos	H τ leads to
(

2K δ −	2
H

)
sin(	H τ)

+ 2	H (K cosβ + λ) cos(	H τ) = 2K	H cosβ (39a)

− 2	H (K cosβ + λ) sin(	H τ)+
(

2K δ −	2
H

+ 2K 2
)

cos(	H τ) = 2K (δ + K ) . (39b)

Solving Eqs. (39a, b) with respect to sin(	H τ) and cos(	H τ)

yields

sin (	H τ) = Hs(	H , λ, K ), (40a)

cos (	H τ) = Hc(	H , λ, K ), (40b)

where the right-hand sides are given by

Hs(	H , λ, K )

= 2K	H
[(

2K δ −	2
H + 2K 2

)
cosβ − 2 (δ + K ) (K cosβ + λ)

]

(2K	H cosβ + 2λ	H )2 + (
2K δ −	2

H

) (
2K δ −	2

H + 2K 2
) ,

Hc(	H , λ, K )

= 2K	H (2K	H cosβ + 2λ	H ) cosβ + 2K (δ + K )
(
2K δ −	2

H

)

(2K	H cosβ + 2λ	H )2 + (
2K δ −	2

H

) (
2K δ −	2

H + 2K 2
) ,

Using the trigonometric identity cos2(	H τ)+ sin2(	H τ) =
1, we obtain the 8th degree polynomial equation

0 = 	8
H + a2(λ, K )	6

H + a1(λ, K )	4
H + a0(λ, K )	2

H ,

(41)

where we used the abbreviations

a2 = 8λ2 + 8K (cosβ − γ sin β)λ− 4K 2 sin2 β,

a1 = 16λ4 + 32K (cosβ − γ sin β) λ3

+ 4K 2
(

5γ 2 sin2 β−6γ cosβ sin β−4+9cos2 β
)
λ2

−16K 3 sin2 β (cosβ − γ sin β) λ,

a0 = 16λ2 K 2
[
(cosβ + γ sin β)2λ2 + K (cosβ + γ sin β)2

×(cosβ − γ sin β)λ− K 2(1 + γ 2) sin2 β
]

= 16λ2 K 2 [(cosβ+γ sin β)λ+ K
] [
(cosβ + γ sin β)λ

−K (1 + γ 2) sin2 β
]
.

Two roots of Eq. (41), 	H1 = 0 and 	H2 = 0, correspond
to the Goldstone mode and the transcritical mode, respec-
tively. The Hopf frequencies are determined by	H = 	±

H ≡
±√

�, where � > 0 is given by the roots of the following
3rd order polynomial

�3 + a2�
2 + a1� + a0 = 0. (42)

Note that, without loss of generality, it is enough to con-
sider only one, e.g., 	+

H = +√
�, of the two frequencies

±√
� since Eqs. (38a, b) is invariant with respective to the

transformation 	H → −	H . Then, we obtain an analytical
expression for the Hopf curve of the UPO from Eq. (40a):

τ H
n = + arccos (Hc)+ 2nπ

	+
H

if Hs > 0, (43a)

τ H
n = − arccos (Hc)+ 2(n + 1)π

	+
H

if Hs < 0, (43b)

where n = 0, 1, 2, . . .. In Eq. (43b), the integer n was renum-
bered by n + 1 such that the delay times take the positive
values from the primary branch, τ H

0 .
The crossing point of Hopf curves of the UPO along the

τ axis is given by

τ H
n∗ = −β + (n + 1)π

K sin β
for n = 0, 1, 2, . . . , (44)

since 	+
H = 2K sin β, Hc = cos (2β) and Hs = − sin

(2β) < 0 for λ = 0. These coincide with the crossing
points of Hopf curves of the fixed point along the τ axis,
i.e., , B1, B2, . . . , given by Eq. (18b), which can be seen in
Fig. 2a.

In order to evaluate the crossing direction of the Flo-
quet exponent � through the Hopf curves of the UPO
for the τ -direction, we calculate numerically the following
derivative:
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12 C.-U. Choe et al.

Re

(
∂�

∂τ

)∣∣∣∣
τ=τ H

n

.

Note that the Hopf frequency vanishes again at the points
where the constant term a0 of Eq. (42) becomes zero, i.e.,

λ1 = K (1+γ 2) sin2 β

cosβ+γ sin β
<0, and λ2 = −K

cosβ + γ sin β
>0,

of which the former coincides with the λ-coordinate of the
point C given by Eq. (31b). The Hopf bifurcation of the
UPO occurs only for λ ∈ (λ1, 0) and, otherwise, there exist
unphysical solutions. Numerical calculations show that the
derivative is positive for any n in the interval λ ∈ (λ1, 0),
as shown in the inset of Fig. 2b. Thus, whenever crossing
through the Hopf curves for the positive τ -direction, only
destabilization of the UPO occurs for any n, while there exists
no point of codimension-2 bifurcation on the curves.

Since τ H
0 < τ H

1 < τ H
2 · · · , only the primary Hopf curve

with n = 0 gives a contribution to the boundary of the con-
trol domain for stabilization of the UPO, and we obtain the
necessary and sufficient condition for stabilizing the UPO as
follows:

τ T r < τ < τ H
0 . (45)

Nonlinear Feedback In case of the nonlinear feedback con-
trol, it is possible to thoroughly perform the analytical
study. With abbreviations a = −2λ, b = K cosβ and
c = −2λK (cosβ + γ sin β) = −2K δ, Eq. (28) is rewritten
as

�2 − [
a + b(e−�τ − 1)

]
�+ c(e−�τ − 1) = 0.

A Hopf bifurcation of the UPO occurs for � = i	H , which
gives

	2
H + c = −b	H sin (	H τ)+ c cos (	H τ), (46a)

(a − b)	H = −c sin (	H τ)− b	H cos (	H τ). (46b)

Using the trigonometric identity [cos(β − 	H τ)]2 + [sin
(β −	H τ)]2 = 1, the Hopf frequency is determined by

	4
H +

[
2c + (a − b)2 − b2

]
	2

H = 0,

which yields the solution

	H1,2 = 0,

	H3,4 = ±	̄,
where

	̄ =
√

2ab − a2 − 2c

= 2
√

Kλγ sin β − λ2.

The vanishing frequencies 	H 1 = 0 and 	H 2 = 0 cor-
respond to the Goldstone mode and the transcritical mode,
respectively. Note that the non-vanishing Hopf frequency is
defined only for

Kγ sin β < λ < 0,

or, equivalently,

K >
λ

γ sin β
.

In particular, the point for the vanishing Hopf frequency,
λ = Kγ sin β, or K = λ/(γ sin β), coincides with the
codimension-2 bifurcation point on the transcritical curve
of the UPO given by Eqs. (36) and (37).

Without loss of generality, it is again enough to consider
only one of the frequencies	H = ±	̄. Then, for	H = +	̄,
Eqs. (46a, b) can be rewritten as

cos
(
	̄τ + α

) = 	̄2+c√
b2	̄2+c2

, (47a)

sin
(
	̄τ + α

) = (b−a)	̄√
b2	̄2+c2

, (47b)

where cosα = c/
√

b2	̄2 + c2 (< 0) and sin α =
b	̄/

√
b2	̄2 + c2 (> 0), and thus π2 < α=arccos c√

b2	̄2+c2

< π . Therefore, we obtain analytical expression for the
occurrence of the Hopf bifurcation of the UPO

	̄τ + α = + arccos

(
	̄2 + c√

b2	̄2 + c2

)
+ 2nπ if b > a,

	̄τ + α = − arccos

(
	̄2 + c√

b2	̄2 + c2

)
+ 2nπ if b < a,

where n = 0,±1,±2, . . .. Then, we obtain the following
analytical expressions for the Hopf curve of the UPO for the
nonlinear feedback control:

τ H
n = 1

	̄

[
+ arccos

(
	̄2 + c√

b2	̄2 + c2

)
− arccos

(
c√

b2	̄2 + c2

)

+ 2(n + 1)π

]
for K > −2λ/ cosβ, (48a)

τ H
n = 1

	̄

[
− arccos

(
	̄2 + c√

b2	̄2 + c2

)
− arccos

(
c√

b2	̄2 + c2

)

+ 2(n + 1)π

]
for K < −2λ/ cosβ, (48b)

where n = 0, 1, 2, . . .. In Eqs. (48a, b), the integer n was
renumbered by n + 1 such that the delay times including the
primary branch, τ H

0 , take positive values.
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In order to evaluate the crossing direction of the Floquet
exponent � through the Hopf curves for the τ -direction, we
calculate the following derivatives:

∂�

∂τ
= −

∂χ2
∂τ
∂χ2
∂�

= (c − b�)e−�τ

2�− [
a + b(e−�τ−1)

] + τ(b�− c)e−�τ

and

∂�

∂τ

∣∣∣∣
�=i	̃

= 1

D

[
b	̃2 cos 	̃τ + c	̃ sin 	̃τ

−i
(

b	̃2 sin 	̃τ − c	̃ cos 	̃τ
)]
,

where D = −a + b − b cos 	̃τ + b	̃τ sin 	̃τ − cτ cos 	̃τ
+ i

(
2	̃+ b sin 	̃τ + b	̃τ cos 	̃τ + cτ sin 	̃τ

)
. Then, we

obtain the following simple result:

Re

(
∂�

∂τ

)∣∣∣∣
�=i	̃

= 1

|D|2
[
	̃(b − a)(b	̃ cos 	̃τ+c sin 	̃τ )

−2	̃2(b	̃ sin 	̃τ − c cos 	̃τ )− b2	̃2
]

= 1

|D|2
(

2ab − a2 − 2c
)
	̃2 = 	̃4

|D|2 >0.

Thus, whenever crossing through the Hopf curves for the
positive τ -direction, only destabilization of the UPO occurs
for any n, while there exists no point of codimension-2 bifur-
cation on the curves. Since τ H

0 < τ H
1 < τ H

2 · · · , only the
primary Hopf curve with n = 0 makes a contribution to
the boundary of the control domain for stabilization of the
UPO, and we obtain the necessary and sufficient condition
for stabilizing the UPO as follows: τ T r < τ < τ H

0 .

2.3.4 Intersection of the transcritical and Hopf curves

There exists a region of τ for stabilizing the UPO in Eq. (45)
only in the case of τ T r < τ H

0 . The intersection of the two
curves occurs at the point in parameter space where Eqs. (27)
and (28) have a triple real root.

For linear feedback, this point is determined by

χ1(0) = 0,

χ ′
1(0) = 0,

χ ′′
1 (0) = 0,

which yield the position of the intersection point C as

(KC , τC ) =
(
λ(cosβ + γ sin β)

(1 + γ 2) sin2 β
,

−(1 + γ 2) sin2 β

λ(cosβ + γ sin β)2

)
.

(49)

For the nonlinear feedback, the condition for Eq. (28) to have
the triple real root yields

KC = λ

γ sin β
and τC = −γ sin β

λ(cosβ + γ sin β)
. (50)

The points satisfying Eqs. (49) and (50) represent just the
same points as Eqs. (32)–(33) and Eqs. (36)–(37), respec-
tively.

Thus, the intersection of the transcritical curve and Hopf
curve occurs at a point that coincides with the point C of
the codimension-2 bifurcation on the transcritical curve (see
Figs. 2, 3).

2.4 Numerical bifurcation diagrams

Figure 2 displays a two-dimensional bifurcation diagram of
the UPO as well as the fixed point in the (λ, τ )-plane. The
parameters are the same as in Fig. 1. The diagram contains a
transcritical bifurcation line of the UPO [solid blue (dark)], a
family of Hopf bifurcation lines of the UPO for linear feed-
back [solid green (light)], a Hopf bifurcation of the UPO
for nonlinear feedback [dotted green (light)], and stable and
unstable Pyragas curves [solid and cyan (light)]. Blue (light
gray) shading marks the domains of stabilization of the tar-
get orbit using the linear feedback, of which boundaries are
formed by Eqs. (29) and (43a, 43b) with n = 0. The gray
shading with the boundary equation (48) corresponds to the
augmented part of the successful control domain with the
nonlinear feedback control system, Eqs. (3) and (5), which
shows the advantages of the nonlinear control scheme over
the linear one. Black crosses N1, N2, and N3 denote points
where the numerical simulations for stabilization of the target
orbit have been conducted using time series (see Fig. 4a–c).

Figure 3 depicts a two-dimensional bifurcation diagram of
both the fixed point and, in pronounced form, the UPO in the
(K , τ )-plane for γ = −10, β = π/4, and λ = −0.005: In
Fig. 3a, a transcritical bifurcation of the UPO [solid blue
(dark)], Hopf bifurcation of the UPO for linear feedback
[solid green (light)], a Hopf bifurcation of the UPO for
nonlinear feedback [dotted green (light)], stable [solid cyan
(light)] and unstable [dashed cyan (light)] Pyragas curves can
be seen. Blue (light gray) shading marks the domains of sta-
bilization of the target orbit using the linear feedback, and the
gray shading corresponds to the enlarged part of the domain
with the nonlinear feedback. Figure 3b is enlarged part close
to the crossing point C of the transcritical and Hopf bifurca-
tion curves of the UPO, determined by (K , τ ) = (K ∗, τ ∗).
The dotted blue (dark) line indicates the transcritical bifur-
cation curve for further destabilizing the orbit for the τ -axis
direction and the dotted black (dark) curve corresponds to the
spurious (unphysical) solution for Hopf bifurcation. Insets
(i), (ii), and (iii) of Fig. 3b display the real part of the leading
Floquet exponents in dependence on the control amplitude
K for the delay time given by τ ∗ + 20, τ ∗ and τ ∗ − 20 with
τ ∗ = 249.4, respectively. The blue (dark) and magenta (light)
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Fig. 4 (Color online) Time series of Re(z) for three different parame-
ter sets (λ, τ ): a–c correspond to the black crosses N1 with (λ, τ ) =
(−0.04, 0.9π), N2 with (λ, τ ) = (−0.2, 0.4π) and N3 with (λ, τ ) =
(−0.1, 0.4π) of Fig. 2, respectively. The point N1 is representative for
the case of simultaneous destabilization of the fixed point and stabiliza-
tion of the target orbit, while N2 stands for periodic orbit stabilization
alone. a The system might start arbitrarily close to z = 0, which means
that the basin of attraction for stabilizing the UPO includes the whole

area inside the UPO. b The strongly unstable orbit with parameter set
N2 has the basin limited to a local neighborhood of the UPO. c Sta-
bilization of the UPO with infinite period corresponding to point N3.
For every case, the control perturbations (gray curves) vanish when the
system dynamics denoted by blue (dark) curves approach the target
UPOs, demonstrating the noninvasiveness of our control scheme. Other
parameters as in Fig. 1

lines in the insets correspond to the transcritical mode (with
zero imaginary part) and Hopf mode (with non-zero imagi-
nary part), respectively. Note that the gradient of the trans-
critical mode curve at� = 0 varies from positive to infinity,
and to negative in the insets (i), (ii), and (iii), respectively.

Time series obtained by numerical calculations are dis-
played in Fig. 4. Parameter sets of Fig. 4a–c correspond to
the black crosses N1, N2, and N3 in Fig. 2, and are given
by (λ, τ ) = (−0.04, 0.9π), (λ, τ ) = (−0.2, 0.4π) and
(λ, τ ) = (−0.1, 0.9π), respectively. The numerical sim-
ulations show that the parameter regime for simultaneous
destabilization of the fixed point and stabilization of the tar-
get orbit, e.g., N1, yields a global attractor basin including
the whole area inside the UPO, while the stabilization of the
UPO alone, e.g., at the point N2, guarantees only local stabil-
ity around the UPO. Note that the points of operation N1 and
N2 are inside and outside the primary region for the unstable
fixed point, which corresponds to weakly and strongly UPOs,
respectively, while N3 indicates the point, where the period
of the UPO becomes infinite. We note that, with the parame-
ter set corresponding to the point N2, the rotations around
the fixed point and the UPO are in opposite direction of each
other, since the angular frequency 	0 = ω0 − γ λ < 0 for
ω0 = 1 > 0. In any case, the control signal vanishes when the
target orbit is stabilized, demonstrating the noninvasiveness
of our method.

It is worth noting that, in spite of the common belief that
strongly unstable orbits are notoriously difficult to tackle
by the conventional DFC, our control scheme allows us to
extend remarkably the range of stabilization up to the point
C , i.e., λ∗ determined by Eqs. (32) and (36) for linear and
nonlinear control schemes, respectively. In particular, we
see in Fig. 4c that even orbits with infinite period can be
stabilized.

3 Delayed-feedback control with distributed delays

In this section we study the stabilization of the UPO with
distributed delayed feedback. This is common in a variety
of systems where the delay times are given by a continuous
distribution [48,52–54]. The model can be written as follows:

ż(t) =
[
λ+ iω0 + (1 + iγ ) |z(t)|2

]
z(t)

+ K eiβ

∞∫

0

g(τ )
[
ei	0τ z(t − τ)− z(t)

]
dτ, (51)

where g(τ ) denotes a density distribution of time delays and
is taken to be positive-definite and normalized to unity:

g(τ ) ≥ 0,

∞∫

0

g(τ )dτ = 1.

In polar coordinates z = reiϕ , Eq. (51) reads

ṙ = (λ+ r2)r + K

⎡
⎣

∞∫

0

g(τ )r(t − τ) cos(β +	0τ

+ϕ(t − τ)− ϕ)dτ − r cosβ

⎤
⎦ (52a)

ϕ̇ = ω0 + γ r2 + K

⎡
⎣1

r

∞∫

0

g(τ )r(t − τ) sin(β +	0τ

+ϕ(t − τ)− ϕ)dτ − sin β

⎤
⎦ . (52b)
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Delayed-feedback control 15

Obviously, Eqs. (51) and (52a, 52b) yield noninvasive solu-
tions r(t) = r0 and ϕ(t) = 	0t for any distribution function
g(τ ).

3.1 Floquet exponents

Using the ansatz r(t) = r0(1 + δr(t)), ϕ(t) = 	0t + δϕ(t)
and expanding Eqs. (52a, 52b) to linear order in the small
deviations δr and δϕ, we obtain
(
δ̇r
˙δϕ
)

=
(−2λ 0

−2γ λ 0

)(
δr
δϕ

)

+K

(
cosβ − sin β
sin β cosβ

)(∫
g(τ )δr(t − τ)dτ − δr∫
g(τ )δϕ(t − τ)dτ − δϕ

)
,

Using the exponential ansatz (δr(t), δϕ(t)) ∝ exp(�t) gives
an equation for the Floquet exponents � as follows:

det

⎡
⎢⎢⎣

−2λ+ K
(
G(�)− 1

)
cosβ −� −K

(
G(�)− 1

)
sin β

−2γ λ+ K
(
G(�)− 1

)
sin β K

(
G(�)− 1

)
cosβ −�

⎤
⎥⎥⎦ = 0,

that is,

0 = �2 + 2
[
λ−K

(
G(�)−1

)
cosβ

]
�+ K 2

(
G(�)−1

)2

−2λK
(
G(�)− 1

)
(cosβ + γ sin β) , (53)

where G(�) is the Laplace transform of the distribution func-
tion of delays, g(τ ):

G(�) =
∞∫

0

g(τ )e−�τdτ. (54)

3.2 Enlargement of the stability region

The dependence of the stability range on the distribution of
delays is determined by Eq. (53), which is reduced to Eq. (27)
with constant time delay for the case g(u) = δ(u − τ).

Note that, if g(τ ) has a sufficiently large variance, then
|G(�)| is also sufficiently small, since the Laplace transform

G(�R + i�I ) =
∞∫

0

g(τ )e−τ�R [cos (τ�I )− i sin (τ�I )]dτ

can be interpreted as a weighted average of the oscillatory
integrand about zero over an interval determined by g. For
the zero value of G(�) as an extreme case, Eq. (53) reduces
to the algebraic equation 0 = �2 + 2 (λ+ K cosβ)� +
K 2 + 2λK (cosβ + γ sin β), which yields the stabilization
condition in a semi-open form as follows:

K > −λ/ cosβ,

Thus, it is plausible that if the variance of the distribution is
larger, the region of stabilization of the target orbit becomes
larger.

To make further analytical progress, it is instructive to
specify a particular choice of the delay distribution function.
As the first example, we consider a uniform distribution

For uniform distribution with mean time delay 〈τ 〉 = τ̄

and variance σ 2 = ρ2/3, the delay kernel and the Laplace
transform, respectively, are given by

g(τ ) =
{

1
2ρ for τ̄ − ρ ≤ τ ≤ τ̄ + ρ,

0 elsewhere.
,

G(�; ρ, τ̄ ) = sinh (ρ�)

ρ�
e−�τ̄ .

As ρ → 0, the relation G(�; ρ, τ̄ ) → e−�τ̄ holds, which
recovers the discrete delay case. At a critical situation where
the Hopf bifurcation of the UPO occurs, � = i	H , the
Laplace transform is reduced to

G = sin (ρ	H )

ρ	H
e−i	H τ̄ ,

which becomes smaller as ρ increases.
Figure 5 shows Re(�) in dependence on the coupling

strength K for uniform distribution of delays around τ̄ =
0.7π and different values of ρ. We see that the curves for
the transcritical mode (with zero imaginary part) show little
difference between various values of ρ. The largest Re� for
the Hopf mode (with non-zero imaginary part) shows that the

0 1 2 3 4
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−0.02
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K

R
e 

(Λ
)

ρ=0 ρ=0.5

ρ
crit

=0.57

ρ=0.61

ρ=0.66

ρ=0.7

Fig. 5 (Color online) Real part of the Floquet exponents� according to
Eq. (53) with uniform distribution of delays versus the coupling strength
K for different values of half-width ρ. Parameters: λ = −0.01, τ̄ =
0.7π . The solid (blue) line denotes Re� for the transcritical mode,
which shows little variation for different ρ. The dashed (red) lines
indicate the largest Re� for the Hopf mode, which reveals an increase
of the range of stability with increasing ρ. After a critical value, ρcrit =
0.57, the stability region is determined only by the transcritical mode.
Other parameters as in Fig. 1
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16 C.-U. Choe et al.

Fig. 6 (Color online) The stability region in the (K , τ̄ ) parameter plane
for uniformly distributed delays: a ρ = 0.33, b ρ = 0.44, c ρ = 0.55,
and d ρ = 0.66. Other parameters as in Fig. 5. The area enclosed with

dotted (red) lines indicates the stable region for constant (discrete)
delay. The stability region is greatly enlarged with increasing ρ and,
after a critical value, becomes bounded only by the transcritical curve

region of stabilization of the target orbit is greatly increased
by the distributed delays. After a critical value, ρcrit = 0.57,
the stability region is determined by the transcritical mode
only.

The stability region in the (K , τ̄ ) parameter plane for uni-
formly distributed delays is shown in Fig. 6, where (a), (b),
(c) and (d) corresponds to ρ = 0.33, ρ = 0.44, ρ = 0.55,
and ρ = 0.66, respectively. Other parameters are the same as
in Fig. 5. The area enclosed with dotted (red) lines indicates
the stable region with constant (discrete) delay. Obviously,
the stability region is greatly enlarged with increasing ρ and
becomes bounded only by the transcritical curve after a crit-
ical value.

For a Gamma distribution with mean time delay 〈τ 〉 = p
α

and variance σ 2 = p
α2 , the Laplace transform for α > 0 and

the integer p > 0 is given as

g(τ ) = α pτ p−1e−ατ

(p − 1)! , G(�;α, p) = α p

(�+ α)p
.

Note that for the Gamma distribution Eq. (53) reduces to a
polynomial equation of 2p + 2 degrees, rather than a tran-
scendental one.

4 Noninvasive control of synchrony in networks coupled
with heterogeneous delays

Our suggested control scheme with arbitrary delay-time
lends itself for controlling the dynamics of a network coupled
with heterogeneous delays. Also, it is possible to describe the
supercritical as well as the subcritical case in a unified form.

4.1 Model

Consider delay-coupled networks of N normal forms of a
supercritical (-) or subcritical (+) Hopf bifurcation, whose

dynamics is described by

ż j (t) =
[
λ+ iω0 ∓ (1 + iγ )

∣∣z j (t)
∣∣2] z j (t)

+K eiβ
N∑

n=1

a jn

[
eiψ jn zn(t − τ jn)− z j (t)

]
, (55)

where a jn is the coupling matrix, and j = 1, 2, ..., N . We
note that, unlike in our previous studies [20,44,45], the rota-
tion angles ψ jn play the role of the control parameter, rather
than the common coupling phase β. The parameters ψ jn

essentially extend Sakaguchi’s phase shift parameter α of
two coupled phase oscillators [59]

θ̇1 = ω + K sin (θ2 − θ1 − α)

θ̇2 = ω + K sin (θ1 − θ2 − α) (56)

to networks of Stuart-Landau oscillators. Note also that the
interactions in Eq. (55) occur with heterogeneous delay
times, τ jn .

Heterogeneous delays and the rotational coupling might
give a natural way to model memory effects in interacting
systems if we conceive the heterogeneous time delays and
the rotation angle as proportional to the distance between
nodes. If a j j = 1 for all j , this corresponds to a network
with delayed self-feedback, while a j j = 0 characterizes a
network without self-feedback.

Transforming Eq. (55) into amplitude and phase variables
r j , ϕ j using z j (t) = r j (t)eiϕ(t), we obtain

ṙ j = (λ∓ r2
j )r j + K

N∑
n=1

a jn
[
rn(t − τ jn) cos(β + ψ jn

+ϕn(t − τ jn)− ϕ j )− r j cosβ
]

(57a)

ϕ̇ j = ω0 ∓ γ r2
j + K

N∑
n=1

a jn

[
rn(t − τ jn)

r j
sin(β + ψ jn

+ϕn(t − τ jn)− ϕ j )− sin β

]
. (57b)
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Delayed-feedback control 17

In the following, we focus on in-phase synchrony, splay
states and clustering with a common amplitude r j = r0

and phases given by ϕ j (t) = 	t + jφm with φm =
2mπ/N ,m ∈ I . The integer m determines the specific state:
in-phase oscillations correspond to m = 0, while cluster
and splay states correspond to m = 1, . . . , N − 1. The
cluster number dc, which determines how many clusters
of oscillators exist, is given by the least common multi-
ple of m and N divided by m. Using abbreviation � j

n =
β+ψ jn −	τ jn + (n − j)φm , we obtain the transcendental
equation

r2
0 = ±

{
λ− μK cosβ + K

N∑
n=1

a jn cos� j
n

}
, (58a)

	 = ω0 ∓ γ r2
0 − μK sin β + K

N∑
n=1

a jn sin� j
n, (58b)

where a constant row sum of the coupling matrix A, i.e.,∑
n a jn = μ is assumed, such that synchronized solutions

exist.
Note that if � j

n = β, i.e., ψ jn = 	τ jn + ( j − n)φm ,
Eqs. (58a, 58b) yields a unique solution

r2
0 = ±λ, 	 = 	0 ≡ ω0 − γ λ. (59)

Thus, the multiple synchronous solutions resulting from the
transcendental equations (58a, 58b) are eliminated by tuning

ψ jn = 	0τ jn + ( j − n)φm, (60)

and the collective amplitude r0 and frequency 	 of the syn-
chronous states are given in a unique and noninvasive form,
regardless of the network topology and the synchronization
patterns.

4.2 Calculation of Floquet exponents

4.2.1 Variational equations

Using the ansatz r j (t) = r0(1 + δr j (t)), ϕ j (t) = 	t +
jφm + δϕ j (t) and expanding Eqs. (57a, 57b) to linear
order in the small deviations δr j , δϕ j around the synchro-
nous states we obtain

( ˙δr j˙δϕ j

)
=

(∓2r2
0 0

∓2γ r2
0 0

)(
δr j

δϕ j

)

+ K
∑

n

a jn

(
cos� j

n − sin� j
n

sin� j
n cos� j

n

)(
δrn(t − τ jn)− δr j

δϕn(t − τ jn)− δϕ j

)

This is equivalent to

ξ̇ j = J∓
0 ξ j + K

∑
n

a jnR j
n
(
ξn(t − τ jn)− ξ j

)
, (61)

with ξ j =
(
δr j

δϕ j

)
, J∓

0 =
(∓2r2

0 0
∓2γ r2

0 0

)
and

R j
n =

(
cos� j

n − sin� j
n

sin� j
n cos� j

n

)
.

4.2.2 Control by tuning the parameter ψ jn

When tuning by control equation (60) is applied, Eq. (61) is
reduced to

ξ̇ j = (J0 − KμR) ξ j + K R
∑

n

a jnξn(t − τ jn),

= (J0 − KμR) ξ j + K R
∑

n

a jne−�τ jnξn, (62)

where J0 =
(−2λ 0

−2γ λ 0

)
and R =

(
cosβ − sin β
sin β cosβ

)
.

Here the relationship ξn(t − τ jn) = e−�τ jnξn with Floquet
exponents � was used.

Note that Eq. (62) makes no distinction between super- and
subcritical Hopf bifurcation and between the cluster num-
bers.

Using the notation y = (ξ1, ξ2, . . . , ξN , )
T , Eq. (62) can

be rewritten in matrix form as

ẏ = [IN ⊗ (J0 − KμR)] y + K (T ⊗ R)y,

where IN denotes the N × N identity matrix, and T ={
a jne−�τ jn

}
.

If we assume that the matrix T is diagonalized, the cor-
responding block-diagonalized equation is obtained in the
decoupled form as follows:

ζ̇k(t) = [J0 + K (σk − μ)R] ζk(t), (63)

where σk denotes an eigenvalue of matrix T , and k =
0, 1, . . . , N − 1.

The Floquet exponents of the synchronous periodic orbits
are given by the eigenvalues� of the characteristic equations
as

det [J0 −�I2 + K (σk − μ)R] = 0. (64)

Note that Eq. (64) defining the Floquet exponent � depends
on � itself via σk . Nevertheless, the Floquet exponent �
can be formally expressed by the roots of the 2nd degree
polynomial
∣∣∣∣∣∣
−2λ+ K (σk − μ) cosβ −� −K (σk − μ) sin β

−2γ λ+ K (σk − μ) sin β K (σk − μ) cosβ −�

∣∣∣∣∣∣
=0,
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i.e.,

0 = �2 + 2
(
λ− K Q̄k cosβ

)
�+ K 2 Q̄2

k

−2λK Q̄k(cosβ + γ sin β), (65)

with Q̄k = σk −μ, which yields σk as a function of Floquet
exponents � as follows:

σk =s(�) ≡ μ+ 1

K

[
λ(cosβ+γ sin β)+� cos β ±√

D
]
.

(66)

where D = λ2(1 + γ 2)− [
� sin β − λ(γ cosβ − sin β)

]2.
Finally, using Eq. (66), Floquet exponents� for the Hopf

normal form network coupled with heterogeneous delays can
be determined in the self-consistent form by the transcenden-
tal equation

det

⎡
⎢⎢⎢⎣

a11e−�τ11 − s(�) a12e−�τ12 · · · a1N e−�τ1N

a21e−�τ21 a22e−�τ22 − s(�) · · · a2N e−�τ2N

...
...

...
...

aN1e−�τN1 aN2e−�τN2 · · · aN N e−�τN N − s(�)

⎤
⎥⎥⎥⎦ = 0. (67)

If all Floquet exponents � have negative real part for all
k, the periodic orbits in the network are stabilized in a m-
clustered state, i.e., a state of in-phase, splay, and cluster
synchronization according to the choice of m for the tuning
parameter ψ jn given by Eq. (60).

We note that the characteristic equation for the Floquet
exponents, Eq. (67), does not distinguish the bifurcation
forms, i.e., the supercritical and subcritical case. Also, note
that Eq. (67) determining the criteria for controlling the syn-
chrony, does not include any parameters defining the syn-
chronization patterns, e.g., the cluster number m. Therefore,
the stability of the synchronous periodic orbits in the state of
zero-lag, splay, and cluster is determined by the same equa-
tion, revealing the same parameter region.

4.3 Special cases and numerical simulations

4.3.1 The case τ jn = const.

Due to the relation T = e−�τ A, the eigenvalue of matrix T
is given by σk = νke−�τ with the eigenvalue νk of matrix
A = {

a jn
}
. Then the master equation for the stability criteria

for controlling the various synchrony patterns in both sub-
and supercritical Hopf normal form networks is reduced to

�2 + 2 [λ− K Qk(�) cosβ]�+ K 2 Q2
k(�)

−2λK Qk(�)(cosβ + γ sin β) = 0, (68)

where Qk(�) = νke−�τ−μ. In the case that the delay time is
adjusted to the UPO, Eq. (68) has been studied in [20,44,45],
where stabilization of the UPOs via only in-phase synchro-
nization for the subcritical case and controlling synchrony in
the non-unique and invasive form for the supercritical case
were investigated.

For k = 0, corresponding to the synchronization mani-
fold, Eq. (68) is reduced to Eq. (27) with the rescaled cou-
pling strength K̄ = μK , since the relation ν0 = μ holds for
any network structure with a constant row sumμ. The eigen-
values of coupling matrices A without self-feedback and for
k 	= 0 can be briefly summarized as follows: for all-to-all
coupling, i.e., ai j = 1 for i 	= j and zero otherwise, the
eigenvalues are given by νk = −1. Uni- and bidirectionally
coupled rings yield νk = e2ikπ/N and νk = 2 cos (2πk/N ),

respectively. In the presence of self-feedback, a replacement
νk �−→ νk + 1 is needed.

For the supercritical case, we confine ourselves to β = 0
and λ > 0, then Eq. (68) is factorized:

[
�k −K (νke−�τ − μ)

] [
�k − K (νke−�τ − μ)+2λ

] = 0,

(69)

which yields the dominant Floquet exponents as �k =
K (νke−�τ − μ). It is obvious that these dominant Floquet
exponents always have negative real part for any value of K
and τ , for the various network structure (not only unidirec-
tional ring but also bidirectional ring and all-to-all coupling).
Thus, the m-clustering is stabilized in a unique and nonin-
vasive form (59) for the general network topology by tuning
the coupling rotation with Eq. (60), which is in a striking
contrast to our previous studies [44,45].

4.3.2 Slightly nonidentical delay times

When the time delays are distributed with small deviations
around the average value, τ jn = τ̄ + δτ jn , the matrix T ={
a jne−�τ jn

}
can be written as follows:
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T =

⎡
⎢⎢⎢⎢⎢⎢⎣

a11e−�(τ̄+δτ11) a12e−�(τ̄+δτ12) · · · a1N e−�(τ̄+δτ1N )

a21e−�(τ̄+δτ21) a22e−�(τ̄+δτ22) · · · a2N e−�(τ̄+δτ2N )

...
...

...
...

aN1e−�(τ̄+δτN1) aN2e−�(τ̄+δτN2) · · · aN N e−�(τ̄+δτN N )

⎤
⎥⎥⎥⎥⎥⎥⎦

∼=

⎡
⎢⎢⎢⎢⎢⎢⎣

a11e−�τ̄ (1 −�δτ11) a12e−�τ̄ (1 −�δτ12) · · · a1N e−�τ̄ (1 −�δτ1N )

a21e−�τ̄ (1 −�δτ21) a22e−�τ̄ (1 −�δτ22) · · · a2N e−�τ̄ (1 −�δτ2N )

...
...

...
...

aN1e−�τ̄ (1 −�δτN1) aN2e−�τ̄ (1 −�δτN2) · · · aN N e−�τ̄ (1 −�δτN N )

⎤
⎥⎥⎥⎥⎥⎥⎦

= e−�τ̄

⎡
⎢⎢⎢⎢⎢⎢⎣

a11 a12 · · · a1N

a21 a22 · · · a2N

...
...

...
...

aN1 aN2 · · · aN N

⎤
⎥⎥⎥⎥⎥⎥⎦

−�e−�τ̄

⎡
⎢⎢⎢⎢⎢⎢⎣

a11δτ11 a12δτ12 · · · a1N δτ1N

a21δτ21 a22δτ22 · · · a2N δτ2N

...
...

...
...

aN1δτN1 aN2δτN2 · · · aN N δτN N

⎤
⎥⎥⎥⎥⎥⎥⎦

= e−�τ̄ (A −�δT ) , (70)

where δT = {
a jnδτ jn

}
. That is, matrix T is expressed by

the sum of an average matrix and a perturbative matrix,

T = T0 + εT1, (71)

with T0 = e−�τ̄ A and εT1 = −�e−�τ̄ δT . Since the eigen-
values of matrix T0 are given by σk = νke−�τ̄ with νk , we
expect that the eigenvalues of T can be expressed by a sum
of νk and the eigenvalues of εT1, however, this point remains
open.

4.3.3 The case of N = 2 with different delay times

In the absence of self-feedback, Eq. (67) reads

det

⎡
⎣−σk e−�τ12

e−�τ21 −σk

⎤
⎦ = 0,

which yields σk = ±e−�(τ12+τ21)/2. Thus, the Floquet expo-
nents are determined by

0 = �2 + 2
[
λ− K Q±(�) cosβ

]
�+ K 2 Q2±(�)

−2λK Q±(�)(cosβ + γ sin β), (72)

where Q±(�) = ±e−�τ̄−1 and τ̄ = (τ12+τ21)/2. Thus, the
characteristic equation is dependent only on the mean value
of the delay times, rather than τ12 and τ21. Equation (72)
with sign ‘+’ and ‘−’ corresponds to the longitudinal and
transversal modes, respectively. The former coincides with
Eq. (27), and the latter was considered in our previous stud-
ies ([20,44,45]). Note that Eq. (72) is independent of syn-

chronization patterns, i.e., of both in-phase and anti-phase
synchronization.

In the presence of self-feedback with τ11 = τ22 = τ0,
Eq. (67), i.e.,

det

⎡
⎣

e−�τ0 − σk e−�τ12

e−�τ21 e−�τ0 − σk

⎤
⎦ = 0 (73)

yields σk = e−�τ0 ± e−�(τ12+τ21)/2. If τ0 = (τ12 + τ21)/2,
then σ0 = 2e−�τ0 and σ1 = 0. Therefore, the longitudinal
equation again coincides with Eq. (27) with the rescaled cou-
pling strength, K̄ = 2K , while the transversal one is reduced
to the following algebraic equation:

0 = �2 + 2 (λ+ Kμ cosβ)�+ K 2μ2

+2λKμ(cosβ + γ sin β), (74)

which reveals readily the condition for synchronization of
two oscillators as K > −λ/μ cosβ.

4.3.4 Numerical calculations

Figure 7 shows time series from numerical simulations for
four coupled subcritical Hopf normal forms in a bidirectional
ring configuration with heterogeneous delays. The time series
Re(z j ) in Fig. 7a–c correspond to realization of in-phase
synchronization with ψ jn = 	0τ jn , splay state with ψ jn =
	0τ jn + ( j − n)π/2, and clustering with ψ jn = 	0τ jn +
( j −n)π , respectively, for λ = −0.04. In (d), it is shown that
stabilization of four UPOs with infinite period for 	0 = 0,
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Fig. 7 (Color online) Controlling UPOs for a bidirectional ring cou-
pled with heterogeneous delays for N = 4. Heterogeneous delays were
chosen as τ12 = 0.78, τ21 = 0.66, τ23 = 0.94, τ32 = 0.6, τ14 =
0.91, τ41 = 0.91, τ34 = 1.13, τ43 = 1.03. Other parameters: ω0 =
1, γ = −10, β = π/4, and K = 0.3. Time series Re(z j ) in a–c corre-

sponds to realization of in-phase synchronization with ψ jn = 	0τ jn ,
splay state with ψ jn = 	0τ jn + ( j − n)π/2, and clustering with
ψ jn = 	0τ jn + ( j − n)π , respectively, for λ = −0.04. d stabilization
of four UPOs with infinite period 	0 = 0, i.e., λ = −0.1 is achieved
in splay state with ψ jn = ( j − n)π/2
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Fig. 8 (Color online) Real part of the leading Floquet exponents �
versus coupling strength K in the bidirectionally coupled ring (N = 4)
for the different mode numbers k. The solid(blue) line denotes Re�
inside the synchronization manifold. The dashed (red) lines show the
largest transversal Re� for different k. The solid gray line indicates the
results for the discrete case, whose zero-crossing takes place ahead of
the heterogeneous one. Parameters: λ = −0.04, τ12 = 0.57, τ21 =
1.45, τ23 = 1.19, τ32 = 0.66, τ34 = 0.69, τ43 = 0.38, τ14 =
1.26, τ41 = 1.35, and thus τ̄ = 0.94. Other parameters as Fig. 1

i.e., λ = −0.1 is also achieved in the splay state with ψ jn =
( j − n)π/2. Other parameters as in Fig. 1.

Figure 8 displays the real parts of the leading Floquet
exponents � as a function of K , determined by Eq. (67)
for four subcritical Hopf normal forms in a bidirectional
ring configuration with heterogeneous delays τ jn , as com-
pared with the discrete delay fixed by the average delay τ̄ :
τ12 = 0.57, τ21 = 1.45, τ23 = 1.19, τ32 = 0.66, τ34 =
0.69, τ43 = 0.38, τ14 = 1.26, τ41 = 1.35, and thus τ̄ =
0.94. We took λ = −0.04 and others same as Fig. 1.

Solid dark (blue) and dotted (red) curves correspond
to Re(�) of the synchronization manifold and transversal
modes for the heterogeneous delays, respectively. The gray
curves denote the results for the discrete delays, determined
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Fig. 9 (Color online) Real part of the leading Floquet exponents
� versus coupling strength K in the bidirectionally coupled ring
(N = 4) for the different δ that serves as a spread parameter
in the heterogeneous delays τ jn = τ̄ (1 + δ� jn) with � jn =
(0.64, 0.32,−0.38,−0.42,−0.18, 0.06, 0.46,−0.5). Parameters: λ =
−0.04, τ̄ = 0.94, and others same as Fig. 1. The solid (blue) line
denotes Re� inside the synchronization manifold. The dashed (red)
lines show the largest transversal Re� for different δ. The dashed arrows
indicate the increasing direction of δ

by Eq. (68). We see that there exists an interval of K in
which all of the real parts of Floquet exponents are negative.
That is, the four UPOs are stabilized and the m-cluster is
synchronized. Note that the interval for heterogeneous delay
is larger than the discrete one. Furthermore, for k = 0, the
transcritical branch shows little difference for both the dis-
crete and heterogeneous cases, while the Hopf branch for
discrete delay becomes positive faster than the heteroge-
neous case. The transversal modes with k = 1 and k = 3
for the discrete delay configuration are overlapping since
the bidirectional ring configuration yields the eigenvalues
νk = 2 cos(2πk/N ) that are twice degenerate, while the het-
erogeneous delay configuration shows clearly separated lines
for k = 1 and k = 3.
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Fig. 10 (Color online) The stability region in the (K , τ̄ ) parameter
plane for N = 4 and heterogeneous delays: a δ = 0.5, b δ = 0.7, c
δ = 0.9, and d δ = 0.99. Other parameters are the same as in Fig. 9.

The area enclosed by dotted (red) lines indicates the stable region with
discrete delay. The stability region is enlarged with increasing ρ

Figure 9 shows Re(�) in dependence on the coupling
strength K for different spread of heterogeneous delays
around τ̄ = 0.94, determined by Eq. (67) for four subcrit-
ical Hopf normal forms in a bidirectional ring configura-
tion. We assume that the delays are distributed according to
τ jn = τ̄ (1+ δ� jn), where� jn ∈ [−1, 1] is random number
with zero mean-value and δ serves as a parameter of spread
of heterogeneous delays. For bidirectionally coupled ring of
N = 4, the eight random numbers were chosen as � jn =
(0.64, 0.32,−0.38,−0.42,−0.18, 0.06, 0.46,−0.5) and δ
is increased by 0, 0.5, 0.7, 0.79, 0.9, 0.99. Other parameters
are the same as in Fig. 8. The solid dark (blue) curve cor-
responds to the modes longitudinal to the synchronization
manifold with k = 0, which exhibits little difference for dif-
ferent spread δ. In contrast, the dotted curves corresponding
to the transcritical branch for the transversal modes clearly
show the larger descent with increasing δ, which shows that
even a small spread in the delay heterogeneity can greatly
enlarge the set of parameters for which stabilization of the
m-clustered UPOs can be achieved. We note that the Hopf
branches for the transversal modes move in opposite direc-
tion with increasing ρ, as seen in the figure. Thus, the spread
of heterogeneous delays can play a dual role in stabilizing
periodic orbits: it can both facilitate the stabilization and lead
to desychronization.

The stability region in the (K , τ̄ ) parameter plane in the
bidirectional ring configuration for N = 4 with heteroge-
neous delays for different values of δ is shown in Fig. 10,
where (a), (b), (c), and (d) corresponds to δ = 0.5, δ =
0.7, δ = 0.9, and δ = 0.99, respectively. The other parame-
ters are the same as in Fig. 9. The area enclosed by dotted
(red) lines indicates the stable region with discrete delay.
Obviously, the stability region is enlarged with increasing δ.

4.4 Thermodynamic limit

Now, we assume global coupling or all-to-all coupling, and
let the number of elements in the ensemble tend to infinity.
Moreover, time delays τ jn are supposed to be distributed
continuously with a density g(τ ), independent of index j

and n. This distribution function g(τ ) is taken to be positive
definite and normalized to unity:

g(τ ) ≥ 0,

∞∫

0

g(τ )dτ = 1.

Then, one can apply the mean-field approximation to
Eqs. (55) and (60) as follows:

ż j (t) =
[
λ+ iω0 ∓ (1 + iγ )

∣∣z j (t)
∣∣2] z j (t)

+K eiβ
N∑

n=1

ā jn

⎡
⎣

∞∫

0

g(τ )eiψ jn(τ )zn(t − τ)dτ − z j (t)

⎤
⎦ ,

whereψ jn(τ ) = 	0τ+( j −n)φm , and Ā = {ā jn} denotes
the all-to-all coupling matrix.

The variational equations corresponding to Eq. (62) can
be written as

ξ̇ j = (J0 − KμR) ξ j + KG(�)R
∑

n

ā jnξn, (75)

or in matrix form,

ẏ = [IN ⊗ (J0 − KμR)] y + KG(�)( Ā ⊗ R)y, (76)

where

G(�) =
∞∫

0

g(τ )e−�τdτ (77)

is the Laplace transform of the distribution function g(τ ).
Eqs. (75) and (76) admit diagonalization, yielding the

decoupled variational equations:

ζ̇k(t) =
[

J0 + μK

(
νk

μ
G(�)− 1

)
R
]
ζk(t), (78)

where k = 0, 1, . . . , N −1. The eigenvalue corresponding to
the longitudinal mode is given by ν0 = μ. Note that, for k 	=
0, νk = 0 and νk = −1 stands for all-to-all coupling with
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and without self-feedback, respectively. Thus, whether the
self-feedback is included or not, has no influence on Eq. (78)
for the transversal mode since νk/μ → 0 as μ → ∞.

As a result, we obtain the characteristic equations for Flo-
quet exponents for the longitudinal mode

0 = �2 + 2
[
λ− K̄

(
G(�)−1

)
cosβ

]
�+ K̄ 2

(
G(�)−1

)2

− 2λK̄
(
G(�)− 1

)
(cosβ + γ sin β) , (79)

and for the transversal mode

0=�2 + 2
(
λ+ K̄ cosβ

)
�+ K̄ 2+2λK̄ (cosβ + γ sin β),

(80)

respectively, where K̄ = μK . The algebraic equation (80)
readily reveals the condition for stable synchronization in the
explicit form as follows

K̄ > −λ/ cosβ, (81)

which is independent of the feature of the delay distribution
and has no upper boundary.

The dependence of the stability range on the distribution
of heterogeneous delays is determined by Eq. (79). Note that
Eq. (79) coincides with Eq. (53), the characteristic equa-
tion for the distributed-delay feedback control, except for
the rescaled coupling strength K̄ = μK .

Note that, if g(τ ) has a sufficiently large variance, then
|G(�)| is also sufficiently small, since the Laplace transform

G(�R + i�I ) =
∞∫

0

g(τ )e−τ�R [cos (τ�I )− i sin (τ�I )]dτ

can be interpreted as a weighted average of the oscillatory
integrand about zero over an interval determined by g. For
the zero value of G(�) as an extreme case, Eq. (79) reduces
to the algebraic equation (80). Thus, it is plausible that if the
variance of the distribution is larger, the region of stabiliza-
tion of the target orbit becomes larger.

To make further analytical progress, it is instructive to
specify a particular choice of the delay distribution function.
As the first example, we consider a uniform distribution

g(τ ) =
{ 1

2ρ for τ̄ − ρ ≤ τ ≤ τ̄ + ρ,

0 elsewhere.
(82)

This distribution has the mean time delay 〈τ 〉 = τ̄ , the vari-
ance σ 2 = ρ2/3, and the Laplace transform

G(�; ρ, τ̄ )= 1

2ρ�
e−�τ̄ (eρ�−e−ρ�)= sinh (ρ�)

ρ�
e−�τ̄ .

(83)

As ρ → 0, the relation G(�; ρ, τ̄ ) = e−�τ̄ holds, which
corresponds to a discrete delay time. Figure 11 displays the
real part of the leading Floquet exponents as a function of
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Fig. 11 (Color online) Real part of the Floquet exponents� according
to Eq. (79) with uniform distribution of delays versus the coupling
strength K̄ for different values of ρ. Parameters: λ = −0.01, τ̄ =
0.7π . The solid (blue) lines denotes Re (�) for the transcritical mode,
which shows little difference for different values of ρ. The dashed (red)
lines indicate the largest Re (�) for Hopf mode, which decreases with
increasing ρ. After a critical value, ρcrit = 0.57, the stability region is
determined only by the transcritical mode. Other parameters as in Fig. 1

K̄ for different values of the variance ρ of the heteroge-
neous delays around τ̄ = 0.7π . We see that the transcritical
mode that has only a real part, denoted with solid (blue) line,
shows little difference between various values of ρ. On the
other hand, the Hopf mode (red dashed) with non-zero imag-
inary part decreases with increasing ρ, which means that the
region of stabilization is greatly enhanced by the heteroge-
neous delays. The stability area is increased with the variance
of the uniform distribution, and at some critical value of the
variance, ρcrit = 0.57, the real parts become all negative, and
the stability region is determined by the transcritical mode
only.

Figure 12 displays the stability region in the (K̄ , τ̄ ) para-
meter plane for different values of the variance. We observe
clearly the enlarged parameter region for stabilization of the
UPOs with increasing width of the heterogeneous delay dis-
tribution. Finally, a Gamma distribution of delays is consid-
ered as the second example:

g(τ ) = α pτ p−1e−ατ

(p − 1)! . (84)

This distribution has the mean time delay 〈τ 〉 = p
α

, the vari-
ance σ 2 = p

α2 , and the Laplace transform for α > 0 and the
integer p > 0

G(�;α, p) = α p

(�+ α)p
. (85)

Note that the Laplace transform of the Gamma distribu-
tion, Eq. (85), yields a polynomial characteristic equation
of degree 2p + 2, Eq. (79).
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Fig. 12 (Color online) The stability region in the (K̄ , τ̄ ) parameter
plane for uniformly distributed delays: a ρ = 0.33, b ρ = 0.44, c
ρ = 0.55, and d ρ = 0.66. Other parameters are the same as in Fig. 11.
The area enclosed by dotted (red) lines indicates the stable region with

constant (discrete) delay. The stability region is greatly enlarged with
increasing ρ and, after a critical value, becomes bounded only by the
transcritical curve

5 Conclusion

We have proposed a delayed feedback control scheme with
arbitrary delay for stabilizing the unstable periodic orbit in
the normal form of a subcritical Hopf bifurcation.

In our control scheme, the constraint on the delay to be
adjusted to the period of the target orbit is not imposed, while
still retaining the condition of noninvasive control. Therefore,
by including the delay as a variable bifurcation parameter, we
have gained extensive insight into the bifurcation scenarios of
the controlled dynamics: a complete bifurcation analysis for
the fixed point as well as for the periodic orbit was presented,
and the stability domains were identified. Not only weakly
unstable periodic orbits but also strongly unstable orbits can
be stabilized; the former have a global basin of attraction
and the latter only a local basin. Even stabilization of the
orbit with infinite period is achieved. A nonlinear control
scheme has been developed and studied analytically, which
has an advantage over the linear one, since the regime of
stabilization of the target orbit is larger.

We have also studied the effects of distributed delayed
feedback on the stabilization of the unstable periodic orbit,
and we have shown that the regime of stabilization increases
with increasing width of the distribution.

We have extended the control scheme to a network of
Hopf normal forms coupled with heterogeneous delays. By
tuning the parameters of coupling rotations, one of different
synchronization patterns, i.e., in-phase, splay or clustering,
can be chosen in a unique and noninvasive form, and their
stabilizations can be efficiently achieved. The characteris-
tic equation for the Floquet exponents of the heterogeneous
delay network has been derived in an analytical form, which
reveals the coupling parameters for successful stabilization.
The equation takes a unified form regardless of the Hopf
bifurcation forms including the subcritical and the super-
critical case and regardless of the synchronization patterns.
Analysis of Floquet exponents and direct numerical simula-
tions have shown that the heterogeneity in delay makes the

stabilization much easier, and provides an enlarged parame-
ter region for successful control.

The thermodynamic limit of a network was considered in
the framework of mean-field approximation, and the char-
acteristic equations for the stability of UPOs was derived.
Our results show that heterogeneous delays offer greatly
enhanced performance for controlling periodic orbits.

From the point of view of applications, it looks very
promising to apply our control scheme to semiconductor laser
systems with arbitrary delay, i.e., control of UPOs and syn-
chrony by tuning the feedback phase or coupling phase rather
than the delay time.
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Appendix: Hopf normal-form reduction

Here, we construct the normal form of Hopf bifurcation of
the fixed point of Eq. (3) by using the method of multiple
scales. We seek a solution of Eq. (3) in the form

z(t; ε) = εz1(T0, T1, T2)+ ε2z2(T0, T1, T2)

+ ε3z3(T0, T1, T2)+ · · · , (86)

where T0 = t, T1 = εt, T2 = ε2t , and ε is a bookkeeping
parameter. The time derivative becomes

d

dt
= D0 + εD1 + ε2 D2 + · · · (87)

where Di = ∂/∂Ti . Thus,

ż = εD0z1 + ε2(D0z2 + D1z1)

+ ε3(D0z3 + D1z2 + D2z1)+ · · · (88)
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The delay term z(t − τ ; ε) = ∑3
m=1 ε

m zm(T0 − τ, T1 −
ετ, T2 − ε2τ) . . . becomes upon expansion for small ε

z(t − τ ; ε) = εz1τ + ε2(z2τ − τD1z1τ )

+ ε3(z3τ − τD2z1τ − τD1z2τ ), (89)

where ziτ = zi (T0 − τ, T1, T2). Substituting Eqs. (86)–(89)
into Eq. (3) and equating coefficients of equal powers of ε,
we obtain

O(1) : D0z1 = (λ+ iω0)z1+K eiβ(ei	0τ z1τ−z1), (90)

O(2) : D0z2 = (λ+iω0)z2

+K eiβ
[
ei	0τ (z2τ−τD1z1τ )−z2

]
−D1z1,

(91)

O(3) : D0z3 = (λ+ iω0)z3+K eiβ
[
ei	0τ (z3τ

−τD2z1τ )−z3

]
−D2z1+(1+iγ ) |z1|2 z1

(92)

The general solution of Eq. (90) can be expressed as

z1 = A(T1, T2)e
iωH T0 +

∞∑
m=1

Am(T1, T2)e
(σm+iωm )T0 , (93)

where ωH is the critical frequency corresponding to a
Hopf bifurcation of the fixed point and σm + iωm are
the remaining roots of Eq. (7). Near the stability bound-
ary, all of the eigenvalues have negative real parts except
the eigenvalue corresponding to ωH . As time increases all
terms in Eq. (93) decay with time, leaving only the first
term:

z1 = A(T1, T2)e
iωH T0 , (94)

which gives z1τ = eiωH τ z1. Substituting Eq. (94) into (91)
and eliminating the source of secular terms, we have
[
1 + K τei(β+	0τ−ωH τ)

]
D1z1 = 0 or A = A(T2). (95)

Since z1 is independent of T1, the higher-order terms in
Eq. (86) are also independent of this time scale. Substitut-
ing Eqs. (95) into (92) and eliminating the terms that produce
secular terms, we obtain the normal form of Hopf bifurcation
as follows as

A′ = 1 + iγ

1 + K τei(β+	0τ−ωH τ)
|A|2 A. (96)

The condition on the sign of the real part of the cubic coef-
ficient, determining the type of Hopf bifurcation, results in
Eq. (24).
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